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Abstract: This expository paper is devoted to the so-calledrbori cation-
coarbori cation transform which, by automatically carrying out suitable re-
groupings, often manages to restore convergence in mulegxpansions that,
in raw form, would seem hopelessly divergent. We rst unravehe underly-
ing combinatorics. Then we review 14 applications to compleanalysis and
holomorphic dynamics. Lastly, we present some new algehranaterial : a
bevy of some twenty richly structured \ -functions”, which are de ned si-
multaneously on all symmetric groupsS;. Since all these objects originate
in arbori cation, their “distinctiveness' rubs o on that p articular transform,
reinforcing its privileged status among all possible alteatives.

Resune: Nous tachons de faire le point sur I'arbori cation-coarbd cation.
Il s'agit & d'une transformation gererale qui e ectue, au sein de sries mul-
tiples divergentes, des regroupements judicieux suscéypdis d' instaurer la



convergence. Nous examinons la methode toura tour sousdis angles: com-
binatoire, analyse, algebre. La partie algebrique pegnte une multitude de
\ -fonctions" (i.e. de fonctions e nies simultarement su tous les groupes
de permutations) apparemment nouvelles et aux propres tes riches. Tous
ces objets, les gu'ils sonta I'arbori cation, con rment indirectement le statut
priviege de cette dernere parmi toutes les transformations concurrentes.

1 Arbori cation-coarbori cation as a special
case of fusion- ssion.

1.1 Introduction. Why arborify ?

Analysis often presents us with so-callechould-comould expansions.e. in-

nite series of the form:
X X | X X N
SS = A B = A BI = A Tress? ' BI l;:::;! r (1)
0Or1 [

which, despite being divergent, somehowught to convergeor at least to
be re-arrangeable into convergent shapeBut let us be a bit more speci c.
These expansions$S typically involve three ingredients:

{ a highly multiple indexation, with \ " running through an in nite set of
sequences of arbitrary lengthsr = r( ).

{ a mould partA , usually consisting of scalars, or scalar functions of some
variablesx; or parameterst;.

{ a comould partB , usually consisting of operators, which most of the time
are ordinary di erential operators in the variablesx;, but of high degreed.?

Unfortunately, as pointed out, these mould-comould expamms SS tend
to be normally divergent® even when there are strong reasons to suspect that
the corresponding power serieS; := SS:x do, in fact, have positive conver-
gence radii. No contradiction here: since a great many term#& B in SS
contribute to any given Taylor coe cient of S;, there is ample scope for mu-
tual cancellations or compensationsithin each Taylor coe cient. The chal-
lenge, therefore, is to regroup { preferably, in a conceptlip appealing and
universally valid manner { the terms inSS so as to make the suspected can-
cellations manifest. Clearly, these regroupings should loarried out adroitly,

Lusually, \ " runs through a monoid freely generated by acountableindex reservoir
suchasNorZorN orZ .

2quite often, the B, ,...; , are simple productsB,, :::B,, of rst-order dierential
operatogs, in which caselength and degreecoincide: r = d.

Si.e. jA j:)kB k=+ 1 for any reasonable norm or semi-normk:k
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and be exactly the right size :neither too vast for then we would get unman-
ageably large expressions and the mechanisms responsiblecbmpensation
would remain as opaque as they are \inside" the Taylor co ciats of the
Si, nor too constricted for in that case there would be no opportunity for
compensation to take place.

One extremely general way of re-ordering our expansiosS to achieve
promising re-groupings is to move from the \ "-indexation by totally ordered
sequencedo some \#"-indexation by partially ordered sequencedor some
speci ed type of partial order.

The idea translates into the generafusion- ssion transform:

X X
SS= AB 7! SS=  A"By (2)
#

with dual rules for the mould and comould parts:

X X
Fusion rule A* = F*A = A (3)
X x"
Fission constraint B = F*By = By (4)
# #

which automatically ensure thatSS remains globally unchanged. Here, the
coe cients F# are either 1 or 0 and the notation # says that, while
both sequences and # consist of exactly the same elements; with exactly
the same multiplicities, the second sequence has on it a patf order weaker
than, but compatible withthe total order of the rst.

As a special case, we have tharbori cation-coarbori cation transform :

X X
SS = AB 7! SS= A B (5)
with the dual rules:
X X
Arbori cation rule: A = F A = A (6)
X X
Coarbori cation constraint: B = F B = B (7)

which correspond to the choice adrborescent orders In other words, we work
here with partially ordered sequences , each element ; of which possesses

“non-strictly, of course: that partial order may on occasionbe total !



at most one antecedent, which we denoté ; . Minimal elements, orroots,
are not assumed to be unique.

There are three distinct angles analytic, combinatorial, algebraic for ap-
proaching our \regrouping" transforms, and all three pointto the same con-
clusion: among all fusion- ssion transforms, arbori cation-coarlori cation,
for innumerable reasons, towers as the most important andethmost use-
ful. The present paper is devoted to showing why this is so, by sgssively
adopting the three viewpoints:

Analysis , of course, remains the maimaison d'étre for these regroup-
ing techniques. Inx4, we shall review no less than fourteen genuinely
distinct situations, ranging from holomorphic dynamics t&KAM theory

to resurgence calculus, where arbori catiorran be harnessed to great
e ect { and often must

Combinatorics , on the other hand, lays bare the mechanisms at work,
and explains why the technique succeeds. Here, the mouldyaauld
duality is very helpful in sorting out the di culties. As we shall see
in x3, it is the comould part that leads us, rather naturally, to sngle
out the coarbori cation constraints (7) among allfusion constraints(4).
But it is in the mould partthat the really subtle phenomena, those that
hold the key to compensation, do occur, as will be shown ¥2 on some
rich mould material

Algebra here is something of a side-show, but a fascinating one. As
we shall see, to each fusion- ssion transform one may attaehstring
of algebraic objects, mainlyarithmetical mouldsand -functions (i.e
functions that are de ned, simultaneously anduniformly, on all per-
mutation groups S) which encapsulate all that is most distinctive
about each given transform. Now, the rst surprise is that tle particu-
lar moulds and -functions attached to arbori cation-coarbori cation
(they constitute what we call the haukian family) are replete with
structure, symmetries, and all manner of highly improbablgroper-
ties, which are listed inx5 and illustrated in the tables ofx7. And the
second surprise is that all this structure comes crashing @wa as soon
as we move on to the moulds or -functions associated with the other
transforms: unlike the haukian prototypes, they seem to be utterly
unremarkable.

5so0 that, technically, our arborescent sequences must be viewed as \weighted forests"
rather than \weighted trees".



The arbori cation-coarbori cation technique has been arand for quite
some time; so here we merely present a uni ed treatment, catggue some
typical applications, and refer to the literature for detais. The algebraic part,
on the other hand, is quite new, or appears to ebut here the material is so
abundant that the exposition had to be both sketchy (with ony the barest
hints at proofs) and lacunary (with many developments left ot). Thus,
damaging as the admission may sound, the present paper is thaa review,
and partly a formulary. But this is all that the limited format allowed. And
there will be, circumstances permitting, a sequel.

We wish to thank M. Kouider, C. Delorme, and D. Forge for helpfl
discussions, also for guidance in the literature on grouppeesentations.

1.2 Straight/contracting arbori cation-coarbori catio n.

A brief reminder about mould calculus has been prefaced to éhnext sec-
tion (x2). Here we simply recall how moulds and comoulds from the has
symmetry typesinteract in (5) and what sort of objects they produce:

(A ;B ) = (symmetral, cosymmetral) ) SS = formal di eomorphism
(A ;B ) = (alternal, cosymmetra) ) SS= formal derivation
(A ;B ) = (symmetrel, cosymmetrgl ) SS = formal di eomorphism
(A ;B ) = (alternel, cosymmetrel ) SS= formal derivation
(A ;B )= (separative, coseparatie ) SS = formal di eomorphism
(A ;B )= (atomic, coseparativg ) SS= formal derivation

OO, WNPE

As it happens, depending on the symmetry types involved (wheer they are
of the straight sort, with the vowel a, or of the contracting sort, with the
vowel €) one should resort to one or the other of two slightly di erehvariants
of arbori cation-coarbori cation:

Straight arbori cation-coarbori cation : for case 1 or 2

X
Arbori cation rule : A = F A (8)
X
Coarbori cation constraint : B = F B (9)
X
Standard coarbori cation rule : B = Stan B (20)

Swe cannot vouch for its newness, because the literature on gups and group functions
is bottomless. But so far all our checks and inquiries have dawn a blank. Yet if some
reader knows of previous connections, we would appreciateelaring from him.
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Here, the arbori cation tensor F; is equal to 1 if there exists aijection of
I into ! which:

(i) respects$ the order on! and!
(i) leaves the indiced ; unchanged

and F/ :=0in all other cases. Thus (8) translates into such relatias as:
A(;%! !3) = Alutaits ¢ Alaitals 4 aAlaitsita
A(!l! !20@/‘0:2) = Alvtaitsita g atutaitats

Whereas the arbori cation rule (8) completely de nesA , the dual relation
(9) merely constrainsB . However, in the important case when the comoulds
are di erential operators, there is a naturaf way to de ne B which not only
agrees with the constraints (9), but also meets the conditis Cs; C4 below,
which ensure the transparent (term by term) conservation ahe nature (i.e.
being a derivation or an automorphism) of the expansio$S.° When the
comoulds belong to free associative algebras, there existssuch compelling
choice, but several competing possibilities (seé@.5-9).

Let us sum up the pattern for case 1 and 2:

C, : Straight arbori cation: A = symmetral ) A = separative
C, : Straight arbori cation: A = alternal ) A = atomic
Cs: Standard coarbori cation: B = cosymmetral ) B = coseparative
C,4 . Standard coarbori cation: B = coalternal ) B = coatomic
Contracting arbori cation-coarbori cation : for case 3 or 4,
X
Contracting arbori cation rule : A = CF A (11)
X
Contracting coarbori cation constraint : B = CF B (12)
- - X
Standard coarbori cation rule : B = Stan B (13)

Here, the arbori cation tensor CF; is equal to 1 if there exists asurjection
of! onto! which:

"non-comparable elements inl  may become comparable in , but comparable ele-
ments have to remain so.

8even canonical, up to the choice of variables; .

%its global conservation is not an issue: it automatically follows fromthe dualness of
the rules (8) and (9).



(i) respects the order ol and!

(i) contracts the indices, in the sense that each; in ! has to be the sum
of all its pre-images! ; in !

and CF! := 0 in all other cases. Thus (11) translates into such relatins
as:

A(:;! !3) = A!l;!z;!3+ A!z;!1;13+ A!2;13;11+ A! 1itlaits 4 A!2;!1+!3
A(! 1! !208/55431) = A!l;!z;!s;!4+ A!1;12;14;!3+ A! 1,125 3+

Here again, we have to supply some coarbori cation rule corapble with

the constraints (12) and, if possible, with conditionsC2; C?. Remarkably, it
turns out that, in the case of di erential operators at any rae, one and the
same standard arbori cation rule (cf x1.4 and x3) applies equally in both
contexts : straight or contracting.

Summing up, here is the general pattern for case 3 and 4:

C?: Contracting arbori cation: A = symmetrel ) A = separative
CJ: Contracting arbori cation: A = alternel ) A = atomic

CY: Standard coarbori cation: B = cosymmetrel ) B = coseparative
CY: Standard coarbori cation: B = coalternel ) B = coatomic

1.3 The reason why arbori cation-coarbori cation works.

As far as analytic applications are concerned, the wholegmbiof arbori cation-
coarbori cation is to re-arrange expansions of the form A B , which are
usually hopelessly divergent, because they typically adtmo better bounds
than:

jAj aa, ;  kBk, rlaga, (with r:=r())  (14)

P
into formally identical expansions A B , which are often convergent, be-
cause they usually admit bounds of the form:

iAj od :  kBk, o cc¢ (with r:=r())  (15)

with xed constants c;; ¢, but with adjustable constants cs; ¢4 that depend
on a neighbourhoodD of the origin, and go to O as this neighbourhood
shrinks.

The key here is not so much the disappearance of the factorial the

comould estimates as its non-appearance in the mould estitea. The dis-
appearanceis not really surprising, because the coarbori cation consints
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enable us to spread the ‘load' of any giveB more or less evenly among a
great many B . What calls for an explanation is thenon-appearanceof r!
in A , since under the arbori cation rule (8) or (11), and for veryweakly
ordered arborescent sequences, is equal to a sum of almost! distinct A ,
which have noa priori reason of cancelling or compensating each other, and
in fact don't cancel nor compensate for mouldé picked \at random"”. But
for moulds of \naﬁural origin”, i.e. for the ones that spontaneously occur
in the expansions A B that originate, not in our whims, but in analysis,
such cancellations, on the contrary, tend to take place witbrovidential reg-
ularity. Why so? Because ofase-speci ¢ identities which ensure that the
norms of natural moulds don't increase signi cantly under ebori cation. A
more precise mechanism, which accounts for this small mitacis the fre-
quent phenomenon oform preservation: after arbori cation, many moulds
retain their outward analytical expression, except that inthis expression all
sums, di erences, etc, of indices; have to be re-interpreted in terms of the
new arborescent order. But the ultimate reason lies is thedtathat \useful”
or \natural" moulds almost invariably conform to some \template" (usually,
one or several relations involving some of the many operati® that are de-
ned on moulds) and that arbori cation ordinarily preserves the \template"
in question, for the simple reason that nearly all mould opations \arborify",
l.e. extend painlessly to arborescent moulds.

Summing up, we may say that the arbori cation technique work so well
because arbori cationusuallyrespects \norm", \form", and \template", with
usually almost meaningwhenever needed

The sectionx2 infra enumerates a long list of natural moulds, which shall
all be required for the applications to analysis of sectior4, and which, bar-
ring two (explainable) exceptions, all possess the aboveoperties. But take
any of these moulds, and tinker ever so slightly with its de ftion, and ev-
erything immediately unravels: arbori cation no longer peserves norm, nor
form, nor template. To grasp this stark dichotomy between tb behaviour
of natural-useful and arti cial-random moulds, we may reda for an anal-
ogy: whereas a random Taylor series with convergence raduse will, with
probability one, possess a natural boundary on the unit cike, most series
encountered in real life tend, on the contrary, to possess lgnsolated singu-
larities and endless continuability.
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1.4 Standard coarbori cation.

Pending the precise desciption of coarbori cation i3 (with the exact bounds),
let us give a rough description with the heuristics behind it Consider what
is perhaps the most frequent situation. Take some comoul8l consisting of
di erential operators, with the following factorisation property :

BI = B!l;!z;:::;! = Blr "'B'ZBIl = anB!r :::anB!ZanB!l (16)

with each factor B,, separating into a homogeneous monomial™ and a
di erential operator B, of homogeneity O:
B, =x"B,, with B, :x"C! x™"C;B, :x"C! x"C (17)

In view of the Leibniz rules, a natural way to coarborify our omould is
to de ne the action of the sought-after operatorB, on any test function
' (x) as follows. We writeB, ' (x)= x"B, :::x"B,,x™B,, '(x)and
decree that:

(i) if ! is arootof! ,thenB, should acton' (x) alone
(i) if 1; has an immediate antecedent; in! ,then B, should act on the
homogeneous monomial™ that accompanies the corresponding,

If we start from a cosymmetral comouldB with factor operators that
are rst-order derivatilgns, then the Leibniz rules clearlyensure the desired
decompositionB, = , |, B:; . But that decomposition also holds, less
obviously so, when we start from a cosymmetrel comould.

1.5 Quadratic coarbori cation.

It applies above all to the case of comoulds with values iitee associative
algebras. Its true signi cance lies in the fact that it cleas the way for the
algebraicdevelopments of sectiorx5. But it also has analytic implications,
namely for the notion offree-analyticity in x6.2.

Its quickest de nition is by means of the tensor contractios'® :

B =BKF wth K:=H ';H =FF (18)
P
whereF F , short for F F , denotes the symmetric tensor obtained
by contracting both  and leaving the two alone. Viewed as a square
matrix, the tensor H so produced is invertible, with real-positive spectrum,
and admits an inverseK .

Ocovariant indices contract with contravariant ones in proximate positions.
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There is a more conceptual characterisation of quadratic adori cation :
it is the one that minimises the quadratic “coarbori cationnorm'

X
kB kCoarb <B ;B > (29)

for the natural scalar product on the free algebra generateuy the B, . 1?

1.6 Instances of over- and undershooting.

Overshooting We may takeall possible oders. But the regroupings are then
too large to be helpful or to illuminate the compensation mé@anisms.

Undershooting We may take all laminations, i.e. all partial orders that al-
low to each element at most one successor and at most one poedsor. A
lamination clearly splits a set into subsets (\branches") \ich (i) are mutu-
ally non-comparable (ii) carry each a total order. Here, theegroupings are
too small to permit compensation to come into its own, at leasf we insist
that to each d-branched lamination there should correspond an operatof o
di erential order d. But despite its uselessness as far as restoring convergenc
is concerned, lamination has interesting combinatoriallgebraic aspects. We
shall briey review two instances inx1.8 andx1.9. For now, let us note in
passing that laminations lead to a decomposition of the spa8, spanned by
all r! products ofr distinct, non-commuting operatorsB;

(i) rst into subspaces dBr consisting of derivations of orded
1o

;d
() then into subspacesB niniE spanned by associative products af;
Lie elements of homogeneity, , d, Lie elements of homogeneity,, etc :::

dq 5 dp ;o dg

BI’ — 1dr dBr — d;lrj:.2<+ dirri:r B riirziming (20)
Since these cells correspond one-to-one to the sets of alleyrrespecting
laminations r# of r := (1;:::;r) which have d; branches of lengthry, d,
branches of lengthr,, etc, the corresponding dimensions clearly are:
. Op;dp;:iiisd dp ;i d r
dim 7 < =dim B iicin = Q—Q (21)
F1il2;iiirk a! o
d X X X di;dy;iii;d
dimyg :=dim B, = dim 12 R (22)

k 1 P di=dP diri=r
# fr o or r;r with d rootsg (23)

Hwith <B ;B o>:= | 0.
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The reason for the last identity is that 9B, also possesses a basis whose
elements correspond one-to-one to the various order-respieg arborescent
ordersr on the sequence = (1;:::;r).

1.7 Lamination-colamination on a free algebra.

We consider the associative algebifreely generated by the symbolB4; B,;:::
viewed as formal, order-one derivations, and we use the coistary notations:
Bn = Bnyooon, = Bp, iiiBny .

WhereasB admits a unique ltration
associative algebrae B= 1 B:::°B 2B !B = Lie algebra  (24)

into the subspace$B consisting of formal derivations of order at mosd, there
exist several more or less natural ways of converting thist;ma gradation
9B with privileged projectionsB! 9B :

B = B 2B °%B::: with!B =!B;%B %pB=UB (25)
B, = !B,+ ;(Bn +3B,::: 8B, =Bn,un, = Bp, 11:By, (26)
By, 70 Bn=  H"Bn2° with H"’ 2 Q (27)

no

depending on which set of condition€; we impose:

C;: economy:

The projection tensors“!—h?0 should vanish unless the sequencesand n®have
same lengthr, same element®; and n? (with the same multiplicities in case
of repetitions), and di er only as to the order of these elemés.

C,: isotropy (or universality):
The projection tensors should depend only on the permutatio that turns
the ordered sequenca into n°, ie:

4 niiin? dh() with n® n 8 (28)

Cs: symmetry:
The projection tensors should be symmetric‘iH,?o fo.

In combination with condition C,, this translates into: ®h( ) 9h( ).

C,4: orthogonality:
The gradation subspace$8B should be pairwise orthogonal, relative to the

13



natural scalar product:

<B,;Bn>:=1 (resp0) if n=n°(respn6 nY (29)

Cs: order-compatibility:

The rst projection tensor 1H,?° should depend only on the number of com-
patibilities/ incompatibilities in the orders of n and n®. More concretely, and

assuming conditionC,, this means that *h( ) should depend only on the

numbersp and g of + and  signs in the sequence(i + 1) (i).

Cs: lamination-compatibility:
The higher projection tensoré’H{]‘0 should be simply deducible from the rst
one. ldeally, we should have:

1 X
B, g B iBpz B (30)
© sha(n1;n2;:;ns)=n
leading to a natural co-laminationB, n# nBn#

C,; C, are minimum demands in this free algebra context but, as it tuns
out, there is some incompatibility between the further conitions.

1.8 Uniform lamination-colamination.

Imposing C;; C, and Cs (order compatibility) totally xes the rst projection
tensor. If the sequences; n® are repetition-free, we get:

Iyn®=1 = qip' g = QM
HA"= ()= ( ' = (D, (31)
If n;n°involve repetitions, with multiplicities ki;ko:::, we must consider

all ki'ky!::: sequenced;n® that coincide with n;n® except that identi-
cal terms are now regarded as distinct, in all possibe wayshdthen set
IHr:= " IHM with HY® calculated according to the rule (31) Then condi-
tion Cg is automatically ful lled, in its strong form (30), leading to a natural
colamination. But we have neitherC; (symmetry) nor C, (orthogonality).

1.9 Quadratic lamination-colamination.

If we now add Cs (orthogonality) to C;; C,, all projection tensorsoi—h?0 are
xed at once. Although they lack simple, closed expressionthe associated -
function 9h( ), especially the rst one (d = 1) possess remarkable properties
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(seexb.18 andx7.9). Condition Cz (symmetry) is then automatically ful lled
(the implication is non-trivial), as well as a weaker form ofCg: the right-
hand side of (30) may involves partial sequences which are not always
order-compatible with n.

2 Combinatorial aspects of arbori cation.

2.1 Basic mould operations.

Moulds are functions of a variable number of variables they depend on
sequence is simply ’!i. Sequences are systematically written in boldface,
with upper indexation when such is called for, and with the prduct denoting
concatenation: e.g.! = ! %1 2. The elements!; which make up these
sequences are written in normal print, with lower indexatin. The sequences
themselves are a xed to the moulds as upper indiced = fA'g, since
moulds are meant to be contracted

A:B 71 <A :B >:= A' B,

with dual objects (often di erential operators or elementsof an associative
algebra), the so-called comouldB = fB, g, which carry their own indices
in lower position. Moulds may beadded, multiplied, composed

Mould addition is what you expect: components of equal lenigtget added.
Mould multiplication ( muor ) is associative, but non-commutative :

| X 11 1 2
C=A BY() C = A B’ (32)
1 =112
(This includes the trivial decompositions! = !: ; and! = ;:1).
Mould composition () too is associative and non-commutative :
1 X | Teeees 1S 11 1S
C=(A B)( C= - R - N )

with a sum extending to all possible decompositions f into s r(! ) non-
empty factor sequences '

The operations (+; ; ) on moulds interact in exactly the same way as their
namesakes for power series. Thud( B ) C (A C) (B C)

15



2.2 Basic mould symmetries.
Nearly all useful moulds fall into a few basicsymmetry types

A mould A is said to besymmetral (resp. alternal) i :

X
A = A'"'A'" (resp:0) 8116 ;:8!126; (34)

I 2sha(! 1;! 2)

A mould A is said to besymmetrel(resp. alternel) i :

X
A =A'"'A'" (resp:0) 8116 ;:8126; (35)

I 2she(l 1;! 2)

Here sha(! ;! ?) (resp. she(! ;! 2)) denotes the set of all sequences
obtained from! ! and! 2 under ordinary (resp. contracting) shuing. In a
contracting shu e, two adjacent indices ! ; and ! ; stemming from! * and
| 2 respectively may coalesce tb; = !;+!;.

Thus, for a sequencé ! := (! ;) of length 1 and a sequence? := (! 5;! 3)
of length 2, the symmetrality (resp alternality) condition reads:

A!1;!2;13+ A!z;! uls 4 A!z;la;ll All Alz;la
(resp 0)

and the symmetrelity (resp alternelity) condition reads:

A! nlaits 4 A!2:1 uls 4 A!2:13:!1+ A! itlails 4 Alz:l 1+!3 A!1A!2:13

(resp 0)

For arbomoulds i.e. mouldsA with an arborescent order on their indices,
two new symmetries come into play: separativity and atomity.

Separativity means that whenever!  is many-rooted, with one-rooted
subsequences ' , the arbomould factors accordingly:

Y , . .
A' A" if 1 = 1t with ' one-rooted  (36)

Atomicity means that whenever  has more than one root, the arbo-
mould vanishes:

A' 0 if ! is many-rooted (37)

Mould-comould contractions.
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Let B, be the homogeneous components of some local-analytigimensional
vector eld X (resp of the postcomposition operatoF associated with some
local-analytic -dimensional di eomorphismf ) and let

By, (reversion!) (38)

The comouldB so de ned is said to be co-symmetral (resp co-symmetrel)
if its action on a product' ;' , obeys the Leibniz rule:
X

By ("1'2)= (Bi1"1)(By2"2) (39)

with a sum extending to all pairs ( ;! ?) such that! 2 sha(! ;! ?) (resp
I 2 she(! ;1 2)).

The four main symmetry types admit a simple characterisatio in terms
of mould-comould contractions:

X
A : B 7'C with C,,:= A' B, (40)
kl k=19
Indeed:
A : B I C
alternal  field ! field
symmetral : field ! diffeo
alternel . diffeo ! field
symmetrel : diffeo ! diffeo

Most stability properties follow from this interpretation. Thus:

symmetral symmetral = symmetral

symmetrel symmetrel = symmetrel
alternal alternal = alternal

symmetrel symmetrel = symmetrel

2.3 Constant-type moulds.

mould value symmetry type associated series
1 1 ifr =0 (0 otherwise) symmetral 1

I 1 ifr =1 (0 otherwise) alternal X

log (o - alternel log(1 + x)

exp, & symmetral gax

tu,, (Y 3 symmetrel 1+ x)?

17



2.4 Dierence-type at moulds.

P
Foranyt = (t;;:5t) 2 Rt 6 tj), wesetp:= . L gi= .,
and de ne the symmetral mouldsad, (special case:sad = sad, ) and the
alternal mould lad as follows:

sad = 1 = sad ; lad = 0
sad'**' = 1 (resp0) if ty<t, <t, (resp otherwisg
oty —_ E Y H Y H
sa o (a+ i) (@ j)
"1ip 1j q
tite o q plq — q Pat
lad = O oy = (DT

2.5 Dierence-type polar moulds.

tasyy = 1 1 tasyhy = o in’ b)
..... b
R P RS e v (™

. 1

tas, = 0 ; tasi:= ()
..... l

tasii it = ( t)(ty t)ii:(ty 1 t)(ty)

tas,, = 0 ; tasy =1

tasiy ot = :

(tl t2):::(tr1 tr)

tas,, tas,. = tas,.
tas,, tas,, =

|
[
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2.6 Sum-type at moulds.

We rst settle some notations, then de ne our moulds:

X = (Xg i Xe)
Xi = Xi+ X
Ri = X + + X,
kxk = X1+ +X =%X1=X
+(X) == 1 if x> 0 (resp =0 if x< 0)
(x) = 1 if x< 0 (resp =0 if x> 0)
(x) = 1 if x =0 (resp =0 if x 60)
sofd = (D (x)::: (%)
antisofg;, := (1 R)::: (%)
sefd = ( 1)r ! (Xl)::: (Xr 1) (Xr)
antisefd = ( 1! (R) & D (%)
lefo* = (1D ()i (X 1) (%)
antilefo* = (1) R) & )i (%)

2.7 Sum-type polar

moulds. The \organic" family.

sd, = Q:i{:—: musd, = ( 1)fQ:§1”“—:
romo, = Q:Z{(a:—: 1) antiromo, = Q:Z{(ai\—: 1)
remg, = ai—:QE{ Yaft 1) antremd, = ap i (af
somq, := remo, antiromo, j
= romo, antiremo, ,
= romo,, remg,
SOMQas; = SOMOg y.4 o
S0MQso, = SOMOy,
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2.8 Main properties.

Symmetry types: 12
All the above moulds fall into one or the other of the main symetry types.

Alternal : lad , tas,, tas,,

Symmetral . exp,, sad, sad, tas,,, sa, musa
Alternel : log , lefo , redo , redom

Symmetrel: tu,, sofo, sefo, romo,, remaq,, somq,,

All pairs (mould ; antimould ) have the same symmetry type.

Useful identities and closure properties:

sofo sefo = 1 (53)
antisofo, antisefo = 1 (54)
remo, antiromo, , = 1 (55)
romo, antiremo, , = 1 (56)
multplicative inverse : somcia b $ soch b] (a;c exchanged)
ad
composition inverse : som(? ] $ somqba] ( columns exchanged )
cd dc
ti
sequence reversal : somq ] a§ somq ] (rows exchanged )
cd ab
multplication SOI’an‘l;a2 somqiz;as = SOI'T]Oal ‘a3
CompOSition . som%l’bl som%z’b2 = SOmO(a2 bz)al+ bZ : (a2 bz)b]_"‘ bZ
multplication : somcan b | somcEal b1 | = S0mMo,, v,
az bz ap b2 [az bz]
ition : som som = som
composition (%Z% E; (fg; % O[Z% g%]

12 at moulds should be regarded as distribution-valued : for themthe symmetries hold
almost everywhere not necessarilyeverywhere
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2.9 Smooth and form-preserving arbori cation.

Smooth or size-preserving arbori cation.

All the above moulds possess the property of smooth arboration (meaning
that their arbori ed variants admit essentially the same type of bounds) the
only exception being the moulddog andtu, for a 2 Z and in particular for
a=1=2. This is in relation with the fact that the standardalien derivations
(which admit log as their left-lateral mould) and the standard or median
convolution average (which admitsu,_, as its right- and left-lateral mould)
are not well-behaved?

Of course, for alternal or symmetral (resp alternel or symntieel) moulds,
one should take the ordinary (resp contracting) form of arbcation.

Form-preserving arbori cation.

All the sum-type moulds listed above, i.e. all those mouldshese de nition
involves forward sums{*or ; (resp backward sums; or! ;) have the stronger
and very useful property of form-preserving arbori cation This means that
they retain their outward analytical expressionexcept that the sumsx} or
N (respx; or!;) are now relative to the arborescent (resp antiarborescent
order. The same holds for the di erence-type mouldtas,; andtas, ..
Thus, it is an easy matter to check that for any arborescent geence!
(resp antiarborescent sequende ) we still have:
| Yr ! i | Yr ! i
sa, = @ — musg, =( 1) —

| .
i=1 ! i=1 !

exactly as inx2.1.10, except that!? (resp!;) now denotes the sum of all
indices! ; that follow (resp precede)! ; inside! (resp! ). Of course, as
in the case of totally ordered sequences; itself should be included in that
sum.

2.10 Mould mixing and arbori cation.

For any pair A ;B of moulds carrying real indiced ;, the mould mixture
C = A mixB is dened by:

[t .— X X RS ! ! ! ! et
T MIX . r@ @50 M) A (M) SRS () (57)

1,05
m
2SS 1 m r

13Seex4.10,x4.11 and [E11].
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with a sum extending to all permutations of the sequence (L ::;r). This
sum involves the mouldA itself and the conjugate® of the mouldB :

Pty = ( 1)r @! ranlg (58)
as well as adisorder coe cient' which is de ned as follows:

MIX Sasste w=g g (M) (M) (M) (59)
and assumes the values;0 1. Here, the sign function and the forward
sums!4 = 1;+ :::1, are as inx2.6, and the signs; are given by:

1= o+ f m< 12

= if m )
i + if i 1)< 1) (for i> 1)

if i 1> ) (for i> 1)
The usefulness ofnix derives from the automaticsign separationwhich it
brings about in the index sequences. Indeed, the sum on thght-hand side

of (57) involves only terms of the formA > 1 and B * r2 such that:

AN

0 ; i= 1t + ra 0 (60)

Mould mixing also respects symmetrality (in particular,self-mixing leaves
symmetral moulds unchanged) and commutes with pre-multigation by a
third mould:

fA and B symmetrag =) f A mix B symmetrab (61)

A e—
i = 1+ + ri

fA symmetrag =) f A mix A =Ag (62)
(C A)mx(C B) = C (A mixB ) (63)

Moreover { and this is essential for the sequel { thenixing operation retains
its form under arbori cation. Indeed, if we constructC = A mixB as
in (57), then the standard (non-contracting) arbori cation C is given by a
straightforward v%(riant of (57):

C(! 15000 r) = MIX (.! 1yeiny ! r) @! (1) N (m)A! (m +1) ol (r) (64)

251 m r

with disorder coe cients MIX ’;m still given by (59), except that the forward
sums!? are now relative to the arborescent order oh , and with a suitable
rede nition of the signs ; :

1= o+ f m< (1) (for i root of ! )
= it  m (1)
Po= o+ f i)y< i) (for i not a root !
= if Gy> i) and i antecedent ofi)
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2.11 Mould attening and arbori cation.

Let us also mention two more mould transforms which turn altael (resp
symmetrel) mouldsA into alternal (resp symmetral) mouldsB . The rst

transform is quite elementary and applies to all cases. The®nd transform
is more subtle, but also more relevant to the present invegition. It ap-

plies only to mouldsA with indices n; in N and turns them into " at' or

“piecewise-constant’ mould8 with indicest; in R. Both transforms respect
multiplication in the sense that transf(A; A,) transf(A;) transf(A,).

Here is how they are de ned:

First mould transform:

direct : A 71 B =A exp (65)
inverse : B 7" A =B log (66)

Second mould transform:

A $ B with B to;nty = GA U 1t gnd

1:=sign(ty ty) ;i pi=sign(t 1 ty)
SAT = Al
SATT =+ A
SA T = + AT+ AZ
SAt I - A Ll
SA+; i+ - A 1,11 A 1;2
SA +5+ = A 1,11 A 2;1
SA + - A 1,11 A 1,2 A 2;1 A 3
etc Generally:
. 1..... S X ? 1..... s
direct : SA = (1) AN
o Xow
inverse : Aftesfs = (0 1)° 1000y SA B

In the last but one identity, all sign subsequences‘Pconsist of ¢; 1) initial
. . 2 .
signs and one nal + sign ¢; may be =1) and  extends to all intgger
sequences' of sumr; , whereas in the last (reverse) identity the sum *’

which case ; has to be +.
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3 Combinatorial aspects of coarbori cation.

3.1 The standard coarbori cation rule.

Let fB,; ! 2 g be any system of ordinary di erential operators in the
variablesx,;:::;x and de ne the comouldB as usual by setting:

Then there exists a privileged arborescent comoul , the so-calledstan-
dard or homogeneousoarbori cation of B , which is entirely characterised
by the following three properties:

P1 B s coseparativé i.e.: «

B, (' 1 2) B, 1 (' 1) B, 2 (' 2) (68)

11 12 =1

P2 Ifdeq! )= di.e. ifthetree! has exactlydroots, then the operator

is homogeneous in thé®:= @, with total degree d

P3 If ! =1, (inother words, if! is of degree one, with a root element
I, followed by some arborescent sequente ) the corresponding operator
factors as:

B X B, B, logx; (G=21;2:::;) (69)
Moreover, if B is cosymmetral*® (rgsp cosymmetrel®), then B andB are
indeed correlated accordingt®, == , _, B, (respB, = |, ., Bi ).

In other words, whereas symmetral and symmetrel moulds oluBerent ar-
bori cation rules (simple/contracting), the standard co-arbori cation rules
are exactly the same for a cosymmetral comould and a cosymmiletne.

Let us check, by induction on the lengthr of ! , the fact that P1, P2,
P3 together do determineB,

Either d(! ) =1, which means that! is of the form (70), in which case
B, isasin (71) below:

L= (it ) (70)
B, = (B, By, :logxj)(x; @ (71)
1
4 11 12 denotes the tree obtained by juxtaposition of ! * and ! 2 , with no
other order relations than those inherited from the sub-trees! ' . The sum (68) extends
also to the trivial juxtapositions, with one summand ! ' equalto! and the other one
empty.
5seex3.2.
16seex3.2.
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Ordeq! )= d 2, which means that! is of the form (72), with
s clusters ofd;;:::;ds identical, irreducible summands! 't ;::::1''s | in
which caseB, is as below:

o= 1t 1 d (" 6;;deq!' )=1)
= (1)@ « (tle) @ (di+ +ds=d) (72)
B, = % (Bll :Iongl):::(B!d I|Ongd) (Xil @1):::(de @1)
dyliiids! ||

3.2 Interpretation for cosymmetral/el comoulds.

To see how one and the same operation works equally well in teeemingly
so di erent contexts of cosymmetrality and cosymmetrelity the reader may
examine the simplest non-trivial examples of cosymmetrahd cosymmetrel
comoulds, with one variablex only and the factorisation property :

B@ : B@.., =B@::B®
B® : B.., =B®:::Bl®
B@ = hm”*i@ B@ : x™Cl x™n"C (8m;n)
B® := exp b x"! @ BE® : x™C1! x™"C (8m;n)
n O n 1

and then use the corresponding cosymmetriés

coqroduct

B®
B

1 B@+B@ 1 (cosymmetrality) (73)
B B (cosymmetrelity) (74)

ni+ni=n

coqroduct

to check that in both cases the same standard procedure x3.1 leads to
comouldsB® and B® which are both coseparative but verify the distinct
coarbori cation constraints (9) and (12).

3.3 Standard coarbori cation and norm reduction.

Coarbori cation automatically diminishes comould norms This of course is
its main property, its main justi cation, and the reason for its usefulness

7SinceB{® = 1 the sum (74) includes as extreme termsB? 1and1 B(?.
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in analysis. The phenomenon takes place for any reasonablerm on local
di erential operators, for instance:
kB' Kk, ,
kBk = kBk, ,. :=sup —; L with  02D,;D; D, C (75
=2 ' 80 k sz
with D4; D> two small open neighbourhoods of 0 arkd k;, the uniform norm
on D;. To illustrate norm reduction, i.e. the improvement from (®) to (77):

kB, k r(! ) cN¢ ) kB, k:::kB; k (76)
kB, Kk cNt ) kB, ,k:::kB, k (77)

r

let us x a non-resonant spectrum 2 C and consider rst-order di erential

operators of the form: N

B, == x"B, with B, := Hx@;!i=<n; >;b} 2C
1]

Next, let us carry out homogeneous coarbori cation for thre extreme types
of arborescent sequences:

! = (Pqgiinty) . total order ; all!; distinct
PO o= (qpiist)) . total order ; all !; distinct
100 = (1, ') ; noorder ; all!; distinct
1000 = (1, ') ; noorder ; all!; identical
We nd:
B! = B!r :::Bgl (78)
B, o = x"(B,, x" 1)(B,, ,x" ?):::(B,,x")(B,,x")B,, (79)
Biow = x™" "B, B, (80)
1
Byow = . XMt e B, By, (81)

and in all three cases we observe the disappearance of thedac!, though
for rather distinct reasons:

{in (79) we have a rst-order di erential operator B,  preceded by innocuous
scalar factorsB,, x" *

{ in (80) we have a di erential operator B, :::B, (all terms commute) of
orderr and of factorially large norm, but with a morelthan factorialy small
front factor x*"% sincex is small andknk const:ri*=

{in (81) we have again a di erential operatorB,  :::B,, (all terms are equal)
of orderr and of factorially large norm, but with a multiplicity factor % in
front.
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4  The arbori cation-coarbori cation trans-
form. Fourteen applications to analysis.

4.1 Application 1: Linearisation of vector elds with
diophantine spectra.

A local analytic vector eld X with diophantine, non-resonant spectrum

=0 4 )

X
X = X"+ B, with (82)
_ X
X fin = i Xi @i and
1
B, := homog. part of degh = (ng;::;;n )(n; 1; at most one negn;)

admits a formal linearisation ¢, which in operatorial form reads:

X =  gexi with (83)
X
ent = Sa B Sa B (84)
. X X
et = 'Sa B 'Sa B (85)
. Y 1
v 1ir
- 1
Sy = (87)
1ir it th

Prior to arbori cation, the normalising series (84),(85) ae usually divergent.
After arbori cation, they are always convergent, because dth moulds Sa

and ™'Sa suer no signicant norm increase. And the reason why they
don't is that one of them namely ™ Sa actually retains its form, i.e. its
outward analytical expression, under arbori cationt®

N.B. Here and in the sequel, we take advantage of the non-resonanaf
the 's to substitute an indexation by!; =< ;n ; >2 C for the original
indexation by n; 2 Z .

8For details, see [E3],[E9], also [Siel],[Sie2],[Br] for thhistorical background.
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4.2 Application 2: Linearisation of dieos with dio-
phantine spectra.

Alocal analytic di eo X with diophantine and (multiplicitively) non-resonant

F = 1+ B, :Fm with (88)
Finoo= ' (xqpionx ) 70 " (Ioxqziosl x)
B, := homog. part of degh = (ng;::;;n )(n; 1; at most one negn;)

admits a formal entire linearisation ¢, Which in operatorial form reads:

F =  xF™ 3t with (89)
X
ent .= Se B Se B (90)
X . X
et = VSe B VSe B (91)
el
Se = f —
¢ = (Y T (92)
10
inve 4 — Y 1
10 r

As before, and for the same reasons, arbori cation restore®nvergence in
the normalising series . *°

4.3 Application 3: Normalisation of vector elds with
resonant spectra.

Here normalisation rather than linearisation is the order of the day, with
normalising transformations s that are generally divergent but resurgent.
To simplify, assume the resonance to be of degree 1 (only oekation between
the ;'s), in which case one single "normal’ variable bears the whole burden
of divergence and resurgence.

X
X = X"+ Bn with (94)
X X
xXnor .= iXi@ + x" iXi@ with <m; >= 1 and
1 1
B, := homog. part of degn = (ng;:;n )(n; 1, at most one negn;)

¥For details, see [E3],[E9], also [Siel],[Sie2],[Br],[Rdor the background.
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In operatorial form, the resurgent normalising transformaions .. read:

X = XM 2 with (95)
X X

res .= « Ve(z) B « Ve(z) B (96)

s = "Ve(z) B ™" Ve(z) B (97)

with mould elementsVe(z)' ,Ve(z)' that are elementary resurgent mono-
mials. The normalising transformations being usually diwvgent, the only

question that arises is of course whether the . are convergentas series
of resurgent functions Sometimes they already are, prior to arbori cation;

sometimes arbori cation is called for®

4.4  Application 4: Normalisation of di eos with reso-
nant spectra.

The picture is much the same as in the previous example.

X
F = 1+ B, :F" with (98)
FO' = " (Xqirnx ) 70 (Igxqnn il x o)
B, := homog. part of degh = (ng;::;n )(n; 1, at most one negn;)

with resurgent normalising transformations .. of the form:

F = oF™ 2 with (99)
X X

nor .= We(z) B We(z) B (100)
X X

op = "We(z) B "We(z) B (101)

and with suitable resurgent monomialdVe(z) and ™We(z) .2

20For details, see [E2],[E3],[E5].
2LFor details, see [E2],[E3],[E5].
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4.5 Application 5: Rami ed linearisation of vector elds
with quasi-resonant spectra.

Here, we assumeure quasi-resonance. In other words, we have no (exact)
resonance, but a violation of Bryuno's classical diophamte condition.

X
X = xIny B, with (102)
_ X
x .= i Xi @i and
1
B, := homog. part of degh = (ng;::;;n )(n; 1, at most one negn;)

Quasi-resonance doesn't preverfbrmal entire linearisation, but it usually
renders . divergent. To get hold of something convergent, we must har-
ness the phenomenon afompensationand work with rami ed transforma-
tions .. These are ‘ramied' in the sense that they involve positive
irrational powers of at least one, but sometimes two or thregariables x;.
Moreover, instead of being de ned on ordinary (uniform) ngihbourhoods of
the origin 0 2 C , they are de ned in spiral-like, rami ed neighbourhoods.

The operatorial expansions for .1 are always of the form:

X =  gnX™ L with (103)
X X

ram = ent coZILin = X Saram(z) B X ST (2) B (104)

ra:an = colin en]{ = invsaram (Z) B inVsaram (Z) B (105)

but the analysis very much depends on the "badness' of the gir@sonance.

Case 1: Real, semi-mixed spectrum :
This is the case when ;< 0 but0< 5 3;:::;
Then one rami cation su ces:

z = x, ot (106)
Sa.,(2) = Sa,(z):=(™Sa z¢) Sa (107)
™S8um(2) = ™Say(2) = ™Sa  (Sa Z¥) (108)

P
with zk* used as short-hand fog® ¥ := z 'i. Here the expansions for .
are already convergenbefore arbori cation.??

22of course, they remain so after arbori cation: arbori cati on is sometimesunnecessary
but never harmful.
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Case 2: Real, mixed spectrum:

This is the case when we have at least two negative and two pibs ;.
Here, two rami cations become necessary, attached to two eigenvakief our
own choosing, but of opposite signs, say; < 0 < ,, and we must resort
to the sophisticated operation ofmould mixing which is described inx2.10.

The mould ingredients for 1 now read:
Z = X Ut Zp = Xyt (109)
™Sa.m(2) = ™Sa,(z1) mix ™Sa,(z,) (110)
™Sa  (Sa ZF) mix (Sa Z¥) (111)

but the novelty is that now .. requires arbori cation to become conver-

gent (in a suitable space of rami ed functions, of course).

Case 3: Full-blown quasiresonance with complex spectrum .
The same approach as above applies, but withree rami cations and more
intricate forms of mixing. Here again, one cannot avoid arbori cation.

Link with the so-called "compensators'
The mould ingredientsSa,,, (x) and "™'Sa,,, (x) which enter the construction
of ., are actually sums oftcompensatorsof the form:

(z2C; {2R") (112)
oir jei 1

which remain bounded even when the;'s get dangerously close to one an-
other. This simple remark underpins the whole theory of congmsation. %3

4.6 Application 6: \Correction" of vector elds with
resonant spectra.

This section and the two that follow deal with a remarkable, fien misunder-
stood phenomenon: thenon-appearance of supermultiple small denomina-
tors®* when resonanceinteracts with diophantine small denominators The
present section tackles the phenomenon in its purest form @rat the sim-
plest level. Take a resonant vector eldX with diophantine spectrum. Since

23For details, see [E8], also [E6].
24very roughly : small denominators with such abnormally high multiplicities that their
presence would automatically thwart convergence.
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resonance generally precludes linearisation (even formpdhat leaves two op-

tions. In the rst one, we add a resonant series to the lineargt X'" to get a

normal or prenormal form, leading to an entire, but divergeinand resurgent

conjugation of X to that normal form, as in x4.3. In the second option, we
subtract a resonant series (the “correction’) from the eldX to force formal

conjugation with X ", But this time, despite the deceptive symmetry of the
two approaches, the formal conjugation turns out to be anatic as well.

X X fin (non-resonant case) (113)
X XM+ XPre with [XP®:X"™M]=0 (resonantcase) (114)
X o xeor X fin with [X: X" =0 (resonant case) (115)

Translating the second option into mould expansions, we nd

X X = 44X 4 (116)
X X _—

Xer = Carr B = Carr' "By, 1::Bp, (117)
X X — |

cor = Scarr B = Scarr "By, 1:1:B,, (118)

The key ingredient here is a mouldCarr inductively de ned by:
Carr’ = 0; Carr®=1; Carr'*=01if ;=0 (119)

| _ X 11113 12 X 11113 12
var; Carr- = Carr’ “" Carr’ Carr’ "7 Carr’ (120)

L1121 3= 111211 3=

with a variation operator var; that acts as follows:

We have analogous formulas foScarr . Two points must be emphasised
here. The rst is that the above induction leaves us su cient latitude
(through the choice of the indexi) to prevent the occurence of supermul-
tiple small denominators. The second point is that it takesarbori cation to
make the expansions (117) and(118) convergetit.

25There exists a parallel theory for di eos. For details, see EV1],[EV2].
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4.7 Application 7: Floquet theory.

Floquet theory concerns itself with di erential equationswith quasi-periodic
coe cients. A test case is the system:

@X (1) = U(t) X (1) with (122)
X
u = 1A+ €' U (A;U, const; ;t 2 R:I 1) (123)
12
12 = 12+ +  Z ( 1; 2:::non-resonan) (124)

In order to reduce (122) to an elementary, “self-solving' egtion:
@Y() = V Y(1) with V = const (125)
by means of a change of unknowK (t) = ( t) Y(t), we must solve:

V+ ) @(t)y= () ui) (1) (126)

asymptotic behaviour of the solution of (122). The next step are broadly
parallel to those in the preceding section, except that nomultiplication or
division by the frequencied ; must be replaced respectively by the action of
the operators::

Vi=(@ adV)) ; V:i=(@ adV)) ! (127)
The elementary identities:

1 1 1

+
Pa(ta+t2) 1o(ta+ly) il

(128)

upon whose repeated use the induction (120) rests, give waythe identities :
V((VB,,)B,,)+ V(B,,(VB,),)) (VB,))(VB,)) (129)
with B, :=e" By, and B,, = const (130)

The last step { arbori cation { is not required in all cases: whether it is or
not depends on the group we work iA®

26For some details, see [E10].
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4.8 Application 8: KAM theory and the survival of
invariant tori.

Working under the classical (analytic) KAM assumptions, weperturb an

integrable hamiltonian h:

X X
h(y)=<,y> +<y,Qiy>= iYi + Qii ViV (131)

(with Q-independent basic frequencies;) into a non-integrableH :

H(y) = h(y)+ b(>3;<y) (x2Ty2Ry) (132)
= <;y> +  Hma(Xy) (133)

m;n

The whole point is to start from Bryuno's (not Siegel's) diojpantine assump-
tions on the ;'s and to prove the convergence, for = 0 and a small enough
perturbation parameter , of the uncorrectedLindstedt series:

X X . X .
Hmn(Xy) = Cnin () @My = Cnin () e'Simt Y (134)

I = <m; > = ‘frequency’ (m22)

X
= 1+knk= 1+ n; = ‘grade’ (N2 N ; 1)

Going over from the potentialH to the vector eld X", we must partially
correct and partially normaliseour eld X :

X H X cor conj X lin 4 X nor (135)
frequencyX°)=0 ; frequencyX"™") =0 (136)
gradeX“)=0 ; gradeX"™)60 (137)

by allowing only terms of zero (resp non-zero) grade on theftle(resp right-
hand) side of (135). Like inx4.3 the correction still possesses a mould ex-
pansion of type:
X X g
Xeor = Bicarr ( 1 ) X Hmene oo Hmana X Hning  (138)
r 1

with frequencies! ; :=<m; > and grades ; := 1+ kn;k. The normal part
X" also has a similar mould expansion, but we need not worry abioit,
since it vanishes fory = 0 and so does not contribute to the Lindstedt series.
The alternal mould Bicarr is more complex than, but essentially similar
to, the mould Carr of x4.3. In fact, Bicarr reduces toCarr when all
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the grades ; are 0 or, more generally, when to each vanishing partial sum
i+ +1; =0 there corresponds a vanishing partial sum; + + ; =0.

We can duplicate in this case all the steps o#.6 and prove, once again,
the non-occurence o$upermultiple small denominatorsexcept that now the
formal multiplicity of a divisor is exactly twice what it was in x4.6. That
apart, precious little changes. We still mustarborify to get the convergence
of X €, This establishes, for a small enough perturbation paramet , the
convergence of the Lindstedt series for theorrected hamiltonian Then a
standard argument going back to Poincae (known as \killiig the constants”
and using the possibility of changing the integration conants) readily yields
the convergence of the Lindstedt series for thgiven hamiltonian itself.?’

4.9 Application 9: Well-behaved alien derivations.

Roughly speaking, a system = f ;! 2 R"g of alien derivations is said
to be well-behavedf, getting them to act on natural resurgent functions' ,
we get exponential bounds of typ&k ' k c,e%'. This condition, which
is useful in certain (not all) applications, isnot ful lled by the simplest and
oldest system { that of standard alien derivations. Now, a system is

..... 1
|

completely characterised by a system (vf/eightsd(!ll w00 with 2 f +; g
and!; 2 R*. Further, due to so-calledself-consistency constraintsknowing
these weights reduces to knowing any one of the three follagi moulds?®:

red 't o= (\right-lateral mould"Y139)
led 't = (\left-lateral mould") (140)
nad Vit o= (\neutral mould")  (141)
with i = sign(ti t 1) (8i<r) and | :=sign(t, t)

and we have this very useful criterion the system is well-behaved i, after
arbori cation, one of these moulds (and therefore all thrgeadmit exponential
bounds?®

2TFor some details, see [E10].
28the rst two are alternel; the last one is alternal.
29For details, see [E11].
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4.10 Application 10: Well-behaved uniformising aver-
ages.

For uniformising convolution average®¥ m the requirement of beingwell-
behaveds even more essential than for alien derivations. These azges were
rst devised to overcome the vexing phenomenon of fasterdi-exponential
growth in the Borel plane along singularity-carrying axesLike alien deriva-

subject to severe self-consistency constraints, and allehnformation can be
compressed into either of three moulds:

rem 't = () mG ) ( \right-lateral mould" ) (142)
lem ' = (1 mGa ) (\left-lateral mould" ) (143)
nam 5t = i mGtE D) (\neutral mould")  (144)
with i = sign(ti t 1) (8i<r) and | :=sign(t, t)

Here again, well-behavedness has a simple characterisatidghe uniformising
averagem is well-behaved i, after arbori cation, one of these mould (and
therefore all three) admit exponential bounds®

4.11 Application 11: "Display' of a resurgent function.

The display of a resurgent functionf is de ned by:

X X
f 7! display(f) = f + oo s f (145)

r 1 !

It encapsulates in user-friendly form all the information bout f . It involves
all (successive) alien derivatives df, along with dual objects, the so-called
pseudovariableswhich multiply according to the shu e product, behave pre-
dictably under alien derivation, and remain inert under natiral derivation :

11512 _ X !
z''z'" = z (146)
I 2sha(! 1;! 2)
1o Z e = 22 (resp0) if 1o=1, (resp!o6 ')  (147)
@zZ' =0 (148)

30they turn multivalued functions A over R* into uniform ones and respect convolution :
m(™y1 "2)  m("1) m("2)

3lthe rst two are symmetrel; the last one is symmetral.

32For details, see [Mel],[EM],[E11].
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These rules ensure that thalisplay commutes with all operations (addition,
multiplication, ordinary and alien derivation) and makes i an extremely use-
ful tool for

(a) writing down in compact form all the obstructions to conergencé?

(b) proving transcendence results.

There are precautions to take, however: although the displamay be
written down in any dual bases ofALIEN and PSEUDO, if we want the
expansion (145) to be convergefit we must
(a) work with a well-behaved basisf ALIEN and PSEUDO
(b) arborify the expansion (145)°

4.12 Application 12: Canonical-spherical Object Syn-
thesis.

Object Analysisis concerned with nding the analytic invariants f A, g of
local analytic objectsOb .3’ Object Synthesis conversely, starts from some
(admissible!) system of invariant§ A, g and endeavours to produce an object
Ob with precisely those prescribed invariants. The beauty ishiat there
exists:

(a) a canonical solutionOb “®"

(b) an entirely explicit, easy-to-handle expression @b “®" in terms of mould-
comould expansions which involve (on the comould side) thevariants fA, g
and (on the mould side) a special system of resurgence monalsj the so-
called “spherical' or “twisted' monomials.

Here again, the mould-comould expansions alwayan, and often must be
arbori ed to achieve convergencé®

33j.e. all the Stokes constants, whose non-vanishing prevest from being convergent.

34since any relation R(f1;f,;:::) = 0 immediately translates into a corresponding re-
lation between the displays whose impossibility is often conspicuous, in view of the hge
mass of constraints which it implies.

35relative to the natural topology of RESUR  PSEUDO

36For some details, see [E10].

3’these are mostly, but not only, vector elds or di eomorphis ms.

38For details, see [E10].
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4.13 Application 13: Non-linear  ¢-equations (F.Menous).

The technique of arbori cation has recently been used to ga¢ e ect by F.
Menous®® to prove that the g-di erence equation:

X qy=y+hXxy) (b(0;0) = @h(0;0) =0) (149)

with analytic right-hand side and ( f )(x):= f (g X), is analytically conjugate
to one of the following normal forms:

X qgY=Y ;X qy=y+X (150)

4.14 Application 14: The \sandwich equation”.

The \sandwich equation" of unknownf :
f" g f" g :::f™ g=id with n; 2 Z (151)

is clearly the most general equation that may be considered an unspeci ed
group G. If we now take G to be the group of local di eos ofC and assume
the data g to be quasirotations, i.e. of the fornx 7! ¢ x+ o(x) Witll’-_l, jaj =1,
then, barring global resonance and quasiresonance and ass\g n; 6 O,
the unique formal solution of (151) is als@nalytic. To establish this fact,
massive arbori cation of the “template-preserving' sort’ is required. 4

5 Algebraic aspects of arbori cation-coarbori cation.
Haukian moulds and haukian -functions.

5.1 Quadratic coarbori cation and quadratic ssion:
induced matrices, induced -functions, induced moulds.

We recall that the general fusion- ssion transform:

X X
SS= B A 7! SS= By A* (152)
#

involves afusion rule and a dual ssion constraint. The latter leaves con-
siderable latitude. In a di erential operator context, there is a natural way

39For details, see [Me2].
40geex1.3
41For some details, see [EV3].
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of satisfying it.*2 In a free-associative context, there exists another natura
answer, which is thequadratic ssion rule.*® In matrix notations:

Fusion rule A* = F*A (153)
Fission constraint: B := ByF* (154)
Quadratic ssion rule: B = B (F, F*) 'F, (155)

A = column matrix of type(r!; 1) (156)
A* = column matrix of type(r!!; 1) (157)
B := row matrix of type(r!;1) (158)
Bx := row matrix of type(r!!; 1) (159)
F# = rectangular matrix of type(r!!;r!) (160)
F, := rectangular matrix of type(r!;r!t):= "(F*) (161)
H = square matrix of type(r!;r!):= F, F* (162)
K := square matrix of type(r!;r!):= (F, F*) ? (163)

For de niteness, we concentrate on the case when allindices inside are
distinct. Then r!! denotes some integer larger than! that only depends on
the chosen type of order. For the arborescent order, thereisixexactly r!
arborescent # compatible with a given and sor!<r !l <r 12,

Among all the ssion rules compatible with the ssion cons#ints, quadratic
ssion stands out as the only one that admits a simple matrixxpression.

Likewise, among all the fusion- ssion transforms of type &2), the special
case of arbori cation-coarbori cation stands out in at lesst three respects:

(i) it gives rise, in the group algebraA(S/) of the symmetric groupS;, to a
pair of elements(has; kas) which, despite being mutually inverse, are both
expressible by simple, totally explicit formulae.

Qi) after normalisation to (has;kas) under the conditionP ,g has( ) =

g kas( ) = 1, these elements in turn give rise to a pair of moulds
(has ; kas ) which are unexpectedly simple, extend to the whole dfand
evenZ, and are of symmetral type.

(i) both as moulds and -functions, the above objects extend naturally to a

“2the so-called standard coarbori cation rule, studied ablength in x3.

43it minimizes the quadratic ssion norm kB kg, = . <By#;Bs >.
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two-parameter family, the haukian objects, which possess a wealth of rather
improbable properties, all the more remarkable for compddy disappearing
when we substitute for the arborescent order any other typeooder.

5.2 The symmetric group algebras and -functions.

and A(S) shall be the corresponding group algebra, relative to theéadard
convolution product . As for the -functions, they are functions 7! h( )
that are de ned simultaneously and uniformly on all groupsS,. Most of the
-functions h; k we shall encounter will stand in natural relation to integer
indexed mouldsh ;k . They will also possess simple invariance properties
under a nite group of order 8 that acts on allS;. This \octo-group" consists

of the following operationsfo,;0,;:::;0,9
% - noo = (164)
o oo o=t (165)
0, : 7' o, =rev rev (166)
o,: 7' o, =rev ‘lrev (167)
0, : 7! 0o, :=rev (168)
0 - 7" o = rev (169)
0 : 7" o =rev ! (170)
o 7o = trev (171)

with rev = rev, 2 S denoting the particular permutation (\reversion™) such
that rev(i)+ i r +1. We shall refertoo, ando, as theinverseand
reverseof . Apart from the unit element o,, the octo-groupcomprises ve

5.3 Quadratic coarbori cation and the fully explicit -
functions has ;kas .

-functions (has; kas) induced by the matrices (H ;K ):
For any fusion- ssion transform, the matricesH and K are clearly invert-
ible**, symmetric, and of the form:

HMEn? = h( ) KM = k() with n® ng 5 2SS (172)

4pecause of their interpretation in terms of norm minimisation. Seex5.1
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So, knowing {H ;K ) reduces to knowing the induced -functions (h; k).
Moreover, sinceH and K are symmetric and mutually inverse, we have:
h( ) h() 5 k(D k() : h k=1lgs) (173)

For a general fusion- ssion transform, this is about all thee is to say. But
for the arbori cation-coarbori cation transform, ( h; k) specialises to a highly
remarkable pair (has; kas), which becomes easier to handle when normalised
to (has; kas) under the)gondition:

X
has( ) = kas( )=1 (174)
2S 25
We shall now succinctly describe these two objects and thégeming progeny.

Direct expression o{(has ():

has( ) := i) 2N (8 25) (175)
1
Y 2 () 1
has = — 12 = = has 2Q" (8 2 176
O = ey TR0 2@ ® 28) 0
with ()= #fi 1 i j; (1) ()9 (177)
and hy == 2 "rl(r+121)! 2 N (178)
These formulas easily follow from the interpretation ohas( ) as the number
of arborescent sequences that are order-compatible withthdf 1;:::;rg and
f (1);:::; (r)g. More unexpected is the existence of a closed expression for

the convolution inversekas( ).

Direct expression of kas ( ). We have:

X
kas() = o SignP(©; ):P@; ) 2Q (179)
hr P (0; )2Coher(0; )
= hi () P(; )! (180)
r P(O'>()2C0her(0; )
kas( ) = () P(0; )! 27 (181)

P (0; )2Coher(0; )
with elementary summands de ned by::

. - 0 i L
PO P e Dlie@ D)

with [X] = x (respl)if x> 0 (resp if x =0) (183)

(182)
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or equivalently :

Y
P(O; )

C%i G (184)

(p+q Dli(p+q 2)!
pi(p Diai(a 1)

The sums extend to allmaximal coherent binary bracketing$ of the sequence

(185)

with  cg,.

brackets. They correspond one-to-one tbinary trees The coherencecondi-
tion means that the integers within each bracket should be s@e permutation
of consecutiveintegers ;s+1;:::). Thus, "holes' are prohibited. As for the
products (182),(184), they extend to all pairs of nested brackets or, equiv-
alently, to all nodesi in the associated binary tree. Each of these pairs (or
nodes) involves a sequeng@ of length p; in the left bracket and a sequence
g' of length g in the right bracket, and gives rise to two factors:

(i) the integer factor cg, ., de ned above _ _ _

(ii) a sign factor which is 1 (resp 1) if p' < ' (resp. p' > q'), meaning of
course that each element g’ is less (resp. greater) than each element gf.
Multiplied together, the factors cg, ., yield the \factorial" P(0; )! and the
sign factors yield the globalksign(P (0; )). This global sign is actually inde-
pendent of the bracketingP. It depends solely on the permutation . So it
may be denoted as ( ) and factored out of the sum on the right-hand side
of (180). Beware that ( ) is not the permutation's signature ( ).

Let us show on two examples how the above rules work.
First, let r =4 and (0; )=(0;2;1;4;3). We nd only two coherent brack-
etings. Here they are, along with the attached factors:

0 @) AE
0 (21 @E

The global sign factor being (1) ( 1)=1,we nd kas( )=09.
Now, consider the case =4 and (0; ) =(0;3;1;4;2). It is easy to check
that there exits no coherent bracketing here. Thereforkas( ) = 0.

) Cy4iCa,iCay4:CRy =3 (186)

) cagyca,caica,; =6  (187)

Normalisation :
The reason for normalising lfas; has) to (has; has) is that the latter form

4Swhen no such bracketings exist (which becomes possible for 4, and tends to occur
with a probability approaching 1 as r increases), then of course the right-hand side of
(179) should be taken as 0.
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alone leads to an interesting mould extension. In this contg let us record
the two parallel formulas:

X X
has( )

2s 2S
X

( ) has( )

25 25

kas( ) =2 Tri(r+1) (188)

r +

21)! (189)

1
()kas()  =eni(5)! ent(
with () := signature of and ent(x) := integer part ofx.

5.4 The associated moulds has ;kas .

De nition of has" and kas" for arbitrary positive sequences n :
The relations

has @#5 () = hag( ) ; kas @% )= kas( ) ; (190)

r, coherent or not, butwithout repetitions, may, forr large enough, be em-
bedded in astandard sequencen of lengthr . Surprisingly, the following
two sums:
X
has" := has"
n ZStandsl{d (r );n 3n

kas" := has" (independent ofr ) (192)
n 2Standard (r );n 3n

(independent ofr ) (291)

which range through allr !=(r  r)! standard sequences containing n,
do not dependon the choice ofr . Thus has and kas possess a natural
extension to all positive, repetition-free sequences

Symmetrality of has (conditional) and kas (unconditional):

The two moulds so de ned aresymmetral:
X
has" has" has" if n';n%:n'n? 2 coherent (193)
n2 sh>2(n1;n2)

kas"

n 2 sha(nl;n2)

kas" kas” 8n'6;;8n%6 ; (194)

but whereas the rstidentity is conditional on all three segiencesn?®; n?; n1n?2
being coherent®, the second identity holds in all cases, at least whenever it

46j.e. permutations of unbroken integer sequences.

43



makes sense, i.e. for any repetition-free sequeneésn?; nin?.

Form preservation under arbori cation :

The direct expressions fohas( );kas( ) carry over trivially to has"; kas",
at least for standardn, but they also carry over, almost unchanged, to the
arbori ed variants has" ;kas" . For instance, (181) remains in force, with
maximal binary bracketings as in (181), with the very same Qalan factors
and sign rule, and a \coherence" condition which demands th&ach paren-
thesis should contain

(i) some coherentsubsequence

(i) some connectedportion of the original tree n

Factorisation properties of  kas" :
Any sequencen of positive integers factors uniquely into a product of maxi
mal coherent sequences'n?:::nX and so too does the mouldas :

kas" kas"' kas" :::kas™ if nl<n? <nk (195)
0 otherwise (196)

No such rule holds forhas", but this is immaterial, as the direct de nition
IS so simple.

Shift parameter of has" and kas" :

out to be remarkably simple. It is:
(i) rational 4’ of degree at most 2 for the former,
(i) polynomial of degree at most for the latter.

Extension of has" and kas" to arbitrary integer sequences n :
Simply write any (repetion-free) sequence as*m for some positivem and
negative s, and using rational (resp. polynomial) shift-continuatia, set:

has" := has™ ; kas" := kas™ (197)

The result won't depend on the pair §;m), but on n alone. Symmetrality
also is guaranteed by construction, and so too is the perssice of the fac-
torisation (195). The only hurdle, namely the occurence afpoles which may
render has" (but not kas" ) in nite for certain sequencesn of mixed signs
will be removed by the introduction of a “twist' parametert. See below.

4"with simple poles at the pointss=2; 3;:::; r 1.



5.5 The twist parameter t and the shift parameter s.

Introduction of a “twist' parameter t and survival of all essential
properties of has";kas" .

Fixing a real or complex parametet, we rst de ne has, and its normalised
variant has; by formulae closely patterned on (175) and (176):

Y t X

has,( ) := >+ () ( has()6&1) (198)
1jr
Y . X

has;( ) := r—ll tt-i-l-zjijl-(l) ( hasy( )=1) (199)

1jr
with () = #fi 1 i j; (i) ()g

Next, we derive kas, and kas; by straightforward inversion in the group
algebra A(S;). We then construct the mouldshas, and kas, exactly as
before, successively for sequenae®f standard then positive, then arbitrary
type. For this last step, we use the same trick as before, imtducing a shift-
parameters and setting:

has} := has," =: hasf, ;  kas} := kas," =: kas[ (200)

As before, we get the bonus:
(i) of conditional symmetrality for has, and has;.
(ii) of unconditional symmetrality for kas, and kas,.

Broadly speaking, all known properties ohas and kas seem to survive
the introduction of the “twist' parameter t. The t-dependence itself closely
resembles thes-dependence rational for has, and polynomialfor kas;. Ac-
tually, the shift and twist*® parameters coexist and commingle amicably, and
the t-dependence even turns out to be the simpler of the two.

Twist- and shift-dependence of has .

has , is a rational function of t; s, of total degree no larger than 2° and
with at most r°simple poles of the formt + s+ 1+ k; inf(n) k sup().
Note that herer®is not the lengthr of n, but its span:= 1+sup(n) inf(n).

Twist- and shift-dependence of kas .
kas} ¢ is a polynomial in (t; s), of t-degree at most 1, of s-degree at most

“8this is a mere label, of course : thewist attached to has and kas bears no relation
to the one attached to the resurgence monomials.
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2r 2, and of total (t; s)-degree also no larger than 2 2. The main thing,
however, is the existence of a closed expresssionKas. ;. First, we set:

_ (p+q 2 (p+q 1)
¥ T p D@ D'
(ptq 2)(p+tq 1+1)
“a) = oD@ D+ 0 d
(p+q 2+9)(ptq 1+t+9)
(p 1+9t(q i(ptt+s)a
Next, we de ne mappingsP.s by the following induction:

(201)

2 Z[t]  (202)

Ca,.q(t; S) 2 Z[t;s] (203)

Pes n! Pes(n) 2 Z[L; s] (204)
Pes(n) == 1 Xif n has length one. Otherwise (205)
Pis(n) = Cq,r,(Si1) (n%;n?) Pys(n?) Poo(n®)  (206)

nlin2=n
with a sum extending to all factorisations ofn into non-empty sequences
n';n? of lengthry;r,; and with sign coe cients de ned in this way :

(n*;n?) = +1 if max(n') < min(n?) (207)
= 1 if max(n?) < min(n?) (208)
= 0 otherwise (209)

We should pay attention to the highly dissymmetric role asgined ton! and
n? on the right-hand side of (206). Now, with all the ingrediert in place,
we may write down the required formulas for any 2 S, . They read:

kas( ) = kas" = Pgo( n) (210)
kas{( ) = kas} := Pyo( n) (211)
kasys( ) = kasps = Pys( n) (212)

For future use let us also de ne a related, parameter-free-function ka :
ka( ) = ka" := Pgo(n) (n here, not n!) (213)

The corresponding mouldka turns out to be alternal.

Let us point out, lastly, that has:s; kass are mutually inverse inA(S)
only for s = 0. For other values ofs, the inverse ofhas;s is unremarkable,
and that of kas.s is remarkable (i.e. factorisable and explicitable) only fo
s2f0; 1;:::; ro.

49of course, forx 62N, x! means (x + 1).
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5.6 Basic symmetries for has ;kas.

These -functions present a large number of symmetries, which inke the
‘octo-group’ (seex5.2) and become easier to write down after suitable pa-
rameter changest{s) ! (t%s9 or (t°9s% that mix up twist, shift, and
length

First, we have the parity relations in  (or o;-invariance):

has( ) hasi( 1) 8 2S (214)
kas:( ) kasi( 1) 8 2S (215)
hasis( ) 6 hass( 1) generally (216)
kases( ) kases( 1) 8 2S (217)

Now to the symmetries proper. It is convenient to set:

han tO;sog( )
kastooso( )

hasto 1s0 § %( ) 8 2SS (218)
kas, oo 1;500 00 TE( ) 8 2S5 (219)

The -function has is invariant under one involution only:
ft%s® g 71 f t% sto, g (recall that o, := rev: ) (220)

but the -function kas is invariant under 11 involutions (4 independent):

ft1%9s% g 71 f t%9s%%0, g (recall that o, = %) (221)
ft1%9s% g 71 f  t%9%0 g (recall that oy = ) (222)
ft9s% g 71 f  t%9s%0, g (223)
f19s% g 71 f t% s%0, g (recall that 0, :=rev lrev) (224)
1t29s% g 71 f % s%0; g (225)
ft%9s% g 71 f % %, g (226)
ft1%9s% g 71 f %9 % g (227)
ft1%9s% g 71 f s%t%q, g if ()= and with factor( 1) * (228)
ft1%9s% g 71 f s%t%0, g if ()= and with factor( 1) * (229)
f1%9s% g 71 f s%t%0, g if ()= andwith factor( 1) ! (230)
ft1%9s% g 71 f s%t%0; g if ()= and with factor( 1) * (231)

The next symmetries involve a -function lokas derived fromkas by taking
the (mould) logarithm of the corresponding moulds, butafter reversion to
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the original (s;t) parameters like this:

-functions moulds moulds -functions
Id, | ith

kas . ! kas,. Mot fogarthm lokas,s ! lokas .5

# #

kasy toosogy (symmetral) (alternal) lokas  toosog

This -function lokas is invariant under 7 involutions (3 independent) :

ft19s% g 71 f t%9s%05 g with factor ( 1) *  (232)
ft9s% g 71 f  t%9s%0y g (233)
ft9s% g 71 f  t%9%%05 g with factor ( 1) ' (234)
ft9s% g 71 f t%9 s%%0, g (235)
ft%9s® g 71 f t%9 %0, g with factor ( 1) ! (236)
ft9s% g 71 f  t% §%q, g (237)
ft9s% g 71 f  t% §%q g with factor ( 1)" *  (238)

These new symmetries are as unexpected as the previous oregartic-
ular, they are no direct consequencesf the symmetries forkas *°

5.7 Factorisation properties for has ;kas.

The factorisaton property for kas already encountered inx5.4 survives the
introduction of the twist and shift parameters. For any repétion-free integer
sequence with its decompositionn® :::n* into a product of coherent factor
sequences, we still have:

kas? kas}; kas}; :::kas] if nt<n?:::<n®  (239)

0 otherwise (240)

In combination with the formula (212), which already settls the case of
coherent sequences, the rule (239) covers all possible cases.

Moreover, if a sequenca contains indicesn; of both signs, we have a
further factorisation result:

kas} kas!, kas?’, if n=n':n? with n* 0<n? (241)
=0 otherwise (242)

SOindeed, due to the non-linearity of the taking of mould logarithms, the (t;s) $ (t%s%
shuttle has the e ect of mixing up quite distinct sequence lengths.
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5.8 Proofs: main steps.

Catalan numbers and polynomials.

2n)! (ptq)! _(p+gtl)!

Cén = GRS Cyq = oTal (p+DT( g
— 2n+t)! — (ptq)! (ptgt+l+ t)!
ca(t) = ni(n+Lr Canq(t) 1= plgl (p+i+ DI(grD)!
. — (2n+t+s)! . .— (ptgts) (ptqgtl+ t+s)!
ca(t;s) = ni(n+1+ t+s)! C%iq(t’ s) = (pts) gl (p+i+ t+s)(qg+l)!

They relate under ca = ca,,,; and ca;q = ca,.; .+, t0 the earlier coe cients
and polynomials, but are sometimes more convenient. Usefdentities :

X
Ca, CQJ;q ; Ca, (t) Cap?Q(t) (243)

=n 1; p+g=n 1;
p 0;qg O p 0;9 0

Induction for has and has,.
It is implicit in the factorisation rule

Induction for kas and kas,.

Thanks to the factorisation property (239) we may limit ourglves tocoherent
sequences, and by playing on the shift parameters, we may even assume
n to be some permutation of the basic sequence;(1:;r). That leaves the
distinction betweennormal and antinormal sequences, depending on whether
the smallest element 1 precedes or follows the largest eleme. The simpler
induction rules apply for antinormal sequences. As usual,eiave the choice
between two (non-trivially equivalent) variants, the one pivileging the small-
est element, the other the largest. They go like this:

For antinormal sequences =(::r:::1::)=(a; 1;b)=(c;r; d) of lengthr:

kasfi™® = cas, 1(t)( 1)@ kas} , kas) , (244)
kasii'® = case 1(t)( 1)@ kas,® kas,® (245)
with (ng;::one):=(ng;iiyng) and  (Ng;::ong):=( Ngjiiz;ong).
For normal sequences = (::1::r::), r is antinormalP! and the rule is:
X X
kasls = (1) kas, + (1%  kasl kasl; :::kasly (246)
2 k r(n) nin2::nk=n

Main steps: One checks that the elementary induction fohas and has;

translates into the above induction forkas and kas;. Then one shows that
the latter agrees (is equivalent) with the direct expressits (181) forkas and

(211) for kas;.

5lso the rst term in (246) may be calculated according to the rule (244) or (245).
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5.9 Factorisation properties for the connecting func-
tions hak ; hak

Fix t;;t,. Sincehas,, , kas;, are even -functions®?, it is readily seen that
all 2 8 8 convolution products of the form ¢ has;,) (g kas;,) and
(o kasi,) (o hasy,), with O ;] 7, actually reduce, modulo theg;-
action of the octo-group, to just two of them, e.g.hak,:, and hak ¢, ., :

X
hak,.,( ) = hasy, kas, () = has;, ( 1) kast,( 2) (247)
1 2=
fek t,.1,( ) = hasy, (oskasy,)( ) =X(05hastl) kast, () (248)
= has, ( 1) kast, ( 2) (249)
1-rev:. o=

But the real surprise is that both these \connecting” -functions should enjoy
the property of maximal factorisation, which has;, already possesses, but not
kast,.>® Indeed, we have :

1Y ti+ ()t ()

hak () = ﬁlj r ti+j+1 8 25 (250
1Y ot Ot ()
hak 1.0,( ) = ﬁlj r t11+j+1j 8 2§ (25))
with coecients ;; ; given by:
it G D< ()< (+D: =) 1 50)=2 j()+j® |
it G < ()> G+ ()= 1 i()=2;0) 2j
it (0 D> )< (+D: ()= 0 i()=2;0)

it G D> 0> (+): ()= | i()=250) % |
and with the same ;( ) as in the de nition (175), (177) of has.

For j =1 or r, the above inequalities involve numbers (0) or (r +1)
which are not de ned, since 2 S, but even then one does get the correct
answer by setting (0) :=0or (r+l1):= r+1. We may also note that there
is always a facto?* t; +2 on the numerator of (250) , which cancels thé; +2

52j.e. invariant under the change 7! !

S3at least not in that sense. Its own factorisation properties (239) are of a markedly
di erent nature.

S4it corresponds to the largestvalue of j such that (1) > (2) > (j).
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on the denominator. Similarly, unless = id, there always has to be at least
one factoP® t; t, on the numerator of (250) sincéak ( ) Owhen 6 id.

Analogous formulas hold for the coe cients ; ; ; . In fact:
() i) 8 2S ;8 2f1;:::;rg (252)
() ()+2+2 () 8 2S:82f1:::;rg (253)

Here again, there is always a factét t;+2 on the numerator of (251) ,
which cancels the one on the denominator. But since geneyalak .( ) 6 0
there is no "permanent’ factort; t, on the numerator of (251).

Proofs: These factorisation properties haven't been proved yet inlacases,
but they have been systematically checked on a computer up to = 9.
Moreover, for a large proportion of permutations , they result from the
three, clearly equivalent identities that follow :

kas, ha() = .()ka() 8 2S (254)
has, ka() = . tha() 8 25 (255)
haki,., ha( ) 82; ha() 8 25§ (256)
r\tl
. (t+r+2)  (t+3):::(t+r+1)
with ¢ (1) (N(t+3) T (257)

These identities involve new -functions ha; ka. The rst is elementary, and
can be read o the de ning identity :

X
ha( )e::teq = [2[ege]::e] (258)
2S

The other one, ka, has already received a direct de nition in (213). It is
closely related to the leading-terms in kas; and kass . Indeed:

ka( ) r(%)r Ykasy( ) 8t (259)
o (s+r) dy g .
( r) ( s+ 1) (dt) kast;s( ) 8t; 8s (260)
It displays maximal symmetry under the action of the octo-gyup:
ka( ) = ka(g ) 8 2S5;82f0;1;2;3g (261)
ka( ) = ( 1) 'ka(o ) 8 2S ;82145679 (262)

SSit corresponds to the value off suchthat (1)< (2)< < (j)> (j+1) ( 6 id).
%6it corresponds to the largestvalue of j such that (1) > (2) > (j).
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The corresponding mouldsa ; ka are clearly alternal®’
Convolution group. Link with the “organic' family.
From the construction of the connecting functions there faw the identities :

haktl;tz haktz;ts = hak t1:ts ek toity — haktl;ts 8t1, to; ta (263)
haktl;tz hak taity — ek t1:ts haktz;t3 = hak t1:ts 8t1, to; ta (264)

hakt;t = hak tit hak tt — 1A(Sr) 8t (265)
To derive from these a true convolution group we must take thiemits:
hOk t .= tl”}] haktl; tty (266)
1!
ek t .= t||'q] hak ty:tty (267)
We end up with much simpler -functions:
1Y
hok(() ok () 5 @+ ()1 (268)
1or
with automatic stability under convolution;
hok ty hok ts hok t1to 8tq;t> (269)

and an unexpected connection with the organic mould familyseex5.19.

5.10 Yet more factorisation properties.

Two “dual objects’, namelpg the scalar productg »s hasy, () has,( ) and
the convolution products  _ hasy,( 1) hasy,( 2) evaluated at = id
also display, as functions of the twist parameters,;t,, quite unexpected
factorisation properties. Actually, this holds for allk-linear sums:

X Nr;k
has;,( ) hasy,( ):::has; () = (270)

25 Dr;k

X NS
() has,,( )has,()::thasy () = o¢ (271)

25

and also for convolutions evaluated at more general permuatans 2 S,
like for instance those acting likeevonfl;::;jogand likeid onf1+jg;::;rg:

N .
(has;, hasy,)( ) = # (272)
rjo

57ha( ):: ha @:= (r) : ka( ):: ka @i ()
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Indeed, the numeratorsNx and Nr‘;’k factor into products of r polynomials,
each of total degreek, and the numeratorN,;  factors into a product of r
quadratic polynomials®®

There is no point in either writing down or proving the above dctorisa-
tions, since they will turn out to be special cases of a more gral result.
Indeed, the factorisations (270),(271) will reduce to (29%276) infra with
ty = %ti + j, and the factorisation (272) will reduce to (277)infra with
a = it;+jandh = 1t +]j.

Though not nearly as deep as the factorisations of the prewis sections,
in particular those for the mouldkas or the -functions hak;hak , the un-
expected splitting phenomenon occurring in (270),(271272) has one merit:
when looking for the underlying mechanism, one is led quiteaturally to a
generalisation of the -functions hasy; kas; under with the twist parameter
t is replaced by a parameter sequence = ft;g. The next section shall be
devoted to this extension, and the subsequent sections to @easch for those
particular sequencedl that yield the most interesting -functions.

5.11 Extending has ;kas to haus ;kaus.

Starting from any sequencel = ftq;t,;t3:::9 we set:

Y

)
- ]
haus.( ) = . r—t1+ Sa— B8 285) (273)

with () asin (177). Normalisation is non-trivial but automatic :

X
haus. ( ) 1 8r (274)
2s
and the “super cial' factorisations of the Ias}:) sectiothaav exact analogues:
1) pp i kUi
haus, ( ):::haus, () = Q P (275)
2S 1pr 11 k 1jp t'J
P - Q
X Y . 1)1+i ) t
haus, ( )::thaus, () () = ( 1) el o D) ik ®
2s 1pr 1ik 1 p t
with Ti=ftjg=ftig;tigtiziiig and r=2r° or 2r%+1 (276)

58The denominators D,y and Drj, also break down into simple factors, but this was
entirely predictable, since all terms in the sums being conslered already share the same
elementary factors.
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The factorisation (272) for convolution products also hasraanalogue:
P
Y . b
(haus, haus )( ) = p Lip 3P0 (277)
25 1pr( 1jpai)-( ljph)

which holds for all sequencef =fa;;a:::9;B="fb;b:::g and all permu-
tations  of the form ;_

,)=1+1j, | (respj) if | j, (resp j>j,) (278)

But we would also like the deeper properties dias; kas to survive. In
other words, we would like to come up with pairdiaus, ; kaus, of mutually
inverse -functions such that:

(i) kaus, ( ) has low degree denominators and is expressible in closednts-
parent form

(i) kaus, () vanishes for most® permutations

(i) haus;;kaus, admit natural mould extensionshaus_;kaus_ with nice
properties such asymmetrality.

(iv) there exist simple connecting -functions®® with maximum factorisation.

(v) haus. ; kaus, possess simple images under most linear representations of
the symmetric groupssS; .

As it turns out, there are three types of sequence§, and only three,
which answer this long wish list. They are:

h Pn=+ 1 . .
Ta, := > +n “arithmetic sequence' (279)
n=1
h i n=+1 .
Tu, = X" ‘geometric sequence’ (280)
n=1
hyn ¢ Th=ra - :
Tuyt = — — bigeometric sequence' (281)
' t X" n=1

Moreover, since faus. ; kaus.) depend, not on the sequencé& as such, but
on its class® up to homothetiesfty;t,;:::g 7! fcty;cty;:::g, these three

classes‘i'at fux : T’ux;t constitute a two-dimensionalconnected manifold In-
deed:

fa,

lim fusez i1 (282)

fu, = Tuo = Itilmofux;t (283)

S9more precisely, for all permutations that admit no maximal coherent binary bracketing
seex5.3

®j.e. -functions hauk , . such that haus, ~ hauk haus ., .

T2 T1:T2
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Arithmetic sequences yield the familiar pairkas; kas) =( hausq,, ; kaus,, ).
So let us turn successively to the geometric and bigeometsequences.

5.12 Restricting haus ;kaus to hus ;kus.

-functions hus , and kus, . Setting:

(hus ,;kus x):=(haus, ;kaus,) with T =Tu,:= fx;x%x%:::g (284)

we get:
h )
s = 5 = o (265)
ks () = US) ith kus,( )2 ZIXY] or xZ[x? (286)

DK ()

with simple, cyclotomic denominators:

Y 1 xk

DH,(x) = (287)
1k r 1 X
Y 1 x)(1 xk& vy

DK ; (X) if r 2 (DK 1(x) :=1) (288)
2 kr (1 Xk) '

and with simple numerators. Those ohus, are monomials of exponent:

X
() = r+ jiC) ( j()asin (177))
1

#10)):1 i<j o ory ()< ()9 (289)
and those ofkus  are everf! polynomials of low degree.

Numerators of hus , and kus y .

Unexpected as the simplicity of the denominatorfK ; (x) may be, the truly
interesting part is the numerators kus,. Like with kas;, they depends on
the maximal coherent binary bracketingsf the sequencd (1);::; (r)g:

{ when no such bracketings exist, the numerator vanishes

{ when there is only one bracketing, we have maximal factoasion into
cyclotomic factors

{ when there are several bracketings, we get very peculiarserpositions of
such products, with many residual aspects of “cyclotomigit

51up to an occasional factorx, present whenever ( )= 1.
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All cases are covered by a completely explicit generalisai of formula (211)
which involves the so-calledsaussian polynomialsvhich are theg-analogues
of the binomial coe cients so abundantly present in the de nition of the
operatorsP¢ of (211).

Symmetries of hus 4 and kus,. With () asin (180), we have:

kusy(o ) kusy( ) 8 2S; 8i2f0;1,2,3g (290)

kusy(o ) kus%( ) 8 2S; 8i2f45,6;,7g (291)

kus:( ) (1) 'x O kuse( ) (292)

ws ()¢ () kus,( ) (293)
with ,:=1if r=00orl1l mod4and ,:= 1ifr=2o0r3 mod 4.

Connections between kus , and kas;:
kaso( ) kus,( *) 8 2S ; T2S.a  (294)

where * stands for the natural extension of to S.;.

5.13 Endowing hus ;kus with a twist parameter  t.

Turning now to the bigeometric sequencesve set:

hyn gl
(hus «.i;kus «.t):=(haus,;kaus.) with T =Tu,; = T . (295)
As usual, the “direct' -function husy.; holds no mysteries. Its numerator
is elementary, and its denominator breaks up into simple faars that are
immediately obtainable from the general formula (273) fohaust after the
substitution t, %~ .

More remarkable are the simpli cations that occur with the -function
kusy.;. Its denominator DK ,(x;t) also breaks up into simple factors: we
have on the one hand the cyclotomic factors of alone, already present in
the denominatorsDK , (x) of kusy , and on the other hand, in equal number,

82je *(j):= (j)forj=1;:::;rand *(r+1):= r+1
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elementary factors that depend on botlx and t. Explicitely:

hus ¢ ( ) hus . () _  hus,, () 8 25
x;t - DH , (x; t) B DH, (x) DH, (x; t)
kus . ( ) kus,..( ) _ kus () 8 25
X;t - mr(x; t) - DK r(X) D(r(X; t)
Y
DH (1) = (2 Xk (296)
1 kr
Y 2k k(k+1)
0K (et = w (297)
1 kr

The really non-trivial part of kus,.;, however, is its numerator. Like with
kas; and kus;;, the new numeratorkus,.,( ) depends on themaximal
coherent binary bracketing®f the sequencé (1);::; (r)g:

{ when no such bracketings exist, the numerator vanishes

{ when there is only one bracketing, the numerator breaks upompletely
into simple factors

{ when there exist several bracketings, we get a superpositi of such terms.
All cases are covered by a suitable generalisation of forraul212).

5.14 Factorisation properties for the connecting func-
tions huk ; hsk.

Their construction runs parallel to that of hak ; hak . We set:

huk xt,:1,( )

X
husX:tl kusX;tz( ) = husx:tl( 1) kusx;tz( 2) (298)

1 2=
hus;t, (0skus xt,) ( )X: (oshusyt,) kusyi, () (299)
= hus x;t,( 1) kKusxt,( 2) (300)

1:rev:. 2=

mk X§t1;t2( )

and we encounter once again the miracle of maximal factortgan, for both
numerators and denominators :

— huk X:tl;tz( ) . = huk X;tl;tz( )
huk X;tl;tz( ) - DHK r(X; tl,tZ) ! huk X;t( ) a DHK I’(X; tl,tZ) 5 2 Sr
Yoo ey ¥ (B XKD
DHK  (X; t1;tz) := DH, (x; t1) DK, (X; t2) = (t x7) 2 xk+l
1 kr 1 kr (t2 X )
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() i() = Y i() =
huk i, = to° xO) tyt,) )+ x 102 ty t) x i()=2
1jr 1 r
h’kx;tl;tz tz()x() tltzj()"'xj():2 tltzj() Xi()zz
1jr 1 r
with the very same j; j; ;; ; as inx5.9% and with elementary corrective

factorst,' 'x () or t, ¢ ’x () which account for the global invariance under
the change &;tq;t;) ! (x %;t,%;t,1). To highlight this invariance, we may
also write down our connecting functions as follows:

Y bigeok's;t,) bigeok 1yt ()

Nkt L . bigeok' 7 ity) bigeok s ;1) (301
bk y:ty:t, Y bigeOQE;tz) bigeoe(%(j)ﬂ;)tl t.2j( )) (302)
1 « bigeok 2 ;t1) bigeok =z ;t})
with bigeof;t) := % % (303)

When the parametersx;t;;t, go to 1 simultaneously and with all three num-
bersx 1;t; 1;t, 1in xed ratios, we clearly retrieve as a special case
the factorisations (250),(251) for the "arithmetic' case:

Yo (it ()t + ()

L. G+
RO R
A S

5.15 The pair hus ;kus as a g-analogue of has ;kas. The
“haukian' family of -functions.

The pairs (hus «; kus x) and (hus . ; kKus .1 ) may be looked upon asranalogues
of (has; kas) and (has;; kas) respectively, with x functioning asg-parameter.
The associated mouldshus,; kus,) and (hus,.,; kus,.,) even display a sym-
metry sui generis which resembles symmetrality and might be calledy
symmetrality. But we cannot a ord to go into these matters hee. Be it

%3Note in passing that j( ) and j () always being evenintegers, the above products
amount to entire factorisations.
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enough to say that the three pairs:

(has; kasy) . arithmetic'
(husy;kusy) : ‘geometric'
(husy.t;kus.t) : "bigeometric.'

which due to (282), (283) constitute a connected manifoldesm to enjoy a

unique status, not only among all pairs lfaus. ; kaus. ), but even among all

pairs (h; k) of mutually inverse -functions. They fully deserve a name of
their own: let us call themhaukian functions®

5.16 Representation theory of nite groups and "haukian'
-functions.

The existence of simple imager) h() (); kK( ) () under the ele-
mentary, one-dimensional representations( ) :=1 (trivial) or ( ):= ()
(signature) is garanteed for all pairs lfaus; ; kaus. ) by the formulas (275),
(276). But if we move on to general, higher-dimensional regsentations

of the symmetric groupsS; , the haukian family once again stands out for
the simplicity of its behaviour, in particular for the distribution pattern of
its standard factorsinside the determinants of the representations. Results
here are still incomplete, so we mention just two formulae eftative to the
r-dimensional representations :

():e = e 8 2S;i2f1:::;rg (304)
Typica)l!y, we get the familiar @ctors but with altere\c(i multiplicities :
det has(( ) () = (1+ k) +2r 3 (t+2+ k) (305)
25 1 kr 1 1 kr 1
X Y
det hus,( ) () = (xk p)rr2r 3 (306)
2SSy 1 kr 1

5.17 -functions originating in uniform lamination.

We now take leave of thehaukianfamily and consider a few other -functions
that arise in the context of our fusion- ssion transforms. he rst is con-

nected with the uniform lamination-colamination described inx1.8. It in-

volves the alternal mouldlad ( of at, di erence-type: see x2.4) which also
occurs in the construction of the standard alien derivatiosh The closely
related mould sad, will resurface inx5.19.

4the h stands for the direct function; the k for its convolution inverse; and the diphthong
au refers to the a and u of the arithmetic and (bi)geometric cases.
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5.18  -functions originating in quadratic lamination.

The quadratic lamination-colamination described inx1.9 also gives rise to
interesting -functions hes; kes; ke. The rst two are mutually inverse and
all three are simple. LetB be the associative algebra freely generated by
e1; e;::: and let !B be the corresponding Lie algebra, with its natural em-
bedding inB. The projection proj; : B! B characterised inx1.9 involves a

-function ke which, though not invertible, is closely related to an invdible
one, kes, whose inversehes is unexpectedly simple: it assumes only zeros
or powers of 2 as its values.

Projection proj; : B! 1B: We have ve equivalent expressions:

X
proji(ei:e) = ke( )e w:e (o (307)

2S,
X 1

= - ke ( )[:[e ;e @]l:iie ] (308)
2S,
X 1

= cke()e e vienll (309)
%r

= kes( )[:[e;e @]:i:e ] (310)

%?r 1
= kes( )[e @ :::[e ¢ 1 A] (311)
2Sr 1

which make manifest the one-to-one correspondance that ss between
kes( ) asdenedonS ;=S andke( ) asdened onS :

kes( ) L ke( ) with (1):= (Q);:::; D= (M); (r):=r (312
X
kgt Loy keg" (313)

n 2 sha(nl;n2)

Only the second relation calls for comments. For conveniendt is written in
mould form, and the sum ranges over all shu e of n! and of the reverse
r? of n2. The integerr, is of course the length of?.
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Properties of kes.  Here are the main ones:

kes (id)) = 11| = Fl (314)
kes( ) is maximal for =id, (315)
kes() = kes( 1) (parity) (316)
kes() = kes(?) with ®=rev, rev, (symmetry) (317)
X o
2 kes() = 20! (318)
S
X — —
kes() = w for | even (319)
25 '
_ (@ =00 1)=2)!
- kes() = 2 0 D for | odd (320)

kes has an inverse hes in the group algebraA(S) (321)
Properties of hes. We have:
hes() 2 f0;2;2%::::2'gif 25 (322)

with the actual values given by a simple rule. That rule is begdescribed by
deriving hes from a more generalreal-indexedand at (i.e. locally constant)
mould hes . The link is simply:

hes( )= hes®= O jf 2§ (323)
and hes is de ned by the following induction:

hes = cohed' hes * cohes’ (324)
Here! =(!q;:::;1))is any sequence dfdistinct real number. The sequence

'L (resp! ) is obtained from! by retaining only the terms!; such that
I, <! 4 (resp!;>!)). The mid-sequence 2 is obtained from! by retaining
only the terms!; such that! ; <! ; <! | as well as the term! ; immediately
inferior to ! ; (if it exists) and the term ! " immediately superior to! | (if it
exists). Some of the factor sequencés may reduce to the empty sequence
;, but the above relations amount to a true induction since in I cases
length(! 2) length(! ) 2.

To complete the induction rules we must set:

hes = 1 (325)
cohes = 2 andfor ! 6 ; : (326)
cohes = 1 if ! is an increasing sequence (327)
cohes = 0 otherwise (328)
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Remarks about the proofs: Though less than two page long, the proof
has to be skipped in this expository paper. Let us just pointut the reason
for the occurrence of powers of 2 ihes. They stem from the standard scalar

to be exact powers of 2.

5.19 -functions with treble stability.

Stability under Do

To conclude this unashamedly “botanical' chapter in charger, we give two
instances of -function that display a treble stability :

(i) stability under the convolution product

(i) stability of the associated mould under mould multiplication

(iii) stability of the associated mould under mould composion

Of course, all three stabilities are completely independef?

The “uniform' mould family.

The following moulds are associated with the so-callaghiform averageof
resurgent theory. Settingremu, = tu , as inx2.3 andnamu, = sad, as in
x2.4 we have:

remu, remu, remu,, 8a;b2 C (329)
remu, remu, remu,, 8a;b2 C (330)
namu, namu, namu ,, 8a;b2 C (331)

The proofs are quite short. Far more interesting is the nextx@mple.

The “organic' mould family.

The mould remo, and the closely related mouldomo, were de ned inx2.7.
They are essentially the “lateral moulds' (see4.10) associated with the im-
portant “organic average' which is central to resurgence dory. Built from
these one-parameter moulds, we have the two-parameter mésloma,,, also
de ned in x2.7, and its unexpected closure properties under mould miygti-
cation and mould composition (see2.7). But on top of these, we have also
stability under convolution. Indeed, along with theselateral' moulds there
goes a neutral' mould namo,, whose associated -function namo , turns
out to essentially coincide with the -function hok already encountered in
connection with the family f has; kas; hakg . Indeed, it can be shown that:

namo 5( ) a hok%( ) 8 2S5 ; 8a2C (332)

%5the rst one is at constant length r , the others mix up various lengths.

62



The closure under convolution follows at once:

namo, namo, namo ., 8a;b2 C (333)

6 Conclusion and complements.

6.1 Unique status of arbori cation-coarbori cation among
all fusion- ssion transforms.

In the introduction, we pointed out the e ectiveness of the &bori cation-
coarbori cation transform in analysis In x4 we backed up this claim with a
string of applications . Inx2 and x3 we examined thecombinatorial mecha-
nisms behind the method's success, and the reasons for itpatority over
other, a priori equally attractive fusion- ssion transforms. In the last gc-
tion, x5, this unique status received a further boost, and that toorém an
unexpected quarter :algebra

To take stock, let us brie y retrace our main steps inx5. Starting from
a serie&® of mutually inverse matrices H ;K ), which arise naturally when
investigating arbori cation in a free associative contextwe have successively
encountered all the objects which grace the following tabie

ift.
(H ;K ) (has, ;kas) 5 (has,, ; kas;)
+ mould: *
(has : kas) Lgst (has kas;)  “2°  (haky., ;hek 1.4,)
+ arith: * T=Tat +
g-analogue (haust; kaust) g-analogue
+ geom. . T=Tux bigeom: +r1=m x:t +
(hUSX ; kUSX) g\jst (husx;t ; kusx;t) CoaneCt. (hUk X;t1its 1 huek x;tl;tz)
mould:  +
ift.
(hus, kus, ) T (hus.., kus,.,)

Thesehaukianobjects, some of them moulds, the others-functions, turned
out to possess no end of unexpected properties:

86these square matrices of order! are de ned for all r.
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a) the -functions go in pairs of mutually inverse®” elements, with both

terms admitting numerous symmetries, possessing quite dixt expressions,

notably simple denominators, and also presenting a tendgntowards max-

imal factorisation { all of which is quite uncommon for mutudly inverse
-functions %8

b) unlike -functions “picked at haphazard', ours possess natural exisions
to integer-indexed, rational valuedmoulds the only restriction being that
the indices have to be pair-wise distinct.

c¢) the moulds so produced, in turn, display precise symmegs (eithersym-
metrality or, more rarely,alternality), which may be common enough in \nat-
ural moulds", but rather surprising in the present instanc’

d) there is a tantalising connection between theséaukian” moulds and the
moulds of the\organic family" , which have a quite distinct origin.

But now comes the crux: although the entire construction, strting from
the matrix pair (H ;K ) down to the whole set of characters in the above
Table, can be duplicated for any other fusion- ssion transirm, relative to
any type oforder (all partial orders, laminescent orders, arborescent ordeof
binary, or ternary type, etc etc) none of these parallel cotisictions 7 retains
any of the rich structure or endearing simplicity which is tle hallmark of the
haukian family. Although, at the moment, these curioushaukian properties
seem to have no direct relevance to arbori cation-coarbodation as a tool
for convergence-restoration in analysighey certainly enhance its uniqueness
status. Even if devoid of deeper meaning, this "agreementtween analysis
and algebrd! which we observe here is very gratifying.

6.2 Local-analyticity, free-analyticity, alien-analyti City.

of all formal, resp. local-analyti¢’> power series in the commuting in-

57in the convolution algebrasA(S;) of the symmetric groups S .

%8indeed, inversion in the algebrasA(S;) tends to produce huge denominators.

69at any rate, these mould symmetries are not a simple rephrasig, nor even a conse-
quence, of the -function symmetries.

"Oas far as we could see. We did explore quite a few options.

"La similar “convergence' is also a feature aksurgence theorywhich, despite having its
moorings in analysis, often tastes like pure algebra.

2j.e. with non-zero convergence radius.
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determinatesx; and with coe cients in C. Going over to hon-commuting
indeterminates X, the question arises: What could be the natural counter-

i X, Xy, (A 2C) (334

i2

preferably in terms of bounds omA ? That of course will depend on which
future “specialisations' we have in mind for our indetermattes X;.

S: : nite-dimensional specialisations e.g. in spaces End{) of endomor-
phisms of -dimensional vector space¥, with  nite but otherwise unre-
lated to

S, :in nite-dimensional specialisations e.g. in the spaces Def x1; ::; X Q)
of ordinary derivations of the ring of convergent power sexs of variables’®
For de niteness, let us restrict ourselves to specialisans X; 7! spgX;) that
are homogeneous and degree-increasing :

speX;): xMC! xMdC (2N ;8m2N) (335)

S; : alien specialisations i.e. incarnations in the spaceALIEN of alien
derivations of some space of resurgent functions. Here agaassume for
de niteness that spgX;) specialises tchomogeneouslien derivations. ™

So, against this backdrop of possible specialisations, las weigh the
merits of the three types of majorisations oA which naturally spring to
mind. They are:

My : JATEE g (336)
R 1
M AT o] — (337)
r! X
Mj : jalinssin) ©wcl  with A = A (338)

for some nite positive constantscy = ¢o(SS); ¢c; = ¢,(SS) and with, on the
third line, the usual convention ofstraight arbori cation (see x1.2).

"3here again, is unrelated to , and can be any nite number.
"4i.e. alien derivations of a given frequency! , like | or [:[ 1,; 1,150 1, ] with
Iy =1, but no superpositionscorresponding to dierent ! 's.
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Condition M is adequate for specialisations of typ&,, but clearly not
for those of typeS,, even in the case of a singl¥ ;, and much less for typess.

Condition M5, on the other hand, ensures the convergence of specialisa-
tions S, and S;, but is unnecessarily stringent.

The \proper" condition would seem to be the one involving arbri cation,
namely M3;. As we saw, it implies the convergence of all specialisat®8,,
and it does so at a much lesser cdsf in fact, at a minimal cost. Moreover,

properties that one may wish for, e.g. under multiplicatiorand substitution.
We then speak offree-analyticity.

Condition M3 also happens to be theveakestcondition that guarantees
the convergence of specialisations of tyd. Dually, it is the strongestcon-

dition to be veri ed by the displayedand restricted formsof natural resurgent
functions. We speak in that context ofalien-analyticity.

7 Tables.

7.1 The -functions has :kas .

To handle integers only, we sethas ( ):= “&*™ has( ) 8 2S.

has kas has kas has kas

[1] 1 1 [12;3] 6 7 [23;1] 2 1

[1;2] 2 2 [13;2] 4 4 [31;2] 2 1
[2;1] 1 1 [21;3] 3 2 [32;1] 1 2
[1;2;3; 4] 24 38 [23;1;4] 8 2 [3412] 4 3
[1;2;4; 3] 18 22 [23;4;1] 6 2 [3421] 2 4
[1;3;2;4] 16 12 [24;1;3] 6 0 [41,23] 6 2
[1;3;4; 2] 12 7 [24;3;1] 4 1 [41;32] 4 1
[1;4;2; 3] 12 7 [31;2;4] 8 2 [4213] 3 1
[1;4;3;2] 8 14 [31,4,2] 6 0 [42;3;1] 2 2
[2;1;3; 4] 12 12 [321;4] 4 4 [43;1;2] 2 4
[2;1;4; 3] 9 9 [324;1] 3 1 [43,21] 1 7

Sin the uninteresting case of a single variableX; , where non-commutativity doesn't
come into play, M3 is readily seen to coincide withM,, but for several variables it is
considerably weaker.

’with constants that depend on SS.
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[1;2;3;4;5]
[1;2;3;5; 4]
[1;2;4;3;5]
[1;2;4;5; 3]
[1;,2,5;3;4]
[1;,2;5;4;3]
[1;3;2;4;5]
[1;3;2;5; 4]
[1;3;4;2;5]
[1,3;,4,5;2]
[1;3;5;2; 4]
[1;3;5;4; 2]
[1;4;2;3;5]
[1;4;2;5; 3]
[1;,4;3;2;,5]
[1;,4;3;5;2]
[1;4;5;2; 3]
[1,4;5;3; 2]
[1,5;2; 3; 4]
[1;5; 2; 4; 3]
[1;5;3;2; 4]
[1;5;3;4; 2]
[1;5; 4;2; 3]
[1,5;4;3; 2]
[2;1;3;4;5]
[2;1;3;5; 4]
[2;1; 4;3; 5]
[2;1;4;5; 3]
[2,1;5; 3; 4]
[2;1;5; 4; 3]
[2;3;1; 4; 5]
[2;3;1;5; 4]
[2;3;4;1; 5]
[2;3;4;5;1]
[2;3;5;1; 4]
[2;3;5;4; 1]
[2;4;1;3; 5]
[2;4;1;5; 3]
[2;4;3;1,;5]
[2;4;3;5;1]

has

120
96
90
72
72
54
80
64
60
48
48
36
60
48
40
32
36
24
48
36
32
24
24
16
60
48
45
36
36
27
40
32
30
24
24
18
30
24
20
16

kas

296 [24,5;1; 3]

172
94
57
57

114
104
79
19
22
0
11
19
0
38
11
33
44
22
11
11
22
44
77
94
52
38
26
26
52
19
16

NNOoOoA~AONP

[24,5;3;1]
[25;1;3;4]
[25;1,4;3]
[25;3;1;4]
[25; 3; 4; 1]
[25;4;1;3]
[25;4;3; 1]
[31;2,4,5]
[31;2;5;4]
[31;4;2;5]
[31;4;5;2]
[31;5;2;4]
[31;5;4; 2]
[32;1;4;5]
[32;1;5; 4]
[32;4;1,5]
[32;4;5; 1]
[32;5;1;4]
[32;5; 4; 1]
[34;1;2;5]
[34;1;5;2]
[34;2; 1; 5]
[34;2;5;1]
[34;5;1;2]
[34;5;2;1]
[35;1;2; 4]
[35; 1;4; 2]
[35;2; 1; 4]
[35;2,4,1]
[35;4;1,;2]
[35;4;2;1]
[4 1;2;3;5]
[41;2;5;3]
[41;3;2;5]
[41;3;5; 2]
[41;5;2;3]
[41;5;3; 2]
[42;1;3;5]
[42;1,5;3]
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[42;3;1; 5]
[42;3,5;1]
[42;5;,1;3]
[42;5;3;1]
[43;1;2,5]
[43;1;5; 2]
[43;2,1;5]
[4,3;2,5;1]
[43;5;1,2]
[43;5;2;1]
[45;1,;2;3]
[45;1,;3;2]
[45;2,1;3]
[45;2,3;1]
[45;3;1;2]
[45;3;2;1]
[51;2;3;4]
[51,2,4,3]
[51;3,2,4]
[5:1;3;4;2]
[51;4;2; 3]
[51,4;3;2]
[52;1;3;4]
[52,1;4;3]
[52;3;1,4]
[52;3;4;1]
[52;4,1; 3]
[52;4,3;1]
[53;1;2,4]
[53; 14, 2]
[53;2,1;4]
[53;2,4;1]
[53,4;1; 2]
[53;4,2,1]
[54;1,2,3]
[54,1;3;2]
[54,2,1;3]
[54;2;3;1]
[54;3,1,2]
[54;3,2,1]

has

[
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7.2 The -functions has ;kas with a twist parameter.

has,( )
kas,( )

r+2)(t+3):::(t+r+1) hasy( ) 8 25 (339)
r! has( ) 8 2 S(340)
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[1]

[1,2]
[2; 1]

[1;2; 3]
[1;3; 2]
[2;1;3]
[2;3;1]
[3;1; 2]
[3;2;1]

[1;2;3;4]
[1,2,4,3]
[1;3;2;4]
[1,3,4,2]
[1;4;2; 3]
[1;4;3; 2]
[2;1;3;4]
[2;1,4,3]
[2;3;1;4]
[2;3;4,1]
[2;4;1; 3]
[2;4;3;,1]
[3;1;2;4]
[3;1,4,2]
[3;2;1; 4]
[3;2;4;1]
[3;4;1; 2]
[3;4,2,1]
[4;1;2;3]
[4,1;3;2]
[4,2;1;3]
[4;2;3; 1]
[4;3;1;2]
[4;3;2;1]

has,
(t+2)

(t+2)(t+4)
(t+2)(t+2)

(t+2)(t+4)(t+6)
t+2)(t+4)(t+4)
t+2)(t+2)(t+6)
t+2)(t+2)(t+4)
t+2)(t+2)(t+4)
t+2)(t+2)(t+2)

t+2)(t+4)(t+6)(t+8)
t+2)(t+4)(t+6)(t+6)
t+2)(t+4)(t+4)(t+8)
t+2)(t+4)(t+4)(t+6)
t+2)(t+4)(t+4)(t+6)
t+2)(t+4)(t+4)(t+4)
t+2)(t+2)(t+6)(t+8)
t+2)(t+2)(t+6)(t+6)
t+2)(t+2)(t+4)(t+8)
t+2)(t+2)(t+4)(t+6)
t+2)(t+2)(t+4)(t+6)
t+2)(t+2)(t+4)(t+4)
t+2)(t+2)(t+4)(t+8)
t+2)(t+2)(t+4)(t+6)
t+2)(t+2)(t+2)(t+8)
t+2)(t+2)(t+2)(t+6)
t+2)(t+2)(t+4)(t+4)
t+2)(t+2)(t+2)(t+4)
t+2)(t+2)(t+4)(t+6)
t+2)(t+2)(t+4)(t+4)
t+2)(t+2)(t+2)(t+6)
t+2)(t+2)(t+2)(t+4)
t+2)(t+2)(t+2)(t+4)
t+2)(t+2)(t+2)(t+2)
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kas,
1

(t+4)
(t+2)

(t+6)2t+7)
(t+8)(t+3)
(t+6)(t+2)
(t+3)(t+2)
(t+3)(t+2)

2(t+3)(t+2)

(t+8)(7t2+57t+114)
2(t +4)(2 t2+ 251t + 66)
2(t+8)(t+6)(t+3)
(t+14)(t+4)(t+3)
(t+14)(t+4)(t+3)
2(t+14)(t +4)(t+3)
22t +9)(t +8)(t+2)
3(t+9)(t+4)(t+2)
(t+8)(t+3)(t+2)
2(t+4)(t+3)(t+2)
0

(t+4)(t+3)(t+2)
(t+8)(t+3)(t+2)
0
2(t+8)(t+3)(t+2)
(t+4)(t+3)(t+2)
3(t+4)(t+3)(t+2)
4(t+4)(t+3)(t+2)
2t +4)(t+3)(t+2)
(t+4)(t+3)(t+2)
(t+4)(t+3)(t+2)
2(t+4)(t+3)(t1+2)
4(t+4)(t+3)(t+2)
Tt+4)(t+3)(t+2)



7.3 The -functions has ; kas with twist and shift.

We set:

(2r)!

has. () = o (t+s+2):::(t+s+r+1) hasis( ) 8 25 (341)
kas.s( ) := r! hasys( ) 8 2 S5(342)
has,
[1] t+s+2
[1; 2] 3t2+6ts+3s°+18t+17s+24
[2;1] 3t2+6ts+3s?+12t+13s+12
[1;2; 3] 15+ s+4)(t2+2ts+ s?2+8t+7s+12)

[1;3;2] 15t3+451t?s+45ts?+15s3+150t%+300ts+147 s?+480t+468 s+480
[2;1;3] 15t3+4512s+45ts2+15s3+150t2+285ts+141s2+420t+414s+360
[2;3;1] 15t3+4512s+45ts?+15s3+120t2+255t5+129s2+300t+336 s+240
[3;1;2] 15t3+4512s+45ts2+15s3+120t2+240ts+123s?+300t+312s+240

[3;2;1] 15¢+ s+2)(t?+2ts+ s?+4t+5s+4)
kas .
[1] 1
[1; 2] ts+s?+t+3s+4
[2; 1] (s+1)(t+s+2)
[1;2;3] (ts+ S?+t+4s+6)(ts+S>+2t+4s+7)
[1;3;2] T(s+2)(t+s+3)(ts+ s?+t+3s+8)
[2,1;3] 1(s+1)(ts+s?+2t+5s5+12)(t+ s+2)
[2;3; 1] %(s+1)(s+2)(t+ s+2)(t+ s+3)
[3:1;2] I(s+1)(s+2)(t+s+2)(t+s+3)
[3:2:1] (5+1)(s+2)(t+ s+2)(t+ s+3)

7.4 The -functions hak :hok .

ri(a+2)(a+3):::(a+r+1) hak ap( ) 8 2S5 (343)
rihok p( ) 8 2S5 (344)

hak ,p( ) :
hok o )
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[1]

[1;2]
[2; 1]

[1;2; 3]
[1;3; 2]
[2;1;3]
[2;3;1]
[3;1; 2]
[3;2;1]

[1;2,3;4]
[1;,2,4,3]
[1;3,2,4]
[1;,3; 4, 2]
[1,4;2;3]
[1;,4,3,2]
[2;,1;3;4]
[2;1,4,3]
[2,3;1;4]
[2;3;4,1]
[2;4; 1; 3]
[2;4,3;1]
[3;1,2,4]
[3;14;2]
[3;2;1;4]
[3;2;4;1]
[3:4,1,2]
[3;4,2,1]
[4,1;2;3]
[41;3; 2]
[4,2;1;3]
[4,2,3,1]
[4,3,1,2]
[4,3,2,1]

(a

(a

(a
(a

hak .,
(a+2)

@+2)(a+ b+6)
(& b(a+2)

(@+2)(a+ b+6)(a+2b+12)

(a

(a

@+2)(a b(at4d)
b(a+2)(a+2b+12)
@+2)(a b(a+2)
b(a+2)(a+2b+10)

@ ba 2b 4)(a+2)

@+2)(a+ b+6)(a+2b+12)(a+ 3 b+ 20)
@+2)(a+ b+6)(a b(a+6)

@+2)(a

b(a+4)(a+3 b+ 20)

(@+2)(a+ b+6)(a b(a+4)

@+2)(a

b(a+4)(a+3 b+ 18)

@+2)(a b(a 3b 8)(at4d)
@ b(a+2)(a+2b+12)(a+3b+20)

(a
(a+2)(a

b(a+2)(a b(a+6)
b(a+2)(a+ 3 b+ 20)

(@+2)(a+ b+6)(a b(a+?2)

@+2)(a

b(a+2)(a+3 b+ 18)

@+2)(a b(a 3b 8)(at?2)
@ b(a+2)(a+2b+10)(a+3b+20)

b(a+2)(a b(a+4)
4)(a+2)(a+3b+20)
b(a+2)(a b(a+2)
b(a+2)(a+3b+16)
b(a 3b 10)@a+2)

b(a+2)(a+2 b+ 10)(a+3 b+ 18)

@ b(a+t2)(a b 2)(at4d)

ba 2b

4)(a+2)(a+3b+18)

@ ba+2)(a b 2)(a+2)

b(a 2b
b(a 2b

d)(a+2)(a+3b+16)
d(a 3b 10)(a+2)
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hok
1

1+ b
1 Db

(1+ bL+2b
1 b
(1 bL+2b
(1 b
(1 bL+2b
(1 b 2b

QA+ b@+2b@+3b
1+ b@ b

(1 b@+3b

1+ b@ b

1 b(l+3Db

1 b@ 3b

Q@ b(l+2bh@d+3b
(1 b@ b

1 b(l+3Db

1+ b@ b

1 b(l+3Db

1 b@ 3b

(1 b(l+2b(1l+3b
(1 b@ b

1 bl 2bh@a+3b
(1 b@ b

(1 b@+3b

1 b@ 3b

(1 b(l+2b(1l+3b
1 b@ b

1 bl 2bh@a+3b
(1 b@ b

1 bl 2bh@a+3Db
1 b@ 2b(l 3b



7.5 The

hak a;b( ) :
ok ()

[1]

[1;2]
[2,1]

[1;2; 3]
[1;3; 2]
[2;1;3]
[2;3;1]
[3;1;2]
[3;2;1]

[1;2,3;4]
[1;,2,4,3]
[1;3;2;4]
[1;,3;4,2]
[1;4,2,3]
[1;,4,3,2]
[2;1;3;4]
[2;1;4;3]
[2;3;1;4]
[2;3;4,1]
[2;4,1;3]
[2;4,3;1]
[3;1;,2;4]
[3;14;2]

-functions hek

' k.

ri(a+2)(a+3):::(a+r+1) ek 4p( )
r! ok b( )

hek L.
(a+2)

@@+2)(a b
(@+ b+6)(a+2)

@+2)(a b(a 2b 4)

@+2)(a+ b+8)(a+2)

@+ b+6)(a+2)(a 2b 4)

(@+4)(a+ b+8)(a+2)

(@+ b+8)(a+2)(a 2b 4)
(@+ b+8)(a+2b+10)(a+?2)

@+2)(a b(a 2b 4)(a 3b 10)
@+2)(a b(a+ b+10)(a+2)
@a+2)(a+ b+8)(a+2)(a 3b 10)
@+2)(a b+2)(a+ b+10)(a+?2)
@+2)(a+ b+10)(a+2)(a 3b 10)
(@+2)(a+ b+10)(a+3 b+16)(a+2)

(a+ b+6)(a+2)(a 2b 4)a 3b 10)

(@a+ b+6)(a+2)(a+ b+10)(a+?2)
(@+4)(a+ b+8)(a+2)(a 3b 10)
(@+4)(a b+2)(a+ b+10)(a+?2)
@+4)(a+ b+10)(a+2)(a 3b 10)
(@+4)(a+ b+10)(a+3 b+16)(a+2)

(a+ b+8)(a+2)(a 2b 4)(a 3b 10)

(@a+ b+8)(a+2)(a+ b+10)(a+?2)

[3:2,1:4] (a+ b+8)(a+2b+10)(a+2)(a 3b 10)

[3;2;4;1]
[3;4,1;2]
[3;4;2; 1]

(@a+ b+8)(a+4)(a+ b+ 10)(a+2)
(@+6)(a+ b+10)(a+2)(a 3b 10)
(@a+6)(a+ b+10)(a+3 b+ 16)(a+2)

[4,1,2,3] (a+ b+10)(a+2)(a 2b 4)(a 3b 10)

[4;1;3; 2]

(@a+ b+10)(a+2)(a+ b+10)(a+2)

[4;2,1;3] (a+ b+10)(a+2b+10)(a+2)(a 3b 10)

[4;2;3;1]

(@a+ b+10)(a+4)(a+ b+10)(a+2)

[4,3;1,2] (a+ b+10)(a+2b+12)(a+2)(a 3b 10)
[4;,3;2,1] (a+ b+10)(a+2b+12)(a+3b+16)(a+2) (1+ b(1+2b(1+3b
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8 2S5 (345
8 2 S (346)

ek |

1

1 b

1+ b

Q1 bl 2b

1+ b

1+b(1 2b

1+ b

(1+ b1 2b
(1+ b(L+2b

1 bl 2b@a 3b

(1 b(l+b
(L+b1 3b
(1 bl+b

Q1+b@ 3b

1+ b(1+3b
Q1+b( 2b@a 3b
1+ b+ b

1+b(1 3b

1 b+ b

Q+b@ 3b

1+ b(1+3b
@+b@1 2b@ 3b
1+ b+ b
@+b(@+2b@ 3b
Q1+ b1+ Db

Q1+b@ 3b

1+ b@A+3b
@+b@ 2b@ 3b
1+ b+ b
@+b(@l+2b@ 3b
Q1+ b1+ Db
@+b(@l+2b@ 3b



7.6 The -functions haus :kaus.
We set T :=[ty;t,;t3;:::] and

haus|( ) := ty(ti+1tp) 1o (ty+ +1t;) haust( ) 8 2SS

haus haus haus

[1] ty  [L,23] titats  [231] 3t
[1; 2] tit,  [1,32]  ttd  [3L2] it
[2; 1] t2 [2L4,3] tits  [321] t3

[1234] titotsts [23,L4] ity [3412] 3
[1,2,4,3] titat3 [2,34;1] t2trts [3;4;,2;1] t3t,
[1,3;2,4] tit3ty [24,1;3] t2tats [4,1,2,3] t3t,ots
[1,3,42] ttits [2431] 5t [41,32] t7t5
[1,4,2;3] titatz [3;1,24] titrty [4,21;3] t3ts
[1;4;3;2] th 13 [31,4;,2] t3trts [4,2,3;1] t3t,
(2134 titsts [32L4] Bt 4312 it
[2;1;4; 3] 1213 [3;24;1] 3ty [4;,3;21] t?

7.7 The -functions hus :kus.

Reverting to the simple cyclotomic polynomials 0k5.12, we set:

Yoaox
h = husy
us,( ) US()lkr(l 3 8 25
(1 x)@ xx& by
kus,( ) := Kkusx( ) 8 2§
1 kr (1 Xk)
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[1]

[1; 2]
[2;1]

[1;2; 3]
[1;3; 2]
[2;1; 3]
[2;3;1]
[3;1; 2]
[3;2;1]

[1;2;3; 4]
[1,2,4;3]
[1,3;2;4]
[1,3;4;2]
[1;4;2; 3]
[1;4;3; 2]
[2;1;3;4]
[2,1;4;3]
[2,3;1; 4]
[2;3;4; 1]
[2;4;1;3]
[2;4;3;1]
[3;1;2;4]
[3;1;,4;2]
[3;2;1; 4]
[3;2;4; 1]
[3;4;1;2]
[3;4,2;1]
[4;1;2;3]
[4,1,3;2]
[4;2;1;3]
[4;2;3; 1]
[4,3,1;2]
[4;3;2;1]

X
X
1

x2+1

x6(xB+2x8+ x*+2x%2+1)

X' (x?+1)(x*+1)

X" (x> +1)(x* x%2+1)

x8 (x?

X2 (x?

XlO

XlO

x2 (x%+1)

X' (x?+1)(x*+1)
X+1)(x?+ x+1)
XlO

x3(x%2+1)

0

X4

XlO

0

x2 (x? + 1)

X4

X+1)(x2+ x+1)
X (x2+1)(x*+1)
x3(x?+1)

X4

X4

X (X2 +1)(x* x%+1)

X (x2+1)(x*+1)

(xB+2 x5+ x4 +2x%+1)
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7.8 The

-functions hus ;kus with a twist parameter.

We set:
hus,. () = DH(X;t) hus,( ) 8 2SS
Kus,..( ) := DK (x;t) kusy( ) 8 2§
DH,(x;t) := DH,(x) DH . (x:t) = Yoa xg Y (2 x<1)
1 kr (1 X) 1 kr
Y o@ x)@ xkk Dy Yo (g
DK, (x;t) = DK, (x) DK, (x;t) =
R I
hus ., Kus .,
[1] (x* t?) 1
[1; 2] x* t)(x*> t?) (x4 t?)
[2;1] X (X% t?)? X (X% t?)
[1;2;3] (x* t?)(x* t?)(x® t?) (x®  t?)Kips
[1;3; 2] X(x2 t)(x* t?)? x(x® t)(x® t%
[2;1; 3] X (X% t2)2(x® t?) X (x? t2)(x? 9
[2;3;1] x?(x? t2)2(x* t?) x4 (x? t2)(x8 9
[3;1; 2] x?(x? t2)2(x* t?) x4 (x? t2)(x8 9
[3;2;1] x3(x2 123 xX3(x2+1)(x*> t)(x5 tH
with  Kipg:= x10+ x8  x8t2+ x4t2  x2t* 4
7.9 The -functions huk ;hsk.
We set:
huk ,..p( ) = DEK(X; &) huk () 8 2SS
huk x;a;b( ) = I:]_KI’(X; a;b) huk X;t( ) 8 2 Sr
Y 2 k+1 (bPx xkkei))
DHK ((x; a;b) := DH, (x; a) DK, (X; b)=1 k r(a X7) @ Xk

75



huk x;a;b

[1] @ x?)
[1; 2] @ x?)(ak? x®)
[2;1] P x3(a®> x?)(a’b? 1)
[1;2; 3] (@ x?) (@ x%(aht x'?)
[1;3;2] B x’(a®? x?)(a?b ? 1)@ x%)
[21:3] Bx3@ x3)(alb? 1)@b x12)
[2;3;1] f x8(a? x?)%(a’b ? 1)

[3;1;2] ©Px*(@® x?(a?b? 1)@ x)
[3;2:1] BPx (a2 x?)(a?b? 1)(@b* x %)

7.10 The -functions ke and hes ;
We set:
kes () = (kes( ) but ke () :=

(2r)!

with | := T

huk x;ab
(@ x?)

> x3(a®> x?)(a?b ? 1)
(a®> x?)(a’l? x5

P x(a®> x?)(a?b? 1)(a’b* x %

x4 (a2 x2)2(a2k? x8)

I x8(a? x?)(a?lk? x5)(a’b 4 x %)

P x3(a®> x?)(a® x*)(a’lk? x?)
b x7(a®> x?)(a’lk? x8)(a’b 4 x %)
(a2 x?)(a’k? x®)(a?h* x10)

kes.

r 1ke()

8 25

| r
and ;= ,= ;=1; ,=3% ;=223 4=2%3%5%41

ke ke

[1] 1 [123] 2
[1,2] 1 [132] 1
[2;1] 1 [213] 1
[1;2;3;4] 5 [2314] 1
[1;2;4;3] 2 [23;4,1] 2
[1;3;2;4] 2 [24,1;3] 0
[1;3;4;2] 1 [24;31] 1
[1;4;2; 3] 1 [31;24] 1
[1;4;3;2] 2 [3L,42] 0
[2;1;3; 4] 2 [321;4] 2
[2;1;4;3] 1 [324;1] 1
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[23:1]
(31,2
[321]

[34;1,2]
[34;2;1]
[41;2;3]
[41;32]
[4,2;1; 3]
[42;3;1]
[431;2]
[43;2;1]

ke
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[1]
[1,2]
[2; 1]

[1;2;3;4]
[1,2;4;3]
[1;3;2;4]
[1;,3;4,2]
[1;4,2,3]
[1,4,3;,2]
[2,1;3;4]
[2;1;4;3]

hes kes

1 1
2 1
2 1
2 126
2 44
2 44
Z 19
2 19
0 36
2 44
2 16

[12;3]

[13;2]

[21;3]
[23;1;4]
[23;4;1]
[24;1;3]
[24;3;1]
[31;2;4]
[31;4;2]
[32;1;4]
[32;4;1]

hes kes

CONNRONNN oy~
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2
1
1

19
19

1
11
19

1
36
11

hes kes
[23;1] 2 1
[31;2] 6 1
[32;1] 4 2
3432 22 9
[34;21] O 16
[41,2,3] 22 19
[41;3;2] O 11
[42;1,3] O 11
42,31 O 16
[43;1;2] O 16
[43,2;1] O 44



[1;2;3;4;5]
[1;2;3;5; 4]
[1;2;4; 3;5]
[1;2;4;5; 3]
[1;,2;5;3;4]
[1;2;5;4;3]
[1;3;2;4;5]
[1;3;2;5; 4]
[1;3;4;2;5]
[1;,3;,4,5;2]
[1;3;5;2; 4]
[1;3;5;4; 2]
[1;4;2;3;5]
[1;4;2;5; 3]
[1;,4;3;2;5]
[1;,4;3;5;2]
[1;4;5;2; 3]
[1,4;5;3; 2]
[1,5;2; 3; 4]
[1;5; 2; 4; 3]
[1;5;3;2; 4]
[1;5;3;4; 2]
[1;5;4;2; 3]
[1,5;4; 3; 2]
[2;1;3;4;5]
[2;1;3;5; 4]
[2;1; 4;3; 5]
[2;1;4;5; 3]
[2,1;5; 3; 4]
[2;1;5; 4; 3]
[2;3;1;4; 5]
[2;3;1;5; 4]
[2;3;4;1; 5]
[2;3;4;5;1]
[2;3;5;1; 4]
[2;3;5;4; 1]
[2;4;1;3;5]
[2;4;1;5; 3]
[2;4;3;1,;5]
[2;4;3;5;1]

COMNROMMNRNRNRRONNRENRNOCOOOONRONROONRNRONRNMRNRNORNRNNKN,

kes

4032
1284
1284
513
513
940
1284
393
513
438
27
259
513
27
940
259
213
337
438
259
259
344
337
940
1284
421
393
205
205
337
513
205
438
513
32
205
27
56
259
184

[24;5;1; 3]
[24;5;3;1]
[25;1;3;4]
[25;1;4; 3]
[25;3;1;4]
[25;3;4;1]
[25;4;1;3]
[25;4;3;1]
[31;2;4;5]
[31;2;5;4]
[31;4;2,5]
[31;4;5;2]
[31;5;2;4]
[31;5;4;2]
[32;1;4;5]
[32;1;5; 4]
[32;4;1;5]
[32;4;5; 1]
[32;5;1;4]
[32;5; 4; 1]
[34;1;2;5]
[34;1;5;2]
[34;2; 1; 5]
[34;2;5;1]
[34;5;1;2]
[34;5;2;1]
[35;1;2;4]
[35;1;4;2]
[35;2;1;4]
[35;2;4;1]
[35;4;1; 2]
[35;4;2;1]
[41;2,3;5]
[41,2,5;3]
[41;3;2,5]
[41,3;5;2]
[41,5;2; 3]
[41,5;3;2]
[42;1;3; 5]
[42,1;5; 3]
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kes

23
157
32
6
51
143
6
259
513
205
27
32
56
6
940
337
259
205
6
148
213
23
337
157
213
337
23
53
6
11
148
205
438
32
259
51
23
6
259
6

[42;3;1,5]
[42;3;5; 1]
[42;5;1; 3]
[4,2;5;3;1]
[43;1;2;5]
[43;1,5; 2]
[43,2;1,5]
[43;2,5;1]
[43;5;1;2]
[43;5;2;1]
[45;1;2;3]
[45;1;3;2]
[45;2;1;3]
[4,5;2;3;1]
[45;3;1;2]
[45;32,1]
[51;2;3;4]
[51;2;4; 3]
[51;3;2;4]
[51,3;4;2]
514,23
[51,43,2]
[52;1; 3;4]
[52;1;4; 3]
[52;3;1;4]
[52;3;4;1]
[52,4;1;3]
[52;4;3;1]
[53;1;2;4]
[53,1,4,2]
[53;2,1;4]
[53;24;1]
[53;4;1;2]
[53;4;2;1]
[54;1;2; 3]
54, 1;3;2]
[54,2,1;3]
[54;2;3;1]
[54;3;1; 2]
[54;3;2;1]

kes

344
143
53

11
337

940
259
148
205
213
148
148
107
107
393
513
205
184
143
157
259
205
148
143
344

11
184
157

11
259
184
107
421
337
205
205
421
393

1284
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