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Abstract

We study two complex invariant manifolds assaiated with the para-
bolic "xed point of the area-preservingH®non map. A single formal power
series corresponds to both of them. The Borel transform of the formal
series de nes an analytic germ. We explore the Riemann surface and
singularities of its analytic contin uation. In particular we give a complete
description of the \'rst" singularity and prove that a constant, which
describes the splitting of the invariant manifolds, does not vanish. An
interpretation in terms of Resurgencetheory is also given.
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1 Presentation

1.1 Separatrices of the Hénon map

The quadratic area-preservingmap of C?> de ned by
O R |
H : (N (1)
% Vi= Vi u
can be consideredas a particular caseof the celebratedH§non map. The origin
is a parabolic "xed point of H. Wewill be interestedin two invariant curveswW*
and Wi |, which we call \stable and unstable separatrices for the discrete-time
dynamical systemde ned by the iteration of H, becausethe rst oneis attracted
and the other one repelled by the origin.
We will seethat the curvesW* and Wi can be naturally parametrized by
a complex variable z, with well-de ned asymptoticsasRez! +1 for W* and
Rez! j1 for Wi . A single asymptotic seriescorresponds to both separa-
trices but in di®erert domains of the complex plane. The intersection of these
domains contains two connected componerts, where for jimzj ! 1 the dis-
tance betweenthe corresponding points is exponertially small. Our aim is to
study this phenomenonasymptotically. Our approad is basedon an application
of Borel summation to the divergert asymptotic series.

When an invariant curve is given by a parametrization (u(z);v(z)), with z
varying in somesubset of C, we will say that it is additively-parametrized if
H(u(z);v(z)) = ((u(z+ 1);v(z+ 1)), which amournts to the following system of
“rst-order nite-di ®erenceequations:

Y

u(z+ 1)
v(z+ 1)

u(z) + v(z+ 1);
v(2)i v(2): @

The rst equation, which re°ects the identity u; = u+ vy in (1), enablesus
to eliminate the v-componert; the system then reducesto one second-order
di®erenceequation for the u-componert:

uz+1)i 2u(z)+ u(zi 1) =i u¥(): ©)

We will deal mostly with the solutions of Eq. (3), and restore the corresponding
v-componerts by v(z) = u(z)j u(zij 1) whenwilling to comebadk to additiv ely-
parametrized curves. Our main result on the separatricesof H can beformulated
in terms of two special solutions of Eq. (3).

Theorem 1 Equation (3) admits a unique solution u* in R* such that u* (z) =
i 621 2+ 0(zi *) asz! +1 , and a unique solution u' in R such that ui (z) =
i 6212+ O(z' %) asz! i1 . These two functions are real-analytic and extend



to entire functions of the complex variable z. There exists a complex constant £ |
Ref£ = 0 and Im£ < 0O, such that

74 ¢
ut ()i ul (z):e‘2”'22—4|£+0(zi2) as z! jil: (4)

Notice that in the unicity statemerts no assumption on smoothnessof solu-
tions is necessary

We eliminated the freedom in the choice of the parametrization by the
asymptotic condition. Indeed, whenewer a function u(z) is a solution of (3)
the function u(z + a(z)) solvesit too, provided a is a 1-periodic complex valued
function. The absenceof terms in zi 3 eliminates this freedom.

The prescribed domain of de nition R* (resp. Ri ) can be replaced by any
real interval [zo;+21 [ (resp. 1i 1 ;i Zo0]), since the equation itself allows to
propagatethe de nition of any solution towards the left or the right. Analyticit y
propagatesaswell. This can be usedto obtain ertire functions.

More can be said about the asymptotic behaviour of these special solutions:
the expressionj 6zi 2 is nothing but the rst non-trivial term of an in™ nite
asymptotic expansion. This expansionis asymptotic for both u* and ui at
in" nity in large sectorscontaining R* and Ri , respectively. The intersection of
the sectorshas two connectedcomponerts, one of which contains the negative
part of the imaginary axis. The last statemert of the theorem yields an exponen-
tially small but nonvanishing asymptotic equivalent for the di®erenceu® | ui
alongiRi . We will be ableto supplemer the rst term with anin™ nite asymp-
totic expansion| SeeProposition 1 on p. 13 belonv. The way we normalized
the constart £, dividing by 84, has no particular meaning at this stage. Later
on £ will be interpreted as a \ splitting constart".

It is easyto ched that the invariant curves assaiated to u* and u' are
the separatricesof H. Let ussetv®(z) = u$(z)j u®(zij 1): we obtain two
additiv ely-parametrized invariant curvesof H de ned by

M u+(z)ﬂ H Ui (z)ﬂ
+ — i —_ .
p (Z) - V+ (Z) and pl (Z) - Vi (Z) ’

with the property
uS(2)=i622+0( %; Vi(2)= 1223+ O(Z' %); z! 81:

For all z 2 C, the iterates H"(p% (z)) = p% (z + n) convergeto the origin as
n! 81 . This shows that the invariant curveswe found are the \stable and
unstable manifolds" of the origin. Their real parts form a cusp at the origin,
with fv = 0;u < Og astangert.

In fact we obtain much more information about the properties of formal
and analytic solutions of Equation (3) than it is stated in Theorem 1. Our
study leadsto a beautiful analytical picture described in Section 1.3, which is
of independert interest.

But let us evoke someof our motivations rst.



Figure 1: The limit separatrix (left) and the splitting of separatrices of the
H®&non map (right). The unstable separatrix is drawn by the solid line, the
stable one by the dashedline.

1.2 Exponentially small splitting of separatrices

The rst motivation for our study is the appearanceof £ and other similar con-
stants in the study of homoclinic phenomenain close-to-integrable Hamiltonian

systems.
Let us considerthe one-parametricfamily of quadratic area-preservingmaps,
(TR ; 1
oo X o XazXxEm :
Ty yi=y+"x(@i x)

where" > 0 is a positive parameter. Any non-trivial quadratic di®eomorphism
of the plane, which presenesareaand orientation and hastwo xed points, can
be put by a linear change of coordinates into this one-parametric family.

For small positive " the origin is a hyperbolic xed point of F. and the
corresponding stable and unstable manifolds are one-dimensionalcurvesin the
plane (x; y) (seeFig. 1). They look like the separatrix of the Hamiltonian vector
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X=y= ; T — 12 2 3.

y=X(Li x) = i @h; NOGY)= QY0 X0 Y
exceptthat they may intersect transversally (the limit separatrix may \split "),
but this important phenomenonis exponertially small with respectto " [FS9Q.

Any intersection of one of the separatriceswith the horizontal axis is nec-

essarily a homoclinic point due to a symmetry of the map (there is a linear
reverser, which conjugates F. with Fi ! and excanges stable and unstable
curves). The angle of intersection ® of the stable and unstable manifolds at the
\"rst" such homoclinic point can be consideredas a measureof the splitting.
The asymptotic formula

1/ 272 e
o= e GEj+ o) ©
(with the same£ asin Theorem 1) was proposedby one of the authors without
a completeproof [Gel9]]. The non-vanishingof £ (and thusthe transversality of
the homoclinic intersection) was not proven there, but the numerical evaluation
JE ] Y4 2:474¢1C° was indicated.

The appearanceof £ asa splitting constart hereis related to the fact that
the map F. can be consideredas a small perturbation of H. Indeed, in the
coordinatesu = "?x | "?=2, v= "3y, it takesthe form

Huﬂ Hu1:u+viu2+"4
7! — v (24 4
% Vi= Vi uc+

The detailed study of H is thus an important step in the derivation of For-
mula (5). But a subtle extra work is neededto complete the proof, which has
not yet beenwritten and to which we will not addressin the presen paper.

Providing the rigorous proof of (5) is indeed a di+ cult analytical prob-
lem, comparable to the corresponding one for the Standard Map for which
the task was recertly achieved [Gel99], putting an end to the study initiated
in [Laz84). It is in the caseof the Standard Map that the “rst de nition of
a splitting constart £, was proposed, by V.F.Lazutkin [Laz84, LST89]. The
papers [GLT91, Gel9]] contain numerical values of the splitting constarts for
guadratic, cubic and someother polynomial area-preservingmaps.

Let us point out someother works closely related to the topic of our paper.
V.Hakim and K.Mallic k [HM93] proposedalready to usethe Borel summation
for the study of the exponentially small splitting of separatricesof the Stan-
dard and Semistandard Maps. A more rigorous approach was developed by
Y.B.Suris [Sur94 (for the SemistandardMap and for cubic maps). We mertion
also[Laz93, [Che9], [Tov94] and [TTJ98].

A formula similar to (5) describesthe splitting of a small separatrix loop,
created after a saddle-ceter bifurcation in a general family of analytic area-
preserving maps [Gel0(. In this caseead family of maps hasits own splitting



constart £. This number can be consideredas a classi cation modulus of an
area-preservingmap near the parabolic xed point which appearsat the bifur-
cation.

1.3 Resurgence

Another motivation for our study is the opportunity of illustrating Resurgence
theory and contributing to it. \Resurgent functions" and the \alien calculus'

which comeswith them were discovered and studied by J.fcalle in the late 70s,
particularly in relation with iteration of analytic maps [Eca8]], but they have
a much wider "eld of applications. A nice introduction to this theory can be
found in the book [CNP93].

The presen article will not assumeany familiarit y with Resurgenceon the
part of the reader. On the cortrary, it may sere asinitiation into this beautiful
theory inasmuch as, in the situation at hand, we prove things with the tools of
classical Complex Analysis and indicate their translation in terms of resurgen
concepts.

One of the basic features of the theory is the tendency to consider formal
solutions of a given problem and to try to extract as much information as pos-
sible from them. Thus we denote by C[[z! ]] the spaceof all formal expansions
in non-positive powers of z with complex coet cierts (i.e. power seriesin zi 1),
and by C[z][[z' 1]] the spaceof the sums of polynomials in z and power series
in zi 1. We st givetwo lemmasto intro duceformal seriesassaiated to Eq. (3)
and then state a theorem from which Theorem 1 follows.

Lemma 1 Any nonzero solution of Eq. (3) in C[z][[z' 1]] can be written in the
form u(z+ a), wherea 2 C is arbitrary and U is the unique nonzero even solution

in Clz][[z' 11,

ay

a 15, 4. 6634

=6zl 2+ 7

i + i
2 40

The coefficients ay, are real and (i 1)¥a > 0 for allk , 1.

Proof. The second-order nite-di ®erenceoperator in the left-hand side of (3)
may be written
P=¢*; 2+6e %

(@ denotes di®erettiation with respect to z), so that the equation becomes
Pu = j u?. Expanding the equation in decreasingpowers of z, one cheds easily
that the leading term of any formal nonzero solution must be j 6zi 2, since
P(z") = n(nj 1)z 2+ O(z™ %) for all n 2 Z. It turns out that the coetcient
of zi 3 is free whereasthe following coetcients are determinedinductively. Thus
there is a unigue nonzero even solution u, and sinceu(z + a) is a solution for



any a 2 C, no other non-trivial solution may exist. The resulting induction for
the coetcients a; is written in Sec.6 (Formula (34)).

Now let us ched that the seriesa; is alternating. Consider the auxiliary
seriesU(x) = u(iz) =, (i 1)*aux ?". It isthe unique nonzeroevensolution
in C[[x 1]] of

i U(x+ i)+ 2U(x) | U(xi i) = (4sin* &)U = UZ

g P 2k i
But yyre 1+ °(»), where°(») = . ;°x»" with °, > Oforall k6 1
2 .
(these coetcients are proportional to the Bernoulli numbers). Rewriting the
equation for U as
@u = (1+ (@) V%

it isthen easyto ched that all coex cients of U are positive, and hence(j 1)*a;, >
0. 2

We obtained a unique \formal separatrix" for the Hgnonmap H (up to the
freedomof shifting the parameter), which is positively and negatively asymptotic
to the parabolic "xed point:

H u(2) 1
p(z) = V) v(z) = u(2)i u(zi 1) (6)

We will seethat u and v, as power seriesof zi 1, have zero radius of con-
vergence.The resurgert method consistsprecisely in analyzing this divergence
with the help of formal Borel transform B. Also known asformal inverseLaplace
transform, B is the linear transformation from zi 1C[[z' *]] to C[[3]] de ned by
zimil7 % for all n , 0. For instance the Borel transform & = Bu of our

B

unique nonzeroeven solution is

X 32ki 1
o) = A
1 2k 1)

(7)

Since B turns multiplication of seriesinto cornvolution, i.e.
Z¢
~=8; AR=BA) B(AE)= (eAE)= "EYRC 29 S
0

and translation of z by a constart ¢ into multiplication by e °, we obtain that
0 is the unique nonzeroodd solution in C[[3]] of the transformed equation
(i 2+ € )0C) = i (am0)(3): (8)

In fact wewill always dealwith formal series' (z) whoseBorel transforms "*(3)
have nonzero radius of convergence,which meansexactly that the coet cients
of ' (z) admit Gevrey-1bounds. Obsene that " nite radius convergencefor *(3)



implies divergencefor ' (z). This will be the caseof u(z), and our task will be
to study the singularities of the analytic continuation of &(3). In order to state
the main result we have to intro duce formal solutions of a linear equation which
will allow to describe corveniertly those singularities. This equation is nothing
but the linearization of Eq. (3) around u:

"(Z+1)i 2@+ (zi V=i 2(2) (2): )

Lemma 2 FEquation (9) admits two particular formal solutions with real coef-
ficients which can be written

. _ x bk — i 3. i5
1(2) - Zzw—lZZ |3OZ +
k=1

Xod, 1., 17, 17 , 3 .2,
2240 35

1989
—zV T+
20

' 2(2)

727 84" 7 840
k=i 2

Any solution of Eq. (9) in C[z][[z! 1] is a linear combination of ' 1 and' ».
Proof. The rst solution is obtained by di®eretiation:
"1= @u

henceb, = | 2ka, for all k , 1. The secondsolution can be found by substi-
tution of the seriesinto the equation. The resulting induction formulas for the
di's are givenin Sec.6, Eq. (36). We normalized' , by choosingd; » = 1=84in
order to have

W801,<P2 (Z) = 1;

where W, ., is the finite-difference Wronskian

e (zi 1) "a(zi 1) i .
" 1(2) " 2(2) '

In the theory of linear nite-di ®erencesquationsits role is similar to the role of
the classicalWronskian for ordinary di®erettial equations. In particular, if ' (z)
is a solution of (9), one cheds easily that ¢, = W, ,,(z) and ¢z = W, ,,(2)
must be 1-periodic in z and that ' = ¢’ 1| ¢1' 2. But in the classof formal
seriesperiodicity holds for constarts only. 2

W, o, (2) = det (10)

Theorem 2 The formal Borel transform O is convergent at the origin and de-
fines a holomorphic germ, which extends analytically along any path issuing
from 0 and lying in Cn2YAZ (except its origin), with exponential decay of
type i 1 along any non-vertical ray.



There exist complexr numbers £ and * such that the analytical continuation
of O along the segment 10; 2%4[ can be written

A !
£ 41d, 21d, d
o) = 215 (3 125+3- 113+3-01
Vi (i 2%) (i 2v4) i 2Ya
1
+ZTAh(31 2vi) log(3 i 2vi) + r(3 | 2vi); (11)

where h and r are holomorphic at the origin, extend analytically along any path
lying in Cn2YZ, and
R g,32ki1 . X pazk

hC)=£ LGkt @

(12)

where by, and di, are defined by Lemma 2.

In the next section we will usethe information about the Borel transform
of u to recover by Laplace transform the solutions u* and u' of Theorem 1.
These solutions will have the sameasymptotic expansion(namely u(z)), their
di®erencewill be related to the singularities of 0. The possibility of performing
Laplacetransform is guaranteed by the exponertial decay of 0. The exponertial
typej 1 implies that both solutions are ertire.

The statemert about the convergenceand the analytic cortinuation of
can be consideredas a de nition of a resurgert function with 2¥4Z as a lattice
of singular points. This property looks quite natural in the general context of
fcalle'stheory, but to our knowledgethis exampleof resurgencevasnot covered
by the already existing results.

In particular, the holomorphic star of 0 is Cn§ 2%i[1;+1 [: we must remove
the singular half-lines 2%i[1; + 1 [ and j 2¥i[1;+ 1 [ from the complexplane, and
we may identify the resulting cut plane to the \ 'rst sheet' of the Riemann sur-
face of 0. The analyticity of the Borel transform in the holomorphic star was
proven by V.Chernov [Che9g by an adaptation of Lazutkin's method which
gave the corresponding result for the Semistandard Map [Laz93. We will use
a di®erert method and obtain the analytic cortinuation not only in the holo-
morphic star but also along paths which may crossthe imaginary axis between
singular points, i.e. we explore the other sheetsof the Riemann surface of the
multiv alued analytic function Q.

We also provide the complete description of the singularity at 2%, which
forms the secondpart of Theorem 2 and which amounts to a \ resurgencere-
lation" in Bcalle's terminology | seeSec.4.2 and 5 for a translation in terms
of alien calculus. (Of coursethe singularity at j 2% can be deducedby real-
analyticity of 0.) This singularity will appearto be directly responsible for the
asymptotic equivalert (4) asz! j il , in which the exponertial e 27'% re® ects
the location of the singularity whereasthe term in z* re° ectsits strength.

10



According to Theorem 2, the singularity is the sum of a polar part and a
logarithmic term which we may identify to its variation h. Obserw that the
even part of h is simply the Borel transform of ' 1, up to a factor 1, whereasthe
odd part of h takesinto accourt only the negative part of the expansionof' ,,
the polynomial part of ' , being re®ected in the polar part of the singularity.
This correspondsto the natural extensionof the de nition of the Borel transform
to C[z][[z ]]: the power seriesin zi 1 were mapped to germslike h(3), which we
now identify to the corresponding logarithmic singularities, and polynomialsin z
are mapped to polar singularities. (The extension can be pursuedto deal with
much more generalformal objects and typesof singularity [Eca93 CNP93].)

In other words, the singularity of & at 2¥i can be viewed asthe Borel trans-
foomof £' ,+1' ;| a special solution to the formal variational equation (9).
Here £ and ! are \transcendenal” constarts. On the other hand ' 1 and ' »
represen the \elemenary part"of the singularity at 2¥: they are explicitly
computable and closelyrelated to u (one is the derivative of u and the other is
its companion linear solution) thus to the Taylor seriesof ¢ at 0.

This is afundamertal connectionbetweenthe behaviour of 0 nearits singular
points and near 0. This self-reproduction property is at the origin of the name
\resurgent".

1.4 Structure of the rest of the article

In the next section we use Laplace transform to deduceTheorem 1 from Theo-
rem 2. In fact a more re ned asymptotic formula for the di®erenceof the two
separatricesis obtained.

Sections 3{5 are dewoted to the proof of Theorem 2. They are somewhat
technical, but it was part of our purposeto provide all the details of suc a
demonstration, which may hopefully help other searters to understand and
apply resurgen tools in concrete situations. Only the holomorphic star of 0,
i.e. the “rst sheetof its Riemann surface,and the \nearby sheet$ are discussed
in Sec.3. The singularity at 2% is then examinedin Sec.4. In fact this part
of the work is sutcient to derive Theorem 1, but we give more insight of the
resurgent structure of the problem and complete the proof of Theorem 2 in
Sec.5 where a stronger theorem is formulated.

In Sec.6 we discuss numerical methods for evaluating the splitting con-
stants £ and t. In [HM93] and [Sur94], the relation betweenthem and the
asymptotic behavior of the coet cients a; of u was established;a more precise
knowledge of 0 enablesus to re ne the estimates.

11



2 Asymptotics of the separatrices and of their
difference

Laplace transforms of 0

Let us considerthe two Laplace integrals
Z ., Z

ut (z) = e *a@R)d3; ul (2) = e *0(3) dd: (13)
0 0

Since = Bu, they can be called Borel-Laplace transforms of u. It follows from
Theorem 2 that the integrals corvergefor all z and de ne two ertire functions.
According to classicalproperties of Laplace transform (seefor instance [Mal95]),
they satisfy the original equation (3) and sharethe sameasymptotic expansion

X
8+2]0;vf; 8%> 0;  uS(z) & Za—k in S8 :

2k ,p (14)
k, 1

where the sectorsS; | and S} | are dened as
S;,=fz2C; jargzj- Y%i tandjzj, %g; Sj,=fz2C; iz2S;,q

P Co :
The notation * (z) £ * »_. ",z " in 'S, for a subsetS of C, a function

dened in S and a formal seriesof C[z][[z! 1’11 meansthat for any integer N |

i No the function R, n(2) = jzj¥** 7 (2) i f:/_‘ o nZ' " is bounded" in S
Let us now form the di®erence
Z .,
w(z) = u*(2)j ui(2) = e *¢0(3) ds:

il

For large j Im zj the function under the integral oscillates rapidly. Since (@ ex-
tends analytically to the cut plane Cn8 2vi[1;+1 [, still with exponertial decay
atin nity, it is easyto seethat w(z) is exponertially small with respectto jIm zj.

Let £ %> 0 and pick z in S+ \ Sk W|th Im z < 0 (the caseof the symmetric
connected componert of the |ntersect|on where Imz > 0, could be treated
similarly or by symmetry). We can push the path of integration upwards and
apply the Cauchy theorem as long as we do not reach 2%: choosing » 2]0; 2%
and u2]7 i % 7[, we have

VA
w(z) = e *0() dd;

i »in

1in fact this notation can be given a more precise meaning: these are Gevrey-1 asymp-
totic expansions, i.e. the function R-y (2) is bounded by C' LN (N + no)! for some C and L
independent of N.

12



where j ¢y = fjRe3j = (j »+ Im3) cotpg is formed by two symmetric half-
lines meeting at i»; this path comesfrom €(7i 91 | goesstraight to i» and then
straight to €71 . The inequality Re(z3) , , »jImzj+ (1j ,)jImzjIm3, with | =
cot+ cotp 2]0; 1, showsthat €™ # jw(2)] is boundedin S7 \ S} \ fimz < 0g
with ¢ = | » arbitrarily closeto 2%

But we can deform farther the path of integration, crossingthe imaginary
axis between 2¥i and 4¥i and decomposing w into the cortribution of the sin-
gularity at 2% and an exponertially smaller term:

z z
w(z) = e ) dd + g *a(3) d?;
T i
with » 2]12%4%], p 213 i + %[, and a path °, coming from (™ 1, turning
courterclockwise around 2% and going back to (=i 91

By the same argumert as above, the integral on j ¢4 is bounded by an
expression conste’ 71'™ 2 put this time ¢ > 2%ican be made arbitrarily close
to 4% By virtue of Theorem 2, the integral on °y can be written as

Z el 74 1) q
£ e 27riz(di 224 + di 122 + dO) + @ 27iz g z&h(») d»;
0

i.e. the Borel-Laplace transform of £' , + ' 1 up to a factor & 27, Thus we
obtain the following proposition.

Prop osition 1
U (2)i Ui (2) T E 22+ 1 1(2) inS;,\ Sj,\ fimz<0g (15)

Coming badk to the additiv ely-parametrizedinvariant curvesp* (z) andp' (2),
we canwork similarly with the v-componerts v andvi which are Borel-Laplace
transforms of ¢(3) = € 0(3). Using the notations of Eq. (6), we obtain the

Prop osition 2
8+2]0,%4; 8%> 0;  p*(2) £ p(2) inSi,;

and

e (p*(2)i p' (2) T ENn(z)+1 3—2(2) inS; ,\ Si,\ fimz<0g (16)

o Mo T mL T
. _ 1 — 2 A L Lo .

with E - Al ;N = AZ ’ Az(z) Z(Z) | Z(Zl 1)

(We have usedthe fact that ' ; = @Qu, thus A= @v). Formula (16) describes
the splitting of the complex curvesW™* and Wi which are exponertially close
oneto the other. One can say that the constart £ describesthe normal compo-
nent of the splitting and * the tangent one (notice that the symplectic 2-form

du” dv yields 1 when evaluated on (§2(z); n(z))).

13



Non-vanishing of £

We will now seethat
12R; £ 2iR and Im£ < Q;
in particular u* and u' do not coincide. Notice that, since is odd,
ut (2) = ut(j 2):

The non-vanishing of u* j u' can thus be interpreted as a defect of evenness,
which turns out to be exponertially small for z tending to j i1 (or to +i1 ).?
but the di®erenceu®™ | ui is not small along the real axis.

Sincethe function 0 is real-analytic and odd, it is purely imaginary on the
imaginary axis. In view of Theorem 2, sincethe coetcients b, and d; are real,
this implies that the constart £ is purely imaginary whereas! is real.

Now suppose£ = 0. We will reach a cortradiction. Indeed in that caseit
follows from Theorem 2 that @ would be bounded on the segmen [0; 2¥4[. Thus
the function O(») = in(i») would be bounded on the interval [0;2¥f. But it
satis es the corvolution equation

(asin® 2)0(») = (0 20)(»)

which can easily be derived from Eq. (8). Therefore the left-hand side of this
equationwould tend to zerowhen»! 2%, This isimpossible,becauseaccording
to the last statemert of Lemma 1, 0 is positive on ]0; 2%, sothe right-hand side
is positive too.

Moreover, sincet(i») = j i0(») with O positive, the coetcient *2%2 of the
leading term must be negative, hencelm £ < 0.

Obsene that in that chain of reasoningquite a preciseinformation on the
structure of the singularity at 2¥i was needed: we had to usethe fact that the
vanishing of the leading term would imply the vanishing of the whole polar part
and even the boundednessof 0 near 2vi.

Unicity

To complete the proof of Theorem 1 there remains only to ched the unicity
statemert about u* and ui . It is sutcient to treat the caseof u* only.

Let zo > 0. For n 2 N°, we dene A,(zo) to be the spaceof all functions
U:[zo;+1[' C suc that the quartity

juin = supfjz"u(z)jg

z, 20

21t is obvious on Eq. (3) that wu(j z) is solution whenever u(z) is solution. This symme-
try property for the equation corresponds at the level of the map H to the existence of a
\rev erser’|lan  involutiv e transformation which conjugates H and Hi 1.
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is "nite. It is sutcient to show that, for zg large enough, any two solutions of
Eq. (3) such that u(z) + 6zi 2 2 A4(zo) must coincide.

Lemma 3 Forn 2 N7, the formulas

X X
Sou(z) = u(z+ k); Siu(z) = j u(z+ k) ann
k, O k, 1

define two operators Sg; Sy Ans1 (20) ! A, (20) such that, for allv 2 A1 (20),
Up = SpV and U; = SV are the unique solutions in A,(Zo) of the first-order
finite-difference equations

ui(2) i uw(zi 1)=v(z2); uo(z+ 1)i uo(z) = v(2): (18)
Moreover

. 1. . L. 1 1. .
iS1viip - AV 1Sovin - (Z—0+ H)IVJlnﬂ-

Proof. Clearly the sumsin (17) cornvergeand de ne solutions of (18). Moreover,
forz | zo, 7
+1

(z+k)yimit. _odv i:
e 1 0 (Z + t)n+l nzn

The result follows for S;, and for Sy (becausez! ! | z} h. 2
Supposenow that u and u® solve Eq. (3) and satisfy
uz)=i 6z' 2+ 0(z'4; u¥z)=j 62 2+ 0O(z' %):

Consider the functions v(z) = u(z) i u(zj 1) andv%z) = uqz); u%zi 1), so
that (u;v) and (u%v9 are solutions of (2). We have

= U0 u2Ay(z0); #v= V0 v2Ay(z0);

and
H= S;#v; v =i So((u+ uY+u):

Therefore, in view of Lemma 3,
. 1.1 1. .
-+ (= — +H .
Bl Z(G+ iU+ u%+uje;

and j(u+ u92ujs - ju+ uYajrujs with ju+ uY, ! 12asz tendsto innity.
We concludethat j+ujs = O if zg is large enough.

15



3 First sheets of the Riemann surface of O

We now beginthe proof of Theorem 2. Let R bethe Riemann surfaceconsisting
of all homotopy classe3 of paths issuing from 0 and lying in Cn2YiZ (except
their origin). The natural projection 3 2 R 7! 3 2 (Cn2¥Z)[ fOg (3 is the
extremity of any path represetting 2) is locally biholomorphic in a neighborhood
of every point. One can alsosay that R is obtained by adding the origin to the
main sheetof the universal covering of C n 2¥iZ.

In this sectionwe provethat 0 convergesand extendsanalytically in the main
sheetof R andits rst half-sheets,i.e. the half-sheetswhich canbe reached from
the main sheetby crossingthe imaginary axis exactly once.

Let us introduce notations for these subsetsof R. The main sheet R,
which is of courseisomorphic to the cut plane Cn§ 2¥4[1;+ 1 [, can be de ned
as the subset of homotopy classesof paths issuing from 0 and lying in Cn
§ 2%[1;+ 1 [. The union of R©® and the \nearby half-sheets" will be denoted
by R : it is the setof homotopy classe®f paths issuingfrom 0, lying in Cn2%Z
and crossingthe imaginary axis at most once. We arrive to a nearby half-sheet
when we follow a path which crossesthe imaginary axis betweentwo singular
points. We arrive to di®eren sheetsof the Riemann surface when we pass
between di®eren singularities. Thus there are in nitely many nearby half-
sheets.

For a given analytic germ at the origin, saying that it extendsto an ana-
lytic function on R (resp. R, resp. R®W) amourts to saying that any path
which represers an elemert of R (resp. R©, resp. RM) is a path of analytic
cortinuation for it. Our rst goalis thusto prove the

Prop osition 3 The formal Borel transform O is convergent at the origin and
defines a holomorphic germ which extends analytically to RW with exponential
decay at infinity on each half-sheet of RW .

The seriesti(3) 2 C[[®]] is de ned by Formula (7) asthe formal Borel trans-
form of u. But in order to study it outside its disk of corvergence the inductive
computation of its coet cients a; doesnot help much. This is why we will use
an alternativ e represertation of 0, expressingit as the limit of someiterativ e
scheme at ead step of which properties of analyticity can be chedked in R® .
The proof of Proposition 3 will follow from the uniform corvergenceof the
scheme (on a system of subsets,the union of which coversR®).

3.1 [Iterative scheme
One can guessthat the lattice of singular points 2viZ stemsfrom the division
by € 2+ e ¢ = 4sinh®§ in Eq. (8). To exploit that idea, we Tst dene a
new unknown series¢ by

a() =i 6+ ¢C):

3When speaking of homotopy of paths, we always refer to homotopy with xed extremities.
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It follows from Lemma 1 that ¢ is the unique seriesin 33CJ[[3]] such that | 6° +
¢(3) solves(8), i.e. such that ¢ solvesthe cornvolution equation

i 12 00= Wi Yav; (19)

where ®() = 4sinh’ § and Wo(®) = 6[®(3) i 27].
Let usintroduce someauxiliary meromorphic functions:

_ 1 )
(3) - 23‘2Cf3g;
®(3)
Ye) 3cosh§ (3 + 2cosit §) 231 5¢t3g
2sinh® §
4+ 11costH §
Z() = j3Y(@e)+ * 2 32Cf39:
sinh* §

R R
We will denote by ,f the formal seriesor the function 3 7! ch (31) d34,
whenever f is a formal series(f 2 C[[2]]) or a holomorphic function (f 2 Cf3g).

Lemma 4 (The operator E) The operator
V233CcE) 7! W=@0; 12 aY¥ 235C[2]]

18 tnvertible and its inverse E can be expressed as
1 z 1 z
Wasscpp 7 EW="W+ =z YW; =y zW:
12 12
If\W 2 3°C[[3]] with n | 5, E:W 2 3ni 2C[[3]].
If\f\\/ 2 35Cf3g and if the germ defined by W eztends analytically to R®
(resp.to R ), E:W 2 33Cf3qg and the germ defined by E:W extends analytically
to RM too (resp.to R).

Proof. Let W 2 35C[[3]]. In order to nd ¥, we usethe change of unknown
function ¥ = ~F and we di®eretiate twice the operator that we want to invert;
) 2 33CJ[[3]] is solution of

& 1200 =W
if and only if
F=@V235C[#]] and F% 127F=W®® (20)
One chedks easily that y = ®Y=122 3i 3Cf3gand z = ®Z=122 34Cf3g are

independert solutions of the corresponding homoggneousequation f 00 127f =
0, with Wronskian yz°; y% = 1 (in fact z =y ,yi ?). Thus, whenewer g 2

17



R R
33C[[2]], the solutions of f % 12°f = g gye the sggiesf = iy 8zg+ Z ,y9+

C1y + 20, and amongthemonly f = jy ,zg+ z yg liesin 3>C[[?]].
Hencea unique solution for (20):
z z z z
F=ijy zW% z yW%=;y zW+z YW+W
0 0 0 0

(the last identity stemsfrom a double integration by part). Multiplying by —,
we obtain the desiredformula for V.

The property of decreasingthe valuation by 2 at most is easily cheded.

If W is a convergert power-series,sois V. The analyticity in R® or R is
presened becauseY and Z are meromorphic with polesin 2%Z only. 2

Lemma 5 (Algorithm for the 0°s) The formulas
2 Wo = BF®C) i %2 3°C[P]];

2 ¢, = E:W,; n, 0
X
2 W, = Uy 80,5 n, 1

5

nitny=nj 1
define inductively two sequences of formal series satisfying
8n . 0, on 2 32n+3 C[[3 ]], Wn 2 32nt5 C[[B]],
and such that the unique nonzero odd solution of (8) is
X
0G3)=j 6 + ¢.(3):
n, 0

Proof. The properties of the operator E ensurethat the seriest,, and ¥,, are
well de ned by induction, with valuations bounded from below as indicated in
Lemma 5. Thus the seriesof formal series

X X
¢ = ¢, and W= W,
n, 0 n, 0

are corvergert in C[[3]]. We have
¢233C[[E] @ 12 00=wW and wW=woj ¢o¢

by construction, hencethe result follows. 2

It is a well-known result of Resurgencetheory that, if two germs extend
analytically to R, their convolution product has the sameproperty. (We will
recall the reasonwhy this is soin Section 3.3.) This fact and the last part of
Lemmad4 show that eat power-seriest,, or W,, hasnonzeroradius of corvergence
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and de nes a germwhich extendsanalytically to R, sincewe start with Wy which
corvergesto an ertire function. We won't try to prove the corvergenceof the
series ¥, in the whole Riemann surfaceR now, but we retain that ead term
extends analytically to R® .

gn order to prove Proposition 3, it is thus sutcient to study the corvergence
of ¥, asa seriesof holomorphic functions in R®.

3.2 Analytic continuation in the main sheet

For ¥2]0; ¥#2[, we de ne D, to be a closedsubsetof C obtained by removing
the open disks of certer § 2% and radius Y2and all the points which are \hidden"
by those disks from an obsener basedat the origin:

D,=Cnft3t2]+1[;32D(82%;%)0:
The main sheetof R obviously coincideswith the union of all these sets.

Lemma 6 (Initial bounds) For any Y2 2]0;Y#2[, there exist positive num-
bers C;Co such that

8
< @) - @R
82D,nf0g; . jY©®)j - ¢3ji 3

iZC) - o’
and
. . 2
832D, %) - co?:
Proof. Let ¥%2]0;¥#2[. We obsene that 8% 2 D,, Re? | 92”74]3j. Let us
p?+4 m?

‘rst considerthe functions , Y and Z: they are analytic in D,, exceptat the
origin for — and Y which have polesof order 2 and 5 there, whereasZ hasa zero
of order 2 at the origin. On the other hand thesefunctions decay exponertially
when j3j tends to in nit y (with 3 remaining in D,), because

lim e¢7¢) = 1
Re ¢! §1
lim €e°Y@®E) = 12
Re ¢! §1
lim 311ef¢z(3) = {12
Re ¢! §1

and exponertial decay with respect to jRe3j in D, meansexponertial decay
with respect to j?j, henceghe result.

Now 0o = "Wo+ 5Z YWoi 7Y ,ZWo, Wherewy is an ertire function
of order 1 satisfying

lim 3i Lai BO i (3) = 6
Re ¢! §1 o(®)
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Thus Wo(3) - constj3jdRe d for j3) > % On the other hand Wy(3) = O(39)
near the origin. From that we deduceinequalities

jYWoj - const(1+ j3j) and jZwyj - const(j*j? + j3j’) in D,
which show that ¥,(3) - constj3j® for 3 > % And the proof is complete since
%(%) = O(?). 2
Lemma 7 (Bounds in the main sheet) Let ¥%2]0;Y#2][.
(a) If F and G are holomorphic functions in D, which satisfy
892D, (FC)i- F(?) and jGE)i- G(j);

where F and G are continuous functions on R* , their convolution product Fol
is holomorphic in D, and satisfies

82D, [(FaG)(®)j- (Fao(j)):
(b) IfW is holomorphic in D, and satisfies
82D, WE)- CRj

for some real C > 0 and integer ® , 5, the function E:W is holomorphic in D,
and satisfies

82D, JEMW)E)- 2¢Cjj i?

with € as in Lemma 6.

R
Proof. Part (a) is quite obvious since (F e G)(3) = 3 JF(3)E((Li t)°)dt.
Let ¥%2]0;v#=2[ and W, C, ° asin Part (b). For 3 2 D,, we can write
(E:W)(3) asthe sum of three terms:
VA Z

3 1 3 1
EW) = " OWe) + 28 Tavewana 0 azewe)a

12 12
By virtue of the previous lemma, the st term is bounded by c?Cj3j¥i 2, the

secondoneby lz(czuiic@jﬁ”i 2 and the third oneby ufiifs)jﬁ”i 2 hencethe resul;.

Lemma 8 (Convergence in the main sheet) Let %2]0;¥#2[ and c;co > 0
as in Lemma 6. The formulas
X %
c = CriCrpi G = 57Cpi N, 1

nitnz=nj 1
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define inductively two sequences of positive numbers satisfying
j3j2n+3 0 j3j2n+5
e~ d jw,(®)j- ¢ ——=:
Zn+ 3 IO GG
The series of functions ¢, converges uniformly in D, to a holomorphic func-
tion ¢ and 00 = j 6% + ¥ has exponential decay at infinity in D,.

83 2 Dp, Jon(s)J - Cp

Proof. Taking into accourt the bound for vy which is provided by Lemma 6, we

in Lemma 8 for somen , 1. The desiredbound for W,, is obtained by Part (a)
of Lemma 7, since
32n1+3 32n,+3 32n+5
a = .
2n1+3) (2n,+ 3)!  (2n+ 5!

Then we derive the bound for ¥, by Part (b) of Lemma7, since(2n+ 4)(2n+5) ,
42.

n+n;=nj 1 )

P
Let , = 4c®=21. The generating seriesc(X ) = n 0CaX" is easily com-
puted: ¢(X) = ¢ + X ¢(X)?, thus

1i (1 co,X)¥2
< :

It de nes a holomorphic function on the opendisk of certer 0 and radius (¢, )i 1,
which is boundedon the closureof that disk, thereforec, - const(cy, )™ for all
n, 0. Frgm that we deducethe uniform convergenceof the seriesof analytic

c(X)=2

5

functions ¥, in D, and an exponertial bound for the sum:
822D, j0()j- constel®N id:

For 0(®) = i 6 + ¥(*) we can choose ¢ = (co, )Y/? and write joa(3)j -
constj3j €% in D, (since 6(3) = O(3)). But we can improve this bound by
consideringthe equation we started with:

8 2D,nf0g 0()=i (®)(@=0)(®):

We know indeed that, if j3j > % j~(3)j - constel Re¢ 4 and jRe3j , 243j
in D, with £= (% + 4¥8)i /2442, Let usintroduce a number C > 0 sud that

8 2 D,; j3j2j_(3)j . Ce -
We now seethat any exponertial bound
822D, ja()j- Coj*je’d;
with Co > 0 and ¢ 2 R, implies j(a 2 0)(3)j - $2j2j° €79, and thus
82D, jo(d)j- Cglcjsje(fi 8)idj-

This allows to decreasethe exponertial type ¢ inde nitely , and we conclude
that for all ¢ 2 R, the function j3ji 1 e ¢ jo(3)j is boundedin D,,. 2
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3.3 Analytic continuation in the nearby sheets

We now explore farther the Riemann surface R, but still progressiely. With
respectto Section3.2, somemore geometricalfacts are involved, but the analysis
is quite similar.

Let M 2 N* and %2]0; -22-[. We dene the disks Dy,...,D 1 and the
opposite disks D; 1,...,D; a1 by

D, = D@2Yam;m%}; D; , = D(i 2Am;m%}; m= 1111 M:

We dene D, ) to be the closedset obtained by removing from C all these
disks: 3 [ ‘
Dp,]\l =Cn Dm, :
i M- m- M, m860

We de ne R;l’)M to be the subsetof R® consisting of all the points 3 which
can be represerted by a path contained in D, 5, and such that the shortest such
path ° is either

1. a straight segmet;,

2. or the union of a straight segme issuing from the origin and tangent to
somedisk D, (i M - m - M, m & 0) and of an arc of the circle @,
endingat 3, and werequirein that situation that the half-line L () tangert
to °. at 3 and going badkwards be cortained in D, ys;

3. or the union of a straight segmen issuing from the origin and tangent to
somedisk D,,, (i M - m- M, m & 0), of an arc of the circle @,,, and
of a straight segmen S(*) tangert to D,,, ending at 3 and sudh that the
half-line L (3) which extendsS(3) backwards from 3 be contained in D, ».

In the st case? liesin the main sheetR©@ , but in the last caseit lies in the
half-sheetcortiguous to R corresponding to one crossingof [2¥im; 2vi(m+ 1)[
if m, 1(of ]2%(mj 1);2¥im[if m - j 1). In fact only a sectorof this half-sheet
is accessiblebecauseof the restriction L(3) ¥2D, s (seeFig. 2).

We have by construction

[
1) — @ .
RW = RO
p210,7/2[, M2 N®

We now fiz for the rest of this section M 2 N°_and %22]0; zfﬁ[ Our goal is
. ) ) 1
to prove the uniform convergence of the series ¥, in RE))M

We needto recall how one follows the analytic cortinuation of the convolu-
tion product of two holomorphic functions of R, and to exhibit bounds which

generalizePart (a) of Lemma 7. To that end we de ne, for ead 3 2 RS’)M,
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Figure 2: The paths °
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a particular path j . which is homotopic to ° and represerts thus the same
point 3.

The path j ¢ is obtained by a deformation of °. which makesit symmetri-
cally cortractile. One can visualize its construction by letting a point 3; move
along °, from the origin to 3, the point 3; remaining connectedto the ori-
gin by an extensible thread, and imagining "xed nails pointing upwards at the
points of 2%4Z, with diameter 2jmj%for the nail at 2miY4 and moving nails
pointing downwards at the points of 3; + 2%4Z (with diameter 2jmjYzfor the nail
at3;j 2mi%) betweenwhich the thread is stretched progressively when3; moves
along °.: at the end of the process®; hasreached?® and j . is the thread under
its “nal form. (One can think that the "xed nails remain on a "xed rule, and
the moving nails are fastenedto another rule which is parallel to the rst one
with reverseorientation and which is trailed by 3; in its motion.) Notice that
at eadh momen of the processthe thread between the origin and 3; remains
symmetric with respectto its midpoint, thusi ¢ is symmetric and symmetrically
cortractile.

The previous construction appliesto paths which are more generalthan the

paths ° and which lead to points lying in R but not necessarilyin R(pl’)M. In

our case,for a given point 3 2 RS)M, the resulting path i ¢ is easily described
accordingto the three possibleshapesof ° - (seeFigure 3):
2 in casel above, j ¢ coincideswith °;

2 in case3, if m 1, the path j . starts from the origin by a straight

B

segmem, meandersbetweenthe disks® i D,,, D1,...,%i Dy &, Dg+1,
.., 3j Dy, D,, (in that order) and endshby a straight segmei leading
to 3; moreover it is the shortest such path (if m - 1, D,,; x must be

replacedby D+ (1- k- mj 1) in the previous sertence); it is thus a
successiorof straight segmers and arcs of circle;

2 in caseZ2, the description is the sameasin the previous caseexcept that

of tangencies(with the convention Dy = f0g).

The paths °¢ and j ; can be viewed as subsetsof RS,)M rather than subsets
of D, ar (i.e. we identify them with their lifts in R). Sincej . is symmetrically
cortractile, one can follow the analytic cortinuation at 3 of the corvolution
product F aG of two germsF; G which extend analytically to RE}) , and write
it as Z

(Fr)() = FE)GE2) dy;
i
where 3, is determined as the symmetric point of 3; onj ¢. Let usdenoteby s,
the curvilinear abscissaon j ¢, by M the corresponding parameterization of j .
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and by "(3) the length of j .: we have "(3) = s¢(%) and the maps

Y . a2 |
ic it OGN g 0;°¢) ! i

3. 7] S¢(®1) S 71 M(s)

are mutually reciprocal. The formula for the analytic cortinuation of the con-
volution product may be written
2o : S M.
: ¢ ¢ dm
(P ad)@) = E'M(s) 6'M (@) s - s
0
Lemma 9 (New bounds for the convolution) IfF and G are holomorphic

functions in R( v which satisfy
1 . . N . . N
8 2R, JFE) - FCE) and j6C)i- GCE)):
where F and G are continuous increasing functions on R*, their product of
convolution F o é, which is holomorphic in RE}’)M, satisfies
1 : . .
8 2R, (P b)) (FeQ(e):
Proof. The description of j . given above allows oneto ched that
8 2R i %R,
and .
8 2RV 81276 (1) scCu): (21)

The conclusionthen comeseasily: since F and G are increasing, for 3 2 RE?M
we have

Z 4
i(Fal)@) - , FCM(S))GC(M(C(B)i s)ds

Z 4
F(sc(Mc(8))G(sc(Mc(C()i s))ds= (FeGQ)( (?)):

2

Note that in this approacd the inequality (21) is essetial, but we know how
to ched such an inequality only for points in R( ) . One may then wonder
whether it is possibleto explore farther the Rlemann surface R by a similar
method or whether we are conned to the nearby sheets;we show in Section 5
how to bypassthe ditcult y in order to explore every sheetof R.
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Lemma 10 (New bounds for the operator E) There exist C;co > 0 such
that:

(a) 8 o
P WO R W L
8 2R L YR - ()

CZE)N - ()%

and Cav3
83 2 R(pl.,)Mi %(®) - G (3!) ;

) 18 holomorphic in . and satisfies
b) if W is hol hic in R\, and satisfi
& 2R We)- ce)

for some real C > 0 and integer ° 5, the function E:W is holomorphic

5

m R?M and satisfies
82 2 R JEMW)E) - 22C ()1 %
Proof. One cheds the existenceof a number - > 0 such that
& 2R () -3+ 1)
On the other hand, for 3 2 RS)M we havejéj - (®) and
Bi- %) 22RO ) )=

Thus Part (a) of Lemma 10 follows from Lemma 6.
Let W, C, © asin Part (b). The formula for the analytic cortinuation of E :\W

at a point 3 of REJl,)M may be written

(EW)E) = TEeWE) )
1_,. Tu0 *dM,
"‘1—22( ) . (YW)(MC(S)) EI ds

Z 3
1 , £(6) dM .
. 712\(() i (ZW)(M(s)) 0 ds:

Let us treat separatelythesethree terms, using the inequalities of Part (a):

{ the rst term is bounded by c>C*(3)i 2;
{ we obsene that

J(YW)(M(s)j - cC'(M(s)"1® - cCs” ®
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becauseof the inequality (21) and the hypothesis® , 5, thus the secondterm
is bounded by 12?2”7?4)‘(3)14 2.

{ analogously

B

JZW)(M(9))j - €C (M((s))"*? - cCs™?

thus the third term is bounded by lzfzy—fg))‘ﬁ)”i 2,
Hencethe desired bound for j(E :W)(3)j. 2

Lemma 11 (Convergence in the nearby sheets) Let ¢c;co > 0 as in the
previous lemma. The formulas

o X

C, = CniCnyi Cn =

nitnz=nj 1

0.
—C; s
21"
define inductively two sequences of positive numbers satisfying
‘(3)2n+3
(2n + 3)!

~(3\2n+5
and 0, ()] €AV

s2RW . 0.0)) - . M
8 p,M’ J ’I'L( )] CTL n(2n+ 5)|

p
The series of functions ¥, converges uniformly in Ri)l)M to a holomorphic
function ¢ and 0 = | 6% + ¢ has exponential decay at infinity in R(pl’)M.

Proof. The desiredinequalities are obtained exactly in the sameway as those
of Lemma 8. This provesthe convergenceof the seriesof functions ¥, and

0 is thus holomorphic in RE}’)M with an exponertial bound
82 2R j0()j - const(3) €19

where¢ = (4coc2=21)'/2. As in the end of the proof of Lemma8, we canimprove
this bound and decreasethe exponertial type ¢, but this time the implication

. . . . . Co.

8 2 R0 () - Co' ()9 ) & 2RV, je)()j - 1 () e
is ensuredby Lemma 9 only for ¢, O; introducing numbers + C > 0 such that
8 2R, ()4 ()i Ce M
we thus can reach jO(3)j - const’(3) el7i 4O with ¢ > 0and ¢ j =< 0, but

we must then stop. (In fact, it is a consequencef the resurgert properties of 0
explainedin Section5 that it hasexponertial typej 1 in RS}M too.) 2

This endsthe proof of Proposition 3.
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4 First singularity of O

The aim of this section is to prove the statemert concerning the singularity
at 2vi of & in Theorem 2 (Formulas (11) and (12)).

4.1 Shape of the singularity

Proposition 4 There exist As;Az; A1 2 C and h(»);r(») 2 Cf»g such that
h(0) = 0 and
As . As  Ag . 1

02Yi+ ») = —

NG Il th(») log»+ r(»);

for3 = 2%+ » close to 2¥4 on the main sheet.

For the proof of this proposition, we will ysethe samenotations asin the
previous section: 0(3) = i 62+ ¥(3) = j 63+ ¢,(3), and obtain by induction
the shape of the singularity at 2¥i for ead ¢,. The property of convergence
establishedin the previous sectionwill then yield the result. Let usintroducea
de nition designedfor our purpose:

2 Wesay that agermF 2 Cf3gisoftype(j 1) if it is odd and of valuation 5
at least, and if it extendsanalytically to R® and can be written

B, HE i 2v)

o i log(3 | 2v4) + R(3 | 2v4)

Pe) =

in a neighborhood of 2% on the main sheet,where B 2 C, and B and R
are holomorphic at the origin with H(») = C»+ D»® + O(»°) for some
C;D2C.

2 Wesay that agermF 2 Cf3gisof type(j 5)if it is odd and of valuation 3
at least, and if it extendsanalytically to R® and can be written

. B C D
A e A cr T EMER
+ HEe D 24 log(® i 2vi) + R i 2Yi)

2%

in a neighborhood of 2¥4 on the main sheet,where B;C;D 2 C, and ¥
and R are holomorphic at the origin with K (») = O(»).

Remark. One can rephrasethe above de nition using the alien derivation ¢ oy
of Resurgenceheory. More details will be givenin Section5, but we canalready
merntion that this operator measureghe singularity at 2% of the Borel transform
of a given series (using the Borel transform, with the extended cornventions
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indicated at the end of Sec.1.3, to encade the singularity): an odd germ F 2
Cf3g corresponds to an even formal seriesF(z) 2 C[[zi !]] via formal Borel-
Laplace transform, and the requiremerts on the shape of the singularity at 2vi
amourt respectively to the conditions

¢ 2iF = 2ViB + H(z); H(z)= Cz 2+ 3Dz *+ O(z' ®) 2 C[Z][[z' ]];

and

1, 1, 1
¢ oniF = %‘Bz‘w 27?sz+ %?D + H(2); H(2) 2z 2C[[z ']:

Lemma 12 (Transformation of singularities) The convolution product of
two germs of type (i 5) is of type (i 1), and the image by the operator E of a
germ of type (i 1) is of type (j 5).

Proof. Let us consider two germs F; and F, of type (j 5): their convolution
product G is odd and of valuation 7 at least, and it extendsanalytically to R® .
One chedks that its singularity at 2% hasthe desiredform by a direct analysis
of the corvolution integral, writing it as

Z
Ge) = FiC)F2(3 i 21) ey +
¢/2

Z¢
Fi(® i 22)Fa(32) 03,
¢/2

like in the proof of Proposition 5 below.

Alternativ ely one can use the framework of Resurgenceand the important
fact that the operator ¢ ,,; satises the Leibniz rule: the formal seriesG(z)
assaiated with G(3) is the product of the formal seriesF; and F, assaiated
with our germs,

€ 24iG = F1¢ 24 F2 + F2C 24 F1;
and for j = 1;2 we have Fj(z) = O(z' #), even, whereast¢ ,.iF;(z) = B;z* +
C;z?+ D, + O(z' 2) for somecomplex numbersB;; C;; D ;, hencethe result.

Let us now considera germ F of type (j 1). We have already noticed that
G = E:F is of valuation 3 at least and extendsanalytically to R®; its is easily
seento be odd. Let us study its singularity at 2%i. We usethe expression

Zs VA .
G=Y yi?2 yF% with y= @Y=12
0 0

which can be cheded from the proof of Lemma 4. For » small and such that
2Yi + » liesin the main sheetR© | we can write

I'—AO((21[1+ ») = ox»l S+ an 14 »(@+ O(»z)) log»+ reg(»);
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where the stars @ stand for some complex numbers and reg(») denotes some
regular germ. But y(2¥i + ») = ax» 3(1+ O(»?)) is odd, thus

(y¢09(2%+ ») = onS+ond+onid3+onil2sanl

+(a»' 2+ reg(»)) log» + reg(»)

and Z
( yI'—AO(j(21[1+ ») = » 5(l:!+ O(»z)) + »i 1reg(») log »:
0

Now yi 2(2¥i + ») = o»5(1 + O(»?)) is ewen, thus (yi 2 Ro yFOY(2vi + ») =
»(a+ O(»Z)) + »°reg(») log »,
s Z 4
yi 2 y[—AOO ¥+ ») = o+ a»? + O(»4) + >>6reg(>)) Iog»;
0 0

and sinceY (2% + ») = ox»i 3(1 + O(»?)) is even, we concludethat
é(2%+ ») = ox»l Stoni 3+ anly »reg(») log» + reg(»)

as required. 2

Since Wy extendsto an ertire function, it follows easily by induction that
ead ¥, is of type (j 5) and that ead w,, is of type (j 1). Thus there exist
sequencef numbers (A(S")), (Aé”)) (A") and sequencesf functions (h(™),
(r(™) holomorphic near the origin sud that, for all n, 0,

(n) (n) (n)
¢ (2Y+ ») = 55 Az + Ay + i
»

»3 » 2Yi

h(m (») log» + r(m) (»);

for 3 = 2Vi+ » closeto 2vi on the main sheet,with h(")(0) = 0.
For any n , 0, the function h(™ is nothing but the \variation" (or mon-
odromy) of the singularity of ¢, around 2%i:

h(n)())) = On(21/4 + ))) | On(zj/‘i + )):ei 27Ti)

for 3 = 2i+ » closeto 2% on the main sheet, if we denote by 2% + »:€ 2™ the
point of R with the sameprojection onto C but lying in the sheetimmediately
\b elow" the main one(i.e. 3 is represered by the segmen [0; 3], but 2Vi+ »:ei 27
is representied by the path which beginsby the straight segmen and cortin uesby
a clockwise-orierted circlgaround 2%). But then Lemma 11 implies the uniform
convergenceof the series  h(™ in a disk D (0; %) certered at the origin and of
sutciently small radius %: X
h= h(™
n, 0

is holomorphic at the origin and satis es h(0) = 0.
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Now considerthe functions

() pAlm Al
0:(»): »55 + )3’3 + )l) +r(”)(»)

for n pO they are holomorphic in the pointed disk f 0 < j» < Y g and the
series ¥ is uniformly convergert in the annulus D (0;%) n D(0;%} for all
15210; Y[; its sum

X . 1
¢ (») = ) OO‘n(») = ¢2Vi+ ») | ﬁh(») log»
is holomorphic in the pointed disk D(0;%) nf0g. Writing the coet cients

AL AL Al asCauchy integrals involving 92, we thus deducethat the series

n?

X (n) X (n) X (n)
A5 = A5” ) A3 = Asn X A1 = Aln
n, 0 n, 0 n, 0

arecorvergert. Observingthat the function » 7! ¢°(»)j As» 5 Az»i 3j Ap»i 1
is regular at th