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Abstract

We study two complex invariant manifolds associated with the para-
bolic ¯xed point of the area-preservingH¶enon map. A single formal power
series corresponds to both of them. The Borel transform of the formal
series dē nes an analytic germ. We explore the Riemann surface and
singularities of its analytic contin uation. In particular we give a complete
description of the \ ¯rst " singularit y and prove that a constant, which
describes the splitting of the invariant manifolds, does not vanish. An
interpretation in terms of Resurgencetheory is also given.
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1 Presentation

1.1 Separatrices of the Hénon map

The quadratic area-preservingmap of C2 dē ned by

H :
µ

u
v

¶
7!

µ
u1 = u + v ¡ u2

v1 = v ¡ u2

¶
(1)

can be consideredas a particular caseof the celebratedH¶enonmap. The origin
is a parabolic ¯xed point of H . We will be interestedin two invariant curvesW +

and W ¡ , which we call \stable and unstable separatrices" for the discrete-time
dynamical systemdē ned by the iteration of H , becausethe ¯rst oneis attracted
and the other one repelled by the origin.

We will seethat the curvesW + and W ¡ can be naturally parametrized by
a complex variable z, with well-dē ned asymptotics asRez ! + 1 for W + and
Rez ! ¡ 1 for W ¡ . A single asymptotic seriescorresponds to both separa-
trices but in di®erent domains of the complex plane. The intersection of these
domains contains two connected components, where for j Im zj ! 1 the dis-
tance between the corresponding points is exponentially small. Our aim is to
study this phenomenonasymptotically. Our approach is basedon an application
of Borel summation to the divergent asymptotic series.

When an invariant curve is given by a parametrization (u(z); v(z)) , with z
varying in some subset of C, we will say that it is additiv ely-parametrized if
H (u(z); v(z)) = ((u(z + 1); v(z + 1)), which amounts to the following system of
¯rst-order ¯nite-di ®erenceequations:

½
u(z + 1) = u(z) + v(z + 1);
v(z + 1) = v(z) ¡ u2(z):

(2)

The ¯rst equation, which re° ects the identit y u1 = u + v1 in (1), enablesus
to eliminate the v-component; the system then reduces to one second-order
di®erenceequation for the u-component:

u(z + 1) ¡ 2u(z) + u(z ¡ 1) = ¡ u2(z): (3)

We will deal mostly with the solutions of Eq. (3), and restore the corresponding
v-components by v(z) = u(z) ¡ u(z¡ 1) when willing to comeback to additiv ely-
parametrizedcurves. Our main result on the separatricesof H canbeformulated
in terms of two special solutions of Eq. (3).

Theorem 1 Equation (3) admits a unique solution u+ in R+ such that u+ (z) =
¡ 6z¡ 2+ O(z¡ 4) as z ! + 1 , and a unique solution u¡ in R¡ such that u¡ (z) =
¡ 6z¡ 2 + O(z¡ 4) as z ! ¡ 1 . These two functions are real-analytic and extend
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to entire functions of the complex variable z. There exists a complex constant £ ,
Re£ = 0 and Im £ < 0, such that

u+ (z) ¡ u¡ (z) = e¡ 2πiz z4

84

¡
£ + O(z¡ 2)

¢
as z ! ¡ i1 : (4)

Notice that in the unicit y statements no assumption on smoothnessof solu-
tions is necessary.

We eliminated the freedom in the choice of the parametrization by the
asymptotic condition. Indeed, whenever a function u(z) is a solution of (3)
the function u(z + a(z)) solvesit too, provided a is a 1-periodic complex valued
function. The absenceof terms in z¡ 3 eliminates this freedom.

The prescribed domain of dē nition R+ (resp. R¡ ) can be replacedby any
real interval [z0; + 1 [ (resp. ] ¡ 1 ; ¡ z0]), since the equation itself allows to
propagatethe dē nition of any solution towards the left or the right. Analyticit y
propagatesas well. This can be usedto obtain entire functions.

More can be said about the asymptotic behaviour of thesespecial solutions:
the expression¡ 6z¡ 2 is nothing but the ¯rst non-trivial term of an in¯ nite
asymptotic expansion. This expansion is asymptotic for both u+ and u¡ at
in¯ nit y in large sectorscontaining R+ and R¡ , respectively. The intersection of
the sectorshas two connectedcomponents, one of which contains the negative
part of the imaginary axis. The last statement of the theoremyields an exponen-
tially small but nonvanishing asymptotic equivalent for the di®erenceu+ ¡ u¡

along iR¡ . We will be able to supplement the ¯rst term with an in¯ nite asymp-
totic expansion | SeeProposition 1 on p. 13 below. The way we normalized
the constant £ , dividing by 84, has no particular meaning at this stage. Later
on £ will be interpreted as a \ splitting constant".

It is easy to check that the invariant curves associated to u+ and u¡ are
the separatricesof H . Let us set v§ (z) = u§ (z) ¡ u§ (z ¡ 1): we obtain two
additiv ely-parametrized invariant curvesof H dē ned by

p+ (z) =
µ

u+ (z)
v+ (z)

¶
and p ¡ (z) =

µ
u¡ (z)
v¡ (z)

¶
;

with the property

u§ (z) = ¡ 6z¡ 2 + O(z¡ 4); v§ (z) = 12z¡ 3 + O(z¡ 4); z ! § 1 :

For all z 2 C, the iterates H n(p§ (z)) = p§ (z + n) converge to the origin as
n ! § 1 . This shows that the invariant curves we found are the \stable and
unstable manifolds" of the origin. Their real parts form a cusp at the origin,
with f v = 0; u < 0g as tangent.

In fact we obtain much more information about the properties of formal
and analytic solutions of Equation (3) than it is stated in Theorem 1. Our
study leads to a beautiful analytical picture described in Section 1.3, which is
of independent interest.

But let us evoke someof our motivations ¯rst.
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Figure 1: The limit separatrix (left) and the splitting of separatrices of the
H¶enon map (right). The unstable separatrix is drawn by the solid line, the
stable one by the dashedline.

1.2 Exponentially small splitting of separatrices

The ¯rst motivation for our study is the appearanceof £ and other similar con-
stants in the study of homoclinic phenomenain close-to-integrable Hamiltonian
systems.

Let usconsiderthe one-parametricfamily of quadratic area-preservingmaps,

Fε :
µ

x
y

¶
7!

µ
x1 = x + "y1

y1 = y + "x(1 ¡ x)

¶
;

where " > 0 is a positive parameter. Any non-trivial quadratic di®eomorphism
of the plane, which preservesareaand orientation and has two ¯xed points, can
be put by a linear changeof coordinates into this one-parametric family.

For small positive " the origin is a hyperbolic ¯xed point of Fε and the
corresponding stable and unstable manifolds are one-dimensionalcurves in the
plane (x; y) (seeFig. 1). They look like the separatrix of the Hamiltonian vector
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¯eld ½
_x = y = @yh;
_y = x(1 ¡ x) = ¡ @xh;

h(x; y) =
1
2

y2 ¡
1
2

x2 +
1
3

y3;

except that they may intersect transversally (the limit separatrix may \split "),
but this important phenomenonis exponentially small with respect to " [FS90].

Any intersection of one of the separatriceswith the horizontal axis is nec-
essarily a homoclinic point due to a symmetry of the map (there is a linear
reverser, which conjugates Fε with F ¡ 1

ε and exchanges stable and unstable
curves). The angleof intersection ® of the stable and unstable manifolds at the
\ ¯rst " such homoclinic point can be consideredas a measureof the splitting.
The asymptotic formula

® =
64¼e¡ 2π2/ε

9"7 (j£ j + O(")) (5)

(with the same£ as in Theorem 1) wasproposedby oneof the authors without
a completeproof [Gel91]. The non-vanishing of £ (and thus the transversality of
the homoclinic intersection) wasnot proven there, but the numerical evaluation
j£ j ¼ 2:474¢106 was indicated.

The appearanceof £ as a splitting constant here is related to the fact that
the map Fε can be consideredas a small perturbation of H . Indeed, in the
coordinates u = "2x ¡ "2=2, v = "3y, it takesthe form

µ
u
v

¶
7!

µ
u1 = u + v ¡ u2 + "4

v1 = v ¡ u2 + "4

¶
:

The detailed study of H is thus an important step in the derivation of For-
mula (5). But a subtle extra work is neededto complete the proof, which has
not yet beenwritten and to which we will not addressin the present paper.

Providing the rigorous proof of (5) is indeed a di± cult analytical prob-
lem, comparable to the corresponding one for the Standard Map for which
the task was recently achieved [Gel99], putting an end to the study initiated
in [Laz84]. It is in the caseof the Standard Map that the ¯rst dē nition of
a splitting constant £ 1 was proposed, by V.F.Lazutkin [Laz84, LST89]. The
papers [GLT91, Gel91] contain numerical values of the splitting constants for
quadratic, cubic and someother polynomial area-preservingmaps.

Let us point out someother works closely related to the topic of our paper.
V.Hakim and K.Mallic k [HM93] proposedalready to use the Borel summation
for the study of the exponentially small splitting of separatricesof the Stan-
dard and Semistandard Maps. A more rigorous approach was developed by
Y.B.Suris [Sur94] (for the SemistandardMap and for cubic maps). We mention
also [Laz93], [Che98], [Tov94] and [TTJ98].

A formula similar to (5) describes the splitting of a small separatrix loop,
created after a saddle-center bifurcation in a general family of analytic area-
preserving maps [Gel00]. In this caseeach family of maps has its own splitting
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constant £ . This number can be consideredas a classī cation modulus of an
area-preservingmap near the parabolic ¯xed point which appearsat the bifur-
cation.

1.3 Resurgence

Another motivation for our study is the opportunit y of illustrating Resurgence
theory and contributing to it. \Resurgent functions" and the \alien calculus"
which comeswith them were discovered and studied by J.¶Ecalle in the late 70s,
particularly in relation with iteration of analytic maps [Eca81], but they have
a much wider ¯eld of applications. A nice intro duction to this theory can be
found in the book [CNP93].

The present article will not assumeany familiarit y with Resurgenceon the
part of the reader. On the contrary , it may serve as initiation into this beautiful
theory inasmuch as, in the situation at hand, we prove things with the tools of
classicalComplex Analysis and indicate their translation in terms of resurgent
concepts.

One of the basic features of the theory is the tendency to consider formal
solutions of a given problem and to try to extract as much information as pos-
sible from them. Thus we denote by C[[z¡ 1]] the spaceof all formal expansions
in non-positive powers of z with complex coe± cients (i.e. power seriesin z¡ 1),
and by C[z][[z¡ 1]] the spaceof the sums of polynomials in z and power series
in z¡ 1. We ¯rst give two lemmasto intro duceformal seriesassociated to Eq. (3)
and then state a theorem from which Theorem 1 follows.

Lemma 1 Any nonzero solution of Eq. (3) in C[z][[z¡ 1]] can be written in the
form u(z+ a), where a 2 C is arbitrary and u is the unique nonzero even solution
in C[z][[z¡ 1]],

u(z) =
1X

k=1

ak
z2k = ¡ 6z¡ 2 +

15
2

z¡ 4 ¡
663
40

z¡ 6 + : : : :

The coefficients ak are real and (¡ 1)kak > 0 for all k ¸ 1.

Proof. The second-order¯nite-di ®erenceoperator in the left-hand side of (3)
may be written

P = e∂z ¡ 2 + e¡ ∂z

(@z denotes di®erentiation with respect to z), so that the equation becomes
Pu = ¡ u2. Expanding the equation in decreasingpowersof z, onechecks easily
that the leading term of any formal nonzero solution must be ¡ 6z¡ 2, since
P(zn) = n(n ¡ 1)zn¡ 2 + O(zn¡ 4) for all n 2 Z. It turns out that the coe±cient
of z¡ 3 is freewhereasthe following coe±cients are determined inductiv ely. Thus
there is a unique nonzero even solution u, and since u(z + a) is a solution for
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any a 2 C, no other non-trivial solution may exist. The resulting induction for
the coe±cients ak is written in Sec.6 (Formula (34)).

Now let us check that the seriesak is alternating. Consider the auxiliary
seriesU(x) = u(iz) =

P
k¸ 1(¡ 1)kakx ¡ 2k. It is the unique nonzeroeven solution

in C[[x ¡ 1]] of

¡ U(x + i) + 2U(x) ¡ U(x ¡ i) = (4 sin2 ∂x
2 )U = U2:

But ξ2

4 sin 2 »
2

= 1 + ° (»), where ° (») =
P
k¸ 1 °k»2k with °k > 0 for all k ¸ 1

(these coe±cients are proportional to the Bernoulli numbers). Rewriting the
equation for U as

@2
xU = (1 + ° (@x))U2;

it is then easyto check that all coe± cients of U arepositive,and hence(¡ 1)kak >
0. 2

We obtained a unique \formal separatrix" for the H¶enon map H (up to the
freedomof shifting the parameter), which is positively and negatively asymptotic
to the parabolic ¯xed point:

p(z) =
µ

u(z)
v(z)

¶
; v(z) = u(z) ¡ u(z ¡ 1): (6)

We will see that u and v, as power series of z¡ 1, have zero radius of con-
vergence.The resurgent method consistsprecisely in analyzing this divergence
with the help of formal Borel transform B. Also known asformal inverseLaplace
transform, B is the linear transformation from z¡ 1C[[z¡ 1]] to C[[³ ]] dē ned by
z¡ n¡ 1 7! ζn

n! for all n ¸ 0. For instance the Borel transform û = Bu of our
unique nonzeroeven solution is

û(³ ) =
1X

k=1

ak
³ 2k¡ 1

(2k ¡ 1)!
: (7)

SinceB turns multiplication of seriesinto convolution, i.e.

'̂ = B'; Ã̂ = BÃ ) B(' Ã)( ³ ) = ('̂ ¤ Ã̂)( ³ ) =
Z ζ

0
'̂ (³ 0)Ã̂(³ ¡ ³ 0) d³ 0;

and translation of z by a constant c into multiplication by e¡ cζ , we obtain that
û is the unique nonzeroodd solution in C[[³ ]] of the transformed equation

(eζ ¡ 2 + e¡ ζ)û(³ ) = ¡ (û ¤ û)( ³ ): (8)

In fact wewill always dealwith formal series' (z) whoseBorel transforms '̂ (³ )
have nonzero radius of convergence,which meansexactly that the coe± cients
of ' (z) admit Gevrey-1bounds. Observe that ¯ nite radius convergencefor '̂ (³ )
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implies divergencefor ' (z). This will be the caseof u(z), and our task will be
to study the singularities of the analytic continuation of û(³ ). In order to state
the main result we have to intro duceformal solutions of a linear equation which
will allow to describe conveniently those singularities. This equation is nothing
but the linearization of Eq. (3) around u:

' (z + 1) ¡ 2' (z) + ' (z ¡ 1) = ¡ 2u(z)' (z): (9)

Lemma 2 Equation (9) admits two particular formal solutions with real coef-
ficients which can be written

' 1(z) =
1X

k=1

bk
z2k+1 = 12z¡ 3 ¡ 30z¡ 5 +

1989
20

z¡ 7 + : : : ;

' 2(z) =
1X

k= ¡ 2

dk
z2k =

1
84

z4 +
17
840

z2 ¡
17

2240
+

3
35

z¡ 2 + : : : :

Any solution of Eq. (9) in C[z][[z¡ 1]] is a linear combination of ' 1 and ' 2.

Proof. The ¯rst solution is obtained by di®erentiation:

' 1 = @zu;

hencebk = ¡ 2kak for all k ¸ 1. The secondsolution can be found by substi-
tution of the seriesinto the equation. The resulting induction formulas for the
dk 's are given in Sec.6, Eq. (36). We normalized ' 2 by choosing d¡ 2 = 1=84 in
order to have

Wϕ1 ,ϕ2 (z) = 1;

where Wϕ1 ,ϕ2 is the finite-difference Wronskian

Wϕ1 ,ϕ2 (z) = det
µ

' 1(z ¡ 1) ' 2(z ¡ 1)
' 1(z) ' 2(z)

¶
: (10)

In the theory of linear ¯nite-di ®erenceequations its role is similar to the role of
the classicalWronskian for ordinary di®erential equations. In particular, if ' (z)
is a solution of (9), one checks easily that c1 = Wϕ,ϕ1 (z) and c2 = Wϕ,ϕ2 (z)
must be 1-periodic in z and that ' = c2 ' 1 ¡ c1 ' 2. But in the classof formal
seriesperiodicit y holds for constants only. 2

Theorem 2 The formal Borel transform û is convergent at the origin and de-
fines a holomorphic germ, which extends analytically along any path issuing
from 0 and lying in C n 2¼iZ (except its origin), with exponential decay of
type ¡ 1 along any non-vertical ray.
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There exist complex numbers £ and ¹ such that the analytical continuation
of û along the segment ]0; 2¼i[ can be written

û(³ ) =
£

2¼i

Ã
4!d¡ 2

(³ ¡ 2¼i)5 +
2!d¡ 1

(³ ¡ 2¼i)3 +
d0

³ ¡ 2¼i

!

+
1

2¼i
h(³ ¡ 2¼i) log(³ ¡ 2¼i) + r (³ ¡ 2¼i) ; (11)

where h and r are holomorphic at the origin, extend analytically along any path
lying in C n 2¼iZ, and

h(³ ) = £
1X

k=1

dk³ 2k¡ 1

(2k ¡ 1)!
+ ¹

1X

k=1

bk³ 2k

(2k)!
; (12)

where bk and dk are defined by Lemma 2.

In the next section we will use the information about the Borel transform
of u to recover by Laplace transform the solutions u+ and u¡ of Theorem 1.
These solutions will have the sameasymptotic expansion (namely u(z)), their
di®erencewill be related to the singularities of û. The possibility of performing
Laplacetransform is guaranteed by the exponential decay of û. The exponential
type ¡ 1 implies that both solutions are entire.

The statement about the convergenceand the analytic continuation of û
can be consideredas a dē nition of a resurgent function with 2¼iZ as a lattice
of singular points. This property looks quite natural in the general context of
¶Ecalle's theory, but to our knowledgethis exampleof resurgencewasnot covered
by the already existing results.

In particular, the holomorphic star of û is C n§ 2¼i[1; + 1 [: we must remove
the singular half-lines 2¼i[1; + 1 [ and ¡ 2¼i[1; + 1 [ from the complex plane, and
we may identify the resulting cut plane to the \ ¯rst sheet" of the Riemann sur-
face of û. The analyticit y of the Borel transform in the holomorphic star was
proven by V.Chernov [Che98] by an adaptation of Lazutkin's method which
gave the corresponding result for the Semistandard Map [Laz93]. We will use
a di®erent method and obtain the analytic continuation not only in the holo-
morphic star but also along paths which may crossthe imaginary axis between
singular points, i.e. we explore the other sheetsof the Riemann surfaceof the
multiv alued analytic function û.

We also provide the complete description of the singularity at 2¼i, which
forms the secondpart of Theorem 2 and which amounts to a \ resurgencere-
lation" in ¶Ecalle's terminology | seeSec.4.2 and 5 for a translation in terms
of alien calculus. (Of course the singularity at ¡ 2¼i can be deducedby real-
analyticit y of û.) This singularity will appear to be directly responsible for the
asymptotic equivalent (4) as z ! ¡ i1 , in which the exponential e¡ 2πiz re° ects
the location of the singularity whereasthe term in z4 re° ects its strength.
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According to Theorem 2, the singularity is the sum of a polar part and a
logarithmic term which we may identify to its variation h. Observe that the
even part of h is simply the Borel transform of ' 1, up to a factor ¹ , whereasthe
odd part of h takes into account only the negative part of the expansionof ' 2,
the polynomial part of ' 2 being re° ected in the polar part of the singularity.
This correspondsto the natural extensionof the dē nition of the Borel transform
to C[z][[z¡ 1]]: the power seriesin z¡ 1 weremapped to germslike h(³ ), which we
now identify to the corresponding logarithmic singularities, and polynomials in z
are mapped to polar singularities. (The extension can be pursued to deal with
much more general formal objects and typesof singularity [Eca93, CNP93].)

In other words, the singularity of û at 2¼i can be viewed as the Borel trans-
form of £ ' 2 + ¹ ' 1 | a special solution to the formal variational equation (9).
Here £ and ¹ are \ transcendental " constants. On the other hand ' 1 and ' 2

represent the \ elementary part "of the singularity at 2¼i: they are explicitly
computable and closely related to u (one is the derivative of u and the other is
its companion linear solution) thus to the Taylor seriesof û at 0.

This is a fundamental connectionbetweenthe behaviour of û near its singular
points and near 0. This self-reproduction property is at the origin of the name
\resurgent".

1.4 Structure of the rest of the article

In the next section we useLaplace transform to deduceTheorem 1 from Theo-
rem 2. In fact a more re¯ ned asymptotic formula for the di®erenceof the two
separatricesis obtained.

Sections 3{ 5 are devoted to the proof of Theorem 2. They are somewhat
technical, but it was part of our purpose to provide all the details of such a
demonstration, which may hopefully help other searchers to understand and
apply resurgent tools in concrete situations. Only the holomorphic star of û,
i.e. the ¯rst sheetof its Riemann surface,and the \nearby sheets" are discussed
in Sec.3. The singularity at 2¼i is then examined in Sec.4. In fact this part
of the work is su±cient to derive Theorem 1, but we give more insight of the
resurgent structure of the problem and complete the proof of Theorem 2 in
Sec.5 where a stronger theorem is formulated.

In Sec. 6 we discuss numerical methods for evaluating the splitting con-
stants £ and ¹ . In [HM93] and [Sur94], the relation between them and the
asymptotic behavior of the coe± cients ak of u was established;a more precise
knowledgeof û enablesus to re¯ ne the estimates.
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2 Asymptotics of the separatrices and of their
difference

Laplace transforms of û

Let us consider the two Laplace integrals

u+ (z) =
Z + 1

0
e¡ zζ û(³ ) d³ ; u¡ (z) =

Z ¡ 1

0
e¡ zζ û(³ ) d³ : (13)

Sinceû = Bu, they can be called Borel-Laplace transforms of u. It follows from
Theorem 2 that the integrals convergefor all z and dē ne two entire functions.
According to classicalproperties of Laplacetransform (seefor instance[Mal95]),
they satisfy the original equation (3) and sharethe sameasymptotic expansion

8± 2]0; ¼[; 8½> 0; u§ (z) as=
1X

k¸ 1

ak
z2k in S§

δ,ρ; (14)

where the sectorsS+
δ,ρ and S¡

δ,ρ are dē ned as

S+
δ,ρ = f z 2 C ; j argzj · ¼¡ ± and jzj ¸ ½g; S¡

δ,ρ = f z 2 C ; ¡ z 2 S+
δ,ρ g:

The notation ' (z) as=
P 1
n= ¡ n0

' nz¡ n in S, for a subset S of C, a function '
dē ned in S and a formal seriesof C[z][[z¡ 1]], meansthat for any integer N ¸

¡ n0 the function Rϕ,N (z) = jzjN+1
¯
¯
¯' (z) ¡

P N
n= ¡ n0

' nz¡ n
¯
¯
¯ is bounded1 in S.

Let us now form the di®erence

w(z) = u+ (z) ¡ u¡ (z) =
Z + 1

¡ 1
e¡ zζ û(³ ) d³ :

For large j Im zj the function under the integral oscillates rapidly. Since û ex-
tends analytically to the cut plane Cn§ 2¼i[1; + 1 [, still with exponential decay
at in¯ nit y, it is easyto seethat w(z) is exponentially small with respect to j Im zj.

Let ±; ½> 0 and pick z in S+
δ,ρ \ S¡

δ,ρ with Im z < 0 (the caseof the symmetric
connected component of the intersection, where Im z > 0, could be treated
similarly or by symmetry). We can push the path of integration upwards and
apply the Cauchy theorem as long as we do not reach 2¼i: choosing » 2]0; 2¼[
and µ 2]π2 ¡ ±; π2 [, we have

w(z) =
Z

¡ » ; µ

e¡ zζ û(³ ) d³ ;

1 In fact this notation can be given a more precise meaning: these are Gevrey-1 asymp-
totic expansions, i.e. the function R';N (z) is bounded by C LN (N + n0 )! for some C and L
independent of N .
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where ¡ ξ,θ = f j Re³ j = (¡ » + Im ³ ) cot µg is formed by two symmetric half-
lines meeting at i»; this path comesfrom ei( π¡ θ) 1 , goesstraight to i» and then
straight to eiθ1 . The inequality Re(z³ ) ¸ ¸ »j Im zj+ (1¡ ¸ )j Im zj Im ³ , with ¸ =
cot ± cot µ 2]0; 1[, shows that eτ j Im zj jw(z)j is boundedin S+

δ,ρ \ S¡
δ,ρ \ f Im z < 0g

with ¿ = ¸ » arbitrarily closeto 2¼.
But we can deform farther the path of integration, crossing the imaginary

axis between 2¼i and 4¼i and decomposing w into the contribution of the sin-
gularit y at 2¼i and an exponentially smaller term:

w(z) =
Z

γµ

e¡ zζ û(³ ) d³ +
Z

¡ » ; µ

e¡ zζ û(³ ) d³ ;

with » 2]2¼; 4¼[, µ 2]π2 ¡ ±; π2 [, and a path ° θ coming from ei( π¡ θ) 1 , turning
counterclockwise around 2¼i and going back to ei( π¡ θ) 1 .

By the same argument as above, the integral on ¡ ξ,θ is bounded by an
expression conste¡ τ j Im zj , but this time ¿ > 2¼ can be made arbitrarily close
to 4¼. By virtue of Theorem 2, the integral on ° θ can be written as

£ e¡ 2πiz(d¡ 2z4 + d¡ 1z2 + d0) + e¡ 2πiz
Z ei( ¼¡ µ ) 1

0
e¡ zξh(») d»;

i.e. the Borel-Laplace transform of £ ' 2 + ¹ ' 1 up to a factor e¡ 2πiz. Thus we
obtain the following proposition.

Prop osition 1

e2πiz(u+ (z) ¡ u¡ (z)) as= £ ' 2(z) + ¹ ' 1(z) in S+
δ,ρ \ S¡

δ,ρ \ f Im z < 0g: (15)

Coming back to the additiv ely-parametrizedinvariant curvesp+ (z) and p ¡ (z),
wecanwork similarly with the v-components v+ and v¡ which areBorel-Laplace
transforms of v̂(³ ) = eζ û(³ ). Using the notations of Eq. (6), we obtain the

Prop osition 2

8± 2]0; ¼[; 8½> 0; p§ (z) as= p(z) in S§
δ,ρ;

and

e2πiz(p+ (z) ¡ p ¡ (z)) as= £ n(z) + ¹
dp
dz

(z) in S+
δ,ρ \ S¡

δ,ρ \ f Im z < 0g (16)

with
dp
dz

=
µ

' 1

Ã1

¶
, n =

µ
' 2

Ã2

¶
, Ãi(z) = ' i(z) ¡ ' i(z ¡ 1).

(We have usedthe fact that ' 1 = @zu, thus Ã1 = @zv). Formula (16) describes
the splitting of the complex curvesW + and W ¡ which are exponentially close
oneto the other. One can say that the constant £ describesthe normal compo-
nent of the splitting and ¹ the tangent one (notice that the symplectic 2-form
du ^ dv yields 1 when evaluated on ( dp

dz (z); n(z)) ).
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Non-vanishing of £

We will now seethat

¹ 2 R; £ 2 iR and Im £ < 0;

in particular u+ and u¡ do not coincide. Notice that, sinceû is odd,

u¡ (z) = u+ (¡ z):

The non-vanishing of u+ ¡ u¡ can thus be interpreted as a defect of evenness,
which turns out to be exponentially small for z tending to ¡ i1 (or to + i1 ).2

but the di®erenceu+ ¡ u¡ is not small along the real axis.
Since the function û is real-analytic and odd, it is purely imaginary on the

imaginary axis. In view of Theorem 2, sincethe coe±cients bk and dk are real,
this implies that the constant £ is purely imaginary whereas¹ is real.

Now suppose£ = 0: We will reach a contradiction. Indeed in that caseit
follows from Theorem 2 that û would be boundedon the segment [0; 2¼i[. Thus
the function Û(») = iû(i») would be bounded on the interval [0; 2¼[. But it
satis̄ es the convolution equation

(4 sin2 »
2

)Û(») = (Û ¤ Û)(»)

which can easily be derived from Eq. (8). Therefore the left-hand side of this
equation would tend to zerowhen» ! 2¼. This is impossible,becauseaccording
to the last statement of Lemma 1, Û is positive on ]0; 2¼[, so the right-hand side
is positive too.

Moreover, sinceû(i») = ¡ iÛ(») with Û positive, the coe±cient 4!£ d¡ 2

2πi of the
leading term must be negative, henceIm £ < 0.

Observe that in that chain of reasoningquite a precise information on the
structure of the singularity at 2¼i was needed:we had to use the fact that the
vanishing of the leading term would imply the vanishing of the whole polar part
and even the boundednessof û near 2¼i.

Unicity

To complete the proof of Theorem 1 there remains only to check the unicit y
statement about u+ and u¡ . It is su±cient to treat the caseof u+ only.

Let z0 > 0. For n 2 N¤, we dē ne Ân(z0) to be the spaceof all functions
u : [z0; + 1 [! C such that the quantit y

jjujjn = sup
z¸ z0

f jznu(z)j g

2 It is obvious on Eq. (3) that u(¡ z) is solution whenever u(z) is solution. This symme-
try prop erty for the equation corresponds at the level of the map H to the existence of a
\rev erser"|an involutiv e transformation which conjugates H and H ¡ 1 .

14



           

is ¯nite. It is su±cient to show that, for z0 large enough,any two solutions of
Eq. (3) such that u(z) + 6z¡ 2 2 Â4(z0) must coincide.

Lemma 3 For n 2 N¤, the formulas

S0u(z) = ¡
X

k¸ 0

u(z + k); S1u(z) = ¡
X

k¸ 1

u(z + k) (17)

define two operators S0; S1 : Ân+1 (z0) ! Ân(z0) such that, for all v 2 Ân+1 (z0),
u0 = S0v and u1 = S1v are the unique solutions in Ân(z0) of the first-order
finite-difference equations

u1(z) ¡ u1(z ¡ 1) = v(z); u0(z + 1) ¡ u0(z) = v(z): (18)

Moreover

jjS1vjjn ·
1
n

jjvjjn+1 ; jjS0vjjn · (
1
z0

+
1
n

)jjvjjn+1 :

Proof. Clearly the sumsin (17) convergeand dē ne solutions of (18). Moreover,
for z ¸ z0,

X

k¸ 1

(z + k)¡ n¡ 1 ·
Z + 1

0

dt
(z + t)n+1 =

1
nzn

:

The result follows for S1, and for S0 (becausez¡ 1 ¸ z¡ 1
0 ). 2

Supposenow that u and u0 solve Eq. (3) and satisfy

u(z) = ¡ 6z¡ 2 + O(z¡ 4); u0(z) = ¡ 6z¡ 2 + O(z¡ 4):

Consider the functions v(z) = u(z) ¡ u(z ¡ 1) and v0(z) = u0(z) ¡ u0(z ¡ 1), so
that (u; v) and (u0; v0) are solutions of (2). We have

±u = u0 ¡ u 2 Â4(z0); ±v = v0 ¡ v 2 Â4(z0);

and
±u = S1±v; ±v = ¡ S0((u + u0)±u):

Therefore, in view of Lemma 3,

jj±ujj4 ·
1
4

(
1
5

+
1
z0

)jj(u + u0)±ujj6;

and jj(u + u0)±ujj6 · jju + u0jj2jj±ujj4 with jju + u0jj2 ! 12 as z0 tends to in¯nit y.
We concludethat jj±ujj4 = 0 if z0 is large enough.
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3 First sheets of the Riemann surface of û

We now begin the proof of Theorem 2. Let R be the Riemann surfaceconsisting
of all homotopy classes3 of paths issuing from 0 and lying in C n 2¼iZ (except
their origin). The natural projection ³ 2 R 7!

²
³ 2 (C n 2¼iZ) [ f 0g (

²
³ is the

extremity of any path representing ³ ) is locally biholomorphic in a neighborhood
of every point. One can also say that R is obtained by adding the origin to the
main sheetof the universal covering of C n 2¼iZ.

In this sectionweprove that û convergesand extendsanalytically in the main
sheetof R and its ¯rst half-sheets,i.e. the half-sheetswhich can be reached from
the main sheetby crossingthe imaginary axis exactly once.

Let us intro duce notations for these subsetsof R . The main sheet R (0) ,
which is of courseisomorphic to the cut plane C n § 2¼i[1; + 1 [, can be dē ned
as the subset of homotopy classesof paths issuing from 0 and lying in C n
§ 2¼i[1; + 1 [. The union of R (0) and the \nearby half-sheets" will be denoted
by R (1) : it is the setof homotopy classesof paths issuingfrom 0, lying in Cn2¼iZ
and crossingthe imaginary axis at most once. We arrive to a nearby half-sheet
when we follow a path which crossesthe imaginary axis between two singular
points. We arrive to di®erent sheets of the Riemann surface when we pass
between di®erent singularities. Thus there are in¯nitely many nearby half-
sheets.

For a given analytic germ at the origin, saying that it extends to an ana-
lytic function on R (resp. R (0) , resp. R (1) ) amounts to saying that any path
which represents an element of R (resp. R (0) , resp. R (1) ) is a path of analytic
continuation for it. Our ¯rst goal is thus to prove the

Prop osition 3 The formal Borel transform û is convergent at the origin and
defines a holomorphic germ which extends analytically to R (1) with exponential
decay at infinity on each half-sheet of R (1) .

The seriesû(³ ) 2 C[[³ ]] is dē ned by Formula (7) as the formal Borel trans-
form of u. But in order to study it outside its disk of convergence,the inductiv e
computation of its coe± cients ak doesnot help much. This is why we will use
an alternativ e representation of û, expressingit as the limit of some iterativ e
scheme at each step of which properties of analyticit y can be checked in R (1) .
The proof of Proposition 3 will follow from the uniform convergenceof the
scheme(on a system of subsets,the union of which covers R (1) ).

3.1 Iterative scheme

One can guessthat the lattice of singular points 2¼iZ stems from the division
by eζ ¡ 2 + e¡ ζ = 4sinh2 ζ

2 in Eq. (8). To exploit that idea, we ¯rst dē ne a
new unknown seriesv̂ by

û(³ ) = ¡ 6³ + v̂(³ ):
3When speaking of homotop y of paths, we always refer to homotop y with ¯xed extremities.
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It follows from Lemma 1 that v̂ is the unique seriesin ³ 3C[[³ ]] such that ¡ 6³ +
v̂(³ ) solves(8), i.e. such that v̂ solves the convolution equation

®v̂ ¡ 12³ ¤ v̂ = ŵ0 ¡ v̂ ¤ v̂; (19)

where ®(³ ) = 4sinh2 ζ
2 and ŵ0(³ ) = 6[³ ®(³ ) ¡ ³ 3].

Let us intro duce someauxiliary meromorphic functions:

¯ (³ ) =
1

®(³ )
2 ³ ¡ 2Cf ³ g;

Y (³ ) =
3coshζ2 (3 + 2cosh2 ζ

2 )

2sinh5 ζ
2

2 ³ ¡ 5Cf ³ g;

Z (³ ) = ¡ ³ Y (³ ) +
4 + 11cosh2 ζ

2

sinh4 ζ
2

2 ³ 2Cf ³ g:

We will denote by
R

0 f the formal series or the function ³ 7!
Rζ

0 f (³1) d³1,
whenever f is a formal series(f 2 C[[³ ]]) or a holomorphic function (f 2 Cf ³ g).

Lemma 4 (The operator E) The operator

V̂ 2 ³ 3C[[³ ]] 7! Ŵ = ®V̂ ¡ 12³ ¤ V̂ 2 ³ 5C[[³ ]]

is invertible and its inverse E can be expressed as

Ŵ 2 ³ 5C[[³ ]] 7! E :Ŵ = ¯ Ŵ +
1
12

Z
Z

0
YŴ ¡

1
12

Y
Z

0
Z Ŵ :

If Ŵ 2 ³ nC[[³ ]] with n ¸ 5, E:Ŵ 2 ³ n¡ 2C[[³ ]].
If Ŵ 2 ³ 5Cf ³ g and if the germ defined by Ŵ extends analytically to R (1)

(resp. to R ), E:Ŵ 2 ³ 3Cf ³ g and the germ defined by E:Ŵ extends analytically
to R (1) too (resp. to R ).

Proof. Let Ŵ 2 ³ 5C[[³ ]]. In order to ¯nd V̂ , we use the change of unknown
function V̂ = ¯ F and we di®erentiate twice the operator that we want to invert:
V̂ 2 ³ 3C[[³ ]] is solution of

®V̂ ¡ 12³ ¤ V̂ = Ŵ

if and only if

F = ®V̂ 2 ³ 5C[[³ ]] and F 00¡ 12̄ F = Ŵ 00: (20)

One checks easily that y = ®Y=12 2 ³ ¡ 3Cf ³ g and z = ®Z=12 2 ³ 4Cf ³ g are
independent solutions of the corresponding homogeneousequation f 00¡ 12̄ f =
0, with Wronskian yz0 ¡ y0z = 1 (in fact z = y

R
0 y¡ 2). Thus, whenever g 2

17



            

³ 3C[[³ ]], the solutions of f 00¡ 12̄ f = g are the seriesf = ¡ y
R

0 zg + z
R

0 yg +
c1y + c2g, and among them only f = ¡ y

R
0 zg + z

R
0 yg lies in ³ 5C[[³ ]].

Hencea unique solution for (20):

F = ¡ y
Z

0
zŴ 00+ z

Z

0
yŴ 00= ¡ y

Z

0
Z Ŵ + z

Z

0
YŴ + Ŵ

(the last identit y stems from a double integration by part). Multiplying by ¯ ,
we obtain the desired formula for V̂ .

The property of decreasingthe valuation by 2 at most is easily checked.
If Ŵ is a convergent power-series,so is V̂ . The analyticit y in R (1) or R is

preserved becauseY and Z are meromorphic with poles in 2¼iZ only. 2

Lemma 5 (Algorithm for the v̂0
ns) The formulas

² ŵ0 = 6[³ ®(³ ) ¡ ³ 3] 2 ³ 5C[[³ ]];

² v̂n = E:ŵn; n ¸ 0;

² ŵn = ¡
X

n1 + n2 = n¡ 1

v̂n1 ¤ v̂n2 ; n ¸ 1;

define inductively two sequences of formal series satisfying

8n ¸ 0; v̂n 2 ³ 2n+3 C[[³ ]]; ŵn 2 ³ 2n+5 C[[³ ]];

and such that the unique nonzero odd solution of (8) is

û(³ ) = ¡ 6³ +
X

n¸ 0

v̂n(³ ):

Proof. The properties of the operator E ensurethat the seriesûn and v̂n are
well dē ned by induction, with valuations bounded from below as indicated in
Lemma 5. Thus the seriesof formal series

v̂ =
X

n¸ 0

v̂n and ŵ =
X

n¸ 0

ŵn

are convergent in C[[³ ]]. We have

v̂ 2 ³ 3C[[³ ]]; ®v̂ ¡ 12³ ¤ v̂ = ŵ and ŵ = ŵ0 ¡ v̂ ¤ v̂

by construction, hencethe result follows. 2

It is a well-known result of Resurgencetheory that, if two germs extend
analytically to R, their convolution product has the sameproperty. (We will
recall the reasonwhy this is so in Section 3.3.) This fact and the last part of
Lemma4 show that each power-serieŝvn or ŵn hasnonzeroradius of convergence
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and dē nes a germwhich extendsanalytically to R, sincewestart with ŵ0 which
convergesto an entire function. We won't try to prove the convergenceof the
series

P
v̂n in the whole Riemann surfaceR now, but we retain that each term

extends analytically to R (1) .
In order to prove Proposition 3, it is thus su±cient to study the convergence

of
P

v̂n as a seriesof holomorphic functions in R (1) .

3.2 Analytic continuation in the main sheet

For ½2]0; ¼=2[, we dē ne Dρ to be a closedsubset of C obtained by removing
the open disksof center § 2¼i and radius ½and all the points which are \hidden "
by those disks from an observer basedat the origin:

Dρ = C n f t³ ; t 2 ]1; + 1 [; ³ 2 D(§ 2¼i; ½) g:

The main sheetof R obviously coincideswith the union of all thesesets.

Lemma 6 (Initial bounds) For any ½ 2]0; ¼=2[, there exist positive num-
bers c;c0 such that

8³ 2 Dρ n f 0g;

8
<

:

j¯ (³ )j · c2j³ j¡ 2;
jY (³ )j · cj³ j¡ 5;
jZ (³ )j · cj³ j2;

and

8³ 2 Dρ; jv̂0(³ )j · c0
j³ j3

3!
:

Proof. Let ½2]0; ¼=2[. We observe that 8³ 2 Dρ, Re³ ¸ ρp
ρ2 +4 π2

j³ j. Let us

¯rst consider the functions ¯ , Y and Z : they are analytic in Dρ, except at the
origin for ¯ and Y which have polesof order 2 and 5 there, whereasZ hasa zero
of order 2 at the origin. On the other hand thesefunctions decay exponentially
when j³ j tends to in¯nit y (with ³ remaining in Dρ), because

lim
Re ζ! § 1

e§ ζ ¯ (³ ) = 1;

lim
Re ζ! § 1

e§ ζ Y(³ ) = 12;

lim
Re ζ! § 1

³ ¡ 1 e§ ζ Z (³ ) = ¡ 12;

and exponential decay with respect to j Re³ j in Dρ means exponential decay
with respect to j³ j, hencethe result.

Now v̂0 = ¯ ŵ0 + 1
12 Z

R
0 Yŵ0 ¡ 1

12 Y
R

0 Z ŵ0, where ŵ0 is an entire function
of order 1 satisfying

lim
Re ζ! § 1

³ ¡ 1 e¡ (§ ζ) ŵ0(³ ) = 6:
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Thus ŵ0(³ ) · constj³ j ejRe ζj for j³ j > ½. On the other hand ŵ0(³ ) = O(³ 5)
near the origin. From that we deduceinequalities

jY ŵ0j · const(1 + j³ j) and jZ ŵ0j · const(j³ j2 + j³ j7) in Dρ

which show that v̂0(³ ) · constj³ j3 for ³ > ½. And the proof is complete since
v̂0(³ ) = O(³ 3). 2

Lemma 7 (Bounds in the main sheet) Let ½2]0; ¼=2[.
(a) If F̂ and Ĝ are holomorphic functions in Dρ which satisfy

8³ 2 Dρ; jF̂ (³ )j · F (j³ j) and jĜ(³ )j · G(j³ j);

where F and G are continuous functions on R+ , their convolution product F̂ ¤Ĝ
is holomorphic in Dρ and satisfies

8³ 2 Dρ; j(F̂ ¤ Ĝ)( ³ )j · (F ¤ G)( j³ j):

(b) If Ŵ is holomorphic in Dρ and satisfies

8³ 2 Dρ; jŴ (³ )j · Cj³ jν

for some real C > 0 and integer º ¸ 5, the function E:Ŵ is holomorphic in Dρ

and satisfies
8³ 2 Dρ; j(E :Ŵ )( ³ )j · 2c2Cj³ jν¡ 2

with c as in Lemma 6.

Proof. Part (a) is quite obvious since(F̂ ¤ Ĝ)( ³ ) = ³
R1

0 F̂ (t³ )Ĝ((1 ¡ t)³ ) dt.
Let ½ 2]0; ¼=2[ and Ŵ , C, º as in Part (b). For ³ 2 Dρ, we can write

(E :Ŵ )( ³ ) as the sum of three terms:

(E :Ŵ )( ³ ) = ¯ (³ )Ŵ (³ ) +
Z (³ )
12

Z 1

0
³ Y (t³ )Ŵ (t³ ) dt ¡

Y (³ )
12

Z 1

0
³ Z (t³ )Ŵ (t³ ) dt:

By virtue of the previous lemma, the ¯rst term is bounded by c2Cj³ jν¡ 2, the
secondoneby c2C

12(ν¡ 4) j³ jν¡ 2 and the third oneby c2C
12(ν+3) j³ jν¡ 2, hencethe result.

2

Lemma 8 (Convergence in the main sheet) Let ½2]0; ¼=2[ and c;c0 > 0
as in Lemma 6. The formulas

c0
n =

X

n1 + n2 = n¡ 1

cn1 cn2 ; cn =
c2

21
c0
n; n ¸ 1
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define inductively two sequences of positive numbers satisfying

8³ 2 Dρ; jv̂n(³ )j · cn
j³ j2n+3

(2n + 3)!
and jŵn(³ )j · c0

n

j³ j2n+5

(2n + 5)!
:

The series of functions
P

v̂n converges uniformly in Dρ to a holomorphic func-
tion v̂ and û = ¡ 6³ + v̂ has exponential decay at infinity in Dρ.

Proof. Taking into account the bound for v0 which is provided by Lemma 6, we
proceedby induction and supposethat v̂0; : : : ; v̂n¡ 1 are bounded as indicated
in Lemma 8 for somen ¸ 1. The desiredbound for ŵn is obtained by Part (a)
of Lemma 7, since

n1 + n2 = n ¡ 1 )
³ 2n1 +3

(2n1 + 3)!
¤

³ 2n2 +3

(2n2 + 3)!
=

³ 2n+5

(2n + 5)!
:

Then wederive the bound for v̂n by Part (b) of Lemma 7, since(2n+ 4)(2n+ 5) ¸
42.

Let ¸ = 4c2=21. The generating seriesc(X ) =
P
n¸ 0 cnX n is easily com-

puted: c(X ) = c0 + λ
4 X c(X )2, thus

c(X ) = 2
1 ¡ (1 ¡ c0¸X )1/2

¸X
:

It dē nes a holomorphic function on the opendisk of center 0 and radius (c0¸ )¡ 1,
which is boundedon the closureof that disk, therefore cn · const(c0¸ )n for all
n ¸ 0. From that we deducethe uniform convergenceof the seriesof analytic
functions

P
v̂n in Dρ and an exponential bound for the sum:

8³ 2 Dρ; jv̂(³ )j · const e(c0λ)1= 2 jζj :

For û(³ ) = ¡ 6³ + v̂(³ ) we can choose ¿ = (c0¸ )1/2 and write jû(³ )j ·
constj³ j eτ jζj in Dρ (since û(³ ) = O(³ )). But we can improve this bound by
considering the equation we started with:

8³ 2 Dρ n f 0g; û(³ ) = ¡ ¯ (³ )(û ¤ û)( ³ ):

We know indeed that, if j³ j > ½, j¯ (³ )j · conste¡j Re ζj , and j Re³ j ¸ 2±j³ j
in Dρ with ± = (½2 + 4¼2)¡ 1/2½=2. Let us intro duce a number C > 0 such that

8³ 2 Dρ; j³ j2j¯ (³ )j · C e¡ δjζj :

We now seethat any exponential bound

8³ 2 Dρ; jû(³ )j · C0j³ j eτ jζj ;

with C0 > 0 and ¿ 2 R, implies j(û ¤ û)( ³ )j · C0
3! j³ j3 eτ jζj , and thus

8³ 2 Dρ; jû(³ )j ·
C0C

3!
j³ j e(τ ¡ δ) jζj :

This allows to decreasethe exponential type ¿ inde¯nitely , and we conclude
that for all ¿ 2 R, the function j³ j¡ 1 e¡ τ jζj jû(³ )j is bounded in Dρ. 2
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3.3 Analytic continuation in the nearby sheets

We now explore farther the Riemann surface R, but still progressively. With
respect to Section3.2, somemoregeometricalfacts are involved, but the analysis
is quite similar.

Let M 2 N¤ and ½2]0; 2π
2M+1 [. We dē ne the disks D1,. . . ,DM+1 and the

opposite disks D ¡ 1,. . . ,D ¡ M ¡ 1 by

Dm = D(2¼im; m½); D ¡ m = D(¡ 2¼im; m½); m = 1; : : : ; M :

We dē ne Dρ,M to be the closed set obtained by removing from C all these
disks:

Dρ,M = C n
³ [

¡ M · m· M,m6=0

Dm

´
:

We dē ne R (1)
ρ,M to be the subset of R (1) consisting of all the points ³ which

can be represented by a path contained in Dρ,M and such that the shortest such
path ° ζ is either

1. a straight segment;

2. or the union of a straight segment issuing from the origin and tangent to
somedisk Dm (¡ M · m · M , m 6= 0) and of an arc of the circle @Dm

endingat
²
³ , and werequire in that situation that the half-line L(³ ) tangent

to ° ζ at
²
³ and going backwards be contained in Dρ,M ;

3. or the union of a straight segment issuing from the origin and tangent to
somedisk Dm (¡ M · m · M , m 6= 0), of an arc of the circle @Dm, and
of a straight segment S(³ ) tangent to Dm, ending at

²
³ and such that the

half-line L(³ ) which extendsS(³ ) backwards from
²
³ be contained in Dρ,M .

In the ¯rst case³ lies in the main sheetR (0) , but in the last caseit lies in the
half-sheetcontiguous to R (0) corresponding to onecrossingof ]2¼im; 2¼i(m+ 1)[
if m ¸ 1 (of ]2¼i(m¡ 1); 2¼im[ if m · ¡ 1). In fact only a sectorof this half-sheet
is accessiblebecauseof the restriction L(³ ) ½ Dρ,M (seeFig. 2).

We have by construction

R (1) =
[

ρ2 ]0,π/2[,M2 N¤

R (1)
ρ,M :

We now fix for the rest of this section M 2 N¤ and ½2]0; 2π
2M+1 [. Our goal is

to prove the uniform convergence of the series
P

v̂n in R (1)
ρ,M .

We needto recall how one follows the analytic continuation of the convolu-
tion product of two holomorphic functions of R, and to exhibit bounds which
generalizePart (a) of Lemma 7. To that end we dē ne, for each ³ 2 R (1)

ρ,M ,
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Figure 2: The paths ° ζ
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a particular path ¡ ζ which is homotopic to ° ζ and represents thus the same
point ³ .

The path ¡ ζ is obtained by a deformation of ° ζ which makes it symmetri-
cally contractile. One can visualize its construction by letting a point ³1 move
along ° ζ from the origin to ³ , the point ³1 remaining connected to the ori-
gin by an extensible thread, and imagining ¯xed nails pointing upwards at the
points of 2¼iZ, with diameter 2jmj½ for the nail at 2mi ¼, and moving nails
pointing downwards at the points of ³1 + 2¼iZ (with diameter 2jmj½for the nail
at ³1 ¡ 2mi ¼) betweenwhich the thread is stretched progressively when ³1 moves
along ° ζ : at the end of the process³1 has reached ³ and ¡ ζ is the thread under
its ¯ nal form. (One can think that the ¯xed nails remain on a ¯xed rule, and
the moving nails are fastenedto another rule which is parallel to the ¯rst one
with reverseorientation and which is trailed by ³1 in its motion.) Notice that
at each moment of the processthe thread between the origin and ³1 remains
symmetric with respect to its midpoint, thus ¡ ζ is symmetric and symmetrically
contractile.

The previous construction applies to paths which are more generalthan the
paths ° ζ and which lead to points lying in R but not necessarilyin R (1)

ρ,M . In

our case,for a given point ³ 2 R (1)
ρ,M , the resulting path ¡ ζ is easily described

according to the three possibleshapesof ° ζ (seeFigure 3):

² in case1 above, ¡ ζ coincideswith ° ζ ;

² in case 3, if m ¸ 1, the path ¡ ζ starts from the origin by a straight
segment, meandersbetweenthe disks ³ ¡ Dm, D1, . . . , ³ ¡ Dm¡ k, Dk+1 ,
. . . , ³ ¡ D1, Dm (in that order) and ends by a straight segment leading
to ³ ; moreover it is the shortest such path (if m · ¡ 1, Dm¡ k must be
replacedby Dm+ k (1 · k · m ¡ 1) in the previous sentence); it is thus a
successionof straight segments and arcs of circle;

² in case2, the description is the sameas in the previous caseexcept that
there is no straight segment from Dk to ³ ¡ Dm¡ k for k = 0; : : : ; m because
of tangencies(with the convention D0 = f 0g).

The paths ° ζ and ¡ ζ can be viewed as subsetsof R (1)
ρ,M rather than subsets

of Dρ,M (i.e. we identify them with their lifts in R). Since¡ ζ is symmetrically
contractile, one can follow the analytic continuation at ³ of the convolution
product F̂ ¤ Ĝ of two germsF̂ ; Ĝ which extend analytically to R (1)

ρ,M , and write
it as

(F̂ ¤ Ĝ)( ³ ) =
Z

¡ ³

F̂ (³1)Ĝ(³2) d³1;

where ³2 is determined as the symmetric point of ³1 on ¡ ζ . Let us denoteby sζ
the curvilinear abscissaon ¡ ζ , by M ζ the corresponding parameterization of ¡ ζ
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and by `(³ ) the length of ¡ ζ : we have `(³ ) = sζ(³ ) and the maps
½

¡ ζ ¡ ! [0; `(³ )]
³1 7¡! sζ(³1)

and
½

[0; `(³ )] ¡ ! ¡ ζ
s 7¡! M ζ(s)

are mutually reciprocal. The formula for the analytic continuation of the con-
volution product may be written

(F̂ ¤ Ĝ)( ³ ) =
Z `(ζ)

0
F̂

¡
M ζ(s)

¢
Ĝ

¡
M ζ(`(³ ) ¡ s

¢³ dM ζ

ds

´
ds:

Lemma 9 (New bounds for the convolution) If F̂ and Ĝ are holomorphic

functions in R (1)
ρ,M which satisfy

8³ 2 R (1)
ρ,M ; jF̂ (³ )j · F (`(³ )) and jĜ(³ )j · G(`(³ )) ;

where F and G are continuous increasing functions on R+ , their product of

convolution F̂ ¤ Ĝ, which is holomorphic in R (1)
ρ,M , satisfies

8³ 2 R (1)
ρ,M ; j(F̂ ¤ Ĝ)( ³ )j · (F ¤ G)( `(³ )) :

Proof. The description of ¡ ζ given above allows one to check that

8³ 2 R (1)
ρ,M ; ¡ ζ ½ R (1)

ρ,M

and
8³ 2 R (1)

ρ,M ; 8³1 2 ¡ ζ ; `(³1) · sζ(³1): (21)

The conclusion then comeseasily: since F and G are increasing, for ³ 2 R (1)
ρ,M

we have

j(F̂ ¤ Ĝ)( ³ )j ·
Z `(ζ)

0
F (`(M ζ(s))) G(`(M ζ(`(³ ) ¡ s))) ds

·
Z `(ζ)

0
F (sζ(M ζ(s))) G(sζ(M ζ(`(³ ) ¡ s))) ds = (F ¤ G)(`(³ )) :

2

Note that in this approach the inequality (21) is essential, but we know how
to check such an inequality only for points in R (1)

ρ,M . One may then wonder
whether it is possible to explore farther the Riemann surface R by a similar
method or whether we are con̄ ned to the nearby sheets;we show in Section 5
how to bypassthe di±cult y in order to explore every sheetof R .
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Lemma 10 (New bounds for the operator E) There exist c;c0 > 0 such
that:
(a)

8³ 2 R (1)
ρ,M ;

8
<

:

j¯ (³ )j · c2`(³ )¡ 2;
jY (³ )j · c`(³ )¡ 5;
jZ (³ )j · c`(³ )2;

and

8³ 2 R (1)
ρ,M ; v̂0(³ ) · c0

`(³ )3

3!
;

(b) if Ŵ is holomorphic in R (1)
ρ,M and satisfies

8³ 2 R (1)
ρ,M ; jŴ (³ )j · C`(³ )ν

for some real C > 0 and integer º ¸ 5, the function E:Ŵ is holomorphic

in R (1)
ρ,M and satisfies

8³ 2 R (1)
ρ,M ; j(E :Ŵ )( ³ )j · 2c2C`(³ )ν¡ 2:

Proof. One checks the existenceof a number · > 0 such that

8³ 2 R (1)
ρ,M ; `(³ ) · · (j

²
³ j + 1):

On the other hand, for ³ 2 R (1)
ρ,M we have j

²
³ j · `(³ ) and

j
²
³ j · ½ ) ³ 2 R (0) ) `(³ ) = j

²
³ j:

Thus Part (a) of Lemma 10 follows from Lemma 6.
Let Ŵ , C, º asin Part (b). The formula for the analytic continuation of E :Ŵ

at a point ³ of R (1)
ρ,M may be written

(E :Ŵ )( ³ ) = ¯ (³ )Ŵ (³ )

+
1
12

Z (³ )
Z `(ζ)

0
(YŴ )(M ζ(s))

³ dM ζ

ds

´
ds

¡
1
12

Y(³ )
Z `(ζ)

0
(Z Ŵ )(M ζ(s))

³ dM ζ

ds

´
ds:

Let us treat separately thesethree terms, using the inequalities of Part (a):
{ the ¯rst term is bounded by c2C`(³ )ν¡ 2;
{ we observe that

j(YŴ )(M ζ(s)) j · cC`(M ζ(s))ν¡ 5 · cCsν¡ 5
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becauseof the inequality (21) and the hypothesis º ¸ 5, thus the secondterm
is bounded by c2C

12(ν¡ 4) `(³ )ν¡ 2;
{ analogously

j(Z Ŵ )(M ζ(s)) j · cC`(M ζ(s))ν+2 · cCsν+2

thus the third term is bounded by c2C
12(ν+3) `(³ )ν¡ 2.

Hencethe desiredbound for j(E :Ŵ )( ³ )j. 2

Lemma 11 (Convergence in the nearby sheets) Let c;c0 > 0 as in the
previous lemma. The formulas

c0
n =

X

n1 + n2 = n¡ 1

cn1 cn2 ; cn =
c2

21
c0
n; n ¸ 1

define inductively two sequences of positive numbers satisfying

8³ 2 R (1)
ρ,M ; jv̂n(³ )j · cn

`(³ )2n+3

(2n + 3)!
and jŵn(³ )j · c0

n

`(³ )2n+5

(2n + 5)!
:

The series of functions
P

v̂n converges uniformly in R (1)
ρ,M to a holomorphic

function v̂ and û = ¡ 6³ + v̂ has exponential decay at infinity in R (1)
ρ,M .

Proof. The desired inequalities are obtained exactly in the sameway as those
of Lemma 8. This proves the convergenceof the seriesof functions

P
v̂n, and

û is thus holomorphic in R (1)
ρ,M with an exponential bound

8³ 2 R (1)
ρ,M ; jû(³ )j · const`(³ ) eτ`(ζ) ;

where¿ = (4c0c2=21)1/2. As in the endof the proof of Lemma 8, wecan improve
this bound and decreasethe exponential type ¿, but this time the implication

8³ 2 R (1)
ρ,M ; jû(³ )j · C0 `(³ ) eτ`(ζ) ) 8³ 2 R (1)

ρ,M ; j(û ¤û)( ³ )j ·
C0

3!
`(³ )3 eτ`(ζ)

is ensuredby Lemma 9 only for ¿ ¸ 0; intro ducing numbers ±; C > 0 such that

8³ 2 R (1)
ρ,M ; `(³ )2j¯ (³ )j · C e¡ δ`(ζ) ;

we thus can reach jû(³ )j · const`(³ ) e(τ ¡ δ)`(ζ) with ¿ > 0 and ¿ ¡ ± < 0, but
we must then stop. (In fact, it is a consequenceof the resurgent properties of û
explained in Section 5 that it has exponential type ¡ 1 in R (1)

ρ,M too.) 2

This endsthe proof of Proposition 3.
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4 First singularity of û

The aim of this section is to prove the statement concerning the singularity
at 2¼i of û in Theorem 2 (Formulas (11) and (12)).

4.1 Shape of the singularity

Proposition 4 There exist A5; A3; A1 2 C and h(»); r (») 2 Cf »g such that
h(0) = 0 and

û(2¼i + ») =
A5

»5 +
A3

»3 +
A1

»
+

1
2¼i

h(») log» + r (»);

for ³ = 2¼i + » close to 2¼i on the main sheet.

For the proof of this proposition, we will use the samenotations as in the
previous section: û(³ ) = ¡ 6³ + v̂(³ ) = ¡ 6³ +

P
v̂n(³ ), and obtain by induction

the shape of the singularity at 2¼i for each v̂n. The property of convergence
establishedin the previous section will then yield the result. Let us intro ducea
dē nition designedfor our purpose:

² We say that a germ F̂ 2 Cf ³ g is of type (¡ 1) if it is odd and of valuation 5
at least, and if it extends analytically to R (1) and can be written

F̂ (³ ) =
B

³ ¡ 2¼i
+

Ĥ (³ ¡ 2¼i)
2¼i

log(³ ¡ 2¼i) + R̂(³ ¡ 2¼i)

in a neighborhood of 2¼i on the main sheet,where B 2 C, and Ĥ and R̂
are holomorphic at the origin with Ĥ (») = C» + D»3 + O(»5) for some
C; D 2 C.

² We say that a germ F̂ 2 Cf ³ g is of type (¡ 5) if it is odd and of valuation 3
at least, and if it extends analytically to R (1) and can be written

F̂ (³ ) =
B

(³ ¡ 2¼i)5 +
C

(³ ¡ 2¼i)3 +
D

³ ¡ 2¼i

+
Ĥ (³ ¡ 2¼i)

2¼i
log(³ ¡ 2¼i) + R̂(³ ¡ 2¼i)

in a neighborhood of 2¼i on the main sheet, where B ; C; D 2 C, and Ĥ
and R̂ are holomorphic at the origin with Ĥ (») = O(»).

Remark. One can rephrasethe above dē nition using the alien derivation ¢ 2πi

of Resurgencetheory. More details will be given in Section5, but we can already
mention that this operator measuresthe singularity at 2¼i of the Borel transform
of a given series (using the Borel transform, with the extended conventions
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indicated at the end of Sec.1.3, to encode the singularity): an odd germ F̂ 2
Cf ³ g corresponds to an even formal series ~F (z) 2 C[[z¡ 1]] via formal Borel-
Laplace transform, and the requirements on the shape of the singularity at 2¼i
amount respectively to the conditions

¢ 2πi ~F = 2¼iB + ~H (z); ~H (z) = Cz¡ 2 + 3!Dz¡ 4 + O(z¡ 6) 2 C[z][[z¡ 1]];

and

¢ 2πi ~F =
2¼i
4!

B z4 +
2¼i
2!

Cz2 +
2¼i
0!

D + ~H (z); ~H (z) 2 z¡ 2C[[z¡ 1]]:

Lemma 12 (Transformation of singularities) The convolution product of
two germs of type (¡ 5) is of type (¡ 1), and the image by the operator E of a
germ of type (¡ 1) is of type (¡ 5).

Proof. Let us consider two germs F̂1 and F̂2 of type (¡ 5): their convolution
product Ĝ is odd and of valuation 7 at least, and it extendsanalytically to R (1) .
One checks that its singularity at 2¼i has the desired form by a direct analysis
of the convolution integral, writing it as

Ĝ(³ ) =
Z ζ

ζ/2
F̂1(³1)F̂2(³ ¡ ³1) d³1 +

Z ζ

ζ/2
F̂1(³ ¡ ³2)F̂2(³2) d³2

like in the proof of Proposition 5 below.

Alternativ ely one can use the framework of Resurgenceand the important
fact that the operator ¢ 2πi satis̄ es the Leibniz rule: the formal series ~G(z)
associated with Ĝ(³ ) is the product of the formal series ~F1 and ~F2 associated
with our germs,

¢ 2πi ~G = ~F1¢ 2πi ~F2 + ~F2¢ 2πi ~F1;

and for j = 1; 2 we have ~Fj(z) = O(z¡ 4), even, whereas¢ 2πi ~Fj(z) = Bjz4 +
Cjz2 + D j + O(z¡ 2) for somecomplex numbers Bj ; Cj ; D j , hencethe result.

Let us now consider a germ F̂ of type (¡ 1). We have already noticed that
Ĝ = E :F̂ is of valuation 3 at least and extendsanalytically to R (1) ; its is easily
seento be odd. Let us study its singularity at 2¼i. We usethe expression

Ĝ = Y
Z

0

³
y¡ 2

Z

0
yF̂ 00

´
with y = ®Y=12;

which can be checked from the proof of Lemma 4. For » small and such that
2¼i + » lies in the main sheetR (0) , we can write

F̂ 00(2¼i + ») = ¤»¡ 3 + ¤»¡ 1 + »(¤ + O(»2)) log» + reg(»);
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where the stars ¤ stand for some complex numbers and reg(») denotes some
regular germ. But y(2¼i + ») = ¤»¡ 3(1 + O(»2)) is odd, thus

(yF̂ 00)(2¼i + ») = ¤»¡ 6 + ¤»¡ 4 + ¤»¡ 3 + ¤»¡ 2 + ¤»¡ 1

+ (¤»¡ 2 + reg(»)) log» + reg(»)

and

(
Z

0
yF̂ 00)(2¼i + ») = »¡ 5(¤ + O(»2)) + »¡ 1reg(») log»:

Now y¡ 2(2¼i + ») = ¤»6(1 + O(»2)) is even, thus (y¡ 2
R

0 yF̂ 00)(2¼i + ») =
»(¤ + O(»2)) + »5reg(») log»,

hZ

0

³
y¡ 2

Z

0
yF̂ 00

´ i
(2¼i + ») = ¤ + ¤»2 + O(»4) + »6reg(») log»;

and sinceY(2¼i + ») = ¤»¡ 5(1 + O(»2)) is even, we concludethat

Ĝ(2¼i + ») = ¤»¡ 5 + ¤»¡ 3 + ¤»¡ 1 + »reg(») log» + reg(»)

as required. 2

Since ŵ0 extends to an entire function, it follows easily by induction that
each v̂n is of type (¡ 5) and that each ŵn is of type (¡ 1). Thus there exist
sequencesof numbers (A (n)

5 ), (A (n)
3 ) (A (n)

1 ) and sequencesof functions (h(n) ),
(r (n) ) holomorphic near the origin such that, for all n ¸ 0,

v̂n(2¼i + ») =
A (n)

5

»5 +
A (n)

3

»3 +
A (n)

1

»
+

1
2¼i

h(n) (») log» + r (n) (»);

for ³ = 2¼i + » closeto 2¼i on the main sheet,with h(n) (0) = 0.
For any n ¸ 0, the function h(n) is nothing but the \ variation" (or mon-

odromy) of the singularity of v̂n around 2¼i:

h(n) (») = v̂n(2¼i + ») ¡ v̂n(2¼i + »:e¡ 2πi )

for ³ = 2¼i + » closeto 2¼i on the main sheet, if we denote by 2¼i + »:e¡ 2πi the
point of R with the sameprojection onto C but lying in the sheet immediately
\b elow" the main one(i.e. ³ is represented by the segment [0;

²
³ ], but 2¼i+ »:e¡ 2πi

is represented by the path which beginsby the straight segment and continuesby
a clockwise-oriented circle around 2¼i). But then Lemma 11 implies the uniform
convergenceof the series

P
h(n) in a disk D(0; ½0) centered at the origin and of

su±ciently small radius ½0:
h =

X

n¸ 0

h(n)

is holomorphic at the origin and satis̄ es h(0) = 0.
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Now consider the functions

v̂¤
n(») =

A (n)
5

»5 +
A (n)

3

»3 +
A (n)

1

»
+ r (n) (»)

for n ¸ 0: they are holomorphic in the pointed disk f 0 < j»j < ½0 g and the
series

P
v̂¤
n is uniformly convergent in the annulus D(0; ½0) n D(0; ½) for all

½2]0; ½0[; its sum

v̂¤(») =
X

n¸ 0

v̂¤
n(») = v̂(2¼i + ») ¡

1
2¼i

h(») log»

is holomorphic in the pointed disk D(0; ½0) n f 0g. Writing the coe± cients
A (n)

5 ; A (n)
3 ; A (n)

1 asCauchy integrals involving v̂¤
n, we thus deducethat the series

A5 =
X

n¸ 0

A (n)
5 ; A3 =

X

n¸ 0

A (n)
3 ; A1 =

X

n¸ 0

A (n)
1

areconvergent. Observingthat the function » 7! v̂¤(»)¡ A5»¡ 5¡ A3»¡ 3¡ A1»¡ 1

is regular at the origin, we conclude that v̂ itself is a germ of type (¡ 5). This
endsthe proof of Proposition 4.

4.2 First resurgent relations

Proposition 5 Let

' =
2¼i
4!

A5z4 +
2¼i
2!

A3z2 +
2¼i
0!

A1 + B¡ 1h 2 C[z][[z¡ 1]];

where A5; A3; A1 2 C and h(») 2 Cf »g are defined by Proposition 4. There
exist complex numbers £ and ¹ such that ' = £ ' 2 + ¹ ' 1, i.e. ' is a linear
combination of the formal series defined in Lemma 2.

This statement amounts exactly to Formulas (11) and (12) of Theorem 2:
the singularity of û at 2¼i is the Borel transform of £ ' 2 + ¹ ' 1. In the framework
of Resurgencetheory, this statement can be proved very quickly: according to
the remark on p. 29, the formal series ' 2 C[z][[z¡ 1]] is nothing but ¢ 2πi u;
as already mentioned the operator ¢ 2πi obeys the Leibniz rule, moreover it
commutes with translations of step 1; applying ¢ 2πi to both sidesof Eq. (3),
we get

' (z + 1) ¡ 2' (z) + ' (z ¡ 1) = ¡ 2u(z)' (z);

whencethe result follows by virtue of Lemma 2. The formula

¢ 2πi u = £ ' 2 + ¹ ' 1;

which links ' = ¢ 2πi u with ' 1 = @zu and its companion linear solution ' 2, is
called a resurgent relation.
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To give to the readeran ideaof the analysiswhich is involved in the resurgent
formalism, we now provide an elementary proof of Proposition 5 which makes
useof the classicalComplex Analysis only. Let ³ 2 R (0) , closeto 2¼i. We note
that

(û ¤ û)( ³ ) = 2
Z ζ

ζ/2
û(³ ¡ ³ 0)û(³ 0) d³ 0;

where the integral is taken over a rectilinear segment. In this way we separate
the singular and the regular factors: when ³ is close to 2¼i the argument of
the ¯rst function, û(³ ¡ ³ 0), remains far from the singularity. The convolution
equation (8) takesthe form,

4sinh2 ³
2

u(³ ) = ¡ 2
Z ζ

ζ/2
û(³ ¡ ³ 0)û(³ 0) d³ 0: (22)

Now we usethe ¯rst two terms of expansions(7) and (11) to evaluate û(³ ¡ ³ 0)
and û(³ 0) respectively. We have

¡ 2
Z ζ

ζ/2
û(³ ¡ ³ 0)û(³ 0) d³ 0 = ¡

a1A5

6
1
»3 ¡

µ
a1A3 +

a2A5

12

¶
1
»

+ O(1)

=
A5

»3 +
µ

6A3 ¡
15A5

24

¶
1
»

+ O(1) ;

where » = ³ ¡ 2¼i. On the other hand,

4sinh2 ³
2

u(³ ) =
A5

»3 +
µ

A3 +
A5

12

¶
1
»

+ O(») :

Comparing the last two equations we concludethat (22) implies

A3 =
17A5

120
:

We obtain the third polar coe±cients A1 and the function h from the analysis
of the variation (monodromy) of û.

Let two points ³1 and ³2 convergeto the imaginary axis just above 2¼i, from
the right-hand-side and from the left-hand-side respectively. Let ³ = 2¼i + »
denote the limit point (seeFig. 4). Then the prelogarithmic factor of (11) is
given by

h(») = lim
ζ1 ! 2πi + ξ + 0
ζ2 ! 2πi + ξ ¡ 0

u(³1) ¡ u(³2) :

In order to evaluate the limit we take the di®erenceof the two copies of the
convolution equation,

4sinh2 ³k
2

u(³k) = ¡ 2
Z ζk

ζk /2
û(³k ¡ ³ 0)û(³ 0) d³ 0;
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Figure 4: Paths of integration

and passto the limit:

4sinh2 »
2

h(») = ¡ 2
Z

γ

û(³ ¡ ³ 0)û(³ 0) d³ 0

= ¡ 2
Z

ξ0+2 πi2 γ
û(» ¡ »0)û(2¼i + »0) d»0:

Now we substitute the convergent expansion(11) instead of û(2¼i + »):

4sinh2 »
2

h(») = ¡ 2
Z

ξ0+2 πi2 γ
û(» ¡ »0)

log»0

2¼i
h(»0) d»0

¡ 4¼i Res
ξ0=0

·
û(» ¡ »0)

µ
A5

»05 +
A3

»03 +
A1

»0

¶ ¸

= ¡ 2
Z ξ

0
û(» ¡ »0)h(»0) d»0

¡ 4¼i

Ã

A5
@4
ξ û(»)

4!
+ A3

@2
ξ û(»)

2!
+ A1û(»)

!

:

In this way we obtain the following equation for the singularity of û:

4sinh2 »
2

h(») = ¡ 2(û ¤ h)(») ¡ f (») ; (23)

where

f (») = 4¼i

Ã

A5
@4
ξ û(»)

4!
+ A3

@2
ξ û(»)

2!
+ A1û(»)

!

:
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This is a linear nonhomogeneousequation for h. Since h(0) = û(0) = 0 the
corresponding terms of the equation are cubic at zero. Consequently f (0) =
f 0(0) = f 00(0) = 0. The equality f 0(0) = 0 implies

A5a3=4! + A3a2=2! + A1a1 = 0:

This implies A1 = ¡ 17
640 A5.

To ¯nish the proof of Proposition 5, it is su±cient to check that Eq. (23)
generatesexactly the samerecurrence rule for hk as the formal homogeneous
variational equation (9), which is not too di±cult.

5 Description of the whole resurgent structure

Gathering the results of Propositions 3,4 and 5, we seethat in order to complete
the proof of Theorem 2 there remains only to check that û extendsanalytically
to the whole of R. Notice that the derivation of Theorem 1 in Sec.2 doesnot
require this fact: the three propositions are su±cient for it.

We will now show a theorem (Theorem 3 below) which contains Theorem 2
and gives an overview of the resurgent structure of all the formal serieswhich
havebeenintro ducedin this article. But its proof will rely on Resurgencetheory,
and we will try to acquaint the reader with the tools to be used.

5.1 A (more) general formal solution

We ¯rst extend the notion of formal solution for the equation (3).

Proposition 6 (Normalized general solution) There is a unique sequence
of nonzero even series (~un)n2 N in C[z][[z¡ 1]] such that:

² the series
~u(z; b) =

X

n¸ 0

bn~un(z)

satisfies formally (3) when expanding both sides of the equation in powers
of b and then in powers of z;

² ~u1(z) = z4 + O(z2);

² for all n ¸ 2, the coefficient of z4 in ~un is zero.

Remark. A more general formal solution is obtained by considering

~u(z + a(z); b(z)) =
X

n¸ 0

b(z)n~un(z + a(z))

where a(z) and b(z) are 1-periodic objects, e.g. formal expansionsin powers
of e2πiz (or of e¡ 2πiz, but not both at the sametime).
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Proof. Let us intro duce notations for di®erenceoperators:

S : f (z) 7! f (z + 1) ¡ f (z); P : f (z) 7! f (z + 1) ¡ 2f (z) + f (z ¡ 1):

When a formal Laurent series f 2 C[z][[z¡ 1]] is given, it admits a primitiv e
in C[z][[z¡ 1]] if and only if its residuum (the coe±cient of z¡ 1 in f ) vanishes;in
that casewe denote by @¡ 1

z f the unique primitiv e of f without constant term.
The invertibilit y of S is easily studied:

Lemma 13 A formal Laurent series f 2 C[z][[z¡ 1]] admits a preimage by S
in C[z][[z¡ 1]] if and only if its residuum vanishes. In that case the unique
preimage of f without constant term can be obtained as

S¡ 1f = B (@z)@¡ 1
z f ;

where

B (X ) =
X

eX ¡ 1
= 1 ¡

X
2

+
X

`¸ 1

(¡ 1)`+1 B`
X 2`

(2`)!
:

(The proof is straightforward.)

When substituting ~u(z; b) inside (3) and expanding with respect to b both
sidesof equation, we ¯nd

² P ~u0 = ¡ ~u2
0;

² P ~u1 = ¡ 2~u0 ~u1;

² P ~un = ¡
X

n1 + n2 = n

~un1 ~un2 ; n ¸ 2:

We already know that the ¯rst of theseequationsadmits a unique nonzeroeven
solution ~u0, which is nothing but the seriescalled u in the rest of the paper:

~u0(z) =
X

k¸ 1

akz¡ 2k = ¡ 6z¡ 2 +
15
2

z¡ 4 ¡
663
40

z¡ 6 +
43647
800

z¡ 8 + O(z¡ 10):

The secondequation coincideswith the variational equation (9) whosefun-
damental systemof solutions (' 1; ' 2) was intro duced in Lemma 2, according to
which there is only one possibility for ~u1:

~u1(z) = 84' 2(z) = z4 +
17
10

z2 ¡
51
80

+
36
5

z¡ 2 + O(z¡ 4): (24)

We recall that
' 1 = @z~u0 =

X

k¸ 1

bkz¡ 2k¡ 1; (25)
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whereas' 2 =
P
k¸¡ 2 dkz¡ 2k could be found directly. But one could also usea

method which is the ¯nite-di ®erenceanalogueof the classicalmethod of vari-
ation of parameters for second-orderordinary di®erential equations (see e.g.
[Gel99] for detailed explanations); this leadsto

' 2 = ' 1S¡ 1Â; Â(z) =
1

' 1(z)' 1(z + 1)
(26)

(it can be checked that Â has no residuum since ' 1 is odd).
The next equations can be considered as linear non-homogeneous̄ nite-

di®erenceequations: for n ¸ 2, the series~un is required to satisfy

(P + 2~u0):~un = ~vn (27)

with a right-hand side

~vn = ¡
n¡ 1X

k=1

~uk~un¡ k

determined by the previous terms ~u0; : : : ; ~un¡ 1.

Lemma 14 If a Laurent series Ã 2 C[z2][[z¡ 2]] is given such that ' 1Ã has no
residuum, the linear non-homogeneous equation

(P + 2~u0):' = Ã

admits a unique solution ' in C[z2][[z¡ 2]] whose coefficient of z4 vanishes. This
solution can be written

' (z) =
1
2

³
(©(z) + ©(¡ z)

´
+ c' 2(z);

where c is some complex number and

© = ¡ ' 1S¡ 1(' 2Ã) + ' 2S¡ 1(' 1Ã):

(Proof of the lemma: Since the \W ronskian" of (' 1; ' 2) is equal to 1, one can
check that © = ®' 1 + ¯ ' 2 is solution of the non-homogeneousequation as soon
as S® = ¡ ' 2Ã and S¯ = ' 1Ã. By hypothesis the series' 1Ã has no residuum,
and the sameis true for ' 2Ã because' 2 and Ã are even; we can thus choose
® = ¡ S¡ 1(' 2Ã) and ¯ = S¡ 1(' 1Ã), and we obtain a ¯rst solution ©. But since
~u0 and Ã are even, ©(¡ z) is also solution of the non-homogeneousequation,
therefore the odd series©(z) ¡ ©(¡ z) satis̄ es the homogeneousequation and
can be written c1 ' 1(z)+ c2 ' 2(z) with c1; c2 2 C. Now c2 = 0 becauseof oddness
and

©(z) =
1
2

³
©(z) + ©(¡ z)

´
+

c1

2
' 1(z):

The unique even solution ' without coe±cient in front of z4 is obtained by
removing c1

2 ' 1(z) and adding the appropriate multiple of ' 2(z).)
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We now proceedby induction in order to solve the equations (27). Let us
suppose that, for some n ¸ 2, the series ~u0; : : : ; ~un¡ 1 have been determined
in C[z2][[z¡ 2]]. The series~vn = ¡

P n¡ 1
k=1 ~uk~un¡ k belongsto that spacetoo, and

we only have to check that ' 1~vn = ~vn@z~u0 has no residuum. This results from
the identit y4

~vn@z~u0 = ¡
1
2

@z
h
~u0

n¡ 1X

k=1

~uk~un¡ k

i
¡

1
2

n¡ 1X

k=1

h
(@z~uk)(P ~un¡ k) + (@z~un¡ k)(P ~uk)

i
;

sincethe derivativeof a Laurent serieshasno residuum and, for any two Laurent
seriesf and g,

(@zf )(Pg) + (Pf )(@zg) =
X

m¸ 0

2
(2m + 2)!

h
(@zf )(@2m+2

z g) + (@2m+2
z f )(@zg)

i

has no residuum due to

F (@2m+1
z G) + (@2m+1

z F )G = @z
h2mX

`=0

(¡ 1)`(@`zF )(@2m¡ `
z G)

i
: 2

Remark. In fact ~u(z; b) =
P
m¸ 0 z¡ 2m¡ 2Um(bz6), with a family of formal series

Um(X ) 2 Q[[X ]]. For instance U0(X ) is the generating seriesfor the leading
terms:

U0(X ) =
X

n¸ 0

cnX n with 8n ¸ 0; ~un(z) = cnz6n¡ 2 + O(z6n¡ 4):

Its coe±cients can be computed inductiv ely sinceit is the unique nonzeroformal
solution of the equation

(6b@b ¡ 2)(6b@b ¡ 3)U0 = ¡ U2
0 :

It can be checked that all the seriesUm have positive radius of convergence.

5.2 Resurgent properties of the general formal solution

Now comesthe essential result of this section,which contains in fact Theorem 2.
The following theorem is formulated in the languageof Resurgencetheory; we
will provide explanations on its meaning after its statement.

4A compact way of deriving this identit y consists in intro ducing the generating series
U =

P
n ¸ 1

bn ~un and V =
P

n ¸ 2
bn ~vn , and checking that

∂z

³ Z U ( z ;b)

0

[~u2
0 (z) ¡ ( ~u0 (z) + X)2 ] dX

´
= (P.U )∂zU + (∂z ~u0 )V.
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Theorem 3 (Resurgence of the general solution) For each integer n ¸ 0,
the formal series ~un is a simply ramified resurgent function whose minor extends
analytically to R , with a growth of exponential type ¡ 1 along the non-vertical
rays of each half-sheet of R .

There exist two families of formal series

Aω(b) =
X

n¸ 0

Aωjj nbn; Bω(b) =
X

n¸ 0

Bωjj nbn; ! 2 2¼iZ¤;

such that the Bridge equation holds:

8! 2 2¼iZ¤; ¢ ω~u(z; b) =
³

Aω(b)@b + Bω(b)@z
´

~u(z; b): (28)

This equation must be understood as a compact writing of the resurgence rela-
tions

8! 2 2¼iZ¤; 8n ¸ 0; ¢ ω~un =
X

n1 + n2 = n

h
(n2 + 1)Aωjj n1 ~un2 +1 + Bωjj n1 @z~un2

i

(29)
which allow one to compute all the alien derivatives of the resurgent func-
tions ~un.

5.3 Explanation of resurgent terminology and remarks

a) Simply rami¯ed resurgent functions

If a formal Laurent series ~' (z) 2 C[z][[z¡ 1]] is given, we can isolate the
polynomial part Ã(z) and compute the formal Borel transform of the remain-
der ~' 0(z) according to the usual rule B : z¡ n¡ 1 7! ³ n=n!:

~' = Ã + ' 0;
(

Ã 2 C[z];

~' 0 2 z¡ 1C[[z¡ 1]]; '̂ = B ~' 0 2 C[[³ ]]:

Let us suppose that '̂ is a convergent power-serieswhich dē nes a germ of
analytic function which extends analytically to R. In that situation, ~' is said
to be a resurgent function and '̂ is called its minor. Thus the ¯rst assertion in
Theorem 3 constitutes a generalization of Proposition 3.

If moreover, when following the analytic continuation of the minor '̂ , the
only encountered singularities are of the form f polar partg+ f logarithmic singu-
larit yg, the resurgent function ~' is said to be simply ramified (we mean that, if
'̂ ¡ denotesthe determination of '̂ obtained by following somepath ¡ of analytic
continuation which leadscloseto somepoint ! of 2¼iZ, we can write

'̂ ¡ (! + ») = pol(»¡ 1) +
1

2¼i
var(») log» + reg(»);
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with pol(X ) 2 C[X ] and var(»); reg(») 2 Cf »g). The situation described in
Proposition 4 was a particular caseof this kind of singularity.

Simply rami¯ed resurgent functions whoseminors extendsanalytically to R
form a subalgebraRES of C[z][[z¡ 1]].

b) Alien derivations

Let ! 2 2¼iZ¤. The alien derivation of index ! is a particular linear opera-
tor ¢ ω of RES which satis̄ es the Leibniz rule:

8 ~' 1; ~' 2 2 RES; ¢ ω( ~' 1 ~' 2) = (¢ ω ~' 1) ~' 2 + ~' 1(¢ ω ~' 2):

For dē niteness, let us ¯rst consider the casewhere ! = 2¼ir with r ¸ 1: if
~' is given in RES, we may consider the 2r¡ 1 determinations of the minor '̂
in the segment ]2¼i(r ¡ 1); 2¼ir [ which are obtained by following its analytic
continuation alongthe half-line iR+ and circumventing the intermediary singular
points 2¼i; : : : ; 2¼i(r ¡ 1) to the left or to the right; we denote them

'̂ ε1 ,...,εr ¡ 1 ;

each " ` being a plus sign or a minus sign indicating whether 2¼i` was circum-
vented to the left or to the right. For ³ 2] ¡ 2¼i; 0[, we set

·Â(³ ) =
X

ε1 ,...,εr ¡ 1

p(" )!q(" )!
r !

' ε1 ,...,εr ¡ 1 (2¼ir + ³ );

where the integersp(" ) and q(" ) = r ¡ 1¡ p(" ) denote the numbersof plus signs
and of minus signs in the sequence("1; : : : ; "r¡ 1). According to our hypothesis
on the shape of the singularities of the minor '̂ , the function ·Â must take the
form

·Â(³ ) = AN ³ ¡ N + ¢¢¢+ A1³ ¡ 1 +
1

2¼i
Â̂(³ ) log ³ + reg(³ );

where A1; : : : ; AN are some complex numbers and Â̂(³ ); reg(³ ) 2 Cf ³ g. We
dē ne

¢ ω ~' = 2¼i
£( ¡ 1) N ¡ 1

(N ¡ 1)! ANzN ¡ 1 + ¢¢¢+ A1
¤

+ B¡ 1Â̂:

It can be checked that ¢ ω ~' is a well-dē ned element of RES; observe that its
minor Â̂ can be computed in the segment ]0; 2¼i[ according to the formula

Â̂(³ ) =
X

ε1 ,...,εr ¡ 1

p(" )!q(" )!
r !

£
' ε1 ,...,εr ¡ 1 ,+ (2¼ir + ³ ) ¡ ' ε1 ,...,εr ¡ 1 ,¡ (2¼ir + ³ )

¤
:

If ! = ¡ 2¼ir with r ¸ 1, the operator ¢ ω is dē ned in a similar fashion.
If a simply rami¯ed resurgent function ~' has only real coe±cients, i.e. ~' (z) 2
RES\ R[z][[z¡ 1]], one checks that

¢ ¡ 2πir ~' (z) = ¡ (¢ 2πir ~' )(z):
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On the other hand, if ~' is even with respect to z,

¢ ¡ 2πir ~' (z) = (¢ 2πir ~' )( ¡ z):

The fact that the operators ¢ ω are derivations is essential in Resurgencethe-
ory. They are called alien derivations by contrast with the natural derivation @z.
There is a relation

¢ ω ±@z = (@z ¡ ! ) ±¢ ω;

but no relation betweenthe ¢ ω 's themselves: they generatea free Lie algebra.
These operators encode in fact the whole singular behavior of the minors.

Given a sequence! 1; : : : ; ! n in 2¼iZ¤, the composedoperator ¢ ωn ± ¢¢¢± ¢ ω1

gives information on the singularities over the point ! 1 + ¢¢¢+ ! n.
The point of view on Resurgencetheory that we have indicated is rather

restrictiv e and we refer the interestedreaderto [Eca81, Eca93, CNP93, BSSV98]
for further properties and more generaldē nitions.

c) Bridge equation

The so-calledBridge equation (28) is an example of a general phenomenon
which is at the origin of the nameResurgent function: the dē nition of a general
resurgent function ~' a priori doesnot force any relationship between ~' and its
alien derivatives,but for the resurgent functions of natural origin (i.e. solutions
of someanalytic problem) it is observedthat the alien derivativesobey particular
relations depending on the problem under consideration.

The equation (28) can be viewed as a bridge between alien calculus and
ordinary di®erential calculus in the case of the formal solution ~u, hence its
name. The families of complex numbers Aωjj n and Bωjj n which determine the
di®erential operator in the right-hand side represent all the \transcendental "
part of the information that is neededto describe the singular structure in the
Borel plane (whereasthe series~un themselvesrepresent the \elementary " part).

In our case,the realnessof the coe±cients of the series~un implies that

8! 2 2¼iZ¤; A ¡ ω(b) = ¡ Aω(b); B ¡ ω(b) = ¡ Bω(b);

and since ~u(z; b) is even with respect to z, we have also

8! 2 2¼iZ¤; A ¡ ω(b) = Aω(b); B ¡ ω(b) = ¡ Bω(b):

Therefore we concludethat

8! 2 2¼iZ¤; 8n 2 N; Aωjj n = A ¡ ωjj n 2 iR; Bωjj n = ¡ B ¡ ωjj n 2 R:

The Bridge equation (28) provides the decomposition of

¢ ω~u(z; b) =
X

n¸ 0

bn¢ ω~un(z)

41



            

assum of its even part Aω(b)@b~u(z; b) and its odd part Bω(b)@z~u(z; b) (even and
odd with respect to z). Note that all the successive alien derivatives may be
computed by iteration of the Bridge equation:

¢ ω1 ±¢ ω2 ~u(z; b) =
³

Aω2 (b)@b + Bω2 (b)(@z ¡ ! 2)
´ ³

Aω1 (b)@b + Bω1 (b)@z
´

~u(z; b)

(beware of the inversion of indices), etc. Therefore, in principle, the singular-
ities of each determination of the minors ûn can be expressedin terms of the
numbers Aω and Bω and of the coe± cients of the series~un.

d) First singularity of the ¯rst minor

Here are the resurgencerelations for the ¯rst series:

8! 2 2¼iZ¤; ¢ ω~u0 = Aωjj 0 ~u1 + Bωjj 0
d~u0

dz
:

On the other hand, in the caseof ! = 2¼i, we can rephraseProposition 4:

¢ 2πi ~u0 =
£
84

~u1 + ¹
d~u0

dz

(using (24) and (25)). Therefore,

A2πi jj 0 =
1
84

£ ; B2πi jj 0 = ¹:

5.4 Idea of the proof of Theorem 3

a) We already know, from Section 3, that the minor û0 of the ¯rst formal
series~u0 convergesat the origin and extends analytically to R (1) .

The same is true for the minors of ' 1 and ' 2. Indeed, in the caseof ' 1,
the relation (25) can be translated into a relation betweenthe minors: '̂ 1(³ ) =
¡ ³ û0(³ ), which shows that '̂ 1 extends analytically to R (1) . In the caseof ' 2,
consider the relation (26): the series' 1(z + 1) admits a minor e¡ ζ '̂ 1(³ ) which
extends analytically to R (1) , and it can be checked that the series Â which
involves the multiplicativ e inversesof ' 1(z) and ' 1(z + 1) has also a minor Â̂
which is holomorphic in R (1) ; then the operator S¡ 1, which simply amounts to
division by e¡ ζ ¡ 1 for the minors, and the multiplication of seriespreserve the
property of having a minor which extends analytically to R (1) .

We then obtain by induction that, for each n ¸ 0 the minor ûn of ~un
convergesat the origin and extends analytically to R (1) . Indeed we recall that

~un(z) =
1
2

³
~©n(z) + ~©n(¡ z)

´
+ const' 2(z)

with ~vn = ¡
P n¡ 1
k=1 ~uk~un¡ k and ~©n = ¡ ' 1S¡ 1(' 2~vn) + ' 2S¡ 1(' 1~vn), and the

samearguments as above apply.
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b) In order to prove the analyticit y of the ûn's in every sheet of the Riemann
surfaceR, we will usethe alien derivations as a tool to \propagate" analyticit y
from one sheet to some nearby sheets. We ¯rst dē ne an in¯nite decreasing
sequenceRES(1) ; RES(2) ; : : : of subalgebrasof C[z][[z¡ 1]], whoseintersection is
nothing but the algebra RES of simply rami¯ed resurgent functions. Then we
will explain how onecan check that the ~un's belongto each algebraRES(N ) and
therefore to RES.

Let RES(1) bethe subspaceof C[z][[z¡ 1]] consistingof all the Laurent series~'
whoseminor '̂ satisfy the following properties:

² '̂ convergesat the origin and extendsanalytically to R (0) (the main sheet
of R);

² '̂ extends analytically also along the paths which issue from the origin
and end on (iR) n2¼iZ without crossingthe imaginary axis (this allows to
dē ne \lateral" continuations of '̂ betweenthe singular points);

² '̂ has at worst ramified singularities at 2¼i and ¡ 2¼i, i.e. singularities
of the form pol(³ ¡ 1) + 1

2πi var(³ ) log ³ with pol(X ) 2 C[X ] and var(³ ) 2
C[³ ¡ 1]f ³ g.

One can check that RES(1) is a subalgebraof C[z][[z¡ 1]] which contains RES,
and on which operators¢ 2πi , ¢ ¡ 2πi may bedē ned aspreviously and still satisfy
the Leibniz rule; but theseoperators take their valuesin a spaceof formal series
which will be larger than C[z][[z¡ 1]] (these formal seriesmay involve logz).

Now considerthe subspaceRES(2) consistingof all the elements ~' of RES(1)

such that ¢ 2πi ~' and ¢ ¡ 2πi ~' belong to RES(1) , and the lateral continuations
of '̂ have rami¯ed singularities at § 4¼i. It is stable by multiplication too, and
not only ¢ § 2πi ±¢ § 2πi are dē ned on it, but also operators ¢ 4πi , ¢ ¡ 4πi which
extend the alien derivations ¢ § 4πi of RES and still satisfy the Leibniz rule.

Let us try to indicate the ideabehind the dē nition of RES(2) . The condition
~' 2 RES(1) implies that the minor '̂ extendsto R (0) , and even until ]2¼i; 4¼i[ if
2¼i is circumvented to the left or to the right: let us denoteby '̂ + (³ ) and '̂ ¡ (³ )
the two corresponding determinations of '̂ at a point ³ of ]2¼i; 4¼i[. The minor
of ¢ 2πi ~' is nothing but

Â̂(³ ) = '̂ + (2¼i + ³ ) ¡ '̂ ¡ (2¼i + ³ ) for ³ 2 ]0; 2¼i[:

Now the condition ¢ 2πi ~' 2 RES(1) implies that Â̂ extends to R (0) , and thus
'̂ + extends to the whole half-sheet contiguous to R (0) dē ned by paths which
cross ]2¼i; 4¼i[ from right to left, since we can write for the points ³ in that
half-sheet

'̂ + (³ ) = '̂ (
²
³ ) + Â̂(

²
³ ¡ 2¼i):

This is the key-point: the determination of '̂ in that half-sheetmay beexpressed
in terms of the functions '̂ and Â̂ in the main sheet. Similarly, '̂ ¡ extends to
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the symmetric half-sheet, according to the formula

'̂ ¡ (³ ) = '̂ (
²
³ ) ¡ Â̂(

²
³ ¡ 2¼i):

Therefore, our requirement on ¢ 2πi ~' , which dealswith analyticit y in the main
sheetfor its minor, can be interpreted asa property of analyticit y for '̂ in other
sheetsof R .

One can go on and dē ne inductiv ely RES(3) ; RES(4) ; : : : ; by requiring at
each level that all the \computable" alien derivatives of the previous level lie
in RES(1) and adding a condition about the shape of the singularity of the minor
one step farther. In fact the algebra RES(N ) at a level N ¸ 1 is characterized
by the possibility of dē ning on it all the operators

¢ 2πiN` ±¢¢¢±¢ 2πiN1 ; ` 2 N¤; N1; : : : ; N` 2 Z¤; jN1j + ¢¢¢+ jN`j · N :

By dē nition RES(N+1) ½ RES(N ) , and RES =
\

N ¸ 1

RES(N ) .

c) We have already seenthat

8n ¸ 0; ~un 2 RES(1) :

The main part of the work wasdonein the caseof ~u0, and in fact the arguments
of Section 3 would allow one to check that the lateral continuations of û0 have
only rami¯ed singularities.

Taking the alien derivativesat § 2¼i of the equationsthat the series~un satisfy
and using the fact that ¢ § 2πi ± P = P ± ¢ § 2πi , we obtain a system of linear
equations for the series¢ § 2πi ~un, which can be written as a single equation for
¢ § 2πi ~u =

P
n¸ 0 bn¢ § 2πi ~un:

P(¢ § 2πi ~u) = ¡ 2~u¢ § 2πi ~u:

We have at our disposal independent solutions of this linear equation: @b~u
and @z~u, and this allows us to prove the existenceof resurgencerelations

¢ § 2πi ~un =
X

n1 + n2 = n

h
(n2 + 1)A§ 2πi jj n1 ~un2 +1 + A§ 2πi jj n1 @z~un2

i
:

With this, and with the help of a veri¯cation on the shape of the singularities
of the minors ûn at § 4¼i, we deducethat

8n ¸ 0; ~un 2 RES(2) :

We can then proceedby induction and prove that

8N ¸ 1; 8n ¸ 0; ~un 2 RES(N ) ;
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by iterating the previous arguments: at each level N , applying the alien deriva-
tions ¢ § 2πiN (which commute with P) to the equations that the series ~un
satisfy, we obtain that the series¢ § 2πiN ~un (which could involve logz) satisfy
linear equations from which we deduce that they are linear combinations of
the ~un's and @z~un's:

¢ § 2πiN ~un =
X

n1 + n2 = n

h
(n2 + 1)A§ 2πiN jj n1 ~un2 +1 + A§ 2πiN jj n1 @z~un2

i

(thus they are Laurent seriesand do not involve logz), therefore all the series
¢ 2πiN` ± ¢¢¢± ¢ 2πiN1 ~un lie in RES(1) , and we obtain that the series~un belong
to RES(N+1) by checking the shape of the singularities at § 2¼i(N + 1) of the
lateral continuations of the minors.

5.5 Further remarks

a) Analytic classī cation of a classof symplectic mappings

All the previous results can be generalizedto the caseof the equation

u(z + 1) ¡ 2u(z) + u(z ¡ 1) = F (u(z)) (30)

associated to an analytic function F (X ) = ¡ X 2 + O(X 3).
Any such function F determinesa symplectic mapping of the plane:

F : (X ; Y ) 7! (X 1; Y1);
½

X 1 = X + Y + F (X )
Y1 = Y + F (X ):

A particular solution u(z) of (30) yields an invariant curve (x(z) = u(z),
y(z) = u(z) ¡ u(z ¡ 1)) for F , in the sensethat F maps (x(z); y(z)) onto (x(z +
1); y(z + 1)).

The general normalized solution ~u(z; b) that one can construct in this case
provides a formal conjugation

½
X = ~u(z; b)
Y = ~u(z; b) ¡ ~u(z ¡ 1; b)

betweenF and the \normal form at in¯nit y"

T : (z; b) 7! (z + 1; b):

The coe±cients Aωjj n and Bωjj n which appear in the Bridge equation can now
be interpreted as analytic invariants, i.e. they allow to describe the analytic
classī cation of the mappings F .

b) Connection formulas
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We can use the Laplace transform to dē ne two families of entire functions
u+

0 ; u+
1 ; : : : and u¡

0 ; u¡
1 ; : : : in the following way:

8n ¸ 0; u§
n (z) = Pn(z) +

Z § 1

0
ûn(³ )e¡ zζ d³ ;

where Pn is the polynomial part of ~un:

~un(z) = Pn(z) + O(z¡ 1):

Due to the generalproperties of Borel and Laplace transforms, u§
n admits ~un as

Gevrey-1asymptotic expansionin any sectorial neighborhood of § 1 of aperture
strictly lessthan 2¼.

The formal sums
u§ (b;z) =

X

n¸ 0

bnu§
n (z)

satisfy the equation (3), and we conjecture their convergencewith respect to b.
The operators in the right-hand side of the Bridge equation give rise to two

formal automorphisms

©down = exp
³ X

N ¸ 1

(A2πiN (b)e¡ 2πiNz@b + B2πiN (b)e¡ 2πiNz@z)
´

;

©down (b;z) =
³

b+
X

N ¸ 1

A 2πiN (b)e¡ 2πiNz; z +
X

N ¸ 1

B2πiN (b)e¡ 2πiNz
´

;

©up = exp
³ X

N ¸ 1

(A ¡ 2πiN (b)e2πiNz@b + B ¡ 2πiN (b)e2πiNz@z)
´

;

©up (b;z) =
³

b+
X

N ¸ 1

A ¡ 2πiN (b)e2πiNz; z +
X

N ¸ 1

B¡ 2πiN (b)e2πiNz
´

;

which should allow to describe the passagefrom u+ to u¡ . We conjecture that
they are convergent (at least with respect to z) and mutually inverse,and that

u¡ (b;z) = u+ (©down (b;z)) ; u+ (b;z) = u¡ (©up (b;z)) :

When expanded with respect to b, these relations provide exact connection
formulas betweenthe u+

n 's and the u¡
n 's. At ¯rst order, for large negative Im z,

we ¯nd

u+
0 (z) = u¡

0

¡
z + B2πi jj 0e¡ 2πiz + O(e¡ 4πiz)

¢

+ A2πi jj 0e¡ 2πizu¡
1

¡
z + O(e¡ 2πiz)

¢
+ O(z10e¡ 4πiz)

= u¡
0 (z) + e¡ 2πiz

³
A2πi jj 0u¡

1 (z) + B2πi jj 0@zu¡
0 (z)

´
+ O(z10e¡ 4πiz);

which ties up with Formula (15) in Proposition 1.
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6 Numerical evaluation of splitting constants

The complete knowledge on the singularities structure of û leads to the con-
struction of a very e± cient numerical method for the evaluation of the splitting
constants £ and ¹ . The algorithm is extremely simple, and it is suitable for
somesimilar problems. But we ¯rst needsomeanalytic preliminaries.

Asymptotic behavior of Taylor coefficients

The information about the ¯rst singularities of û can be extracted from the
asymptotic behavior of its Taylor coe±cients at the origin. This function has
singularities on the boundary of D2π = f ³ 2 C : j³ j < 2¼g at § 2¼i. Let g be
the corresponding polar part:

g(³ ) =
A5

(³ ¡ 2¼i)5 +
A3

(³ ¡ 2¼i)3 +
A1

³ ¡ 2¼i

+
A5

(³ + 2¼i)5 +
A3

(³ + 2¼i)3 +
A1

³ + 2¼i

=
µ

A5

4!
@4
ζ +

A3

2!
@2
ζ + A1

¶
2³

4¼2 + ³ 2 ;

where we used the symmetries of the singularities due to the fact that û is
real-analytic and odd. According to Theorem 2,

A5 =
£

7¼i
; A3 =

17£
840¼i

; A1 = ¡
17£

4480¼i
:

Since
2³

4¼2 + ³ 2 =
1
¼

1X

k=1

(¡ 1)k¡ 1
µ

³
2¼

¶ 2k¡ 1

;

we obtain

@2k¡ 1
ζ g(0) =

A5

4!¼
(¡ 1)k¡ 1(2k + 3)!

(2¼)2k+3

+
A3

2!¼
(¡ 1)k¡ 1(2k + 1)!

(2¼)2k+1 +
A1

¼
(¡ 1)k¡ 1(2k ¡ 1)!

(2¼)2k¡ 1 : (31)

All the derivativesof even order vanish at zero.
The di®erencef (³ ) = û(³ ) ¡ g(³ ) is analytic in D2π and continuous in its

closure. Applying the Cauchy estimates

j@kζ f (0)j ·
k!

(2¼)k
sup
ζ2D2¼

jf (³ )j
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and taking into account that @2k¡ 1
ζ û(0) = ak, we seethat

ak ¡ @2k¡ 1
ζ g(0) = O

µ
(2k ¡ 1)!
(2¼)2k¡ 1

¶
: (32)

If we keep only the ¯rst term in the expressionfor @2k¡ 1
ζ g(0) and solve the

equation with respect to A5, we obtain

A5 =
4!
2

(¡ 1)k¡ 1ak(2¼)2k+4

(2k + 3)!
+ O(k¡ 2):

In particular,

j£ j = 42 lim
k! 1

(¡ 1)kak(2¼)2k+5

(2k + 3)!
(33)

It is not too di±cult to compute several hundreds of ak, but the convergencein
the above formula is rather slow (the relativeerror » k¡ 2). Wecansubstantially
improve the method using more detailed knowledgeof the singularity structure.
As a ¯rst improvement we note that A3 = 17A5=120. Then we substitute the
¯rst two terms of (31) into (32) and solve the equation with respect to A5:

A5 =
(¡ 1)k¡ 1ak(2¼)2k+4

(2k + 3)!

µ
2
4!

+
17
120

(2¼)2

(2k + 2)(2k + 3)

¶ ¡ 1

+ O(k¡ 4):

In this way we constructed a sequencewhich convergesto A5 much faster.
We can repeat the same reasoning adding to g the ¯rst N terms of the

logarithmic part of the singularities at § 2¼i for someN ¸ 1. Let us denote byP
m¸ 1 hm³m the Taylor seriesat 0 of the function h in (12). The odd coe±cients

are proportional to £ , the even onesto ¹ , and if instead of g we consider

gN (³ ) = sN (³ ¡ 2¼i) + sN (³ ¡ 2¼i) ;

where

sN (») =
A5

»5 +
A3

»3 +
A1

»
+

NX

m=1

hm»m
log»
2¼i

;

we obtain an approximation for ak with relative error O(k¡ N ¡ 7).
Of course, the constant in the O estimates depends on N . In the next

section we numerically observe that choosing N = k=2 leads to exponential
convergence(relativ e error is O(e¡ ck)). From the theoretical point of view this
is quite natural and can be rigorously proved by applying the techniquesof the
present paper. This is due to the fact that ' 1 and ' 2 are resurgent functions
too, which provides Gevrey-1 estimates on the growth of the sequencesbk, dk
and the constants in the O-terms.

Formula (33) was establishedby semi-empirical reasoningand usedby sev-
eral authors [Che98], [TTJ98 ] for numerical evaluation of the splitting con-
stant £ . The computation of V. Chernov [Che98] (14 correct decimals) are
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in excellent agreement with the present paper as well as with [Gel91, GLT91],
where an independent method was used. On the other hand we are not able to
explain the discrepancywith the numerical experiments of Tovbis et al. [TTJ98 ],
where for the constant K = j£ j=168¼it was obtained K ¼ 7374, which is some
36% larger than we expect.

Numerical algorithm

We ¯rst compute the coe±cients of u and of ' 1, the ¯rst formal solution of
the variational equation. We use the following recurrent formulas: a1 = ¡ 6,
a2 = 15=2 and

am = ¡
1

2m2 + m ¡ 6

Ã
m¡ 1X

k=1

µ
2m + 1
2k ¡ 1

¶
ak +

m¡ 1X

k=2

am+1 ¡ kak
2

!

(34)

for m ¸ 3,

bm = ¡ 2m am for m ¸ 1. (35)

Then we compute the coe±cients of ' 2, the secondsolution of the variational
equation. We let d¡ 2 = 1=84, d¡ 1 = 17=84, d0 = ¡ 17=2240, and

dm = ¡
1

2m2 + m ¡ 6

Ã
m¡ 1X

k=1

µ
2m + 1
2k ¡ 1

¶
dk +

m¡ 1X

k= ¡ 2

am+1 ¡ kdk

!

; m ¸ 1:

(36)
Then we evaluate two auxiliary sums:

s1
k,N =

N ¡ 1X

m= ¡ 2

2(¡ 1)l(2l + 1)!dm
(2¼)2l+3 ; (l = k ¡ m ¡ 1)

s2
k,N =

N ¡ 1X

m=1

2(¡ 1)l(2l)!bm
(2¼)2l+2 ; (l = k ¡ m ¡ 1):

Finally, we evaluate the splitting constants £ and ¹ by comparing ak with

~ak = s1
k,N£ + s2

k,N ¹ ; (37)

the kth derivative of gN (³ ) at origin (provided k ¸ 2N ). According to the
previous sectionak = ~ak(1 + O(k¡ N ¡ 7)) . In our experiments we usedN = k=2,
which seemsto minimize the error due to the replacement of ~ak by ak. In fact
our numerical method is not sensitive to this choice. The method of the present
paper can be usedto analyze this error analytically.

In the numerical experiments we computed n = 50 terms for each of the
sequences(ak, bk, dk, s1

k,N , s2
k,N ). Then we found the constants,

£ ¤ = 2:474425593553251053840¢106;

¹ ¤ = 4908:934252164;
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Figure 5: The plot of log j±k j versusk

by replacing ~ak by ak and solving (37) by the method of least squaresusing the
last six valuesof k = 45: : : 50.

In order to estimate the error due to the replacement of ~ak by ak we com-
puted the relative errors

±k =
~a¤
k ¡ ak

ak
;

where ~a¤
k = s1

k,N£ ¤ + s2
k,N ¹ ¤ is the \exp erimental" value of ~ak. Someparticular

valuesare

±10 ¼ 4 ¢10¡ 3; ±20 ¼ ¡ 7 ¢10¡ 7; ±30 ¼ ¡ 4 ¢10¡ 13:

Figure 5 givesa numerical evidenceof ±k » e¡ ck. From the analytical viewpoint
this error is due to a contribution from the other singularities of û.

Finally, we repeated the computations for larger values of n. We used the
coe±cients with k = 90: : : 100 to determine the values of £ and ¹ . This test
con̄ rmed that the previously computed decimalsare all correct.

We also compared this method with [GLS94], where it was shown that the
splitting constants can be found as the following limits:

£ = lim
Im z!¡ 1

e2πizWu+ ¡ u¡ ,ϕ¡
2

(z);

¹ = lim
Im z!¡ 1

e2πizWϕ¡
1 ,u

+ ¡ u¡ (z);

where W denotes ¯nite-di ®erenceWronskian like in (10) and ' ¡
1 , ' ¡

2 are the
Borel-Laplacetransforms along R¡ of ' 1, ' 2. The limit is reached exponentially
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fast. The computations, basedon this dē nition, a®ordto computeonly between
6 and 8 correct decimalsof £ using the double precision complex arithmetic.
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