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Abstract.
Wepresentanewsetofvariablesforthereductionoftheplanetaryn-body

problem,associatedtotheangularmomentumintegral,whichcanbeofanyusefor
perturbationtheory.Theconstructionofthesevariablesisperformedintwosteps.
A¯rstreduction,calledpartialisbasedonlyonthe¯xeddirectionoftheangular
momentum.Thereductioncanthenbecompletedusingthenormoftheangular
momentum.Infact,thepartialreductionpresentsmanyadvantages.Inparticular,
Wekeepsomesymmetriesintheequationsofmotion(d'Alembertrelations).More-
over,inthereducedsecularsystem,wecanconstructaBirkho®normalformatany
order.Finally,thetopologyofthisproblemremainsthesameasforthenon-reduced
system,contrarilytotheJacobi'sreductionwhereasingularityispresentforzero
inclinations.Forthreebodies,thesereductionscanbedoneinaverysimpleway
inPoincar¶e'srectangularvariables.Inthegeneraln-bodycase,thereductioncan
beperformeduptoa¯xeddegreeineccentricitiesandinclinations,usingcomputer
algebraexpansions.Asanexample,weprovidethetruncatedexpressionsforthe
changeofvariableinthe4-bodycase,obtainedusingthecomputeralgebrasystem
TRIP.

Keywords:PerturbationTheory,Reduction,Jacobi'sReduction,Resonance,Lie
Transformation,ComputerAlgebra

1.Introduction

Then-bodyproblempossessessevenwell-knownintegrals(energy,lin-
earandangularmomentum)andmanywayshavebeenfoundtoreduce
thenumberofequationsofmotion(6nequationsfornbodies)using
theseintegralssince(Lagrange,1772).Thetheoreticalreductionis
presentedin(MeyerandHall,1992)and(Arnoldetal.,1985).Forthe
n-bodyplanetaryproblem,thedi±cultyremainsto¯ndpracticallythe
simplestsetofvariablesofthereducedproblemwhichcouldbee®ec-
tivelyusedforperturbationmethods.Toachievethelinearmomentum
reduction(section2),Poincar¶eproposedtwosystemsofvariables,both
dēnedbyalinearmapfromtheEuclideancoordinates:thecanonical
heliocentricvariablesandJacobi'scoordinates(Poincar¶e,1896seealso
Laskar,1989a).Thesetworeductionspresentvariousadvantages,and
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thechoiceofoneortheotherwilldependonthespecīcproblemthat
isstudied.Inbothcases,only6n¡6variablesremaininthereduced
system.

Regardingtheangularmomentum,thesituationismorecompli-
cated,asnopracticalreductionforthegeneralcaseofnbodiesbya
simplechangeofvariablesisknown,exceptinthecaseofthreebodies
wherethereexistsasimplereduction,called"eliminationofthenodes"
(Jacobi,1842).Bennettproposedamethodtoperformthereductionfor
nbodies,butthismethodisverydi±cult(Bennett,1905),(Hagihara,
1970).Since,asuccessionofworks(Boigey,1981),(Deprit,1983),using
achainofkineticframesproposedanexplicitreductionfor4bodiesand
thenfornbodieswhichissimplerthanBennett'sonebutwhichisstill
di±culttoimplement.Moreover,inthesestudies,thereducedvariables
donothaveasimplephysicalmeaningandtoexpresstheHamiltonian
ofthesystembymeansofthesevariablesisquitedi±cult.

Inthepresentwork,weproposeanewmethodbasedona"partial"
reductionoftheproblem.LetCbethetotalangularmomentumofthe
system.Ifweusetheinvariantplane(orthogonaltoC)asthereference
planeofthesystem,thetwocomponentsofCinthisplane,CxandCy,
areequaltozero.Thepartialreductionisareductionwhereonlythe
directionofCistakenintoaccount,andnotitsnorm.Inthecaseof
threebodies,intheinvariantplanereferenceframe,theanglesofthe
ascendingnodesareopposed,andthepartialreductioncanbedone
easily(section3).Inthegeneraln-bodycase,wewillusetheintegrals
Cx=Cy=0toexpresstwovariablesasfunctionsoftheotherones.
Thistransformationisnotcanonicalandweloosethestandardformof
theHamilton'sequations.Nevertheless,wecanthenmakeanadditional
(non-canonical)transformationinordertorecoverthestandardformof
thesymplecticform,usingaconstructiveversionofDarboux'stheorem
(section4).Thisstepiscomputerassistedandcanonlybedoneupto
agivendegreeineccentricityandinclination.

Thereareseveralmotivationstosearchforsuchatransformation.
The¯rstoneistoobtainasystemwithlessdegreesoffreedomthan
theoriginaloneandwhichcanthusbemoreeasilystudied.Secondly,
thereductionenablesustoprovethattheconstructionofaBirkho®
normalformforthesecularsystemcanbeformallydoneatanyorder
andthatnoresonanceswillappearinthisconstruction(section5).
Amoretopologicalreasonisthatthe¯xedpointofthesecularprob-
lemattheorigin(planarandcirculartrajectories)remainsthesame
inthepartiallyreducedproblem.Theproblemdoesnotpresentthe
singularityencounteredintheJacobi'sreductionwhentheinclinations
tendtozero(Robutel,1995).We¯nallyremarkthatoncethepartial
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reductionisdone,acompletereduction,usingthenormoftheangular
momentumCcaneasilybeachieved(section4).

2.Reductionbytheinvarianceofthelinearmomentum

Thispartislargelyinspiredby(Laskar,1989a)or(LaskarandRobutel,
1995)whichcanbeconsultedformoredetails.

LetP0;P1;:::;Pnben+1bodiesofmassesm0;m1;:::;mninNew-
toniangravitationalinteraction,andletObetheirbarycenter.We
assumethatweareinthecaseofaplanetarysystemwhereP0isa
massivebody(forallj;1·j·n;m0Àmj)andtheotherbodies
"turn"aroundP0withquasicirculartrajectories,nearlyinthesame
plane.ForeverybodyPj,letuj=~OPj.Inthebarycentricreference
framewithoriginO,Newton'sequationsofmotionformadi®erential
systemoforder6(n+1)andcanbewritteninHamiltonianformusing
thecanonicalcoordinates(uj;ũj=mj_uj)j=0;nwithHamiltonian

H=
1

2

nX

j=0

kũjk
2

mj
¡G

X

0·j<k·n

mjmk

kuj¡ukk
(1)

whereGistheconstantofgravitationandjj:jjistheEuclideannormin
R3.Thepositionofthebarycentercanbe¯xedattheorigine,andthe
reductionofthecenterofmass(linearmomentum)isachievedwith
thehelpofthecanonicalheliocentriccoordinates1(rj;r̃j)dēnedas
r0=u0,r̃0=ũ0+ũ1+¢¢¢+ũn;rj=uj¡u0,r̃j=ũjforj6=0.
AswasalreadynoticedbyPoincar¶e(Poincar¶e,1896seealsoLaskar,
1989a),theexpressionoftheangularmomentumispreservedbysuch
acanonicallineartransformation,andmoreover,asherer̃0=0,

C=
nX

j=0

uj^ũj=
nX

j=0

rj^r̃j=
nX

j=1

rj^r̃j(2)

Inthecaseofaplanetarysystem,wecandēneanunperturbedprob-
lembytheintegrableHamiltonianH0,sumofnHamiltoniansofinde-
pendantstwobodyproblems(planetofmass¯j=m0mj=(m0+mj)
aroundthesunofmassm0+mj).WehaveH=H0+H1whereH1

istheperturbation,correspondingtothegravitationalforcesbetween
theplanets.UsingPoincar¶e'srectangularcoordinatesincomplexform

1
ThesamethingcouldbedoneaswellinJacobicoordinateswithverysmall

di®erences.
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(¸j;xj;yj;¤j;¡i¹xj;¡i¹yj)dēnedas
8
>>
>>
>>
<

>>
>>
>>
:

¸jthemeanlongitude
¤j=¯j

p¹jaj

xj=
p

¤j

r

1¡
q

1¡e2
jexp(i$j)

yj=
p

¤j

rq
1¡e2

j(1¡cosIj)exp(i­j)

(3)

whereajisthesemimajoraxis,ejtheeccentricity,Ijtheinclination,
¸jthemeanlongitude,$jthelongitudeoftheperihelion,and­j
thelongitudeofthenode,¹j=G(m0+mj),and¹xjisthecomplex
conjugateofxj,wehave

H0=¡
nX

j=1

¹
2
j¯

3
j

2¤
2
j

(4)

andH1canbeexpressedasanin¯niteserieofthefollowingform:

H1=
X

n;n̄;m;m̄;k2Zn

®n;n̄;m;m̄;k(¤1;¤2;:::;¤n)¦n
l=1x

nl
l¹x

n̄l
ly

ml
l¹y

m̄l
leikl¸l:

(5)
Itshouldbenotedthatinthepresentwork,wearenotconcerned

withanyconvergenceproblemforthesein¯niteseriesandallthepro-
posedtransformationswillbeconsideredasformalseries.Inthese
Poincar¶e'scoordinates,thesymplecticformoftheproblemis

¾=
nX

k=1

[d¸k^d¤k¡i(dxk^d¹xk+dyk^d¹yk)](6)

Theexpressionofthecoordinatesoftheangularmomentumis:

C=

0

@
Cx
Cy
Cz

1

A=
nX

j=1

¯j

q
¹jaj(1¡ej

2)

0

@
sinIjsin­j

¡sinIjcos­j
cosIj

1

A

C=

0

B
B
B
B
B
B
@

Pn
j=1

p
2Im(yi)

s

¤j¡jxjj
2

¡
jyjj

2

2

¡
Pn

j=1

p
2Re(yi)

s

¤j¡jxjj
2

¡
jyjj

2

2
Pn

j=1(¤j¡jxjj
2

¡jyjj
2
)

1

C
C
C
C
C
C
A

(7)

wedenote

C1=
¡Cy+iCx

p
2

=
nX

i=1

yi

s

¤i¡jxij
2

¡
jyij

2

2
(8)
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Thefactthattheangularmomentumisanintegraldēneaplane,
orthogonaltoC,whichisaninvariantoftheproblem.Wethuschoose
thisinvariantplaneasthereferenceplaneofcoordinates(thusC1=0),
andthez-axissuchthatCz¸0.Thechoiceofthisplaneenablesus,
inthecaseofthreebodies,toachievethereductionbymeansofthe
angularmomentumintegralbyJacobi'swayorthewaywewillpresent
insection3and,formorebodies,to¯ndanewwaytoachievethis
reduction.

LinkedtothefactthatCz=kCkisanintegral,theHamiltonian
isinvariantbyrotationalongthez-axisandthussatis̄esd'Alembert
relations.ForanymonomialM=¦n

l=1x
nl
l¹x

n̄l
ly

ml
l¹y

m̄l
leikl¸l,wecallthe

characteristicofM,c(M)=
Pn

l=1(nl+ml¡¹nl¡¹ml¡kl).The
d'Alembertrelations,comingfromtherelationfH;Czg=0arethe
following:foreverymonomialMofH1whichsatis̄esc(M)6=0,
wehave®l;l̄;m;m̄=0.Theproblemisalsoinvariantbyasymmetry
withrespecttothereferenceplaneand,bythissymmetry,onlythe
monomialswhichareeveninycanappear,thatisthemonomialsfor
which

Pn
l=1(ml+¹ml)iseven.Theserelationsarequiteimportantand

enabletoconstructverye±cientproceduresofformalcomputationto
manipulatetheperturbativeseries.

3.Reductioninthethree-bodyproblem

Intheparticularcaseofthreebodies,Jacobi'sreductioncanbeper-
formed,whichreducesthesystembytwodegreesoffreedom.Butsome
di±cultiesappearinthisreduction:WehavetoincludethevalueCz
ofthenormoftheangularmomentumasanadditionalparameter.
Someofthesymmetriesarebroken(invariancebyrotation,thatis
d'Alembertrelations).Asingularityappearswheninclinationstendto
zero(Robutel,1995).Finally,the¯xedpointofthesecularsystem(at
theoriginofthecoordinates)doesnotrepresent,inthiscase,thesame
solutionforthereducedandthenon-reducedproblem(seeremarkin
thesection3.1andsection3.2).

Withthepartialreductionpresentedbelow,basedontheinvariance
ofthedirectionofC,wewillreduceoursystembyonlyonedegree
offreedom,butwewillavoidallthedrawbacksmentionedabove.
Consideringtheseadvantages,wecanthereforestopafterthepartial
reduction.But,dependingontheproblemwehavetodealwith,we
canchoosetoachievethetotalreduction(basedontheintegralwhich
remains:thenormofC).This¯nalreductionisdonequiteeasilyand
bydi®erentwaysincludingJacobi'sone(seeremark2inthesection
3.2).
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3.1.Thepartialreduction

ThepartialreductioncanbedonetheoreticallyifwehavefCx;Cyg=
Cz6=0(Meyer,1973).Asweconsidertheplanetarycase,thepartof
thephasespaceconcernedistheonewheremassiveplanetsturnaround
thesunwiththesamesense:thenormofCisthenstrictlypositive.
Inthecaseoftwoplanets,theangularmomentumcomponentsare

8
><

>:

C1=y1

s

¤1¡jx1j
2

¡
jy1j

2

2
+y2

s

¤2¡jx2j
2

¡
jy2j

2

2

Cz=¤1+¤2¡jx1j
2

¡jx2j
2

¡jy1j
2

¡jy2j
2

(9)

Ifwemakeatransformationinpolarsymplecticcoordinatesforthe
inclinationvariablesy1=

p
½1eiΩ1;y2=

p
½2eiΩ2,thecomplexintegral

C1=0,giverisetothetworealintegrals:

­1=­2+¼(10)

½1(¤1¡jx1j
2

¡
½1

2
)=½2(¤2¡jx2j

2
¡

½2

2
)(11)

Thus,forthreebodies,theintegralC1=0impliesthattheascending
nodesofthetwoplanetsareopposed(10).Inthesenewcoordinates,
thesymplecticformbecomes

¾=d¸1^d¤1+d¸2^d¤2¡i(dx1^d¹x1+dx2^d¹x2)+d­1^d½1+d­2^d½2

(12)
Ifwemakethelinearcanonicaltransformation:

8
<

:
Á1=

­1+­2

2
;Á2=

­1¡­2

2
;

r1=½1+½2;r2=½1¡½2:
(13)

Thetwointegrals(10,11)become

Á2=
¼

2
(14)

(r1+r2)(¤1¡jx1j
2

¡
r1+r2

4
)=(r1¡r2)(¤2¡jx2j

2
¡

r1¡r2

4
)(15)

Therestrictionofoursymplecticform¾tothesymplecticsubman-
ifolddēnedbytheintegrals(14)and(15)is:

¾=d¸1^d¤1+d¸2^d¤2¡i(dx1^d¹x1+dx2^d¹x2)+dÁ1^dr1:(16)
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Ourchangetopolarcoordinatesintroducedasingularityforzero
inclinations,butwecanavoidthissingularity,byusingtheadditional
canonicalchangetothecomplexcoordinatesy=

p
r1eiÁ1.Then,

¾=d¸1^d¤1+d¸2^d¤2¡i(dx1^d¹x1+dx2^d¹x2+dy^d¹y):(17)

Wehavethusobtainedanewsetofvariablesinwhichthereduction
isachieved.Theanalyticityofthetransformationwillbeobtainedby
givingtheexpressionofthevariablesy1;y2intermofy;¹yandofthe
unchangedvariables(¸1;¸2;¤1;¤2;x1;x2;¹x1;¹x2).From(13,14)

y1=

s
r1+r2

2
eiÁ1eiÁ2=i

y
p

2

s

1+
r2

r1
:(18)

Usingthesecondintegral(15),wehave

r2

r1
=

¤2¡¤1¡jx2j
2

+jx1j
2

¤1+¤2¡jx1j
2

¡jx2j
2

¡r1

;(19)

Andthus

y1=i
y

p
2

s

1+
¤2¡¤1¡x2¹x2+x1¹x1

¤1+¤2¡x2¹x2¡x1¹x1¡y¹y
(20)

Bythesamemethod,we¯nd

y2=¡i
y

p
2

s

1¡
¤2¡¤1¡x2¹x2+x1¹x1

¤1+¤2¡x2¹x2¡x1¹x1¡y¹y
(21)

ThereducedHamiltonian(seeappendixC),whichisobtainedby
substitutionofy1,y2withtheirexpressions(20,21),conservesthe
parityinthenewvariablesy;¹y,andasy1andy2satisfythed'Alembert
relationsinthenewvariables,thenewHamiltonianwillstillsatisfythe
samerelations.Intermsoftheclassicalellipticalelements,from(13),
wehave

jyj
2

=¤1

p
1¡e1

2(1¡cos(I1))+¤2

p
1¡e2

2(1¡cos(I2))(22)

Thus,whentheeccentricitiesandinclinationsaresmall,jyj
2

»
Λ1
2I2

1+
Λ2
2I2

2isalsosmall.Thevariableyisthusinsomesense,an
averagedvalueofthetwoinclinationsvariables,andwhenytends
tozero,thetwoinclinationstendalsotozero.Inpractice,asthe
HamiltonianH1isanin¯niteseriesinthevariablesxj;¹xj;yj;¹yj,inthe
reducedHamiltonianwewillexpandtheexpressions(20,21)asin¯nite
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seriesinthevariablesx1;¹x1;x2;¹x2;y;¹y,whicharesmallquantitiesin
theplanetaryproblem.

Remark.Thesecularproblemofnbodiesisobtainedbythecon-
structionofanormalforminwhichthevariableslinkedtothefaster
frequenciesofthegeneralproblem,themeanlongitudesoftheplan-
ets(¸),aresuppressed(Poincar¶e,1892).Thenewvariables¤become
parametersofthesecularproblemandweconsiderthenthevariations
oftheotherellipticalelementsonly.Forthesecularsystem,theorigin
point(x1=x2=y1=y2=0)isa¯xedpoint.Inthesenewcoordinates,
theorigin(x1=x2=y=0)isstilla¯xedpointofthesecularsystem
correspondingtothe¯xedpointofthenonreducedsecularproblem.

3.2.Totalreduction

ThereducedHamiltonianobtainedabovestillsatis̄esthed'Alembert
relations,andthussomeadditionalreductionispossible,usingthe
thirdcoordinateCzoftheangularmomentum.Inthenewvariables,
asjyj

2
=jy1j

2
+jy2j

2
,wehave

Cz=¤1+¤2¡jx1j
2

¡jx2j
2

¡jyj
2

(23)

Inordertotransformthisintegralinalinearrelationamongthevari-
ables,wemakethesymplecticpolarcoordinatestransformation:x1= p

R1ei$1;x2=
p

R2ei$2;y=
p

ReiΩwhichissingularwhenoneofthe
variablesx1;x2oryisequaltozero.Wehave

Cz=¤1+¤2¡R1¡R2¡R:(24)

Thetotalreductioncanthenbedonebyseveraldi®erentwaysincluding
Jacobi'sreduction.WewillusealinearchangeofvariablesinwhichCz
(24)willbeanewcoordinate,forexample:

0

B
B
B
B
@

~¤1
~¤2
~R1
~R2
~R

1

C
C
C
C
A

=

0

B
B
B
B
@

10000
01000
00100
00010

¡1¡1111

1

C
C
C
C
A

0

B
B
B
B
@

¤1

¤2

R1

R2

R

1

C
C
C
C
A

(25)

where~R=¡Czisconstant.Byconjugation,thenewanglesarethen
0

B
B
B
B
@

~̧1
~̧2

~$1

~$2
~­

1

C
C
C
C
A

=

0

B
B
B
B
@

10001
01001
0010¡1
0001¡1
00001

1

C
C
C
C
A

0

B
B
B
B
@

¸1

¸2

$1

$2

­

1

C
C
C
C
A

(26)
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Wethencomebacktorectangulareccentricityvariables:~x1= p
~R1ei$̃1;~x2=

p
~R2ei$̃2.Aswearedoinganotherpolarcoordinates

transformations,thesingularitiesx1=x2=0disappearandtheonly
singularitythatremainsisobtainedfory=0thatiswhentheinclina-
tionsareequaltozero(thevariable~­isnotdēnedinthiscase).The
totalchangeofvariablesis

8
>>
>>
>>
>>
><

>>
>>
>>
>>
>:

¤1=~¤1

¤2=~¤2

¸1=~̧1¡~­
¸2=~̧2¡~­
x1=~x1eiΩ̃

x2=~x2eiΩ̃

y=
p

¡Cz+~¤1+~¤2¡~x1¹~x1¡~x2¹~x2eiΩ̃

(27)

AstheHamiltonianH1satis̄esd'Alembertrelations,thevariable
~­doesnotappearinitsexpression.Duetotheparityintheinclination
variablesy;¹y,H1dependsonlyonjyj

2
andnoradicalwillbepresent

inits¯nalform.Asexpected,anewparameterCzappearsinthe
expressionofH1.Onthesymplecticsubmanifolddēnedby~R=¡Cz,
thesymplecticformbecomes

¾=d~̧1^d~¤1+d~̧2^d~¤2¡i(d~x1^d¹~x1+d~x2^d¹~x2)(28)

Thereductionisthustotallydone.The¯xedpoint(~x1=~x2=0)isa
¯xedpointofthenewsecularsystem.Butthis¯xedpointisdi®erent
fromthe¯xedpointobtainedafterthepartialreduction:theorbitsare
circularwith¯xedinclinationswhicharegenerallynotequaltozero
(jyj=

p
¡Cz+¤1+¤2).Theequations(20,21)enablesthusto¯nd

thevalueofthe¯xedinclinationscorrespondingtothe¯xedpoint.
Thenewvariables~x1;~x2arethesame(exceptfora¯xedtransla-

tioninangles)asthePoincar¶e'scoordinatesdēnedaftertheJacobi's
reduction(Robutel,1993).Indeed,fortheJacobi'stransformation,we
have:8

>>
>>
<

>>
>>
:

~x1=x1e¡iΩ1=x1e
¡i(Ω+

¼
2

)

~x2=x2e¡iΩ2=x2e
¡i(Ω¡

¼
2

)

(29)

andforourpresenttransformation
½

~x1=x1e¡iΩ

~x2=x2e¡iΩ(30)
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Themaindi®erencebetweenthesetwowaystoachievethereduction
comefromthefactthatJacobi'sreductionusesonlyonesteptoreduce
thesystembytwodegreesoffreedom.IntheDelaunay'svariables,
wecannotseparatethetworeductions(partialandtotal)whichare
achievedsimultaneously,byonlyonelineartransformation.TheDelau-
nay'svariablesare(lj;gj;µj;¯jLj;¯jGj;¯j£j),linkedtotheelliptical
elementsby

8
><

>:

Lj=p¹jajlj=Mj(meananomaly)

Gj=Lj

q
1¡e2

jgj=!j(perihelia0sangle)

£j=Gjcos(Ij)µj=­j

(31)

Inthesevariables,thereductionisachievedbythefollowingcanonical
changeofvariables:

8
>>
>>
>>
<

>>
>>
>>
:

Ã1=
µ1+µ2

2

Ã2=
µ1¡µ2

2
(=¡

¼
2

)

ª1=¯1£1+¯2£2(=Cz)
ª2=¯1£1¡¯2£2

(32)

Toachievepracticallythisreduction,weexpressthevaluesofµ1;µ2;£1

and£2bymeansofÃ1;Ã2;ª1andª2intheHamiltonian.Then,we
remarkthatª1isequaltoCzandª2=(¯2

1G2
1¡¯2

2G2
2)=Cz.Asª1is

anintegral,Ã1doesnotappearintheHamiltonianandÃ2=¡¼=2.
Inthepartialreduction,weachievethesamelineartransformationfor
thenodesangles,but,astheconjugatedvariableofÁ1(inequation
13)isnot(asinequation32)theintegralCz,thepartiallyreduced
HamiltonianstilldependsonthevariableÁ1.Wehavethentoperform
theadditionaltotalreductiontorecovertheJacobi'sreduction.

ThesenewreductionsmayseemtoberedundantwiththeJacobi's
onebutthefactthatwecanperformthisreductionintwostepsenables
ustochooseamongthreepossibletotalreductions(seeremark2).

Finally,thepartiallyreducedHamiltoniankeepsalltheadvantages
ofthenon-reducedHamiltonian(symmetries)withoutthedrawbacks
ofthetotallyreducedHamiltonian(appearanceofthesmallparameter,
lossofthesymmetries,singularitywhentheinclinationsareequalto
zero).Moreover,whenwemakethestudyofthetotallyreducedsystem,
weworkinarotatingframe(dependantoftheconsideredtrajectory),
withorigineonthelineofthenodes.Theevolutionofthislineisgiven
by_­=@H=@CzsowehavetokeeptheexplicitdependanceinCzof
theHamiltonian.Contrarily,thestudyofthepartialsystemenablesus
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toknoweasilywhatarethetrajectoriesinthenon-reducedsystemby
meansofequations(20,21).

Thepartialreductionpresentsthusonlyadvantagesandshouldbe
systematicallyachieved.Dependingontheconsideredproblem,wecan
thenchoosewhetherwehavetoperformthetotalreductionandhow
(remark2).Truncatedexpressionsofthedi®erentHamiltoniansare
presentedintheappendixC.

Remark1.Tocomputethenon-reducedHamiltonianandperform
thetwoabovereductionsisprobablynotthemoste±cientwayto
achieveacompletereduction.Indeed,thedirectcomputationofa
reducedHamiltonianasin(Robutel,1995)shouldbemoree®ective.
However,ifwealreadyhavetheexpressionofthenonreducedHamil-
tonianofa3-bodyproblem,wecanperformthesuccessionofthetwo
abovereductionsinasimpleway:IntheHamiltonian,noticingthatin
(20,21)thedenominatorisCz,wecansimplyreplacex1by~x1,x2by~x2

andthegeneralmonomialy1
k1y2

k2¹y
k̄1
1¹y

k̄2
2bythefollowingexpression:

(¡1)

k1¡k2¡¹k1+¹k2

2(
Cz¡~¤1¡~¤2+~x1¹~x1+~x2¹~x2

2Cz
)

k1+k2+¹k1+¹k2
2

£
q

Cz+~¤2¡~¤1+~x1¹~x1¡~x2¹~x2

(k1+k̄1)

£
q

Cz+~¤1¡~¤2¡~x1¹~x1+~x2¹~x2

(k2+k̄2)

(33)

Remark2.Ifweconsidertheexpression(24)ofCzanditssymmetri-
calexpressioninthevariables(R1;R2;R),thepresentreductioncanbe
donebytwootherways.Insteadofeliminatingy,wecaneliminatex1

orx2.Ifweeliminate,forexample,x2,thetransformation(27)becomes
8
>>
>>
>>
>>
>>
><

>>
>>
>>
>>
>>
>:

¤1=~¤1

¤2=~¤2

¸1=~̧1¡~$2

¸2=~̧2¡~$2

y=~yei$̃2

x1=~x1ei$̃2

x2=
q

¡Cz+~¤1+~¤2¡~x1¹~x1¡~y¹~yei$̃2

(34)

where$2istheargumentofthevariablex2.Inthiscasewedonot
haveasingularitywhentheinclinationsareequaltozerobutwhenthe
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eccentricitye2isequaltozero(x2=0).Themaindi®erencebetween
thisreductionandJacobi'sreductionisthat,aswehaveonlyglobal
parityinx1andx2andnotforeachvariable,inthenewsystem,weneed

toexpand
q

¡Cz+~¤1+~¤2¡~x1¹~x1¡~y¹~yinseriesof~x1;¹~x1;~y;¹~y,which
willgivetermsofdegreeoneintheHamiltonian.Thepoint~x1=~y=0
isnolongera¯xedpointofthesecularproblem.Nevertheless,dueto
theparityiny;¹y,iftheinclinationsareequaltozero(y=0),thesystem
willremaininde¯nitelyintheinvariantplane.Thesecularassociated
systemhasthenonlyonedegreeoffreedomandbecomesintegrable
(Poincar¶e,1892).

Remark3.Animportantremarkisthatthepartialreductionand
thetotalreductionaredonebythesamewayfortheclassicalproblem
asforthesecularproblematanyorderofthemasses.Indeed,the
integralsC1;Czhavethesameexpression(8,7)forthesecularproblem
atanyorderofthemasses(Laskar,2001).

Remark4.Intheequation(27),theterm¡Cz+¤1+¤2denotedd2

isofthesameorderthanthequantitiesjx1j2,jx2j2etjyj2.Thisisthus
asmallquantityandwecanexpandtheHamiltonianintermsofthis
variable.Inthesecularcase,disaconstantanditsuseisequivalent
totheuseoftheparameterD2comingfromtheJacobi'sreduction
(seeforexampleRobutel,1993).Doingourreduction,theparameterd
appearsquiteeasilyintheHamiltonianintheexpressions(27)or(33).

4.Reductionofthegeneraln-planetcase(n>2)

Inthegeneralcaseofnplanets(n>2),thepreviousreductioncannot
bedone.Indeed,theoppositionofthenodes(­1=­2+¼)isessential
inthisreduction.Inthegeneralcase,thereisnosuchlinearrelation
betweenthenodes,andaneasygeneralizationoftheprecedentmethod
isnotpossible.However,thepartialreductioncanstillbeachieved
throughadi®erentmethod.

4.1.Partialreductionandstandardsymplecticform.

TheintegralC1(8)allowstoexpressynintermoftheothervariables.
Intheseconddegreeequationofunknownjynj

2
obtainedfromC1=0,
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weretainforyntherootwhichtendstozerowiththe(yj)(1·j·n¡1)

yn=

p
2®

r

¤n¡jxnj
2

+
q

(¤n¡jxnj
2
)
2

¡2j®j
2

(35)

with

®=¡
n¡1 X

j=1

yj

s

¤j¡jxjj
2

¡
jyjj

2

2
:(36)

Wethenreplaceyn(and¹yn)byitsexpression(35)intheHamil-
tonian.As(35)satis̄esd'Alembertrelations,itwillbethesamefor
theHamiltonian.Practically,allquantitiesareexpandedinseriesup
toa¯xeddegreedinthevariablesxj;yj.Unfortunately,therestriction
ofthestandardsymplecticform(6)onthesubmanifoldC1=0isno
longerstandardsotheHamiltonianstandardformoftheequationsof
motionisnotconserved.Wehavenow

¾=
nX

k=1

[d¸k^d¤k¡i(dxk^d¹xk)]¡
n¡1 X

k=1

i(dyk^d¹yk)¡idfy^d¹fy(37)

whereyn=fy(x;y;¤)isexpandedinseriesinthevariablesx;y(with
coe±cientsdependingon¤)2,thesymplecticform¾canthusbewritten
asanin¯niteserie:

¾=
+1 X

k=0

¾k(38)

where¾kisthepartofthe2-form¾whichcoe±cientsarehomegeneous
polynomialsofdegreekinthevariablesx;y.Atlowerorderinthe
variablesx;y,wehave(35):

yn=¡
n¡1 X

i=1

yi

s
¤i

¤n
:(39)

The¯rstterm¾0ofthe2-formconsistsofthetermswhichcoe±-
cientsdonotdependonx;y,thatis

¾0=
nX

k=1

[d¸k^d¤k¡i(dxk^d¹xk)]¡
n¡1 X

k=1

i(dyk^d¹yk)

¡i
n¡1 X

j;k=1

p
¤j¤k

¤n
dyj^d¹yk(40)

2
Inthefollowing,x=(x1,...,xn),y=(y1,...,yn−1),¤=(¤1,...,¤n),λ=

(λ1,...,λn).
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Itisthusclearthatevenatlowerorderinx;y,thesymplecticformis
notstandard.Wewillnowconstructanon-symplectictransformation,
degreebydegreeinx;y,inordertorecoverthestandardformofthis
symplectic2-form.Atorder0,thiswillbeachievedthroughalinear
transformation.Athigherorder,wewilluseaconstructiveversionof
Darboux'stheoremtosetupanearidentitytransformationwhichbring
thesymplecticformbacktoastandardformatalldegreesinx;y.

Remark.Inthesymplecticform¾,thetermsd¸areonlypresentin
¾0asfydoesnotdependofthe¸j.

4.1.1.Reductionatorder0
Inthecoordinatesystem(¸;x;y;¤;¡i¹x;¡i¹y),thematrixof¾0is

0

B
B
@

00I2n0
000A

¡I2n000
0¡A00

1

C
C
A(41)

whereI2nisthe(2n;2n)identitymatrixandA=In¡1+VtVisa
(n¡1;n¡1)realsymmetricmatrixwith

V=

0

B
B
B
@

p
¤1=

p
¤n p

¤2=
p

¤n
..
. p

¤n¡1=
p

¤n

1

C
C
C
A

:(42)

Thesymplecticform¾0isalreadystandardinx;¸;¤.Wewillthus
makeasimplelineartransformation

y=PY(43)

suchthattPAP=In¡1,wherePisa(n¡1;n¡1)realmatrix,andY=
(Y1;:::;Yn¡1)arethenewvariables.Infact,theparticularstructure
ofthematrixAallowsto¯ndthistransformationinanexplicitway.

Let(ej)j=1;n¡1beacanonicalbasisofRn¡1,andQanorthogo-
nalmatrixwhichbringsen¡1(forexample)onthenormalizedvector
V=kVk.Inthenewbasis(Qej)j=1;n¡1,thematrixofthequadratic
formdēnedbyAisdiagonal(thatisdiag(1;1;:::;1;1+kVk

2
)).The

a±nityDofmatrixdiag(1;1;:::;1;1=
q

1+kVk
2
)willbringthema-

trixofthequadraticformtotheidentity.Asthesetofthepossible
matrixQisisomorphictoOn¡2,wehavemanychoices.Asimplechoice
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isgivenbytheorthogonalsymmetrywithrespecttothehyperplane
orthogonaltov=V=kVk¡en¡1,whichgives,foru2Rn¡1

Qu=u¡2<u;v>
v

kvk
2(44)

where<u;v>istheusualscalarproductinRn¡1.Theexplicit
expressionofQisgivenintheappendix,aswellasanalternatetrans-
formation,obtainedbyaSchmidt'sorthogonalisation.WedēneP1the
transformation0

B
B
@

x
y
¤
¸

1

C
C
A!

0

B
B
@

x
Y=P¡1y

¤
¸

1

C
C
A(45)

Itshouldbenotedthatthistransformationislinearandthuscon-
servesthed'AlembertrelationsintheHamiltonian.

Remark.Althoughformallyitwillnotmakeanydi®erence,inprac-
tice,itcouldbeusefultochooseynsuchthatthematrixA(Eq.41,
42)isclosetoidentity.Thebestchoiceinthiscaseistochooseforyn
theplanetwiththelargestvalueof¤,thatisthevariableassociated
tothebodywhichcontributesthemosttothenormalcomponentof
theangularmomentumCz.Insomesense,thisissimilartowhatis
doneforthelinearmomentumreductionwhenthereferenceframeis
centeredonthemoremassivebody(theSun).

4.1.2.Higherorders
4.1.2.1.Theoreticalpart.Allthenotationsherearetakenfrom(Spi-
vak,1999).Wearelookingfornewvariables~pinwhichthesymplectic
formwillbestandard.Inordertocalculatethetransformationbetween
~pandtheoldvariablesp,weuseaconstructiveversionofDarboux's
theorem.Weconstructadi®erentiablepathinthesetofthesymplectic
formsrepresentedbythemapt7!¾t;t2[0;1]suchthat¾0isstan-
dardand¾1=¾isoursymplecticform.Thus,Wearelookingfora
transformationÁtthatsatis̄es,8t2[0;1],

[¾t]Át(p̃)((Át¤)p̃(v1);(Át¤)p̃(v2))=[¾0]Á0(p̃)((Á0¤)p̃(v1);(Á0¤)p̃(v2))
(46)

where(v1;v2)areanycoupleofvectorsinTp̃R6n¡2,where

(Á¤)p̃(v)=DÁ(~p)(v)(47)
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isthetangentmapatthepoint~passociatedtothedi®eomorphismÁ
(visavectorofTp̃R6n¡2)andsuchthatÁ0(~p)=~pandÁ1(~p)=p.So,
fort=1,wewillhave

[¾]p((Á1¤)p̃(v1);(Á1¤)p̃(v2))=[¾0]p̃(v1;v2)(48)

Andoursymplecticformwillbestandardinthevariables~p.Wethusare
lookingforÁtwhichpullbackthesymplecticform¾tatthestandard
form¾0forallvaluesoft2[0;1].Thepullbackofatwo-form®bya
di®eomorphismÃisdēnedby

[Ã¤®]p̃(v1;v2)=[®]Ã(p̃)((Ã¤)p̃(v1);(Ã¤)p̃(v2)):(49)

Thuswewantthat

[Á¤
t¾t]p̃(v1;v2)=[Á¤

0¾0]p̃(v1;v2)(50)

Inorderto¯ndthevector¯eldXtassociatedtothe°owÁt,wederive
(50)withrespecttot:

d

dt
Á¤

t¾t=0:(51)

Wehave

d

dt
Á¤

t¾t=lim
s!0

(
Á¤

t+s¾t+s¡Á¤
t¾t

s
)

=lim
s!0

(
Á¤

t+s¾t+s¡Á¤
t¾t+s

s
+

Á¤
t¾t+s¡Á¤

t¾t

s
)

=Á¤
tLXt(¾t)+Á¤

t
@¾t

@t

whereLXt(®)=
d
ds

js=0Á¤
t+s®istheLie'sderivativefollowingXtofthe

two-form®.So,asÁ¤
tisalinearmap,

Á¤
t(LXt(¾t)+

@

@t
(¾t))=0:(52)

Andthus,asÁtisadi®eomorphism,

LXt(¾t)+
@

@t
(¾t)=0:(53)

So,byCartan'sformulae,

Xtd¾t+d(Xt¾t)+
@

@t
(¾t)=0:(54)
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whereXtd¾trepresentstheinnerproductofXtintod¾t.Lett7!
µt;t2[0;1]beadi®erentiablepathsuchthatforallt,µtisarealprim-
itiveof¾t.Thisprimitivehastoberealtohaveatransformationsuch
thatthenewvariablesassociatedtox;¹xarestillcomplexconjugates.
Owingtothefactthat¾t=dµtandd¾t=0,wehave

d(Xt¾t+
@

@t
µt)=0:(55)

So,foranyfunctiongdēnedonthesymplecticmanifold,wehavean
equationsatis̄edbyXt:

Xt¾t=¡
@

@t
µt+dg:(56)

¾tbeingnondegenerated,onceafunctiongischosen,thereexistsa
uniqueXtsuchthatthisequationholds.Expressedinthecoordinates
(¸;x;Y;¤;¡i¹x;¡i¹Y)3,weobtaininmatricialnotation

Xt=(M¾t)
¡1

(¡
@

@t
(tµt))

|{z}
transformationtomakethe2¡formstandard

+(M¾t)
¡1

(tdg)
|{z}

Hamiltonianvectorfield

(57)
whereM¾tisthematrixofthesymplecticform¾tinthechosencoor-
dinates.WehavethusunicityofXtmoduloanarbitraryHamiltonian
vector¯eld.Practically,wetakeg=0,asg6=0correspondstoperform
anadditionalsymplectictransformationwhichdoesnotchangethe
symplecticform.Wehavemadesomeattemptsto¯ndamoreappro-
priatefunctiong(whichforinstanceleavesinvariantthexvariables
asinthethree-bodyproblempartialreduction)butthisdidnotledto
anysignīcantresults.Todēnepracticallythedi®erentiablepath,we
takethefollowingrealprimitiveofthesymplecticform:

µ1=
1

2
[

nX

j=1

(¸jd¤j¡¤jd¸j¡ixjd¹xj+i¹xjdxj)

¡i
n¡1 X

j=1

(yjd¹yj¡¹yjdyj)¡i(fyd¹fy¡¹fydfy)](58)

(wehavedµ1=¾1).Whenthisone-formisexpressedinthecoordinates
(x,Y),itbecomesanin¯niteseriesinthesenewvariables.Wethen
dēnethepathontheprimitive

3
InthefollowingY=(Y1,...,Yn−1).
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µt=µ0+t(µ1¡µ0)(59)

where

µ0=
1

2
[

nX

j=1

(¸jd¤j¡¤jd¸j)¡i
nX

j=1

(xjd¹xj¡¹xjdxj)¡i
n¡1 X

j=1

(Yjd¹Yj¡¹YjdYj)]

(60)
Wetake¾t=dµt.Thus,themapt7!¾t;t2[0;1]satis̄esthewanted
properties.

4.1.2.2.Computationalpart.Inordertocomputethevector¯eldXt,
wecomputetheinverseofthesymplecticformuptoagivendegreed
bytheformalexpansion

M¡1
¾t=(Id¡J¡1

[J¡M¾t])
¡1

J¡1
=

X

k¸0

[J¡1
(J¡M¾t)]

k
J¡1

(61)

whereJisthematrixofthestandardsymplecticform¾0

J=
µ

0I3n¡1

¡I3n¡10

¶
:(62)

AsM¾t¡Jisatleastofdegreeoneinthevariablesx;Y,thesum
(61)isonlycomputeduptok·d.Thevector¯eldXtisthencomputed
through(57),andthetransformationÁtisobtainedwithaLiemethod.
Letxbetheoldvariablesand~xthenewones.Wesearchafunction
Át(~x)suchthatÁ0(~x)=~xandÁ1(~x)=x.Wedenotex(t)=Át(~x).We
have:

x(t)=
X

k¸0

tk

k!

dkx

dtkjt=0=
X

k¸0

tkGk(t;x)jt=0(63)

wherewedenoteGk(t;x)=
1
k!

dkx
dtk.Sowehavethefollowingrecur-

rence'sformulae:

Gk+1(t;x)=
1

k+1

dGk

dt
(t;x)=

1

k+1
(
@Gk

@t
+Xt:

@Gk

@x
)(64)

AssumethatwehaveG0(t;x)=x,wethuscomputetheGkuptoa
¯xedordercorrespondingtotheorderofthetruncationinthevariables
x;Y.ThenwecomputethefunctionÁtusing(63)andthechangeof
variablesisgivenbyx=x(1)=Á1(~x).Thesetransformationsare
computedusingthecomputeralgebrasystemTRIP,developedbyJ.
LaskarandM.Gastineau.
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4.1.2.3.Propertiesofthistransformation.Wedenoteby~¤;~̧;~x;~ythe
newvariables4.

Proposition.ThetransformationÁ1hasthefollowingform:
8
>>
<

>>
:

(¤j=~¤j)1·j·n

(¸j=~̧j+
P1

k=1Pj;2k)1·j·n
(xj=~xj+

P1
k=1Qj;2k+1)1·j·n

(Yj=~yj+
P1

k=1Rj;2k+1)1·j·n¡1

(65)

wherePj;k,Qj;kandRj;karehomogenouspolynomialsofdegreek
in(~x;~y)withcoe±cientsdependingonthe~¤satisfyingd'Alembert
relationsandrelationsofparityinthevariables~y.Thed'Alembert's
characteristicofeachmonomialofPj;k,Qj;kandRj;kisequalrespec-
tivelyto0;1;1.Pj;kandQj;kareevenandRj;koddinthevariables~y.
TheHamiltonianexpressedinthenewcoordinatessatis̄esd'Alembert
relationsandparityinthevariables~y.

Proof.Asthefunctionfysatis̄esthed'Alembertrelationsanda
relationofparityinthevariablesy,thevector¯eldXtandthenew
variablesstillsatisfyd'Alembertrelationsandrelationsofparityinthe
inclinationvariables.Thecalculusrequiredtocheckthesefactsaretoo
longtobepresentedherebutdonotpresentmajordi±culties.Inthe
coordinatesystem(¤;¸;x;¹x;Y;¹Y),weexpressthevector¯eldXtin
theassociatedbasis:

Xt=
nX

j=1

(Xt;Λj

@

@¤j
+Xt;¸j

@

@̧j
+Xt;xj

@

@xj
+Xt;x̄j

@

@¹xj
)+

n¡1 X

j=1

(Xt;Yj

@

@Yj
+Xt;Ȳj

@

@¹Yj
)(66)

Xt;:arethecoordinatesofXtinthebasis@=(@:)ofthetangentspace.
Wehave,by(59),

Xt¾t=Xt¾0+tXtd(µ1¡µ0)(67)

Thefunctionfzdoesnotdependofthevariables¸andthusconsidering
(58,60),

Xtd(µ1¡µ0)2vect(d¤;dx;d¹x;dY;d¹Y)(68)

4
Inthefollowing,~¤=(~¤1,...,~¤n),~λ=(~λ1,...,~λn),~x=(~x1,...,~xn),~y=

(~y1,...,~yn−1).
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wherevect(d¤;dx;d¹x;dY;d¹Y)isthelinearsubspaceengenderedby
thesevectors.Andas

Xt¾0=
nX

j=1

Xt(¤j)d¸j+Xt(¸j)d¤j+Xt(xj)d¹xj+Xt(¹xj)dxj+

n¡1 X

j=1

Xt(Yj)d¹Yj+Xt(¹Yj)dYj;(69)

wehave

Xt¾t=
nX

j=1

Xt(¤j)d¸j+®t(70)

where®t2vect(d¤;dx;d¹x;dY;d¹Y).Butby(56),Xt¾t=¡@µt=@t=
µ1¡µ0.SoXt¾t2vect(d¤;dx;d¹x;dY;d¹Y)andthusfor1·j·n,
wehaveXt(¤j)=0.Thetransformationletunchangedthevariables
¤.Moreover,Xtdoesnotdependofthevariables¸.Thus,itexplains
thefactthatthepolynomialsPj;k,Qj;kandRj;kareindependentof¸.
Fromthesethreeproperties,weshowthattheHamiltonianstillsatis̄es
thed'Alembertrelationsandthattheparityinthenewvariables~yis
veri¯ed.¤

Remark1.Inthecasewheretheinclinationsareequaltozero(Y=
0),thistransformationistheidentityforthevariablesx;¤;¸:the
reductioninthiscaseisalreadydone.

Remark2.Forthreebodies,whenweusethismethod,we¯ndthe
transformationproposedinsection3.Anexpressionofthesetransfor-
mationsisgivenintheappendixforfourbodiesandtruncatedatdegre
4.

4.1.2.4.TheangularmomentumThereducedsystemhasthefollow-
ingproperty:

Proposition.Withthenotationsoftheprecedentparagraph,inthe
newsystemofcoordinates,wehave

Cz=
nX

j=1

~¤j¡
nX

j=1

j~xjj
2

¡
n¡1 X

j=1

j~yjj
2
:(71)
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Proof.TheHamilton°owatthetimeµengenderedbyCz(7)isthe
solutionofthefollowingsystem,for1·j·n:

8
>>
<

>>
:

_xj(µ)=@Cz=@(¡i¹xj)=¡ixj(µ)
_yj(µ)=@Cz=@(¡i¹yj)=¡iyj(µ)
_¤j(µ)=¡@Cz=@(¸j)=0
_̧j(µ)=@Cz=@(¤j)=1

(72)

Sothe°owatthetimeµisthetransformationªµdēned,for1·j·n,
by0

B
B
@

xj
yj
¤j
¸j

1

C
C
A

Ψµ
!

0

B
B
@

e¡iµxj

e¡iµyj
¤j

¸j+µ

1

C
C
A(73)

Whiledoingthepartialreduction,wereplacethevariablesyn;¹ynby
thefunctionsfy;¹fyofthevariables¤;x;y;¹xand¹y(35).Theangular
momentumisthen

Cz=
nX

j=1

¤j¡
nX

j=1

jxjj
2

¡
n¡1 X

j=1

jyjj
2

¡fy¹fy(74)

Wedēnethe°owÃµasthefollowingmap
0

B
B
@

xj
yk
¤j
¸j

1

C
C
A

Ãµ
!

0

B
B
@

e¡iµxj

e¡iµyk
¤j

¸j+µ

1

C
C
A(75)

for1·j·nand1·k·n¡1.fysatis̄esd'Alembertrelations:

fy(e¡iµx;e¡iµy;¤)=e¡iµfy(x;y;¤)=e¡iµyn(76)

The°owÃµhasthusthesameactiononthereducedsystemthanthe
°owªµdēnedby(73)andisthenthe°owgeneratedbytheintegral
Cz(74)inthereducedsystem.Ãµsatis̄esthefollowingdi®erential
system:8

>>
<

>>
:

for1·j·n;_xj(µ)=¡ixj(µ)
for1·j·n¡1;_yj(µ)=¡iyj(µ)
for1·j·n;_¤j(µ)=0
for1·j·n;_̧j(µ)=1

(77)

Thatis_X=f(X)wherethevariables(xj;yk;¤j;¸j),for1·j·nand
1·k·n¡1,aredenotedX.Thisnewsetofvariablesisnotcanonical,
and,contrarilyto(72),wehave,forexample,_xj(µ)6=@Cz=@(¡i¹xj).To
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achievethepartialreduction,weconstructatransformationÁ=Á¡1
1±

P1(45,65)whichdēnesnewcanonicalvariables(~x;~y;~¤;~̧)denoted
~X.Áconservesthed'Alembertrelations,so

Á(Ãµ(X))=Ãµ(Á(X)):(78)

Toexpressthe°owgeneratedbyCzinthisnewsetofvariables,we
have

_~X=DÁ(X)_X=DÁ(X)f(X)(79)

Derivating(78)withrespecttoµ,givestheidentity

DÁ(Ãµ(X))f(Ãµ(X))=f(Ãµ(Á(X))):(80)

Andforµ=0,wehavethus

DÁ(X)f(X)=f(Á(X))=f(~X):(81)

Thuswehave_~X=f(~X).The°owofCzisthusgeneratedbythesame
di®erentialsystem(77)inthenewcoordinates~X.Asthevariables~X
arecanonical,wehavenowthesameexpressionofthe°owthatin(72)
:8

>>
><

>>
>:

for1·j·n;_~xj(µ)=¡i~xj(µ)=@Cz=@(¡i¹~xj)
for1·j·n¡1;_~yj(µ)=¡i~yj(µ)=@Cz=@(¡i¹~yj)

for1·j·n;_~¤
j(µ)=0=¡@Cz=@~̧j

for1·j·n;_~̧
j(µ)=1=@Cz=@~¤j

(82)

Andthus,doinganintegrationoftheprecedentrelations,wehave,in
thenewsystemofvariables,

Cz=
nX

j=1

~¤j¡
nX

j=1

j~xjj
2

¡
n¡1 X

j=1

j~yjj
2

+K(83)

whereKisaconstant.As,bythetransformationÁ,thepoint(¤;x=
0;y=0;¸=0)ischangedinthepoint(~¤;~x=0;~y=0;~̧=0),the
constantKisequaltozero.¤

ThethirdintegraloftheangularmomentumCzhasthusthesame
expressionasintheoriginalvariables.Itwillallowustodēne,inthe
nextsection,anewtransformation,inthesamewaythanforthree
bodies,inordertoreducethenumberofdegreesoffreedomofthe
system.

4.1.3.Originpointofthesecularproblem
Theoriginpointofthesecularprobleminthenewvariables~x1=~x2=
:::=~xn=~y1=~y2=:::=~yn¡1=0isa¯xedpointofthesystem.
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So,from(43)and(65),wehavex1=x2=:::=xn=y1=y2=:::=
yn¡1=0.And,aswehavechosenthatyntendstowardzerowhenthe
otherytendtowardzero(35),wehavealsoyn=0.Sothe¯xedpoint
attheoriginofthesecularreducedsystemisthesameasforthenon
reducedsecularsystem.

4.2.Totalreduction

Asinthe3-bodycase,thetotalreduction,usingthethirdcomponent
oftheangularmomentumispossible.Thissecondreduction,whichcan
bedoneinasimilarwayevenifthepartialreductionisnotachieved,
hasalreadybeenpresentedintheAndoyervariablesin(Boigey,1981).

Wemakethesymplecticpolarcoordinatestransformation:(~xj= q
~Rjei$̃j)1·j·n,(~yj=

q
~SjeiΩ̃j)1·j·n¡1whichgives:

Cz=
nX

j=1

~¤j¡
nX

j=1

~Rj¡
n¡1 X

j=1

~Sj(84)

Asforthreebodies(section3),weusealinearchangeofvariablesin
whichCzwillbeanewcoordinate:

8
>>
<

>>
:

(·¤j=~¤j)1·j·n

(·Rj=~Rj)1·j·n

(·Sj=~Sj)1·j·n¡2
·Sn¡1=¡

Pn
j=1~¤j+

Pn
j=1~Rj+

Pn¡1
j=1~Sj=¡Cz

(85)

Byconjugation,thenewanglesare:
8
>>
<

>>
:

(·̧j=~̧j+~­n¡1)1·j·n

(·$j=~$j¡~­n¡1)1·j·n

(·­j=~­j¡~­n¡1)1·j·n¡2

(·­n¡1=~­n¡1)

(86)

Wethencomebacktorectangularvariables:(·xj=
q

·Rjei$̌j)1·j·n,

(·yj=
q

·SjeiΩ̌j)1·j·n¡2.Sothetotalchangeofvariablesis:

8
>>
>>
>>
<

>>
>>
>>
:

~¤j=·¤j
~̧j=·̧j¡·­n¡1

~xj=·xjeiΩ̌n−1

~yj=·yjeiΩ̌n−1

~yn¡1=
q

¡Cz+
Pn

j=1·¤j¡
Pn

j=1·xj¹·xj¡
Pn¡2

j=1·yj¹·yjeiΩ̌n−1

(87)
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Asforthethreebody'sreduction,thevariable­n¡1doesnotappear
intheHamiltonian,duetothed'Alembertrelations.Thesymplectic
formbecomes

¾=
nX

k=1

[d·̧k^d·¤k¡i·dxk^d¹·xk]¡
n¡2 X

k=1

id·yk^d¹·yk(88)

Andthetotalreductionassociatedwiththeangularmomentumisthus
achievedfornbodies.

Remark1.Themaindi®erencewiththethree-bodycaseisthatwe
donothaveparityintheinclinationvariablesyn¡1andthusweare
compelledtoexpandthesquarerootofthechangeofcoordinates(87)
asanin¯niteseries.Inthiscase,theneworiginpointofthesystem
(·x1=·x2=:::=·xn=·y1=·y2=:::=·yn¡2=0)isnota¯xedpointof
thesecularproblem.Thestudyofthesystemafterthisreductionisnot
easyanditcanbemorevaluabletostopafterthepartialreduction.

Remark2.Inthismethod,wechoosetoeliminatethevariable~yn¡1,
butthereisnoreasonwhywecouldnotchoosetoeliminateanyofthe
variable~xj;~yj.

5.Generalremarksaboutthesereductions

5.1.Themethod

Ourmethodtoreducethenumberofvariablesusingintegralscanbe
performedinaverygeneralcontextandshouldbealsoofinterestfor
otherproblemswhenwehaveanHamiltoniansystemdependingon
theconjugatedvariables(p=(p1;p2;:::;pn);q=(q1;q2;:::;qn))with
kintegralsF1(p;q),F2(p;q),:::,Fk(p;q).Ifwecanexpandthesek
integralsinin¯niteseriesandexpresskchosenvariablesasfunctionsof
theothersones,wereplacethesevariablesintheHamiltonianandinthe
symplecticformwhichdoesnotremainstandard.Usingaconstructive
versionoftheDarboux'stheorem,wethen¯ndanewtransformation
torestorethestandardsymplecticform.

Wealsoappliedthismethodtoasystem,whichisnotsodi®erent
fromourpresentsystem:thesecularproblematanyorderofthe
masses.Theonlychangefromthepresentcaseisthatthetwoform¾
becomes¡i

Pn
k=1(dxk^d¹xk+dyk^d¹yk)asthe¤arenowparameters

oftheproblem.
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5.2.ConstructibilityofaBirkhoffnormalform

TheconstructionofaBirkho®normalform(Birkho®,1927)isaclas-
sicaltooltostudythedynamicsofthesecularproblem(forexample
toapplyaKAMtheorem(Arnold,1963,Robutel,1995),tostudythe
secularfrequenciesofaplanetaryproblem(Brumberg,1980,Laskar,
1984)orforthecalculusoftheasteroidproperelements(Milaniand
Knezevic,1990)).WestartwithaHamiltonianoftheform

H=
2n X

j=1

ºjzj¹zj+
X

k¸3

Hk(z1;z2;:::;z2n;¹z1;¹z2;:::;¹z2n)(89)

wherezj;¡i¹zjaresymplecticallyconjugatedandHkisahomogeneous
polynomialofdegreekinz;¹z.Inourcase,HistheHamiltonianofthe
secularproblematorderonewithrespecttothemasses,calculatedas
theaverageoftheHamiltonianH1overthefastangles¸.Weconstruct
thenformally,degreebydegree,acanonicaltransformation(z!~z)so
thatthenewHamiltonian~Hdependsonlyontheactions~J=~zj¹~zj.
Duringthisconstruction,usinganyalgorithm(seeDeprit,1969),divi-
sorsoftheform(

P2n
j=1kjºj)¡1willappear,wherek1;k2;:::;k2n2Z.

Iftheºjarerationallydependent,somedivisorsareequaltozeroand
canpreventtheconstructionofthenormalform.Inourcase,there
existindeedtwosuchresonancerelationsthatholdforallvaluesofthe
parameters(masses,semi-majoraxisandconstantofgravitation).

The¯rstone,wellknown,istheoccurenceofazerosecularfre-
quency.Thisnulleigenvalueisdirectlylinkedtotheinvarianceofthe
directionoftheangularmomentum.Indeed,inthelinearproblem,at
order1inx;y,C1isreducedtoC1

1:

C
1
1=

nX

j=1

yj
p

¤j(90)

AndthusC1
1isaneigenvectorforthelinearsystem,ofeigenvalueequal

tozero.Thelinearproblemhasthusoneofitssecularfrequenciesequal
tozeroandwe¯xº2n=0.Thesecondrelation,thatwewillcall
Herman'sresonance,islessknown:wehaveº1+º2+:::+º2n=0.
AbdullahandAlbouy(2001)giveademonstrationofthisrelationina
generalsituation.Infact,thisrelationdoesnotcomefromanintegral
oftheproblemandissatis̄edonlyforthesecularproblematorder
onewithrespecttothemassesandcanbeeasilycheckedusingthe
expressionsofH2,givenintheappendixC.

So,thereisariskthatsomezerodivisorswillpreventtheconstruc-
tionofanon-resonantnormalformatallorderandforallvaluesof
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theparameters.Aterm¦2n
j=1zj

kj¹zj
k̄jinthewell-knownhomological

equation(presentinallschemesofconstructionofaBirkho®normal
form)givesthedivisor

P2n
j=1ºj(kj¡¹kj).Andthus,atermsuchas

(¦
2n¡1
j=1zj)¹z

2n¡1
2n,whichsatisfythed'Alembertrelation,providesazero

divisorwhenweusetheprecedentrelations.So,ingeneralandwithout
aprecisestudy,theconstructionofaBirkho®normalformatalldegrees
isnotgranted.Infact,wecanprove,withamoreprecisestudy,that
forthreebodiestheseresonanceswillactuallypreventtheconstruction
oftheBirkho®normalformatdegreetenandmoreineccentricities
andinclinations(Malige,2001).

Wecanshowthat,afterthepartialreduction,noproblemdueto
theseresonancerelationswilloccurduringtheconstruction.Indeed,
thezerofrequency,comingfromtheinvarianceofC1,isnotpresent
inthepartiallyreducedsystem.Inthehomologicalequation,aterm

¦
2n¡1
j=1~z

kj
j¹~zk̄j

jgivethedivisor:
P2n¡1

j=1ºj(kj¡¹kj).As
P2n¡1

j=1ºj=0,we
stillhaveapossiblezerodivisorwhenthereexistsp2Zsuchasforall
j;1·j·2n¡1,kj¡¹kj=p.But,astheHamiltonianstillsatis̄esthe
d'Alembertrelationsafterthepartialreduction,

P2n¡1
j=1kj¡¹kj=0and

thenp=0.Theonlyresonantterms,forallvaluesoftheparameters,
arethustheterms¦

2n¡1
j=1(~zj¹~zj)

kj
thatarekeptinthenormalform.The

partialreductionthusenablesustoavoidallproblemsofresonance.
Ifthesecularproblemiscomputedatahigherorderofthemasses,

thesumofthefrequenciesisnolongerequaltozerobut,incertain
cases,remainssmall,comparedtothefrequencies.Sowecanhavedivi-
sorswhicharenotequaltozerobutclosetozero.Thepartialreduction
preventssuchtermstoappear.ForourSolarSystem,thechangeof
thesumofthefrequenciesofthelinearsecularsystembetweenorder
oneandtwoisquiteimportant(1:5arcsec=yr),ofaboutthesame
amplitudeasthesecularfrequenciesthemselves(seeLaskar,1985).

5.3.Theinvariantplane

Theinvariantplane,orthogonaltotheangularmomentum,playsacen-
tralroleinthepartialreduction.Indeed,ifweareinadi®erentreference
plane,theintegralC1isnolongerequaltozero.Intheexpressionof
yn(35),wehave

®=C1¡
n¡1 X

j=1

yj

s

¤j¡jxjj
2

¡
jyjj

2

2
(91)

withC16=0.Thus,wereplaceynintheHamiltonianbyitsexpressionin
(35),thenewHamiltoniannolongersatis̄esthed'Alembertrelations
andtheparityinthevariablesy.Thesituationismoredi±cultto
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understand:iftheinclinationsaresettozeroatthebeginningofthe
movementtheydonotremainequaltozeroasinthesituationofthe
invariantplane(planeproblemofnbodies).Thepoint~x1=~x2=:::=
~xn=~y1=~y2=:::=~yn¡1=0isnolongera¯xedpointofthesecular
system.

Besides,theformalsolutionsoftheproblemintheinvariantplane
referenceframearein¯nitequasi-periodicseriesdependingof3n¡1
nonnullfrequenciesº1;º2;:::;º3n¡1:ifZisoneofthecomplexpolar
coordinates(¤jexp(i~̧j);~xj;~yj),wehave

Z(t)=
X

k2Z3n−1

akexp(i(k1º1+:::+k3n¡1º3n¡1)t);(92)

Andthesein¯niteseriessatisfyd'Alembertrelations:

ak=0if
3N¡1 X

j=1

kj6=¾(Z)(93)

where¾(¤jexp(i~̧j))=0and¾(~xj)=¾(~yj)=1.Theserelationson
thekjpreventthattheexpressionsof~xjor~yjcontainconstantterms.
AchangeofreferenceplanewilltransformtheEuclideancoordinates
systembyanEuler'stransformationR.Itcanbewrittenasaproduct
ofthreebasicrotations:R=R3(µ3)R1(µ2)R3(µ1)whereµ2represent
theanglebetweenthetwoplanesandtherotationsaredēnedby

R1(µ)=

0

@
100
0cos(µ)sin(µ)
0¡sin(µ)cos(µ)

1

AandR3(µ)=

0

@
cos(µ)sin(µ)0

¡sin(µ)cos(µ)0
001

1

A

(94)
InordertocomputethenewellipticalelementsIj;­jinthenew

referenceframe,wedēne

zj=
1

kCjk
((Cx)j+i(Cx)j)=sinIjsin­j¡isinIjcos­j:(95)

WedenoteRk(zj)thenewvalueofzjbyanyrotationRk.Wehave:

R3(µ)(zj)=eiµzjand(96)

R1(µ)(zj)=zjcos
2
(µ=2)+¹zjsin

2
(µ=2)+isinµ

q
1¡jzjj

2
(97)

Thenewvalueofzj,Rzjis,inthenewreferenceframe,

Rzj=zjcos
2
(µ2=2)ei(µ3+µ1)

+¹zjsin
2
(µ2=2)ei(µ3¡µ1)
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¡isinµ2ei(µ3+µ1)
q

1¡jzjj
2

(98)

And,owingtotheterm
q

1¡jzjj
2

in(98),inthenewreferenceframe,
constantstermsappearinthevaluesoftheinclinationsandnodes's
anglesandthusintheexpressionofthe~yandthex;y,asitwasobserved
inseculartheoriesconductedintheJ2000referenceframe(seefor
exampleLaskar,1987).

AppendixA

Wepresentheretwodi®erentwaystoachievethelineartransfor-
mationthatmakethesymplecticformstandardatorderzero(section
4.1.1.).The¯rstpossibleorthogonaltransformationistheorthogonal
symmetrywithrespecttothehyperplaneorthogonaltov=V=kVk¡
en−1,thatcanbecomputedusing(44)as:

Q=In−1¡
Dn−1+

p
¤n−1

Dn−1D2
n−2

0

B
B
B
@

¤1

p
¤1¤2:::

p
¤1¤n−1 p

¤1¤2¤2:::
p

¤2¤n−1
..
.

..

.
.....

. p
¤1¤n−1

p
¤2¤n−1:::¤n−1

1

C
C
C
A

+
Dn−1+

p
¤n−1

D2
n−2

0

B
B
B
@

0:::0
p

¤1
..
.

.....
.

..

.
0:::0

p
¤n−2 p

¤1:::
p

¤n−22
p

¤n−1¡Dn−1

1

C
C
C
A

whereDk=
qPk

i=1¤iandInisthe(n¡1)£(n¡1)identitymatrix.
Inthislineartransformation,thevariablen¡1playsaspecialrolebut
therearesymmetricalrelationsbetweenthen¡2others.

Thesecondpossibleorthogonaltransformationisobtainedthrough
aSchmidt'sorthogonalisationwherethematrixQbecomes:
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Q=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

¡

p
¤1¤2

D1D2
¡

p
¤1¤3

D2D3
¡

p
¤1¤4

D3D4
...¡

p
¤1¤n−1

Dn−2Dn−1
¡

p
¤1

Dn−1

D1

D2
¡

p
¤2¤3

D2D3
¡

p
¤2¤4

D3D4
...¡

p
¤2¤n−1

Dn−2Dn−1
¡

p
¤2

Dn−1

0
D2

D3
¡

p
¤3¤4

D3D4
...¡

p
¤3¤n−1

Dn−2Dn−1
¡

p
¤3

Dn−1

00
D3

D4
...

..

.
..
.

..

.
..
.

..

.
..

.
..
.

..

.

000...
Dn−2

Dn−1
¡

p
¤n−1

Dn−1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

AppendixB

Wepresent,¯nally,thepartialreductioninthecaseof4bodies,
usingthesecondlineartransformation(Schmidt'sorthogonalisation).
Thee®ectivecomputationofthistransformationtakesaboutoneminute
usingthecomputeralgebrasystemTRIP(whichmethodsarepresented
inLaskar,1989b)onaworkstation.Theexpressionsaretruncatedat
thedegree4.

x1=~x1

+
1
4~x1~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−1

3

¡
1
4~x1~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−1

3

+±(~x,~y)
4

x2=~x2

¡
1
4~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−1

3

+
1
4~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−1

3

+±(~x,~y)
4

x3=~x3+±(~x,~y)
4
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λ1=~λ1+i(

¡
1
2~y2¹~y1

p
¤
−1
1

p
¤2

p
¤3D−2

2D−1
3

+
1
8~y

2
2¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1
8~y

2
2¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤3D−5

3

+
1
8~y

2
2¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤3D−2

2D−3
3

¡
1
8~y

2
2¹~y1¹~y2

p
¤
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1

p
¤2

p
¤

3
3D−2
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3

+
1

16~y
2
2¹~y2

1

p
¤
−2
1D−2

3

+
1
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p
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1

p
¤2

p
¤3D−2

2D−1
3

¡
1
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2

p
¤
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1

p
¤2

p
¤
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3

+
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p
¤
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p
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3

¡
1
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2

p
¤
−1
1

p
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+
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8~y1~y2¹~y2

2

p
¤
−1
1

p
¤2

p
¤

3
3D−2

2D−5
3

+
1

16~y1~y2¹~y2
1

p
¤
−3
1

p
¤

5
2

p
¤
−1
3D−4

2D−1
3

¡
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

¡
1
8~y1~y2¹~y2

1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

+
5

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤2

p
¤
−1
3D−2

2D−1
3

¡
1
4~y1~y2¹~y2

1

p
¤
−1
1

p
¤2

p
¤3D−2

2D−3
3

+
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤

3
2

p
¤
−1
3D−4

2D−1
3

¡
1

16~y
2
1¹~y2

2

p
¤
−2
1D−2

3

¡
1

16~y
2
1¹~y1¹~y2

p
¤
−3
1

p
¤

5
2

p
¤
−1
3D−4

2D−1
3

+
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

+
1
8~y

2
1¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
5

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−2

2D−1
3

+
1
4~y

2
1¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤3D−2

2D−3
3

¡
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤

3
2

p
¤
−1
3D−4

2D−1
3

+
1
4~x3¹~x3~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1
4~x3¹~x3~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1
8~x2¹~x2~y2¹~y1

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

+
1
8~x2¹~x2~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

+
1
8~x2¹~x2~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

¡
1
8~x2¹~x2~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−3
1

p
¤

3
2

p
¤
−1
3D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−3
1

p
¤

3
2

p
¤3D−2

2D−3
3

+
1
4~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤2

p
¤3D−2

2D−3
3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−3
1

p
¤

3
2

p
¤
−1
3D−3

3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−3
1

p
¤

3
2

p
¤3D−2

2D−3
3

¡
1
4~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤2

p
¤3D−2

2D−3
3)

+±(~x,~y)
4

articleMRL2.tex;15/11/2001;17:51;p.30



       

31

λ2=~λ2+i(

+
1
2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤3D−2

2D−1
3

¡
1
8~y

2
2¹~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
1
8~y

2
2¹~y1¹~y2

p
¤1

p
¤
−1
2

p
¤3D−5

3

¡
1
8~y

2
2¹~y1¹~y2

p
¤1

p
¤
−1
2

p
¤3D−2

2D−3
3

+
1
8~y

2
2¹~y1¹~y2

p
¤1

p
¤
−1
2

p
¤

3
3D−2

2D−5
3

+
1

16~y
2
2¹~y2

1

p
¤
−2
2D−2

3

¡
1
2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤3D−2

2D−1
3

+
1
8~y1~y2¹~y2

2

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

¡
1
8~y1~y2¹~y2

2

p
¤1

p
¤
−1
2

p
¤3D−5

3

+
1
8~y1~y2¹~y2

2

p
¤1

p
¤
−1
2

p
¤3D−2

2D−3
3

¡
1
8~y1~y2¹~y2

2

p
¤1

p
¤
−1
2

p
¤

3
3D−2

2D−5
3

¡
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤
−3
2

p
¤
−1
3D

4
2D−3

3

¡
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤
−3
2

p
¤3D

2
2D−3

3

¡
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤
−1
2

p
¤
−1
3D

2
2D−3

3

+
1
8~y1~y2¹~y2

1

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

+
1
8~y1~y2¹~y2

1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1

16~y
2
1¹~y2

2

p
¤
−2
2D−2

3

+
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−3
2

p
¤
−1
3D

4
2D−3

3

+
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−3
2

p
¤3D

2
2D−3

3

+
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤
−1
3D

2
2D−3

3

¡
1
8~y

2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

¡
1
8~y

2
1¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

¡
1
4~x3¹~x3~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
1
4~x3¹~x3~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
1
8~x2¹~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

¡
3
8~x2¹~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−2

2D−1
3

+
1
4~x2¹~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤3D−2

2D−3
3

¡
1
8~x2¹~x2~y2¹~y1

p
¤

3
1

p
¤
−3
2

p
¤
−1
3D−2

2D−1
3

¡
1
8~x2¹~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
3
8~x2¹~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−2

2D−1
3

¡
1
4~x2¹~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤3D−2

2D−3
3

+
1
8~x2¹~x2~y1¹~y2

p
¤

3
1

p
¤
−3
2

p
¤
−1
3D−2

2D−1
3

¡
1
8~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤
−1
2

p
¤
−1
3D

2
2D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3

+
1
8~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤
−1
3D

2
2D−3

3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤3D−3

3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−1
3D−3

3)
+±(~x,~y)

4

articleMRL2.tex;15/11/2001;17:51;p.31



       

32

λ3=~λ3+i(

¡
1

16~y1~y2¹~y2
1

p
¤
−1
1

p
¤
−1
2

p
¤
−3
3D

4
2D−3

3

+
1
8~y1~y2¹~y2

1

p
¤
−1
1

p
¤2

p
¤
−3
3D

2
2D−3

3

+
1

16~y
2
1¹~y1¹~y2

p
¤
−1
1

p
¤
−1
2

p
¤
−3
3D

4
2D−3

3

¡
1
8~y

2
1¹~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−3
3D

2
2D−3

3

¡
1
8~x2¹~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−3
3D−1

3

+
1
8~x2¹~x2~y2¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
1
8~x2¹~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−3
3D−1

3

¡
1
8~x2¹~x2~y1¹~y2

p
¤1

p
¤
−1
2

p
¤
−1
3D−3

3

+
1
8~x1¹~x1~y2¹~y1

p
¤
−1
1

p
¤2

p
¤
−3
3D

2
2D−3

3

¡
1
8~x1¹~x1~y1¹~y2

p
¤
−1
1

p
¤2

p
¤
−3
3D

2
2D−3

3)
+±(~x,~y)

4

y1=
¡1~y2

p
¤1

p
¤3D−1

2D−1
3

+
1
4~y

2
2¹~y2

p
¤1

p
¤
−1
3D−1

2D−1
3

¡
1
2~y

2
2¹~y2

p
¤1

p
¤3D−1

2D−3
3

¡
1
4~y

2
2¹~y1

p
¤2D−1

2D−2
3

¡1~y1
p

¤2D−1
2

+
1
4~y1~y2¹~y1

p
¤
−1
1

p
¤
−1
3D

3
2D−3

3

¡
1
4~y1~y2¹~y1

p
¤
−1
1

p
¤3D2D−3

3

¡
1
2~y1~y2¹~y1

p
¤
−1
1

p
¤

2
2

p
¤
−1
3D2D−3

3

+
1
8~y

2
1¹~y2

p
¤
−1
1

p
¤
−1
3D−1

2D3

¡
1
8~y

2
1¹~y2

p
¤
−1
1

p
¤3D−1

2D−1
3

¡
1
4~y

2
1¹~y2

p
¤1

p
¤
−1
3D−1

2D−1
3

¡
1
8~y

2
1¹~y1

p
¤
−1
2D−1

2

+
1
8~y

2
1¹~y1

p
¤
−1
2

p
¤

2
3D−1

2D−2
3

+
1
4~y

2
1¹~y1

p
¤

2
1

p
¤
−1
2D−1

2D−2
3

+
1
2~x3¹~x3~y2

p
¤1

p
¤
−1
3D−1

2D−1
3

¡
1
2~x3¹~x3~y2

p
¤1

p
¤3D−1

2D−3
3

+
1
4~x2¹~x2~y2

p
¤1

p
¤
−1
3D−1

2D−1
3

¡
1
2~x2¹~x2~y2

p
¤1

p
¤3D−1

2D−3
3

+
1
4~x2¹~x2~y1

p
¤

2
1

p
¤
−1
2D−1

2D−2
3

¡
1
2~x1¹~x1~y2

p
¤
−1
1

p
¤3D2D−3

3

¡
1
4~x1¹~x1~y2

p
¤
−1
1

p
¤

2
2

p
¤
−1
3D2D−3

3

+
1
4~x1¹~x1~y2

p
¤
−1
1

p
¤

2
2

p
¤3D−1

2D−3
3

¡
1
4~x1¹~x1~y1

p
¤2D−1

2D−2
3

+±(~x,~y)
4

articleMRL2.tex;15/11/2001;17:51;p.32



       

33

y2=
¡1~y2

p
¤2

p
¤3D−1

2D−1
3

+
1
4~y

2
2¹~y2

p
¤2

p
¤
−1
3D2D−3

3

¡
1
4~y

2
2¹~y2

p
¤2

p
¤3D−1

2D−3
3

+
1
4~y

2
2¹~y1

p
¤1D−1

2D−2
3

+1~y1
p

¤1D−1
2

¡
1
4~y1~y2¹~y1

p
¤
−1
2

p
¤
−1
3D

3
2D−3

3

¡
1
4~y1~y2¹~y1

p
¤
−1
2

p
¤3D2D−3

3

+
1
2~y1~y2¹~y1

p
¤2

p
¤
−1
3D2D−3

3

¡
1
8~y

2
1¹~y2

p
¤
−1
2

p
¤
−1
3D−1

2D3

+
1
8~y

2
1¹~y2

p
¤
−1
2

p
¤3D−1

2D−1
3

+
1
4~y

2
1¹~y2

p
¤

2
1

p
¤
−1
2

p
¤
−1
3D−1

2D−1
3

¡
1
8~y

2
1¹~y1

p
¤
−1
1D−1

2

+
1
8~y

2
1¹~y1

p
¤
−1
1

p
¤

2
3D−1

2D−2
3

+
1
4~y

2
1¹~y1

p
¤1D−1

2D−2
3

+
1
2~x3¹~x3~y2

p
¤2

p
¤
−1
3D2D−3

3

¡
1
2~x2¹~x2~y2

p
¤
−1
2

p
¤3D−1

2D−1
3

+
1
2~x2¹~x2~y2

p
¤
−1
2

p
¤

3
3D−1

2D−3
3

¡
1
4~x2¹~x2~y2

p
¤

2
1

p
¤
−1
2

p
¤
−1
3D−1

2D−1
3

+
1
2~x2¹~x2~y2

p
¤

2
1

p
¤
−1
2

p
¤3D−1

2D−3
3

+
1
4~x2¹~x2~y1

p
¤1D−1

2D−2
3

+
1
4~x1¹~x1~y2

p
¤2

p
¤
−1
3D2D−3

3

¡
1
4~x1¹~x1~y2

p
¤2

p
¤3D−1

2D−3
3

¡
1
4~x1¹~x1~y1

p
¤
−1
1

p
¤

2
2D−1

2D−2
3

+±(~x,~y)
4

y3=
+1~y2D−1

2D3

¡1~y2
p

¤
2
3D−1

2D−1
3

+
1
4~y

2
2¹~y2D−1

2D−1
3

¡
1
2~y

2
2¹~y2

p
¤

2
3D−1

2D−3
3

¡
1
2~y1~y2¹~y1

p
¤

2
3D−1

2D−3
3

¡
1
4~y

2
1¹~y2D−1

2D−1
3

¡
1
8~y

2
1¹~y1

p
¤
−1
1

p
¤
−1
2

p
¤
−1
3D−1

2D
2
3

+
1
8~y

2
1¹~y1

p
¤
−1
1

p
¤
−1
2

p
¤

3
3D−1

2D−2
3

+
1
4~y

2
1¹~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−1

2

+
1
4~y

2
1¹~y1

p
¤1

p
¤
−1
2

p
¤3D−1

2D−2
3

+
1
2~x3¹~x3~y2D2D−3

3

¡
1
2~x2¹~x2~y2

p
¤

2
3D−1

2D−3
3

+
1
4~x2¹~x2~y1

p
¤1

p
¤
−1
2

p
¤
−1
3D−1

2

+
1
4~x2¹~x2~y1

p
¤1

p
¤
−1
2

p
¤3D−1

2D−2
3

¡
1
2~x1¹~x1~y2

p
¤

2
3D−1

2D−3
3

¡
1
4~x1¹~x1~y1

p
¤
−1
1

p
¤2

p
¤
−1
3D−1

2

¡
1
4~x1¹~x1~y1

p
¤
−1
1

p
¤2

p
¤3D−1

2D−2
3

+±(~x,~y)
4

articleMRL2.tex;15/11/2001;17:51;p.33



        

34

AppendixC

Wepresent,inthisappendix,theanalyticalexpressionsofthesecu-
larHamiltonianatorderonewithrespecttothemassesforthethree-
bodyplanetaryproblem.TheHamiltonianisexpandedinthePoincar¶e's
variables,truncatedatorder4ineccentricitiesandinclinationsinthe
non-reduced(NR),partiallyreduced(PR)andtotallyreduced(TR)
cases.

Theexpressionsdependonthefollowingparametersandvariables:

®=a1=a2,ratioofthesemimajoraxis

k=
¤1

¤2

Xj=xj

s
2

¤j
(j=1or2)

Yj=yj

s
1

2¤j
(j=1or2)

Y=y

s
1

2(¤1+¤2)

D=d

s
1

2(¤1+¤2)
=

s
¤1+¤2¡Cz

2(¤1+¤2)

K=¡¹1¹2¯1¯2
2m2=¤2

2m0

andofthecoe±cientsCj(®)whicharealsogiveninthisappendix.
Thexj;yjarethePoincar¶e'svariables,ythevariableofthepartially
reducedsystem(section3.1)anddtheparameterappearingintheto-
tallyreducedsystem(remark4inthesection3.2).Forthenonreduced
Hamiltonian,wetakethenotationsof(LaskarandRobutel,1995):

H2;NR=K(
C2(®)(X1¹X2+¹X1X2)

+C3(®)(
1
2

(X1¹X1+¹X2X2)+2(Y1¹Y2+¹Y1Y2¡Y1¹Y1¡¹Y2Y2)))
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H4;NR=K(
C4(®)(X1¹X2Y1¹Y2+¹X1X2¹Y1Y2)

+C5(®)(X1¹X2
2X2+¹X1¹X2X2

2)
+C6(®)(X2

1¹X1¹X2+X1¹X2
1X2)

+C7(®)(X1¹X2Y1¹Y1+¹X1X2Y1¹Y1+X1¹X2¹Y2Y2+¹X1X2¹Y2Y2)
+C8(®)(2(X1X2¹Y1¹Y2+¹X1¹X2Y1Y2¡¹X1X2Y1¹Y2

¡X1¹X2¹Y1Y2)¡¹X1¹X2Y2
1¡X1X2¹Y2

1

¡X1X2¹Y2
2¡¹X1¹X2Y2

2)
+C9(®)(¹X2

2Y2
1+X2

2¹Y2
1+X2

2¹Y2
2+¹X2

2Y2
2

¡2X2
2¹Y1¹Y2¡2¹X2

2Y1Y2)
+C10(®)(X2

1¹X2
2+¹X2

1X2
2)

+C11(®)(X1¹X1Y1¹Y1+¹X2X2¹Y2Y2)
+C12(®)(Y2

1¹Y1¹Y2+Y1¹Y2
1Y2+Y1¹Y2

2Y2+¹Y1¹Y2Y2
2)

+C13(®)(X2
1¹X2

1)
+C14(®)(Y2

1¹Y2
1+¹Y2

2Y2
2+Y2

1¹Y2
2+¹Y2

1Y2
2)

+C15(®)(X1¹X1Y1¹Y2+¹X2X2Y1¹Y2+X1¹X1¹Y1Y2+¹X2X2¹Y1Y2)
+C16(®)(¹X2

2X2
2)

+C17(®)(¹X2
1Y2

1+X2
1¹Y2

1+X2
1¹Y2

2+¹X2
1Y2

2

¡2X2
1¹Y1¹Y2¡2¹X2

1Y1Y2)

+C18(®)(
1
4

X1¹X1¹X2X2+4Y1¹Y1¹Y2Y2

¡¹X2X2Y1¹Y1¡X1¹X1¹Y2Y2))

Thecoe±cientsCkaredēnedbythefollowingexpressions,depend-
ingofthewell-knownLaplacecoe±cientsb

(k)
s(LaskarandRobutel,

1995).

C1(α)=
1

2
b

(0)
1=2
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8
αb

(0)
3=2¡(
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4
+
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4
α

2
)b

(1)
3=2
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4
αb

(1)
3=2
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15

4
α¡

15

4
α

3
)b
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5=2+(

3
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27

8
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5=2
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+
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¡
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WethengivetheexpressionofthepartiallyreducedHamiltonian,
obtainedusingtheequations(20,21).

H2;PR=K(
C2(®)(X1¹X2+¹X1X2)

+C3(®)(
1
2

(X1¹X1+¹X2X2)¡2(2+k−1+k)Y¹Y))
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H4;PR=K(
C4(®)(¡X2¹X1Y¹Y¡X1¹X2Y¹Y)

+C5(®)(X2
2¹X1¹X2+X1X2¹X2

2)
+C6(®)(X1X2¹X2

1+X2
1¹X1¹X2)

+C7(®)(k−1+k)(X2¹X1Y¹Y+X1¹X2Y¹Y)
+C8(®)((2+k+k−1)(¹X1¹X2Y2+X1X2¹Y2)

+2X1¹X2Y¹Y+2X2¹X1Y¹Y)
+C9(®)(¡1)(2+k−1+k)(¹X2

2Y2+X2
2¹Y2)

+C10(®)(X2
2¹X2

1+X2
1¹X2

2)
+C11(®)(k−1X1¹X1Y¹Y+kX2¹X2Y¹Y)
+C12(®)(¡2)(k+k−1)Y2¹Y2

+C13(®)(X2
1¹X2

1)
+C14(®)(2+k2+k−2)Y2¹Y2

+C15(®)(¡2X2¹X2Y¹Y¡2X1¹X1Y¹Y)
+C16(®)(X2

2¹X2
2)

+C17(®)(¡1)(2+k−1+k)(¹X2
1Y2+X2

1¹Y2)
+C18(®)(¡k−1X2¹X2Y¹Y+4Y2¹Y2

+
1
4X1X2¹X1¹X2¡kX1¹X1Y¹Y)

WecanremarkthatH4;PRdoesnotdependontheparameterC3(®)
aswecouldhaveexpected,comingfromthetermH2;NR.Indeed,the
terminC3(®)isequaltozeroforthedegree4butsuchtermsappear
forthedegree6andhigher.

We¯nallygivetheanalyticalexpressionofthetotallyreducedHamil-
tonian,takingintoaccountthattheparameterDisofthesameorder
thatthevariablesX.Thisexpressionisobtainedusingthechangeof
variables(27).Wecancomparethisexpressionwiththeexpression
givenin(Robutel,1995).Inthispaper,theexpansionoftheseriesis
madewiththeuseoftheparameterD2thathasthesameorderin
eccentricitiesandinclinationasD2.Wecanthuscomparethetermof
orderzeroinD2andD.In(Robutel,1995),therewassomemisprints
forthetermsH

(0)
1;1;0;0,H

(0)
1;2;1;0andH

(0)
0;2;2;0(seeerratuminthissame

issue).ThevariablesXjofourstudyarenotexactlythesamethanin
thispaper(seesection3.2,equations29and30)anditexplainwhy
therearesomechangeofsignintheexpressionsofthecoe±cients
H

(r)
p;p̄;q;q̄.
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ThepartofthetotallyreducedsecularHamiltonianiswrittenunder
theform:

(2¼)−2

Z
a2

¢
d¸1d¸2=

X

p;p̄;q;q̄;r

H
(r)
p;p̄;q;q̄(®;k)DrX

p
1¹Xp̄

1X
q
2¹Xq̄

2:

AstheHamiltonianisafunctiontakingonlyrealvalues,wehavethe
relationamongtheterms

H
(r)
p;p̄;q;q̄(®;k)=H

(r)
p̄;p;q̄;q(®;k)

andonlyhalfofthemarereportedhere.

Coe±cientsofthequadraticpart,H2;TR

H
(0)
1;1;0;0(®;k)=H

(0)
0;0;1;1;(®;k−1

)=
1

8
(2+k)®b

(1)
3=2(®)

H
(0)
1;0;0;1(®;k)=H

(0)
0;1;1;0(®;k)=¡

3

8
®b

(0)
3=2(®)+

1

4
(1+®

2
)b

(1)
3=2(®)

H
(2)
0;0;0;0(®;k)=¡

1

2
(2+k+k−1

)®b
(1)
3=2(®)

Coe±cientsofthepartofdegreefour,H4;TR

H
(0)
3;1;0;0(®;k)=H

(0)
2;0;1;1(®;k−1

)

=¡
15

128
(1+k)®

2
b
(0)
5=2(®)

+
3

64
(1+k)(3®+®

3
)b

(1)
5=2(®)

H
(0)
1;1;0;2(®;k)=H

(0)
0;0;1;3(®;k−1

)

=¡
15

128
(1+k)®

2
b
(0)
5=2(®)

+
3

64
(1+k)(®+3®

3
)b

(1)
5=2(®)

H
(0)
2;1;1;0(®;k)=H

(0)
0;1;1;2(®;k−1

)=¡
9

64
(1+k)®

2
b
(1)
5=2(®)

H
(0)
1;2;1;0(®;k)=(¡

15

64
(®+3®

3
)¡

15

32
k(®+®

3
))b

(0)
5=2(®)

+(
3

64
(2+3®

2
+6®

4
)+

3

32
k(2+3®

2
+2®

4
))b

(1)
5=2(®)
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H
(0)
0;1;2;1(®;k)=(¡

15

64
(3®+®

3
)¡

15

32
k−1

(®+®
3
))b

(0)
5=2(®)

+(
3

64
(6+3®

2
+2®

4
)+

3

32
k−1

(2+3®
2

+2®
4
))b

(1)
5=2(®)

H
(0)
1;1;1;1(®;k)=

3

64
(5k−1

+24+5k)®
2
b
(0)
5=2(®)

+
3

32
(k−1

+k)(®+®
3
)b

(1)
5=2(®)

H
(0)
2;2;0;0(®;k)=

3

128
(6+18k+7k

2
)®

2
b
(0)
5=2(®)

+
3

64
(2®+4®

3
¡(®+®

3
)k

2
)b

(1)
5=2(®)

H
(0)
0;2;2;0(®;k)=

45

128
®

2
b
(0)
5=2(®)¡

9

64
(®+®

3
)b

(1)
5=2(®)

H
(0)
0;0;2;2(®;k)=

3

128
(7k−2

+18k−1
+6)®

2
b
(0)
5=2(®)

+
3

64
(4®+2®

3
¡(®+®

3
)k−2

)b
(1)
5=2(®)

H
(2)
0;0;0;2(®;k)=(2+k+k−1

)(
15

32
®

2
b
(0)
5=2¡(

3

16
®+

9

16
®

3
)b

(1)
5=2)

H
(2)
0;0;1;1(®;k)=H

(2)
1;1;0;0(®;k−1

)=

¡
3

16
(7k−2

+19k−1
+17+5k)®

2
b
(0)
5=2

+
3

8
(k−2

+k−1
¡1¡k)(®+®

3
)b

(1)
5=2)

H
(2)
0;1;0;1(®;k)=

9

16
(2+k+k−1

)®
2
b
(1)
5=2

H
(2)
0;1;1;0(®;k)=(2+k+k−1

)(
15

8
(®+®

3
)b

(0)
5=2

+(¡
3

4
¡

9

8
®

2
¡

3

4
®

4
)b

(1)
5=2)

H
(2)
0;2;0;0(®;k)=(2+k+k−1

)(
15

32
®

2
b
(0)
5=2¡(

9

16
®+

3

16
®

3
)b

(1)
5=2)

H
(4)
0;0;0;0(®;k)=

3

8
(7k−2

+20k−1
+26+20k+7k

2
)®

2
b
(0)
5=2

¡
3

4
(k−2

+2k−1
+2+2k+k

2
)(®+®

3
)b

(1)
5=2
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