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Abstract

We prove a theorem about the stabilit y of action variables for Gevrey quasi-convex near-
integrable Hamiltonian systems and construct in that context a system with an unstable
orbit whose mean speed of drift allows us to check the optimalit y of the stabilit y theorem.

Our stabilit y result generalizesthose by Lochak-Neishtadt and PÄoschel, which give precise
exponents of stabilit y in the NekhoroshevTheorem for the quasi-convex case,to the situation
in which the Hamiltonian function is only assumedto belong to someGevrey classinstead of
being real-analytic. For n degreesof freedom and Gevrey-® Hamiltonians, ® ¸ 1, we prove
that one can choose a = 1=2n® as an exponent for the time of stabilit y and b = 1=2n as
an exponent for the radius of con¯nement of the action variables, with re¯nements for the
orbits which start closeto a resonant surface (we thus recover the result for the real-analytic
caseby setting ® = 1).

On the other hand, for ® > 1, the existenceof compact-supported Gevrey functions allows
us to exhibit for each n ¸ 3 a sequenceof Hamiltonian systemswith wandering points, whose
limit is a quasi-convex integrable system, and where the speed of drift is characterized by
the exponent 1=2(n ¡ 2)®. This exponent is optimal for the kind of wandering points we
consider, inasmuch as the initial condition is located close to a doubly-resonant surface and
the stabilit y result holds with precisely that exponent for such an initial condition. We
also discuss the relationship between our example of instabilit y, which relies on a specī c
construction of a perturbation of a discrete integrable system, and Arnold's mechanism
of instabilit y, whose main features (partially hyperbolic tori, heteroclinic connections) are
indeed present in our system.

The present article is the result of a collaboration with Michael Herman, which started in
October 1999. He had had the idea of studying the Nekhoroshevtheory in the Gevrey category
and, using a lemma of his, of producing new examplesof unstableorbits for which the instability
time could be compared with the distance of the system to integrability. Together we improved
both the stability and instability results which he had already obtained, in view of making them
match. Michael Herman's suddendeath in November 2000 prevented him from participating to
the last developmentsand to the ¯nal writing of a work the main contributor of which he was.
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1 In tro duction

The present work is devoted to the study of the stabilit y exponents for Gevrey quasi-convex
near-integrable Hamiltonian systems,and to the search for an exampleof an unstable orbit with
the highest possiblespeedof drift. We begin by a short reminder on the Nekhoroshevtheory in
the analytic category and the question of optimalit y for the stabilit y exponents. We shall then
state our main results of stabilit y and instabilit y in the Gevrey category.

1.1 Reminder on the analytic case

1.1.1 Let T = R=Z and n ¸ 2. According to Poincar¶e, the \general problem of dynamics" is
the study of Hamiltonian systemscloseto an integrable one. Such a system is generatedby a
Hamiltonian function on Tn £ Rn , of the form

H (µ; r ) = h(r ) + " f (µ; r );

which givesrise to the following vector ¯eld

X H

¯
¯
¯
¯
¯

_µi = @r i h(r ) + "@r i f (µ; r );

_r i = ¡ "@µi f (µ; r ); i = 1; : : : ; n:

The canonicalcoordinates (µ; r ) 2 Tn £ Rn are angle-actioncoordinates for the integrable part h.
When " = 0, the actions r i are ¯rst integrals of the system and the motion takes place on the
corresponding invariant tori Tn £ f r g, all the solutions being quasiperiodic. What does there
remain of this stabilit y for small " > 0?

In the 70s,a remarkableachievement of Hamiltonian perturbation theory wasthe Nekhoroshev
Theorem [Nekh77], which asserts that for a generic real-analytic function h and for any real-
analytic perturbation f , all solutions are stable at least over exponentially long time intervals:
there exist positive numbersa and b, depending only on h, such that for each small enough" > 0
any initial condition (µ0; r 0) givesrise to a solution (µ(t); r (t)) which is dē ned at least for jt j ·
exp( const ( 1

" )a) and satis̄ es kr (t) ¡ r (0)k · const "b in that range.
This is a statement of e®ective stabilit y, on ¯ nite (but long) time intervals and for all solu-

tions, to be comparedwith the perpetual stabilit y that KAM theory, which started two decades
earlier, o®ers only for a part (but a large part) of the phase space. In fact, if n = 2 and h
is non-degenerate(or isoenergetically non-degenerate),the KAM Theorem gives more than the
NekhoroshevTheorem, since on each energy level the tra jectories are con̄ ned on or between
invariant tori. It is only for n ¸ 3 that KAM tori do not a priori prevent the projection in action
spaceof a solution from drifting arbitrarily far from its initial location; but such a drift should
be exponentially slow, according to the NekhoroshevTheorem.

An interesting question is to know how large the exponents a and b, but especially a, can be
taken in Nekhoroshev'sstatement: the larger a, the longer the time of stabilit y guaranteed by
the theorem; and the larger b, the stronger the con̄ nement of the actions closeto their initial
values.

1.1.2 The genericcondition imposedby Nekhoroshevupon h is a transversality property called
steepness. Quasi-convex functions provide an important particular caseof this property. These
are functions h for which there exists m > 0 such that, at any point r of the domain of dē nition
of f , the inequality < r 2h(r )v; v > ¸ mkvk2 holds for all vectors v orthogonal to r h(r ). We
require moreover r h not to vanish. One can check that such a function is isoenergetically
non-degenerate: the mapping (¸; r ) 7! (h(r ); ¸ r h(r )) is a local di®eomorphismfor ¸ > 0 (see
Section 3.4.4).

The property of quasi-convexity amounts to the convexity of the energylevelsof h. It is weaker
than strict convexity. On the other hand, if ĥ is a strictly convex function of r̂ = (r 1; : : : ; r n ¡ 1),
i.e. if there exists m̂ > 0 such that < r 2ĥ(r̂ )v̂; v̂ > ¸ m̂kv̂k2 for all v̂ 2 Rn ¡ 1, one can check that
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the function r = (r̂ ; r n ) 7! h(r ) = ĥ(r̂ ) + r n is quasi-convex with m = m̂(1 + ­̂ )¡ 2 in any domain
in which kr ĥ(r̂ )k · ­̂ . A non-autonomous periodic perturbation of ĥ with n ¡ 1 degreesof
freedom,say ĥ(r̂ ) + " f (µ̂; r̂ ; t) where µ̂ = (µ1; : : : ; µn ¡ 1) 2 Tn ¡ 1 and f is also 1-periodic in t, can
thus be viewed as a perturbation of a quasi-convex integrable systemwith n degreesof freedom1

and the NekhoroshevTheorem will apply.
As noticed by the Italian school ([BGG85], [Ga86], [BG86]), it turns out that a shrewd use

of convexity leads one to a re¯ned result. The use of convexity in conjunction with energy
conservation was even more radical in Lochak's novel method [Lo92] which was designed to
obtain the best possiblestabilit y exponents a and b, and which works in the quasi-convex case
as well. Finally, the NekhoroshevTheorem holds with a = b = 1=2n if h is assumed to be quasi-
convex, asproved independently by Lochak and Neishtadt [LN92, LNN93] and by PÄoschel [PÄo93].
Moreover, beside this global result, one can state local results for neighbourhoods of resonant
surfaces: if m 2 f 1; : : : ; n ¡ 1g, a set of m independent linear relations with integer coe±cients
to be satis̄ ed by the @r i h(r ) determinesa resonantsurface of multiplicity m in the action space;
for the tra jectories starting at a distance of order "1=2 of such a surface, one can take larger
exponents, namely a = b = 1=2(n ¡ m).

In fact, the casewhere m = n ¡ 1 (the tori f r = r ¤g associated to such completely resonant
actions r ¤ are foliated into periodic orbits of the unperturb ed system) is the cornerstone of
Lochak's periodic orbit method intro ducedin [Lo92], of which [LN92] is only a slight improvement
(see[Lo93] for a non-technical account).

We shall not deal with the general steep case, but we wish to mention a recent work by
Niederman[Ni00] accordingto which onecan take a = b = 1=(2n p1 ¢¢¢pn ¡ 1) asglobal exponents,
where the p0

i s are the steepnessindices of h (they are not smaller than 1, and all equal to 1 if h
is quasi-convex).

1.1.3 The question of the optimality of the exponents obtained for the quasi-convex case is
still open for n ¸ 5, whereas a partial answer is available for n = 3 or 4. The optimalit y
question amounts to the search for systemsarbitrarily closeto integrable which admit unstable
orbits, i.e. orbits experiencing a noticeable drift in action (say, of order 1 if we let apart the
exponent b), and for an asymptotic upper bound of the time of drift, as closeas possibleto the
lower bound exp( const ( 1

" )a) provided by the stabilit y result.
The phenomenonof instabilit y in near-integrable systemsis usually called (somewhat improp-

erly) Arnold di®usion in referenceto Arnold's famous note [Arn64] (seealso [AA67]), in which
an example of a three-degree-of-freedomsystem was proposedin view of exploring the comple-
ment of KAM tori in the phasespaceand instabilit y was obtained from heteroclinic connections
betweenwhiskered tori. There, Arnold was not concernedabout the time of drift of his unstable
orbits; on the other hand, he raised the di± cult question of the genericity of this phenomenon.
Arnold's mechanism of instabilit y has motivated numerousstudies about the so-calledchains of
transition, in more or lessgeneral frameworks, and particularly about the possibility of ¯ nding
orbits shadowing such chains, the computations of transition times, and the exponential smallness
of the splitting associated with each torus.

Concerning explicit times of drift for systemscloseto an integrable Hamiltonian written in
action-angle variables, we can quote two results by Bessi [Be96, Be97], who worked on Arnold's
model and on a variant of it with four degreesof freedom. Using Arnold's mechanismof instabilit y
and variational methods, Bessi obtains orbits drifting in a time exp( const ( 1

" )1=2) for n = 3,
and exp( const ( 1

" )1=4) for n = 4. Theseorbits passcloseenoughto a double resonance,thus the
exponents cannot be improved for that kind of tra jectories; this shows that the exponent 1=2(n ¡
2) for doubly-resonant surfacesis optimal when n = 3 or 4.

1 Use H = ĥ(r̂ ) + r n + "f (µ̂; r̂ ; µn ): all the energy-levels of H are identical up to a translation in the r n -direction
and on each one, when using the coordinates (µ̂; r̂ ; µn ), the corresponding autonomous ° ow amounts to the ° ow
of ĥ + "f (µ̂; r̂ ; t ).
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1.2 Gevrey stabilit y

1.2.1 It is the aim of the present paper to enlargethe framework by consideringGevrey functions
instead of real-analytic ones,and to tackle the question of optimalit y in this broader context.

Let ® ¸ 1 a real number and n ¸ 2 the number of degreesof freedom. For R > 0 we denote
by B R the closedball of radius R in Rn with center at the origin: we shall consider real-valued
functions which are C1 in K = Tn £ B R . If L > 0, such a function ' = ' (µ; r ) is said to be
Gevrey-(®; L ) on K , and we write ' 2 G®;L (K ), if

k' k®;L :=
X

k2 N2n

L j k j®

k!®
k@k ' kC 0 (K ) < 1 : (1.1)

We have usedthe following notations for multi-indices of derivation:

jkj = k1 + ¢¢¢+ k2n ; k! = k1! ¢¢¢k2n !; @k = @k1
x 1

¢¢¢@k2n
x 2n

;

and (x1; : : : ; x2n ) = (µ1; : : : ; µn ; r 1; : : : ; r n ).
Appendix A is devoted to someuseful facts and bibliographical notes concerningthesefunc-

tions. Gevrey-® functions are usually dē ned by the requirement that k@k ' kC 0 (K ) · CM j k j k!®

for someC; M > 0; we recover this spaceG®(K ) by taking the union over all positive L of the
spacesG®;L (K ). The advantage of the dē nition (1.1) is that each G®;L (K ) is a Banach algebra:
k'Ã k®;L · k' k®;L kÃk®;L (Lemma A.1). The composition of Gevrey-® functions is alsoGevrey-®
under appropriate assumptions(Section A.2). We recover real-analytic functions in the special
casewhere ® = 1; the number L then indicates the sizeof a complex domain of analytic exten-
sion. The Cauchy inequalities admit the following generalization (Lemma A.2): if 0 < L 1 < L
and ' 2 G®;L (K ),

X

k2 N2n ; j k j= j

k@k ' k®;L 1 ·
j !®

(L ¡ L 1) j ® k' k®;L ; j ¸ 0:

1.2.2 We shall adapt Lochak's periodic orbit method to the Gevrey caseand prove

Theorem A (Stabilit y for the Gevrey quasi-con vex case) Let ® ¸ 1, n ¸ 2,

a =
1

2n®
and b =

1
2n

: (1.2)

Let R; L; E ; $ ; m > 0 and h 2 G®;L (B R ) such that khk®;L · E and, for all r 2 B R ,

$ · max
1· i · n

j@r i h(r )j and 8v 2 (r h(r ))? ; mkvk2 · < r 2h(r )v; v > : (1.3)

For each R0 2 ]0; R[, there exist positive numbers "¤; "¤¤ ; C1; C2, which dependonly on n; ®; R; R0,
L; E ; $ ; m, such that, for every Hamiltonian function H 2 G®;L (Tn £ B R ) satisfying

" :=
kH ¡ hk®;L

E
· minf "¤; "¤¤g;

any initial condition (µ0; r 0) 2 Tn £ B R 0 givesrise to a solution (µ(t); r (t)) of X H which is dē ned
at least for jt j · C1 exp(®

¡ " ¤
"

¢a
) and satis̄ es kr (t) ¡ r 0k · C2"b in that range.

Like in the analytic case,one can state re¯ned stabilit y results associated with resonances.
Let M a submodule of codimension d 2 f 1; : : : ; n ¡ 1g of Zn and

SM = f r 2 B R 0 j 8k 2 M ; < k; r h(r ) > = 0g

the corresponding resonant surfacein action space.One can attach to it positive numberscM ; c0
M

and c00
M , which essentially depend on the order of M (the sizeof the multi-in tegersbelongingto a
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systemof generatorsof M ) | seeSection3.4.3 for the details. For a \standard " submodule, i.e.
when M ? is generatedby somevectors of the canonical basisof Rn , one can take cM =

p
n ¡ 1

and c0
M = c00

M = 1, but in general these numbers are larger. By convention, M = f 0g can be
treated as a standard submodule (Sf 0g = B R 0 , d = n, no particular resonancerelation); the
following statement can thus be consideredas containing the previous one:

Addendum to Theorem A (Solutions starting near a resonan t surface) Let ¾> 0. We
dē ne

a =
1

2d®
and b =

1
2d

:

There exist positive numbers "¤; "¤¤ ; C1; C2, which depend only on n; ®; R; R0; L; E ; $ ; m and
on cM ; c0

M ; c00
M ; ¾, such that, if " · minf "¤; "¤¤g and if we assumemoreover

dist(r 0; SM ) · ¾"1=2;

the solution (µ(t); r (t)) is dē ned at least for jt j · C1 exp(®
¡ " ¤

"

¢a
) and satis̄ es kr (t)¡ r 0k · C2"b

in that range.

The dependenceof the involved numbers on the various parameters can be explicited as
follows: there exists a positive number c which dependsonly on ® such that, if one intro duces

­ = L ¡ ®E; M = 2®L ¡ 2®E; M 0 = 6®L ¡ 3®E

(majorants of the ¯rst-, second-and third-order derivativesof h) and

K = 1
2 (L ®E ¡ 1 + 2®L ¡ 1 + m¡ 1(1 + 2®+1 L ¡ ®)2)¡ 1; ½0 = 1

4 minf 1; R ¡ R0; K
M ; K

M 0 g;

one can take

C1 =
2L ®

(2n)®¡ 1­
; C2 =

29M ­ c0
M ¢

m
; where ¢ =

³ 2d+1 cd¡ 1
M c00

M ¾
K d¡ 1$

´ 1
d

max
©

1;
1

2¾

³ cM E
m

´ 1=2ª
;

and

"1=2d
¤ =

L ®

c(2n)®¡ 1¢

³ m
cM

+
M 2E

m2L 2®

´ ¡ 1
; "¤¤ = minf "1; "2g;

8
>><

>>:

"1=2d
1 =

1
C2

minf L ®; R ¡ R0;
$
M

g;

"1=2d
2 =

³ cM $
2c00

M K ¾

´ 1
d

min
©1

2
;

½0K
2cM c0

M ­

ª
if d ¸ 2 ; "2 = 1 if d = 1.

Sections 3.1{ 3.4 are devoted to the proof of Theorem A. The ¯rst three deal with one-
phaseaveraging and contain a generalization of Neishadt's Theorem [Nei84] to Gevrey classes
(Proposition 3.2); their useof Gevrey asymptotic expansionsis directly inspired by [RS96]. The
fourth one repeats essentially the arguments of [Lo92], [LN92] and [LNN93], explaining how to
usequasi-convexity to deducecon̄ nement near a periodic torus, and in fact the whole statement
with the help of Dirichlet's Theorem.

1.2.3 We think that generalizingthe NekhoroshevTheorem to Gevrey Hamiltonian functions is
interesting in itself. From a mathematical point of view, this is very natural. Spacesof Gevrey
functions have beenconsideredfor a long time in other branchesof Analysis for themselves;and
even if onestarts with an analytic Hamiltonian function, it can be desirableto restrict it to some
invariant manifold which is not analytic but only Gevrey | this may be the caseof a center
manifold |, as C. Sim¶o pointed out to us.
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1.3 Example of instabilit y

1.3.1 Our main motivation was to compare the exponents of stabilit y that we could obtain in
the Gevrey quasi-convex casewith the speedof instabilit y we could produceon specī c examples.
For a given h, as simple as possible,we are interested in particular examplesof perturbation in
which an unstable orbit can be detected, with a possibility of relating the Gevrey size of the
perturbation and the time over which instabilit y develops.

If ® > 1, the Gevrey classG® is actually larger than the spaceof real-analytic functions: it
contains in particular compact-supported functions. This givesmuch more ° exibilit y to constuct
examplesand explains why the question of optimalit y is easierin this setting.

Compact-supported functions werealready usedin [Do86], whereArnold's method wasadapted
to the C1 framework to yield topological instabilit y, but without any concernabout the corre-
sponding time of instabilit y.

1.3.2 As for us, we followed a rather di®erent approach. The following examples of near-
integrable Hamiltonian systems will be obtained by suspending very explicit discrete systems
dē ned on Tn ¡ 1 £ Rn ¡ 1, for which a detailed description of the dynamics is available.

Theorem B (Instabilit y result) Let ® > 1, n ¸ 3 and

a¤ =
1

2(n ¡ 2)®
:

Let L > 0 and R > 1. There exist a sequence of functions (f j ) j ¸ 0 converging to 0 in the space
G®;L (Tn £ B R ) and an increasing sequence of integers (¿j ) j ¸ 0 such that, for each j ¸ 0, the
Hamiltonian systemgenerated by

H j (µ; r ) =
1
2

(r 2
1 + ¢¢¢+ r 2

n ¡ 1) + r n + f j (µ; r ) (1.4)

admits a solution (µ(t); r (t)) dē ned at least for t 2 [0; ¿j ] and for which r 1(0) = 0 and r 1(¿j ) = 1.
Moreover, there exist an integer J which dependsonly on n, and positive constantsC1 < C2 which
depend only on n; ®; L and R, suchthat the time of drift ¿j and the norm " j = kf j k®;L are related
by

C1

"2
j

exp(C1

³ 1
" j

´ a¤

) · ¿j ·
C2

"2
j

exp(C2

³ 1
" j

´ a¤

); j ¸ J:

The proof is given in Sections2.1{ 2.4. Note that all the hypothesesof Theorem A are ful¯lled;
in particular the integrable part h(r ) = 1

2 (r 2
1 + ¢¢¢+ r 2

n ¡ 1) + r n is the most elementary example
of a quasi-convex function.

The functions f j are in fact independent of the last variable r n , which meansthat we could
forget the variable r n without losing information and consider that we are dealing with non-
autonomousHamiltonian functions 1

2 (r 2
1 + ¢¢¢+ r 2

n ) + f j (µ1; : : : ; µn ¡ 1; t; r 1; : : : ; r n ¡ 1) depending
periodically on the time (cf. footnote 1).

Moreover, we have restricted thesefunctions to Tn £ B R only in order to control their Gevrey
norms, but their dependenceon r 1; : : : ; r n ¡ 1 is indeed very mild. The Hamiltonian vector ¯eld
associated to (1.4) is in fact dē ned and C1 in Tn £ Rn , and complete. In particular, our unstable
solution (µ(t); r (t)) canbedescribed for all t 2 R: weshall seefor instancethat r 1(kp ¿j ) = k=p ¿j

for all k 2 Z, hencethis solution is biasymptotic to in¯nity . This situation is reminiscent of the
system studied by Mather [Mat93] and its variants [BT99, DLS00].

1.3.3 Let us now confront our two theorems(with ® > 1). As already mentioned, the hypotheses
of Theorem A are ful¯lled sothat it appliesto the Hamiltonian functions (1.4). We shall seethat,
provided j is large enough, the secondaction-component r 2(t) of our unstable solution satis̄ es

8t 2 R; 0 < r 2(t) · 3
p

" j
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(seeSection2.4.3). In view of the frequencymap r h(r ) = (r 1; : : : ; r n ¡ 1; 1), we can thus say that
this solution starts O(p " j )-closeto the ¯xed doubly-resonant surfacef r 1 = r 2 = 0g. Therefore,
the value 1=2(n ¡ 2)® attained by the instabilit y exponent a¤ exactly coincideswith that of the
local stabilit y exponent a = 1=2d®for a resonancesubmodule of rank 2 and codimensiond = n¡ 2.
In that respect our result can be consideredas optimal.

This establishesthe optimalit y of all the exponents a = 1=2d® for resonancesof multiplic-
it y not less than 2 as well, by simply adding n0 ¸ 0 degreesof freedom and considering the
solution (µ(t); r (t); 0; 0) of the Hamiltonian system generatedby

H j (µ1; : : : ; µn ; r 1; : : : ; r n ) +
1
2

(r 2
n +1 + ¢¢¢+ r 2

n + n 0):

This yields indeed, for N = n + n0 degreesof freedom,a solution which starts O(p " j )-closeto the
resonant surfaceassociated with a ¯xed 2 submodule of rank n0+ 2 and codimension d = n ¡ 2.

One can perform further computations in our example, in order to seewhy the unstable orbit
escapes the in° uenceof resonancesof higher multiplicit y | seeSection 2.4.3 (and Section 3.4.3
for the underlying arithmetics).

It is a general phenomenonthat resonancescannot be avoided for a solution which drifts
between two distant regions of the action space,becauseof the existenceof at least one ¯xed
simply-resonant hypersurfacewhich separatesthe given regions and which the solution has to
cross. For instance, for the particular integrable part h that we chose,the hypersurfacesf r 1 =
p=qg are resonant for all rationals p=qand intercept the solutions drifting in the r 1-direction. But
one can still wonder about the optimalit y of the stabilit y exponent a = 1=2d® when d = n ¡ 1,
i.e. about the existenceof unstable orbits whosetime of drift is characterized by the instabilit y
exponent 1=2(n ¡ 1)® and which keepfar enoughfrom all doubly-resonant surfaces(at least those
whoseorder is not too high with respect to " ).

As for the \univ ersal" exponent a = 1=2n®, the question of its optimalit y cannot be raised
independently of that of b = 1=2n.

1.3.4 We emphasizethe di®erencebetweenour goals, to construct specī c perturbations giving
rise to instabilit y, and those of Arnold's note [Arn64] which illustrated on a quite simple pertur-
bation a powerful mechanism of instabilit y relying on transition tori. In particular, in Arnold's
method, the drifting points are not a priori known, but still have to be detected once a transi-
tion chain is given. The description of their orbits is necessarilycomplicated, and quantitativ e
estimates for the speed of drift are even more di± cult to obtain. Here, on the contrary , we
shall construct exampleswhere we can choose the drifting points from the beginning, and our
main task will be the computation of the Gevrey norms of the various functions involved in the
construction; in a senseour approach pertains more to functional analysis than to dynamical
systems.

As a byproduct, we get new insight in Arnold's mechanism itself, which we do not use but
can however illustrate. As a matter of fact, we can choose our example so as to possessa
transition chain, of in¯nite length, shadowed by the solution described in Theorem B. Moreover,
the splitting of separatrices(or at least its most signī cant part), whosedetermination in analytic
examplesis notoriously a di±cult matter, is trivial ly computed in the sameexample.

To be precise we need a re¯ned dē nition of the splitting, adapted to the particular case
we consider here. Let an energy e be given (of course our considerations will not depend of
the value of e since the perturbativ e term f j does not depend on r n ). We ¯rst intro duce the
manifold Sj (e) = f µn = 0g \ H ( ¡ 1)

j (f eg): this is a 2(n ¡ 1)-dimensional transversesection for
the Hamiltonian ° ow, that we can identify with the annulus An ¡ 1 through the coordinates ( ¹µ; ¹r ),
¹µ = (µ1; : : : ; µn ¡ 1); ¹r = (r 1; : : : ; r n ¡ 1). The transition tori that weshall considerwill becontained

2We stress that the resonance conditions are ¯xe d, i.e. independent of j with our notations, because the
Addendum to Theorem A also applies to resonances which depend on the perturb ed Hamiltonian and on the
considered solution. But then the \order" of the resonance and the corresponding numbers cM ; c0

M ; c00
M may

grow as " tends to zero and th us need to be tak en into account together with the exponent a; this is illustrated in
Section 2.4.3.
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in H ( ¡ 1)
j (f eg), (n ¡ 1)-dimensional, hyperbolic, with n-dimensional invariant manifolds W § , and

they will possesshomoclinic points ! located in Sj (e). In the coordinates ( ¹µ; ¹r ), the intersections
of W § with Sj (e) will be the graphs of suitable functions ¹r = w§ ( ¹µ); the coordinates ( ¹µ0; ¹r 0)
of ! will satisfy of course ¹r 0 = w+ ( ¹µ0) = w¡ ( ¹µ0), but moreover µ0

2 = ¢¢¢ = µ0
n ¡ 1 = 0. One

usually dē nes the splitting of W + and W ¡ at ! as the di®erenced(w+ ¡ w¡ )( ¹µ0), which is a
symmetric operator (see [LMS99]). But in our example the manifolds W § have an additional
property, which will allow us to restrict our attention to a scalar quantit y: for i = 2; : : : ; n ¡ 1,
(w+

i ¡ w¡
i )(µ1; 0; : : : ; 0) ´ 0, thus the splitting matrix admits a block decomposition into a

\longitudinal " part

A j 1(W § ; ! ) =
@

@µ1
(w+

1 ¡ w¡
1 )(µ0

1)

and a \transv ersal" part which is the symmetric matrix of order n ¡ 2 with coe±cients @
@µj

(w+
i ¡

w¡
i )(µ0

1), i; j ¸ 2. In our situation, the interesting part of the splitting is the longitudinal one,
i.e. the splitting in the r 1-direction, which would be neededto detect heteroclinic connections
betweenconsecutive tori of the chain if one would follow Arnold's method.

Addendum to Theorem B (T ransition chains and splitting) Let j ¸ 0 and e 2 R. For
each r 0

1 2 R, there exists in the energy levelH ( ¡ 1)
j (f eg) a (n¡ 1)-dimensional invariant torus Tr 0

1
,

whose projection on the r 1-axis is reduced to f r 0
1g, and which is partial ly hyperbolic for the

Hamiltonian ° ow, with n-dimensional invariant manifolds.
Let qj = p ¿j . The family (Tk=qj )k2 Z is a transition chain: two consecutive tori T(k ¡ 1)=qj

and Tk=qj are connected by a heteroclinic orbit. The solution (µ(t); r (t)) of Theorem B shadows
that chain: for t = (k + 1

2 )qj with k 2 Z, its distance to the torus Tk=qj is lessthan 1=qj (it is thus
exponentially small), and for (k ¡ 1

2 )qj < t < (k + 1
2 )qj , it remains close to the aforementioned

heteroclinic solution.
For each r 0

1 2 R, the torus Tr 0
1

has two homoclinic orbits, which intersect the section Sj (e)
at points ! 1; ! 2 for which µ2 = ¢¢¢= µn ¡ 1 = 0. At thesepoints, the splitting in the r 1-direction
of the invariant manifolds W § (Tr 0

1
) satis̄ es jA j 1(W § (Tr 0

1
); ! i )j = 2¼=qj , i = 1; 2.

The proof is given in Section 2.5. Note that the splitting A j 1 is exactly of the sameorder
as the gap 1=qj between two tori in the chain; thus by the sametoken we get lower and upper
bounds for A j 1: there exist constants C0

1 > C0
2 such that

" j

C0
1

exp(¡ C0
1

³ 1
" j

´ a¤

) · jA j 1(W § (Tr 0
1
); ! i )j ·

" j

C0
2

exp(¡ C0
2

³ 1
" j

´ a¤

):

Actually one can say even more: we shall see that the stable and unstable manifolds of two
consecutive tori T(k ¡ 1)=qj and Tk=qj are tangent along the heteroclinic orbit we consider, so our
example is a limit caseof Arnold's mechanism, where the tori are maximally distant. Of course,
to construct our drifting points, we do not make use of Arnold's semi-local analysis (lambda-
lemma and obstruction property), which would require at least the topological transversality of
the intersections. Our drifting points are obtained by a completely di®erent method, but we
check a posteriori that they shadow the chain we consider.

1.4 Commen ts, prosp ects

1.4.1 The stabilit y theorem can be extended to ultradi ®erentiable classesmore general than
the Gevrey class (de¯ned by such inequalities as (A.2)), and also to the caseof Cr functions
with r < 1 . M. Herman had already devised a method for that, but we could not include it
in the present article which was already long enough. In ¯nite di®erentiabilit y, one can produce
easily instabilit y examples,even with a wandering ball. A further article should be devoted to
this.
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1.4.2 Niederman's recent stabilit y result [Ni00] about the steepcasecan probably be extended
to the Gevrey class. We did not explore that systematically, but we can at least indicate a steep
variant of the above examplewhere the instabilit y exponent is increasedat the price of relaxing
quasi-convexity: for any p ¸ 3, we can construct a Hamiltonian

H j (µ; r ) =
1
2

r 2
1 +

1
p

r p
2 +

1
2

(r 2
3 + ¢¢¢+ r 2

n ¡ 1) + r n + f j (µ; r );

with a sequencef j converging to 0 in G®;L (Tn £ B R ), for which there is an unstable orbit of
exponent

a¤ =
1

p(n ¡ 2)®

(we shall not give the details of the construction which is a simple adaptation of the proof of
Theorem B). On the onehand, this shows that the requirement of quasi-convexity in Theorem A
is necessaryfor the exponent a = 1=2n® to be valid. On the other hand, this providesan example
of an unstable perturbation of a steepintegrable systemwhoseexponents are p1 = ¢¢¢= pn ¡ 1 =
p ¡ 1.

1.4.3 Returning to perturbations of a convex or quasi-convex integrable Hamiltonians, there
remains to prove the optimalit y of the time exponent 1=2(n ¡ 1)® related to simple resonance;
we hope to be able to achieve this by working directly on ° ows, rather than on mappings like
in the proof of Theorem B. The question of knowing whether the time exponent 1=2n® can be
optimal is more delicate.

But of course the most important and natural sequel to the present work, which we are
currently examining, is to try to adapt the new ideasintro duced in the caseof Gevrey systemsto
the analytic framework, in order to achieve the fastestpossibledrift for an analytic near-integrable
Hamiltonian system.

2 An example of instabilit y with estimate on the speed of
drift

In this part it will be more convenient to work with mappings rather than with ° ows (the
correspondencebetween Nekhoroshevestimates for ° ows and for mappings in a rather general
perturbativ e framework wasstudied in [KP94]). Beforeproving Theorem B, we needto intro duce
the setting and give a re¯ned formulation of the result in terms of a discretedynamical systemto
be constructed (Proposition 2.1 below). Theorem B will be proved in Section 2.4 as a corollary,
by a standard procedureof suspension,and its Addendum in Section2.5 by a slight modi¯cation
of the construction.

2.1 A more precise statemen t

2.1.1 If H is a Hamiltonian function generating a complete vector ¯eld, we shall denote by ©H

the corresponding time-1 map; this is a special caseof an exact-symplectic transformation. The
mapsthat we shall considerwill be compositions of two time-1 mapsof Hamiltonian functions on
An = T¤Tn = Tn £ Rn , where n ¸ 2 and where A = T £ R is the annulus. Thesemaps are still
exact-symplectic, but onecannot expect them to be time-1 mapsof Hamiltonian systemson An ;
however, a simple suspensionresult will prove that they are indeed time-1 maps of Hamiltonian
systemson An +1 | beware of the shift of dimension with respect to Sections1 and 3.

Here we call integrablea map of the form ©H , where H dependsonly on the action variables;
in that case,©H (µ; r ) = (µ + r H (r ); r ) (notice that ©H is well-dē ned also in the casewhere H
dependsonly on the angle variables).

Our exampleof unstable map will be of the form ©u ±©h+ v , whereh = 1
2 (r 2

1 + ¢¢¢+ r 2
n ), and u

and v are small Gevrey functions; the unperturb ed map ©h is the twist map (µ; r ) 7! (µ + r; r )
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of An . The special form of our unstable map, dē ned as a composition of two time-1 maps, and
the fact that we are working in a non-quasianalytic Gevrey classwill faciliate the procedure of
suspensionof Section 2.4.

2.1.2 The statement and construction below contain technical details which may obscure the
ideas from which they originate, so we begin with a heuristic description of the system. The
main parameter will be an integer q, supposedto be large. We shall split the annulus An and
the unperturb ed map into two factors: ©h = ©

1
2 r 2

1 £ ©
1
2 r 2

2 + ¢¢¢+ 1
2 r 2

n : A £ An ¡ 1 ! A £ An ¡ 1, and
consider a q-periodic point a 2 An ¡ 1 on the secondfactor. We ¯rst want to dē ne a \coupling
di®eomorphism" ©u q on the product An such that ©u q ± ©h has a wandering point which drifts
along the r 1-axis, and we furthermore require that uq ! 0 when q ! 1 , in a suitable Gevrey
function space.

On the ¯rst factor A, the interesting part of the dynamics will be localizedon the union Cq of
the circles Ck=q = f (µ1; r 1) 2 A; r 1 = k=qg, k 2 Z. Each of thesecircles is invariant under ©

1
2 r 2

1

and supports a q-periodic dynamics, even if q is not the minimal period. On the secondfactor
we shall only consider the orbit O(a) = f a(k ) ; 0 · k · q ¡ 1g of a = a(0) under ©

1
2 r 2

2 + ¢¢¢+ 1
2 r 2

n .
The coupling di®eomorphism©u q will be chosenso as to satisfy the \ synchronization condi-

tions"

©u q ((0; r 1); a) = ((0; r 1+ 1=q); a); and ©u q ((µ1; r 1); a(k ) ) = ((µ1; r 1); a(k ) ) if k 2 f 1; ¢¢¢; q ¡ 1g;

for all (µ1; r 1) 2 A. Due to the q-periodicit y of ©h on Cq £ O(a), oneseesthat the point ((0; 0); a)
is wandering for ©u q ±©h , and satis̄ es in particular

[©u q ±©h ]kq((0; 0); a) = ((0; k=q); a); k 2 Z;

while the ¯rst components of the other iterates move around the circles of the family Cq. So q2

iterations of the coupleddi®eomorphism©u q ±©h make the point ((0; 0); a) drift along the r 1-axis
over an interval of length 1. This is all we needin order to estimate our instabilit y time.

As is easily checked, a simple way to get the synchronization is to choose uq of the form
uq((µ1; r 1); x0) = 1

q U(µ1) g(q) (x0) for ((µ1; r 1); x0) 2 A £ An ¡ 1, where U0(0) = ¡ 1 and

g(q) (a) = 1; dg(q) (a) = 0; g(q) (a(k ) ) = 0; dg(q) (a(k ) ) = 0; 1 · k · q ¡ 1

(seeLemma 2.1 below). The size of the function uq is seento be of the order of kg(q) k=q. The
main di±cult y of the construction will be to ensurethe condition kg(q) k=q ! 0 as q ! 1 : by
compactnessthe distancebetweenthe initial point a and its nearestiterate tends to 0 asq ! 1 ,
and the valuesof g(q) on a and this iterate di®erby 1; soany Gevrey norm of g(q) will tend to 1
when q ! 1 . One can convince oneself that the construction is not possiblewith the second
factor kept equal to ©

1
2 ( r 2

2 + ¢¢¢+ r 2
n ) : the periodic points are equidistributed on periodic tori, and

the distance betweentwo of them is just too short.
For this reasonwe shall add a perturbation to the initial Hamiltonian h, splitting now the

dynamics on the secondfactor An ¡ 1 = A £ An ¡ 2 into two parts. The ¯rst onewill be the time-1
map of a pendulum suitably rescaled:©

1
2 r 2

2 ¡ 1
N 2 cos µ2 , with a new large parameter N ; and it will

be possibleto keepthe secondpart on An ¡ 2 equal to the integrable twist map ©
1
2 ( r 2

3 + ¢¢¢+ r 2
n ) . The

main property of this systemis that, due to the presenceof the pendulum and its separatrix, one
can ¯nd q-periodic points a = a(q) , with arbitrarily large q, whosedistance to the rest of their
orbit is of the order of 1=N .

With a parameter q large enough, the G®;L -norms of the functions uq and vN = ¡ 1
N 2 cosµ2

will be of the sameorder " = 1=N 2 ' kg(q) k=q: we will have to take q = O(exp(cN 1=2®(n ¡ 1) ))
(where c dependson ® and L). This shows the connection betweenthe instabilit y time ¿ (for a
drift of order one) and the Gevrey size" of the perturbations uq and vN :

¿ = q2 = O(exp
³

2c
³ 1

"

´ 1
2® ( n ¡ 1)

´
);
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and corresponds to our primary aim.
The hyperbolic ¯xed point of the pendulum in the secondfactor induceshyperbolic tori which

will enableus to construct transition chains aswell. Finally, thanks to a more global formulation
of our arguments (the coupling lemma below) and a particular choice of the function U, we shall
be able to give a complete description of the intersection of the invariants manifolds attached to
the tori with a suitable section; this will give us the estimateson the splitting.

Notations. When necessarywe shall split the set of variables into

x1 = (µ1; r 1) 2 A; x2 = (µ2; r 2) 2 A; x̂ = (µ3; : : : ; µn ; r 3; : : : ; r n ) 2 An ¡ 2:

The reader may consider ¯rst the casen = 2, which is simpler and of which the general caseis
an easygeneralization.

When a point or a function with several components dependson a parameter, to avoid confu-
sion we usesuperscripts betweenbrackets for the parameter and subscripts for the components,
e.g. x (q) = (x (q)

1 ; x (q)
2 ; x̂ (q) ).

In order to produceperiodic points of the integrable twist map on the annulus, we shall simply
use inversesof prime numbers as action variables (becausewe need mutually prime numbers).
We denote by (pj ) j ¸ 0 the sequenceof prime numbers and, for each j ¸ n ¡ 1, we dē ne

N j = pj N 0
j where N 0

j = 1 if n = 2, and N 0
j = pj ¡ (n ¡ 3) pj ¡ (n ¡ 4) ¢¢¢pj if n ¸ 3. (2.1)

2.1.3 The next two sectionswill be devoted to the proof of

Prop osition 2.1 (Discrete version of the instabilit y example) Let n ¸ 2, ® > 1, L > 0
and

U(µ1) = ¡
1

2¼
sin2¼µ1; V (µ2) = ¡ cos2¼µ2: (2.2)

There exist a sequence of functions (g( j ) ) j ¸ n ¡ 1 in G®;L (Tn ¡ 1), a sequence of real numbers
(r ( j )

2 ) j ¸ n ¡ 1 and positive constants c and ¤ (depending only on ® and L) such that

1
qj

kg( j ) k®;L ·
1

N 2
j

(2.3)

and, if for each j ¸ n ¡ 1 we dē ne

M j = 2[cN j e2®(¤+( n ¡ 2)L )(2 ¼pj )1= ®
+ 1]; qj = N j M j ; (2.4)

the transformation

ª j = ©
1

qj
U ­ g( j )

±©
1
2 ( r 2

1 + r 2
2 + ¢¢¢+ r 2

n )+ 1
N 2

j
V (µ2 )

(2.5)

produces a drift from r 1 = 0 to r 1 = 1 in q2
j iterations for the point x ( j ) = (x ( j )

1 ; x ( j )
2 ; x̂ ( j ) ),

x ( j )
1 = (0; 0); x ( j )

2 = (0; r ( j )
2 ); x̂ ( j ) = (0; : : : ; 0; 1=pj ¡ (n ¡ 3) ; : : : ; 1=pj ): (2.6)

We have denoted by ­ the product of functions depending on separatesetsof variables:

U ­ g( j ) (µ) = U(µ1)g( j ) (µ2; : : : ; µn ):

Note that the di®eomorphismª j is of the form ©u j ± ©h+ v j , as announcedat the beginning of
Section 2.1, with

kuj k®;L = k
1
qj

U ­ g( j ) k®;L · kvj k®;L = k
1

N 2
j

Vk®;L = c0=N 2
j (2.7)
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(µ1 ; r 1) (µ2 ; r 2) (µ̂; r̂ = r̂ ( j ) )

1
qj t = 0

t = qj

t = 0 t = qj

t = mN 0
j

m 2 N

Figure 1: Projections of the orbit of x ( j ) .

(with c0 = kVk®;L = 2¼kUk®;L ). So the size of the perturbation, i.e. the distance between ª j

and its integrable limit ©h , tends to 0 as j ! 1 and is easily compared to the time of drift q2
j ;

Theorem B will be a simple consequenceof Proposition 2.1 (seeSection 2.4).

2.1.4 It will be shown in Section 2.3 how to chooseg( j ) and r ( j )
2 . The point x ( j ) is wandering

for ª j and its orbit can be described completely. For instance, as for times which are multiples
of qj ,

8k 2 Z; ª kqj
j (x ( j ) ) = ((0;

k
qj

); x ( j )
2 ; x̂ ( j ) ):

More generally, if weset r̂ ( j ) = (1=pj ¡ (n ¡ 3) ; : : : ; 1=pj ) and if wedenoteby ¼1; ¼2; ¼̂the projections
associated with the decomposition An = A £ A £ An ¡ 2, we shall have for all k 2 Z

¼̂± ª k
j (x ( j ) ) = (kr̂ ( j ) ; r̂ ( j ) ); ¼1 ±ª k

j (x ( j ) ) = (
k0k00

qj
;

k0

qj
);

where k = k0qj + k00 and 0 · k00 · qj ¡ 1, while the x2-component ¼2 ± ª k
j (x ( j ) ) follows a

qj -periodic orbit of the pendulum 1
2 r 2

2 + 1
N 2

j
V(µ2). One can even seethe orbit slow down as r 2

comescloserto 0: this corresponds to a stronger in° uenceof the double resonancewhen r passes
closer to (0; 0; r̂ ( j ) ) (seeFigure 1).

We mention here that x ( j ) is not the only drifting point that we can exhibit for the sys-

tem (2.5): replacing ( 1
pj ¡ ( n ¡ 3)

; : : : ; 1
pj

) in the dē nition of x̂ ( j ) in (2.6) by ( ` ( j )
3

pj ¡ ( n ¡ 3)
; : : : ; ` ( j )

n
pj

),

where each ` ( j )
i is any integer prime to pj ¡ (n ¡ i ) , one obtains a new point x ( j ) which is also drift-

ing from r 1 = 0 to r 1 = 1 in q2
j iterations. This makes quite a large number of unstable orbits

if n ¸ 3. But even if n = 2, onecan alsomodify slightly the dē nition of U and qj , still preserving
the inequality (2.7), in order to make all the points x = (x1; x2; x̂),

x1 =
¡ ` ( j )

1

pj
; 0

¢
; x2 = (0; r ( j )

2 ); x̂ =
¡
0; : : : ; 0;

` ( j )
3

pj ¡ (n ¡ 3)
; : : : ;

` ( j )
n

pj

¢
(2.8)

(with 0 · ` ( j )
1 · pj ¡ 1 and ` ( j )

3 ; : : : ; ` ( j )
n like previously) drift from r 1 = 0 to r 1 = 1 (see

Remark 2.2).

2.2 Im bedding of the standard map and its drifting orbit

2.2.1 Let us ¯rst show where our unstable orbits will comefrom. At the heart of our instabilit y
mechanism lies the q-parameterizedfamily of \standard maps" of the annulus, dē ned for q ¸ 1
by

Ãq(µ1; r 1) = (µ1 + qr 1; r 1 ¡
1
q

U0(µ1 + qr 1)) ;
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where, in view of (2.2), U0(µ1) = ¡ cos2¼µ1. SinceU0(0) = ¡ 1, one readily computes the orbit
of the origin:

8k 2 Z; Ãk
q (0; 0) = (0;

k
q

):

In particular, this orbit drifts from r 1 = 0 to r 1 = 1 in q iterations.
But Ãq is not close to integrable, by any manner of means. Yet it will be possible to take

advantage of the wandering point that we have for Ãq: our strategy will be to embed Ãq into the
qth iterate of a near-integrable mapping of An , using the fact that Ãq can be written as

Ãq = ©
1
q U ±F q; F = ©

1
2 r 2

1 : (µ1; r 1) 7! (µ1 + r 1; r 1): (2.9)

2.2.2 Here comesthe only slightly technical tool of our construction, a \coupling lemma" which
is in fact a very simple lemma on local skew-products. There will remain only to imagine to what
situation we must apply it.

Lemma 2.1 Let m; m0 ¸ 1. Suppose we are given two maps, F : Am ! Am and G : Am 0
!

Am 0
, and two Hamiltonian functions f : Am ! R and g : Am 0

! R which generate complete
vector ¯elds and dē ne time-1 maps ©f and ©g. Suppose moreover that a 2 Am 0

is G-periodic,
of period q, and that

g(a) = 1; dg(a) = 0; g(Gk (a)) = 0; dg(Gk (a)) = 0; 1 · k · q ¡ 1: (2.10)

The mapping
ª = ©f ­ g ± (F £ G) : Am + m 0

! Am + m 0

is well-de¯ned becausef ­ g generates a complete Hamiltonian vector ¯eld, and it satis̄ es

8x 2 Am ; ª q(x; a) = (©f ±F q(x); a):

We have denoted by f ­ g the function (x; x0) 7! f (x)g(x0), and by F £ G the mapping
(x; x0) 7! (F (x); G(x0)) .

Proof. The Hamiltonian vector ¯eld generatedby f ­ g is

X f ­ g

¯
¯
¯
¯
¯

_x = g(x0)X f (x);

_x0 = f (x)X g(x0):

It admits f (x) and g(x0) as ¯rst integrals. It is complete, since it can be integrated by

©f ­ g(x; x0) = (©g(x 0) f (x); ©f (x )g(x0)) ; (x; x0) 2 Am + m 0
: (2.11)

Let x 2 Am . The points (F k (x); Gk (a))1· k · q¡ 1 are ¯xed points of ©f ­ g becauseof (2.10)
and (2.11). Thus

ª k (x; a) = (F k (x); Gk (a)) ; 0 · k · q ¡ 1:

But for the qth iteration, (2.10) and (2.11) yield ª q(x; a) = ©f ­ g(F q(x); a) = (©f (F q(a)) ; a).

Notice that in fact, for all k 2 Z,

ª k (x; a) = (F k 00
± (©f ±F q)k 0

(x); Gk (a)) ; k = k0qj + k00; 0 · k00· qj ¡ 1:

One can summarizeLemma 2.1 by saying that the submanifold Am £ f ag is invariant under
the qth -power ª q, and that (with the natural identi ¯cation of Am £ f ag with Am ), the restriction
of ª q to Am £ f ag coincide with ©f ±F q.

Clearly, for our purposes,we can choosem = 1, F = ©
1
2 r 2

1 and f = 1
q U for the ¯rst factor,

while the choice of the secondfactor and of the periodic point is a more delicate matter and will
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Am
Am 0

©f
F

a
G(a) Gq¡ 1(a)

G

Figure 2: Orbits in the coupling lemma: starting with (x; a) 2 Am £ Am 0
, the q¡ 1 ¯rst iterations

of ª coincide with those of F £ G, the qth iteration with that of (©f ± F ) £ G thanks to the
synchronization conditions (2.10).

be the aim of Section 2.3. The property ©
1
q U (0; r 1) = (0; r 1 + 1

q ) will ensure the drift in the
r 1-direction of the orbit of ((0; 0); a) (seeFigure 2).

2.2.3 So, in our construction, the two-dimensionalannulus A £ f ag will be invariant under ª q,
and the dynamics on it will coincide with that of the standard map Ãq dē ned in (2.9).

More precisely, the problem of ¯nding near-integrable unstable systems is reduced to the
search for sequences(g( j ) ); (G( j ) ); (a( j ) ); (qj ) such that:

i) G( j ) : An ¡ 1 ! An ¡ 1 tends to someintegrable map G1 ;

ii ) a( j ) 2 An ¡ 1 is G( j ) -periodic, of period qj ;

iii ) (g( j ) ; G( j ) ; a( j ) ; qj ) satis̄ es the synchronization conditions (2.10);

iv) g( j ) : An ¡ 1 ! R is o(qj ) in the Gevrey category.

In that situation ª j = ©
1

qj
U ­ g( j )

±(©
1
2 r 2

1 £ G( j ) ) is indeedguaranteedto makex ( j ) = ((0; 0); a( j ) ) 2
A £ An ¡ 1 drift in q2

j iterations, and this number q2
j will have to be comparedwith the distance

betweenª j and its limit ©
1
2 r 2

1 £ G1 .

2.3 Choice of the second factor and pro of of Prop osition 2.1

As suggestedby (2.5), we set

G( j ) = G( j )
2 £ Ĝ; G( j )

2 = ©
1
2 r 2

2 + 1
N 2

j
V

; Ĝ = ©
1
2 ( r 2

3 + ¢¢¢+ r 2
n ) (2.12)

(with a product of successive prime numbers for N j , according to (2.1)). Clearly the sequence
G( j ) satisfy the requirement i), and the limit ©

1
2 r 2

1 £ G1 is exactly our initial twist map ©h .
Becauseof the factor G( j )

2 , we shall need some classical results on the ° ow of the pendulum,
which we now recall.

2.3.1 Some notations and results on the simple pendulum

Let
P(µ¤; r ¤) =

1
2

r 2
¤ ¡ cos2¼µ¤; (µ¤; r ¤) 2 A:

The pendulum described by P hasa hyperbolic ¯xed point at ( 1
2 ; 0), whoseseparatricesare given

by r ¤ = § 2j cos¼µ¤ j; all the solutions of X P that avoid the separatricesare periodic, and for each
integer M ¸ 1 there exists a unique real number r (M )

¤ > 2 such that (0; r (M )
¤ ) is ©P -periodic of

period M . The sequence(r (M )
¤ )M ¸ 1 decreasesand tends to r (1 )

¤ = 2 as M ! 1 ; the tra jectory
of (0; r (M )

¤ ) lies on an essential invariant circle of the pendulum.

15



             

Lemma 2.2 Let ¾= ¡ 1
2 + 2

¼ arctan e¼. For all M 2 N¤ [ f 1 g, the solution

(µ(M )
¤ (t); r (M )

¤ (t)) = ©tP (0; r (M )
¤ )

of X P satis̄ es
8t 2 [ 1

2 ; M ¡ 1
2 ]; ¾· µ(M )

¤ (t) · 1 ¡ ¾:

Proof. This is an elementary property of the ° ow of the pendulum: one can use the di®erential
equation _µ¤ =

p
2(E (M ) + 2cos2 ¼µ¤), with E (M ) = ¡ 1 + P(0; r (M )

¤ ) > 0, to compare µ(M )
¤ (t)

with the separatrix solution µ(1 )
¤ (t) = ¡ 1

2 + 2
¼ arctan e2¼t when t 2 ] ¡ 1

2 ; 1
2 [.

For each M , the function µ(M )
¤ is analytic and increasing. Lemma 2.2 shows in particular that

we can dē ne its inverse
¿(M )

¤ : [¡ ¾; ¾] ! I M ; (2.13)

where I M is an interval contained in ] ¡ 1
2 ; 1

2 [ if M < 1 and I 1 = [¡ 1
2 ; 1

2 ]. In fact, we have the
explicit formula

¿(M )
¤ (µ) =

Z µ

0

d'
q

(r (M )
¤ )2 ¡ 4sin2 ¼'

: (2.14)

Being an analytic function, ¿(M )
¤ belongsto each Gevrey classG®;L ([¡ ¾; ¾]), ® > 1; L > 0.

Lemma 2.3 For each ® > 1 and L > 0, one can dē ne a ¯nite positive number by

¤( ®; L ) = sup
1· M · 1

k¿(M )
¤ k®;L; [¡ ¾;¾]: (2.15)

Proof. Choose` > 0 and A 2 ]0; 1[ such that

8µ 2 C; dist(µ; [¡ ¾; ¾]) · ` ) j sin¼µj · A:

In view of (2.14), for such valuesof µ, d
dµ ¿(M )

¤ has a modulus · 1
2

p
1¡ A 2 (becauser (M ) ¸ 2), and

the Cauchy inequalities yield

8k 2 N; k
¡

d
dµ

¢k+1
¿(M )

¤ kC 0 ([ ¡ ¾;¾]) ·
k!

2`k
p

1 ¡ A2
:

The conclusionfollows easily.

2.3.2 Choice of the perio dic poin ts a( j )

We now dē ne M j and qj = N j M j according to (2.4), using c = kF®;(4¾) ¡ 1=® L k®;(4¾) ¡ 1= ® L
and ¤ = ¤( ®; L ) (with the notations of Lemma A.3 and 2.3).

The transformation G( j )
2 is obtained from the ° ow of the ¯xed pendulum systemP by rescaling

both time and action:

G( j )
2 = S¡ 1 ±©

1
N j

P
±S; where S(µ2; r 2) = (µ¤; r ¤) = (µ2; N j r 2): (2.16)

There is thus a one-to-onecorrespondencebetween the solutions (µ¤(t); r ¤(t)) of X P and those
of X 1

2 r 2
2 + 1

N j
V :

µ2(t) = µ¤(t=N j ); r 2(t) = 1
N j

r ¤(t=N j );

and if we set

x ( j )
2 = (0; r ( j )

2 ) 2 A; r ( j )
2 =

r (M j )
¤

N j
; (2.17)
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1
N r ( M )

¤
1
N r ( 1 )

¤

0 1
2

¡ ¾ ¾ 1 ¡ ¾

¿( M )
¤

¡ 1
2 0 1

2

k
N

Figure 3: View of the orbit of a( j ) in the (µ2; r 2) coordinates. The iterates inside f¡ ¾< µ2 < ¾g
nessarily correspond to ¡ N j ¡ 1

2 · k · N j ¡ 1
2 (among them, those with N 0

j j k are marked by a

cross);under the action of ¿(M j )
¤ , we get equidistributed points inside ] ¡ 1

2 ; 1
2 [.

we obtain a G( j )
2 -periodic point, of period N j M j = qj . Moreover its orbit is well-ordered on the

annulus.
As for the remaining components, we set

r̂ ( j ) = (
1

pj ¡ (n ¡ 3)
; : : : ;

1
pj

); x̂ ( j ) = (0; r̂ ( j ) ) 2 An ¡ 2 = Tn ¡ 2 £ Rn ¡ 2:

Since its action components are inversesof mutually prime integers, x̂ ( j ) is a Ĝ-periodic point,
of period N 0

j = pj ¡ (n ¡ 3) ¢¢¢pj . Since N 0
j divides qj , the requirement ii ) is satis̄ ed by G( j ) ,

a( j ) = (x ( j )
2 ; x̂ ( j ) ) and qj .

2.3.3 Choice of g( j ) and Gevrey estimates

There remains only to dē ne g( j ) so as to ful¯ll iii ), together with the re¯ned condition (2.3),
which in turn givesiv). The idea is that, even taking qj very large aswe did by our choiceof M j ,
we still have most of the points of O(a( j ) ) outside the region f¡ ¾ < µ2 < ¾g and these can
be handled by a compact-supported function; therefore, among the qj points of O(a( j ) ), only a
relatively small number (· N j ) will needa special treatment.

Indeed, we can provide the following description of our qj -periodic orbit (seealso Figure 3):

² Section 2.3.2 shows that the µ2-component of (G( j ) )k (a( j ) ) coincides with µ( j )
¤ ( k

N j
) for

each k 2 Z. As a consequence,if we number the iterates by indices k running be-
tween ¡ N j ¡ 1

2 and N j M j ¡ N j +1
2 (notice that N j is always odd) and decompose the or-

bit of a( j ) into M j sets of N j points, Lemma 2.2 ensuresthat the only points having
possibly µ2 2 ] ¡ ¾; ¾[ belong to the ¯rst of these sets | i.e. they correspond to k 2
f¡ N j ¡ 1

2 ; : : : ; N j ¡ 1
2 g.

² The ¯rst set itself can be decomposedinto pj subsetsof N 0
j points, in each of which only

one point has µ̂ = 0mod Zn ¡ 3 (becauseN 0
j divides k) whereasthe N 0

j ¡ 1 remaining ones

have µ̂ = kr̂ ( j ) 6= 0mod Zn ¡ 3 (becauseN 0
j doesnot divide k).

We shall construct g( j ) as a product of factors taking care of these di®erent kinds of iterates
successively (formula (2.18) below).

The following lemma intro ducessomeauxiliary functions and shows where the exponential
estimatesultimately comefrom.

17



              

Lemma 2.4 For p ¸ 1, the function ´ p : T ! R dē ned by

´ p(µ) =
³ 1

p

p¡ 1X

` =0

cos2¼̀ µ
´ 2

; µ 2 T;

satis̄ es

´ p(0) = 1; ´ 0
p(0) = 0; ´ p(k=p) = ´ 0

p(k=p) = 0; 1 · k · p ¡ 1:

For all ® > 1 and L > 0,
k´ pk®;L · e2®L (2¼p)1= ®

:

Proof. The proof of the ¯rst statement is straightforward. As for the Gevrey norm, using
Lemma A.1, we can content ourselveswith estimating the norm of the functions

»p(µ) =
1
p

p¡ 1X

` =0

cos2¼̀ µ; µ 2 T;

for all p ¸ 1. But for all k ¸ 0, k»(k )
p kC 0 (T) < (2¼p)k , thus

8® ¸ 1; 8L > 0; k»pk®;L <
X

k ¸ 0

1
k!®

(2¼L ®p)k < e®L (2¼p)1= ®
:

The result, follows sincek´ pk®;L · k»pk2
®;L .

In view of the above description of O(a( j ) ), we thus choosethe function

g( j ) = g( j )
2 ­ g( j )

3 ­ ¢¢¢­ g( j )
n ; (2.18)

with
g( j )

2 (µ2) = ´ pj

¡
¿(M j )

¤ (µ2)
¢

¢F®;(4¾) ¡ 1= ® L ( µ2
4¾) for ¡ 1

2 · µ2 · 1
2 ;

g( j )
i (µi ) = ´ pj ¡ ( n ¡ i ) (µi ) for 3 · i · n :

Thanks to F®;(4¾) ¡ 1= ® L , which belongs to the class of compact-supported functions intro-
duced in Lemma A.3 (extended here by 1-periodicit y), our function g( j ) vanishes identically
outside f¡ ¾ < µ2 < ¾g. Its behaviour at the points (G( j ) )k (a( j ) ) = (µ(k ) ; r (k ) ) satis̄ es the
condition iii ): we have obviously g( j ) (a( j ) ) = 1 and dg( j ) (a( j ) ) = 0, and g( j ) and its di®erential
vanish on the other iterates becausethis is the casefor at least oneof the functions g( j )

i . Indeed,
for any non-zero index k between¡ N j ¡ 1

2 and N j M j ¡ N j +1
2 , we have

² either ¾· µ(k )
2 · 1¡ ¾and g( j )

2 vanisheswith its di®erential at µ(k )
2 becausethis is the case

for F®;(4¾) ¡ 1= ® L ,

² or ¡ ¾ < µ(k )
2 < ¾, and then necessarily¡ N j ¡ 1

2 · k · N j ¡ 1
2 , thus ¿(M j )

¤ (µ(k )
2 ) = k=N j 2

] ¡ 1
2 ; 1

2 [, whereasµ̂(k ) = kr̂ ( j ) , and

{ either N 0
j doesnot divide k and at least one of the functions g( j )

i with i ¸ 3 vanishes
with its di®erential,

{ or k = k0N 0
j for someinteger k0, and g( j )

2 vanisheswith its di®erential at µ(k )
2 because

this is the casefor ´ pj at k=N j = k0=pj .
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To end the proof of Proposition 2.1, we just needto check the inequality (2.3). Recalling the
dē nitions of c and ¤ given at the beginning of Section 2.3.2 and using Lemma A.1, we get

kg( j ) k®;L · ck´ pj ±¿(M j )
¤ k®;L k´ pj ¡ ( n ¡ 3) k®;L ¢¢¢k´ pj k®;L

with k¿(M j )
¤ k®;L · ¤ . Proposition A.1 allows us to bound k´ pj ± ¿(M j )

¤ k®;L by k´ pj k®;¤ , and
Lemma 2.4 then yields kg( j ) k®;L · c exp

¡
2®(¤ + (n ¡ 2)L )(2¼pj )1=®

¢
· M j =N j . Dividing

by qj = N j M j , we obtain the desiredconclusion.

Remark 2.1 In fact, it is only at the end that the advantagesof the time-1 map G( j )
2 of the

pendulum and of the twist map Ĝ appear simultaneously. On the one hand, the equidistribution
of the points on the orbit of â( j ) under Ĝ allowed us for a very precise control, through the
functions g( j )

i ; their Gevrey norm (or even their analytic norm, since one could set ® = 1 as far
as they alone are concerned) growsexponentially with respect to pj , but at a rate which decreases
with the dimension. On the other hand, since we needed to divide g( j ) by an exponentially large
factor so as to makethe perturbation O(1=N 2

j ), we had to admit larger and larger periods without
changing kg( j ) k®;L , and this was the reason for using the pendulum: as M j goes to in¯nity, the
points di®erent from (0; r ( j )

¤ ) on its orbit under ©P concentrate near the hyperbolic ¯xed point,
stil l keeping at a ¯nite distance of (0; r ( j )

¤ ) itself (but here we needed a function vanishing on an
interval, hence we could not a®ord for an analytic function).

Remark 2.2 Our claims of x 2.1.4 can now be justi ¯ed. The reader wil l convince himself of the
accuracy of the description of the orbit of x ( j ) which was given there. As for the other unstable
points obtained by modifying the dē nition of r̂ ( j ) whenn ¸ 3, this simply amounts to the fact that
the new a( j ) stil l satis̄ es the requirement ii ) (because the corresponging x̂ ( j ) is stil l N 0

j -periodic
under Ĝ) and that g( j ) does not depend on the action-variables, thus the requirement iii ) is stil l
satis̄ ed.

In order to make all the points (2.8) drift, it su±c es to perform the following modi¯cations:
replace U by

U( j ) (µ1) = ¡
1

2¼pj
sin(2¼pj µ1)

and, since this yields an exponentially largefunction, compensatethis by enlarging M j and thus qj

according to the formula

M j = 2[cN j e2®(¤+( n ¡ 1)L )(2 ¼pj )1= ®
+ 1]; qj = N j M j

(this maintains the inequality (2.7) becausekU( j ) k®;L · exp(®L(2¼pj )1=®)).

2.4 Suspension

We have just described, for arbitrary ® > 1 and L > 0, a discretedynamical systemon An which
is of the form ©u ± ©h+ v , for h(r ) = 1

2 < r; r > and some Gevrey-(®; L ) functions u = u(x)
and v = v(x), where x = (µ; r ) 2 An = Tn £ Rn (in fact, u and v do not depend on r in our
example). Our aim is now to construct a near-integrable Hamiltonian system H on An +1 such
that ©u ± ©h+ v coincides with the return map of ©H , relatively to a suitable 2n-dimensional
section.

We ¯x n ¸ 1, ® > 1, R > 1. To begin with, given the function h(r ) = 1
2 < r; r > on An

and two arbitrary functions u and v of G®;L (Tn £ B R ), we want to ¯nd a non-autonomous
Hamiltonian function

H = H (x; t); (x; t) 2 An £ T;

such that
©H = ©u ±©h+ v : (2.19)
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In the left-hand side of (2.19), by ©H we mean the ° ow mapping between t = 0 and t = 1 for
the non-autonomousHamiltonian vector ¯eld X H .

Moreover, we require the function H to be Gevrey-(®; L 1) when restricted to Tn £ B R £ T
and to tend to h (consideredas a function on An £ T) as u; v ! 0. For technical reasons,we
shall chooseL and L 1 related by

L ® = L ®
1

¡
1 + (L ®

1 + R +
1
2

)k' k®;L 1

¢
; (2.20)

where ' is dē ned by ' (t) = F ®;L 1 ( t )R
T

F ®;L 1

for ¡ 1
2 · t · 1

2 and extended by 1-periodicit y. Here L 1

will be an arbitrary positive number, and we shall usethe functions u and v associated with the
number L dē ned by (2.20).

Notice that we make useof the Gevrey-(®; L 1) compact-supported function F®;L 1 intro duced
in Lemma A.3, and thus need the hypothesis ® > 1; see[Ku93] and [KP94] (or [PT97]) for a
more elaborate approach in the analytic case,which we could have tried to adapt to our case.

2.4.1 The suspension lemma

A simple way of ful¯lling (2.19) is to set

H ¤ = (h + v) ­ ' 0 + u ­ ' 1;

where the functions ' 0 and ' 1 depend only on t, ' 0 has compact support ½ [0; 1
2 ] and total

mass 1, and ' 1 has compact support ½ [ 1
2 ; 1] and total mass 1. For instance, one can choose

' 0(t) = ' (t ¡ 1
4 ) and ' 1(t) = ' (t ¡ 3

4 ), with ' as above.
Observe that we have ©H ¤

= ©u ±©h+ v , becausethe ° ow betweent = 0 and t = 1
2 along X H ¤

yields ©h+ v and its ° ow between t = 1
2 and t = 1 yields ©u . But the limit of H ¤ as u; v ! 0

is h ­ ' 0 rather than h.
Other Hamiltonian functions statisfying (2.19) can be deduced from H ¤. For instance, if

x¤ = F t (x) is an exact-symplectic transformation of An which depends periodically on t and
which reducesto identit y for t = 0, the ° ows betweent = 0 and t = 1 will be the samefor X H ¤

in coordinates x¤ = (µ¤; r ¤) and for the conjugate vector ¯eld in coordinates x = (µ; r ). If F t

admits a generating function St (µ; r ¤), the conjugate vector ¯eld is X H , with

H (µ; r; t) = H ¤(µ¤; r ¤; t) ¡
@St

@t
(µ; r ¤); F t (µ; r ) = (µ¤; r ¤):

Applying this to

~' 0(t) =
Z t

0
(' 0(t1) ¡ 1) dt1; St (µ; r ¤) = < µ; r ¤ > + ~' 0(t)h(r ¤); F t (µ; r ) = (µ + ~' 0(t)r h(r ); r );

we obtain
©h+ f = ©u ±©h+ v ; f (x; t) = ' 0(t) u ±F t (x) + ' 1(t) v ±F t (x):

We must furthermore bound the Gevrey-(®; L 1) norm of f in terms of the Gevrey-(®; L )
norms of u and v. This can be done using Proposition A.1, but it is better to make use of the
peculiar form of F t , with r h(r ) = r , asindicated in Remark A.1. The inequality (A.8) is satis̄ ed
since k ~' 0kC 0 · 1

2 k' 0 ¡ 1kC 0 · 1
2 k' 0kC 0 (because' 0 ¸ 0) and k ~' (m +1)

0 kC 0 = k' (m )
0 kC 0 , thus

(L ®
1 + R)k ~' 0k®;L 1 ¡ Rk ~' 0kC 0 · (L ®

1 + R)L ®
1 k' 0k®;L 1 + 1

2 L ®
1 k' 0kC 0 · L ® ¡ L ®

1 by our choice
of L . We obtain

kf k®;L 1 · k' 0k®;L 1 kuk®;L + k' 1k®;L 1 kvk®;L :

Therefore f 2 G®;L 1 (Tn £ B R £ T) and, setting C = k' k®;L 1 ,

kf k®;L 1 · C(kuk®;L + kvk®;L ):
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As for lower bounds, we can simply remark that since the functions ' 0 and ' 1 have disjoint
supports and satisfy ' 0(1=4) = ' 1(3=4) = 1:

kf k®;L 1 ¸ max(kukC 0 ; kvkC 0 ):

We can now state our dē nitiv e result, for which we prefer to intro duce an autonomous
Hamiltonian system on An +1 :

Lemma 2.5 Let ® > 1; L 1 > 0, n ¸ 1, R > 1. Given two functions u; v 2 G®;L (Tn ), with L de-
¯ ned by (2.20), there existsf 2 G®;L 1 (Tn +1 £ B

n +1
R ), independentof the last action variable r n +1 ,

such that if

H (µ; r ) =
1
2

(r 2
1 + ¢¢¢+ r 2

n ) + r n +1 + f (µ; r ); (µ; r ) 2 An +1 ;

the di®eomorphism ©u ±©
1
2 <r ;r > + v coincides with the Poincar¶e map induced by the Hamiltonian

° ow of H on the section f µn = 0g \ H ( ¡ 1) (f eg), for each energy e 2 R.
Moreover, there exists a positive number C, depending only on ® and L 1, such that

max(kukC 0 ; kvkC 0 ) · kf k®;L 1 · C(kuk®;L + kvk®;L ):

2.4.2 Pro of of Theorem B

Here we have to shift the number of degreesof freedom from n to n ¡ 1 in Proposition 2.1. Let
n ¸ 3, ® > 1, L 1 > 0 and R > 1. Proposition 2.1, with data n ¡ 1, ®, and L dē ned by (2.20),
yields a di®eomorphismª j = ©u j ±©h+ v j of the annulus An ¡ 1, with a point x ( j ) drifting between
r 1 = 0 and r 1 = 1 in q2

j iterates. Recall that uj = 1
qj

U ­ g( j ) and vj = 1
N 2

j
V. By Lemma 2.5, one

can ¯nd a function f j 2 G®;L 1 (Tn £ B R ), independent of r n , such that ª j is the return map of
the ° ow generatedby

H j (µ; r ) =
1
2

(r 2
1 + ¢¢¢+ r 2

n ¡ 1) + r n + f j (µ; r ); (µ; r ) 2 An :

Moreover, if we dē ne " j = kf j k®;L 1 , we have

1
N 2

j
· " j · C(kuj k®;L + kvj k®;L ) · C0 1

N 2
j

(2.21)

with C0 = 2CkVk®;L for instance (thanks to (2.7) and becausekvj kC 0 = 1
N 2

j
).

The initial condition (x ( j ) ; (0; 0)) 2 An ¡ 1 £ A gives rise to a solution (x(t); (µn (t); r n (t)))
of X H j (with µn (t) = t) such that, for all k 2 Z, x(k) = ª k

j (x ( j ) ). Let us now estimate the
instabilit y time ¿j = q2

j in terms of " j .
If n ¸ 4, thanks to the Prime Number Theorem we can ensure that the n ¡ 3 numbers

pj ¡ (n ¡ 4) ; : : : ; pj lie in the interval [ 1
2 pj ; pj ] for j ¸ J , where the integer J depends only on n;

thus their product N 0
j belongsto the interval [2¡ (n ¡ 3) pn ¡ 3

j ; pn ¡ 3
j ] and N j = pj N 0

j satis̄ es

N
1

n ¡ 2
j · pj · 2N

1
n ¡ 2

j :

If n = 3, the previous inequality remains true. In view of (2.4), this implies in all cases

2cN 2
j exp(¢ N

1
( n ¡ 2) ®

j ) < qj = N j M j < 3cN 2
j exp(2¢ N

1
( n ¡ 2) ®

j )

with ¢ = 2®(2¼)1=®(¤ + (n ¡ 3)L ) (the numbers c and ¤ depend only on ® and L dē ned
by (2.20), thus c and ¢ depend only on n; ®; L 1; R). Finally, using (2.21), we get

4c2

"2
j

exp(2¢
¡ 1

" j

¢ 1
2( n ¡ 2) ® ) · q2

j ·
9c2C02

"2
j

exp(4¢ C0 1
2( n ¡ 2) ®

¡ 1
" j

¢ 1
2( n ¡ 2) ® )

and Theorem B is proved.
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2.4.3 In° uence zone of some resonances

We keepin this paragraph the notation of the previous one concerningthe number of degreesof
freedom, in view of comparing more precisely the instabilit y time with what could be expected
from the Addendum to Theorem A, as announcedin x 1.3.3.

We recall that h(r ) = 1
2 (r 2

1 + ¢¢¢+ r 2
n ¡ 1) + r n , thus

r h(r ) = (r 1; : : : ; r n ¡ 1; 1):

We ¯x n; ®; R; R0; L; and then E; $ ; m so that the hypothesesof Theorem A are ful¯lled.

a) The resonant surface f r 1 = r 2 = 0g

The number r (M )
¤ was dē ned in x 2.3.1 by

Z 1

0

d'
q

(r (M )
¤ )2 ¡ 4sin2 ¼'

= M :

It is easily checked that, for 1 · M < 1 , 2 < r (M )
¤ · 3, and

2
p

" j < r ( j )
2 · 3

p
" j ; r ( j )

2 » 2
p

" j as j ! 1 :

Let S = f r 2 B R j r 1 = r 2 = 0g: this is the resonant surfaceassociated with the standard
submodule Z2 £ f 0g of Zn , and our unstable orbit starts in the domain of stabilit y related to
this double resonance.One can thus take ¾= 3 and apply the addendum to Theorem A. This
shows that the value 1=2(n ¡ 2)® of the instabilit y exponent a¤ in Theorem B is optimal for that
kind of orbit, as announcedin x 1.3.3.

b) The resonant surfaces f r 1 = r 2 = 0 and r i = !̂ i ; i 2 I g, I ½ f 3; : : : ; n ¡ 1g

From now on we suppose n ¸ 4 and we test the addendum to Theorem A by considering
resonancesof codimension d < n ¡ 2.

For instance we observe that r̂ i = 1=pj ¡ (n ¡ 1¡ i ) ! 0 as j ! 1 , henceour unstable orbit is
closeto the resonant surfaceS = f r 1 = r 2 = 0 and r i = 0; 3 · i · n ¡ 1g. We can also use
the remark of x 2.1.4 and choosean arbitrary vector !̂ 2 [0; 1[n ¡ 3: using the drifting point (2.8)

with ` ( j )
i = [!̂ i pj ¡ (n ¡ 1¡ i ) ] + 1, we notice that 1

pj ¡ ( n ¡ 1 ¡ i )
· ` ( j )

i
pj ¡ ( n ¡ 1 ¡ i )

¡ !̂ i < 2
pj ¡ ( n ¡ 1 ¡ i )

.

In any case,we seethat our unstable initial condition can be chosen O(1=pj )-close to any
resonant surfaceof the form

S = f r 1 = r 2 = 0 and r i = !̂ i ; i 2 I g;

where I = f i 1; : : : ; i m g is a non-empty subset of f 3; : : : ; n ¡ 1g and (!̂ i 1 ; : : : ; !̂ i m ; 1) is totally
resonant. The corresponding resonant submodule is isomorphic to Z2 £ ZI , its codimension d
satis̄ es 1 · d = n ¡ 2 ¡ cardI · n ¡ 3, and the distance to the resonant surfacedist(r ( j ) (0); S)
tends to 0 as j ! 1 , but this distance is of the order of 1=pj , which is not O(p " j ), thus one
cannot apply the addendumto Theorem A and it is not surprising that the time of instabilit y q2

j

be much shorter than exp( const ( 1
" j

)
1

2d® ).

c) The resonant surfaces f r 1 = r 2 = 0 and r i = r̂ ( j )
i ; i 2 I g, I ½ f 3; : : : ; n ¡ 1g

One can ¯nally examine the caseof variable resonant surfaces,i.e. which depend on j . Let I
be a non-empty subsetof f 3; : : : ; n ¡ 1g and consider

SM ( j ) = f r 1 = r 2 = 0 and r i = r̂ ( j )
i ; i 2 I g;
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where M ( j ) is the submodule of Zn generated by (1; 0; 0; : : : ; 0), (0; 1; 0; : : : ; 0) and the vec-
tors k( j )

i 2 Zn dē ned by

k( j )
i = (0; : : : ; 0; pj ¡ (n ¡ 1¡ i ) ; 0; : : : ; 0; ¡ 1); i 2 I :

(i th place)

This submodule has codimension is d = n ¡ 2 ¡ cardI , 1 · d · n ¡ 3, and we must attach to it
three numbers cj ; c0

j ; c00
j according to x 3.4.3. Computations of the samekind as in the proof of

Lemma 3.16 show that cj ' c00
j ' pcard I

j and c0
j ' pj . Sincedist(r ( j ) (0); SM ( j ) ) = 0, we may wish

to apply the addendum to Theorem A (with any positive ¾), but the involved thresholds " ( j )
¤

and " ( j )
¤¤ will now depend on j .

If I 6= f 3; : : : ; n ¡ 1g, d ¸ 2, then " ( j )
¤¤ = o(" j ) (because" ( j )

2 is of the order of (pd¡ 1
j =N j )2d):

we cannot apply the addendum because" j is too large.
If I = f 3; : : : ; n ¡ 1g, d = 1, then the argument of the exponential for the stabilit y time is

®
¡ " ( j )

¤

" j

¢1=®
' const p1=®

j ;

which is consistent with the observed instabilit y time q2
j , but one can check that in that case

too " j is too large: " ( j )
¤ · const " j with 0 < const < 1.

2.5 Relations with Arnold's mechanism

2.5.1 We come back to the notations of Sections2.1{ 2.3 concerning the number of degreesof
freedom.

The system that we have constructed has many similarities with Arnold's example [Arn64]:
the unperturb edsystem©h = ©

1
2 r 2

1 + ¢¢¢+ 1
2 r 2

n dependsonly on the action variables; the perturbation
1

N 2 V(µ2), added to h, still preserves the complete integrabilit y (in the usual senseof symplectic

geometry) and intro duceshyperbolic objects; ¯ nally the perturbation ©
1
q U ­ g breaks the com-

plete integrabilit y and producesthe drift in action space. One can recognizethe e®ects of the
parameters" and ¹ in the classicalArnold's example. Arnold's idea was to deducethe existence
of drifting points from that of a transition chain formed by heteroclinically connectedhyperbolic
tori. This led to the problem of ¯ nding lower bounds for the homoclinic splitting of separatri-
ces,a question which cannot yet be consideredas solved for analytic systems(see[LMS99] for
instance); and even in the casewhere a transition chain is given, there remains somenon trivial
work to do in order to prove the existenceof drifting points and evaluate their speed,using either
purely dynamical or variational methods.

It turns out that these questions can be easily investigated in the caseof our example of
unstable near-integrable Gevrey maps, or at least in a slight modi¯cation of this example: the
drifting points we have exhibited in the previous sections shadow chains of transition tori for
which the homoclinic splitting can be exactly computed. Our systems will in fact appear as
optimal from the point of view of Arnold's mechanism, since the chains we considerare formed
by maximally distant hyperbolic tori: the stable and unstable manifolds of two consecutive tori
are tangent along the heteroclinic orbits connecting them, and the intersection breaks down as
soon as the distance betweenthem is increased.

Finally, the results of Section 2.4 allow us to recover the Hamiltonian formalism, and the
Addendum to Theorem B.

2.5.2 We could have worked directly with the previous system ª j , but in order to simplify
the computation of the heteroclinic orbits for our chains it is more convenient to replace it
by a slightly di®erent system ~ª j : for each j ¸ n ¡ 1, we modify the dē nition of M j and qj
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in (2.4) by replacing ¤ by 2¤ inside the exponential, and we replace the function g( j ) of (2.18)
by ~g( j ) = ~g( j )

2 ­ g( j )
3 ­ ¢¢¢­ g( j )

n , with

~g( j )
2 (µ2) = g( j )

2 (µ2) ´ pj

¡
¿(1 )

¤ (µ2)
¢
;

where ´ pj and ¿(1 )
¤ weredē ned in Lemma 2.4 and formula (2.13). The requirements ii ) and iii )

of x 2.2.3arestill satis̄ ed with a( j ) = (x ( j )
2 ; x̂ ( j ) ) dē ned in the sameway aspreviously, and likeat

the end of Section2.3 we obtain k~g( j ) k®;L · M j =N j , which yields (2.3), becausek´ pj ±¿(1 )
¤ k®;L ·

k´ pj k®;¤ .
Therefore the conlusionsof Proposition 2.1 remain valid for the modi¯ed transformation

~ª j = ©
1

qj
U ­ ~g( j )

±©
1
2 ( r 2

1 + r 2
2 + ¢¢¢+ r 2

n )+ 1
N 2

j
V (µ2 )

= ©
1

qj
U ­ ~g( j )

±
¡
©

1
2 r 2

1 £ G( j )
2 £ Ĝ

¢
: (2.22)

As above, the qth
j -power ( ~ª j )qj leaves the annulus A £ f a( j ) g invariant and induces on it the

standard map Ãqj ; in particular the point ((0; 0); a( j ) ) drifts along the r 1-axis. But now the

functions ~g( j )
2 and ~g( j ) have new properties.

Lemma 2.6 Let w( j )
2 = (0; 2=N j ) be the upper point of the separatrix of the pendulum whose

time-1 map is G( j )
2 . We set as above N 0

j = 1 if n = 2 and N 0
j = pj ¡ (n ¡ 3) ¢¢¢pj if n ¸ 3. Then

~g( j )
2 (w( j )

2 ) = 1, d~g( j )
2 (w( j )

2 ) = 0, and both ~g2 and its derivative vanish at each point (G( j )
2 )kN 0

j (w( j )
2 )

with k 6= 0.

The proof is straightforward. The properties of g( j )
2 are exactly what we need in order to

describe easily the invariant manifolds of the various hyperbolic objects associated with the ¯xed
point (1=2; 0) of the pendulum. We shall limit ourselves to the upper part (r 2 > 0) of these
invariant manifolds.

Prop osition 2.2 (Hyp erb olic ob jects and in varian t manifolds) Consider the transforma-
tion ~ª j dē ned in (2.22), and let S be the surface of equation µ2 = 0 in An .

1. The (2n ¡ 2)-dimensional annulus A £ f (1=2; 0)g £ An ¡ 2 is invariant under ~ª j and
normally hyperbolic in An . For each r 0

1 2 R and r̂ 0 2 Rn ¡ 2, the (n ¡ 1)-dimensional torus
Tr 0

1 ;r̂ 0 = Cr 0
1

£ f (1=2; 0)g £ Tr̂ 0 , where Cr 0
1

= T £ f r̂ 0
1g ½ A and Tr̂ 0 = Tn ¡ 2 £ f r̂ 0g ½ An ¡ 2, is

invariant and partial ly hyperbolic, with n-dimensional invariant manifolds.

2. The 2-dimensional annulus V ( j ) = A £ f (1=2; 0)g £ f x̂ ( j ) g, is invariant under ~ª
N 0

j
j and

partial ly hyperbolic in An . Its 3-dimensional stableand unstablemanifolds W § (V ( j ) ; ~ª
N 0

j
j ) admit

a 2-dimensional homoclinic annulus inside S:

A £ f w( j )
2 g £ f x̂ ( j ) g ½ W + (V ( j ) ; ~ª

N 0
j

j ) \ W ¡ (V ( j ) ; ~ª
N 0

j
j ) \ S:

3. For each r 0
1 2 R, the circle C( j )

r 0
1

= Cr 0
1

£ f (1=2; 0)g £ f x̂ ( j ) g is invariant under ~ª
N 0

j
j and

partial ly hyperbolic. Its 2-dimensional stableand unstablemanifolds W § (C( j )
r 0

1
; ~ª

N 0
j

j ) satisfy

Cr 0
1

£ f w( j )
2 g£ f x̂ ( j ) g ½ W + (C( j )

r 0
1

; ~ª
N 0

j
j ) \ S; ©

1
qj

U
(Cr 0

1
) £ f w( j )

2 g£ f x̂ ( j ) g ½ W ¡ (C( j )
r 0

1
; ~ª

N 0
j

j ) \ S:

Proof. Let O¾ = f (µ; r ) 2 An j ¾< µ2 < 1 ¡ ¾g: we observe that ©
1

qj
U ­ ~g( j )

reducesto identit y
in O¾ becauseof the compact support function that we have usedin the dē nition of g( j )

2 . Thus,
in O¾, ~ª j coincideswith the integrable map ©

1
2 r 2

1 £ G( j )
2 £ Ĝ, which is easily seento possess

all the hyperbolic invariant sets mentioned in Proposition 2.2. Moreover, the local stable and
unstable manifolds of each of thesesetscoincide for both maps.
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(µ1 ; r 1) (µ2 ; r 2) (µ̂; r̂ = r̂ ( j ) )

1
qj

©
1

qj
U

(Cr 0
1
)

Cr 0
1

w( j )
2

0 1
2 ¡ 1

2 ¡ ¾ 0 ¾ 1
2 1 ¡ ¾

Figure 4: Projections of parts of the stable and unstable manifolds of C( j )
r 0

1
.

Therefore, there remains only to check the statements concerning the global invariant mani-
folds of V ( j ) and C( j )

r 0
1

for each r 0
1 . They will be obtained by a variant of Lemma 2.1 in which the

point
w( j ) = (w( j )

2 ; x̂ ( j ) ) 2 A £ An ¡ 2

will play the role of a periodic point of in¯nite period for G( j ) = G( j )
2 £ Ĝ.

Let F = ©
1
2 r 2

1 and consideran arbitrary point x1 = (µ1; r 1) in A. Thanks to the formula (2.11),

we seethat for each k 2 Z¤, (F k (x1); (G( j ) )k (w( j ) )) is a ¯xed point of ©
1

qj
U ­ ~g( j )

, becauseg( j )

and its di®erential vanish at (G( j ) )k (w( j ) ) (use Lemma 2.6 if N 0
j divides k; if not, at least one of

the functions g( j )
i with i ¸ 3 vanisheswith its di®erential). Hence

~ª k
j (x1; w( j ) ) = (F k (x1); (G( j )

2 )k (w( j )
2 ); Ĝk (x̂ ( j ) )) for k ¸ 1 ;

and (x1; w( j ) ) 2 W + (C( j )
r 1 ; ~ª

N 0
j

j ) ½ W + (V ( j ) ; ~ª
N 0

j
j ).

As for backward iterates, since~g( j ) takesthe value 1 at w( j ) (still with vanishing di®erential),

the formula (2.11) now yields ©
1

qj
U ­ ~g( j )

(x1; w( j ) ) = (©
1

qj
U

(x1); w( j ) ), hence

~ª ( ¡ 1)
j (©

1
qj

U
(x1); w( j ) ) = (x1; w( j ) );

and ~ª ¡ k
j (©

1
qj

U
(x1); w( j ) ) = (F ¡ k (x1); (G( j ) )¡ k (w( j ) )) for k ¸ 1, therefore (©

1
qj

U
(x1); w( j ) ) 2

W ¡ (C( j )
r 1 ; ~ª

N 0
j

j ) ½ W ¡ (V ( j ) ; ~ª
N 0

j
j ) (seeFigure 4).

2.5.3 Proposition 2.2describesin particular the intersectionsof the stableand unstablemanifolds
of the one-parameterfamilly of circlesC( j )

r 0
1

with a suitable section, from which oneeasily deduces
the existenceof heteroclinic connections. Remark that

©
1

qj
U

(Cr 0
1
) = f (µ1; r 1) 2 A; r 1 = r 0

1 +
1
qj

cos2¼µ1g:

As a consequence,the invariant circles C( j )
r 1 and C( j )

r 0
1

have a heteroclinic connectionassoon as

jr 1 ¡ r 0
1j · 1

qj
; the invariants manifolds intersect transversely when jr 1 ¡ r 0

1j < 1
qj

, and tangen-

tially in the limit casejr 1 ¡ r 0
1j = 1

qj
. In particular, we have the

Corollary 2.1 (The transition chain) The famil ly (C( j )
k=qj

)k2 Z is a chain in Arnold's sense:

two consecutive circles C( j )
k=qj

and C( j )
(k+1) =qj

have a heteroclinic connection, which intersects S at

at the point ((0; (k + 1)=qj ); w( j )
2 ; x̂ ( j ) ). The stable and unstable manifolds W + (C( j )

(k+1) =qj
; ~ª

N 0
j

j )

and W ¡ (C( j )
k=qj

; ~ª
N 0

j
j ) are tangent along that heteroclinic orbit.
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One can seethat the orbit of the wandering point x ( j ) shadows that chain, passingalterna-

tiv ely closeto each of the circles. For k 2 Z, the iterate ~ª
(k+ 1

2 )qj

j (x ( j ) ) is closeto the circle C( j )
k=qj

,

since this point has r 1 = k
qj

, µ2 = 1
2 and x̂ = x̂ ( j ) , while the remaining coordinates are µ1 = k

2

and r 2 = 1
N j

r (M j )
¤ ( M j

2 ); a simple computation shows indeed that

dist( ~ª
(k+ 1

2 )qj

j (x ( j ) ); C( j )
k=qj

) <
1
qj

(because± = r (M j )
¤ ( M j

2 ) is the minimal value of r ¤ on a tra jectory (µ¤(t); r ¤(t)) of the pendulum
which is periodic of period M j : integrating dµ¤

dt = r ¤ ¸ ±, we get 1 > M j ±).
The remaining points of the orbit drift along the heteroclinic connectionsbetween two con-

secutive circles. But the existenceof this shadowing orbit could hardly be proved by the usual
methods, sincethe intersectionsof the invariant manifolds are only tangential.

2.5.4 The tori Tr 0
1 ;r̂ ( j ) will give rise to the tori Tr 0

1
which are mentioned in the Addendum to

Theorem B after the suspension procedure described in Section 2.4. We restricted ourselves
to µ̂ = 0 by considering the circles C( j )

r 0
1

in order to have a better control of the dynamics, but
this is su±cient for our purpose,as shows the following lemma:

Lemma 2.7 For each r 0
1 2 R,

W § (C( j )
r 0

1
; ~ª

N 0
j

j ) = W § (Tr 0
1 ;r̂ ( j ) ; ~ª j ) \ (A £ A £ f x̂ ( j ) g):

Proof. Let us denote by ¼̂ the third projection associated with the decomposition An = A £
A £ An ¡ 2 and by ĝ the function g( j )

3 ­ ¢¢¢g( j )
n . We shall use the following consequenceof

the identit y (2.11): any point x of An whose projection ¼̂(x) is a critical point of ĝ satis̄ es
¼̂±©

1
q U ­ ~g2 ­ ĝ(x) = ¼̂(x) (we omit most of the indices j to simplify the notations). Therefore, for

all (x1; x2; x̂) 2 An ,

dĝ(Ĝ(x̂)) = 0 ) ¼̂± ~ª j (x1; x2; x̂) = Ĝ(x̂); dĝ(x̂) = 0 ) ¼̂± ~ª ¡ 1
j (x1; x2; x̂) = Ĝ¡ 1(x̂):

In particular, we obtain:

~ª
N 0

j
j (A £ A £ f x̂ ( j ) g) = A £ A £ f x̂ ( j ) g: (2.23)

Let us now consider the unstable manifolds of C( j )
r 0

1
and Tr 0

1 ;r̂ ( j ) (the corresponding property

for the stable manifold would be proved along the samelines). They can be dē ned as the union

of the local unstable manifolds and their positive iterates under ~ª
N 0

j
j . But

W ¡
l oc(Tr 0

1 ;r̂ ( j ) ; ~ª j ) = f (x1; x2; x̂) 2 O¾ j r 1 = r 0
1 ; r 2 = ¡

2
N j

cos¼µ2; r̂ = r̂ ( j ) g;

because~ª j and ©
1
2 r 2

1 £ G( j )
2 £ Ĝ coincide when restricted to O¾; and for the samereason,

W ¡
l oc(C( j )

r 0
1

; ~ª
N 0

j
j ) = f (x1; x2; x̂) 2 O¾ j r 1 = r 0

1 ; r 2 = ¡
2

N j
cos¼µ2; x̂ = x̂ ( j ) g:

Thus W ¡
l oc(C( j )

r 0
1

; ~ª
N 0

j
j ) = W ¡

l oc(Tr 0
1 ;r̂ ( j ) ; ~ª j ) \ (A £ A £ f x̂ ( j ) g), and by (2.23),

~ª
kN 0

j
j (W ¡

l oc(C( j )
r 0

1
; ~ª

N 0
j

j )) = ~ª
kN 0

j
j (W ¡

l oc(Tr 0
1 ;r̂ ( j ) ; ~ª j )) \ (A £ A £ f x̂ ( j ) g)

for all k 2 N.
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2.5.5 We can ¯nally addressthe question of the homoclinic splitting of the invariant manifolds,
which is the only point of the Addendum to TheoremB still to beexplained, in view of Lemma2.7.
The remarkable fact is the separation of the splitting into a transversalpart, i.e. the splitting of
the two invariant manifolds W § (V ( j ) ) at each point of their intersection along the homoclinic
annulus, and a longitudinal part, i.e. the splitting of the invariant manifolds W § (C( j )

r 0
1

) within the
homoclinic annulus. This phenomenoncorresponds to the block decomposition of the splitting
matrix mentioned in x 1.3.4 and justi ¯ed by Lemma 2.7.

Weshall be interestedonly in the longitudinal splitting: the circlesC( j )
r 0

1
are the only interesting

objects in the casen = 2, and even when n ¸ 3, the splitting of W § (C( j )
r 0

1
) embodiesmore re¯ned

information than that of the bigger invariant manifolds W § (Tr 0
1 ;r̂ ( j ) ). Moreover, asfar asthe drift

along the r 1-axis alone is concerned,the longitudinal splitting is the only relevant parameter,
and its determination is very simple here, since its amounts to the determination of the angle

betweenthe two circlesCr 0
1

£ f w( j )
2 g£ f x̂ ( j ) g and (©

1
qj

U
(Cr 0

1
)) £ f w( j )

2 g£ f x̂ ( j ) g in the homoclinic
annulus, at their intersection points.

Corollary 2.2 (The longitudinal homo clinic splitting) For each r 0
1 , the circle C( j )

r 0
1

hastwo

homoclinic orbits, which intersect S at the points ((§ 1=4; 0); w( j )
2 ; x̂ ( j ) ). The longitudinal splitting

angle A between W + (C( j )
r 0

1
; ª

N 0
j

j ) and W ¡ (C( j )
r 0

1
; ª

N 0
j

j ) at each of thesepoints satis̄ es jAj = 2¼
qj

.

Proof. This fact is remarkably elementary: it su±ces to compute the derivative of the longitudinal
splitting function µ1 7! 1

qj
cos2¼µ1 at the intersection points!

3 Stabilit y theorem for Gevrey classes in the quasicon vex
case

3.1 Gevrey averaging around a perio dic torus

3.1.1 Periodic tori (i.e. totally resonant tori) of the unperturb ed integrable system will play
a key role in the proof of Theorem A. To obtain stabilit y over exponentially long times in the
neighborhood of a periodic torus of frequency-vector ! , the only \analytic " step is the elimination
of the non-resonant part (with respect to ! ) of the Hamiltonian up to an exponentially small
remainder. In the aforementioned articles [Lo92, LN92, LNN93], the reduction to the normal
form is achieved through a large number of successive canonical changesof variables. Once this
normal form is obtained, the Hamiltonian character of the vector ¯eld and the quasi-convexity of
the unperturb ed systemare usedto derive stabilit y near the torus (seeSection3.4); but they are
not necessaryfor the reduction to the normal form itself, which amounts in fact to a one-phase
averaging process.

As noticed in [Lo92], the exponential smallnesswith respect to " of the remainder in the
normal form, obtained after a number of iterations which is of the order of a negative power of " ,
should be related to the Gevrey divergenceof the formal seriesof classicalperturbation theory.
There is indeed a formal canonical change of variables which reducesthe system to a formal
resonant normal form, without any non-resonant remainder. But even if the data are analytic,
those power seriesof " are expected to have zero radius of convergence(generically).

The Gevrey growth of the coe±cients of the formal serieswas proved in a simple problem
in [Sa92]. But [RS96] givesa more systematic approach, whoseformalism we shall adapt to our
framework, and explains how to recover a normal form with exponentially small remainder from
the formal solution and thus Neishtadt's Theorem [Nei84] on the elimination of a fast phase.3

3Seealso [CD93] and [Bae95] for the use of Gevrey bounds in dynamic bifurcation prob elms.
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The generalization with respect to [Sa92] or [RS96] will consist in dealing with Gevrey instead
of analytic data, and also in staying in the Hamiltonian framework (the Hamiltonian theorem
proposedin [RS96] doesnot ¯t our purpose). This last point is a slight complication rather than
an advantage: the Hamiltonian character is not necessaryfor obtaining a resonant normal form,
but we needto verify that it can be usedto ¯nd a symplectic normalizing transformation.

3.1.2 The data of our problem will be Gevrey-® functions and we shall begin by looking for
formal solutions: power seriesin a small parameter " whosecoe±cients are Gevrey-® functions.
A formal series~a =

P
j 2 N " j aj with coe±cients in a normed vector spaceV is said to be Gevrey-

(®+ 1) if there exist C; M > 0 such that

8j 2 N; kaj kV · CM j j !®:

Not all the authors follow this convention for indexing formal Gevrey classes,but we adopt it
here to be consistent with Gevrey classesof functions: this way Gevrey-1 functions are analytic
whereasGevrey-1serieswould be convergent. The key point will be the arising of Gevrey-(®+ 1)
formal seriesassociated to Gevrey-® data. This jump of Gevrey index lies at the heart of our
work.

3.1.3 Changing somewhat the setting with respect to Theorem A, we shall now state results
which apply to a Hamiltonian of the form

< ! ; r > + f (µ; r );

where ! is a ¯xed totally resonant frequency-vector and f = "F a small Gevrey-® perturbation.
Their proof will be given in Sections3.2 and 3.3; it is only in Section3.4 that we shall comeback
to the original setting.

We thus consider perturbations of the periodic linear ° ow _µ = ! on the torus Tn with
frequency-vector ! 2 Rn n f 0g. The common period of the corresponding orbits is denoted
by T > 0, i.e. the components of T! are integerswithout any non-trivial common divisor. Such
a vector ! is said to be rational of period T. This allows us to ¯x ` 2 Zn such that

< `; ! > =
1
T

(3.1)

and to dē ne an (n ¡ 1)-dimensional torus

§ 0 = f µ 2 Tn j < `; µ > 2 Z g (3.2)

which is transverseto the linear ° ow (and each tra jectory meets§ 0 exactly onceper period).
A function ' on Tn is said to be resonant (with respect to ! ) if it is constant along any

tra jectory of the linear ° ow induced by ! , i.e. if < ! ; @µ ' > = 0. Observe that if f is resonant,
due to the Hamiltonian form of the equationsof motion, < ! ; r > is a ¯rst integral of the vector
¯eld associated to < ! ; r > + f .

The resonant part of a continuous function ' is dē ned as

R ! ' (µ) =
1
T

Z T

0
' (µ + t! ) dt: (3.3)

In the caseof functions of µ and other variables, the dē nition of the operator R ! is extended
by treating theseextra variables as parameters.

We shall use the following notations for the Poissonbracket of two functions on the phase
space:

L Ã ' = f Ã; ' g = < @r Ã; @µ ' > ¡ < @µÃ; @r ' > :

Prop osition 3.1 Consider the Hamiltonian systemgenerated by

H " (µ; r ) = < ! ; r > + "F (µ; r );
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where ! is a rational vector of period T, and F 2 G®;L 0 (Tn £ B R ) for some® ¸ 1 and L 0; R > 0.
There exists a unique pair ( ~A; ~B ) of formal series in " with coe±cients in C1 (Tn £ B R ),

~A(µ; r ; " ) =
X

j 2 N

" j A j (µ; r ); ~B (µ; r ; " ) =
X

j 2 N

" j B j (µ; r );

such that

i) each coe±cient A j of ~A is resonant,

ii) each coe±cient B j of ~B vanisheson § 0 £ B R ,

iii)
exp("L ~B )H " = < ! ; r > + " ~A(µ; r ; " ): (3.4)

Moreover A0 = R ! F and theseformal series are Gevrey-(®+ 1) in " in the following sense:
their coe±cients are Gevrey-(®; L 0=2) and there exists a positive number c depending only on ®
such that

8j 2 N¤; kA j k
®;

L 0
2

· c ¹N (c2L ¡ 2®
0 T ¹F ) j j !®; 8j 2 N; kB j k

®;
L 0
2

· cT ¹N (c2L ¡ 2®
0 T ¹F ) j j !®;

where ¹F = kF k®;L 0 and ¹N = kF ¡ R ! F k®;L 0 (thus ¹N · 2 ¹F ).

The proof of this proposition is in Section 3.2. We chose L = L 0=2 for simplicit y, but the
coe±cients of ~A and ~B are Gevrey-(®; L ) and admit at most Gevrey-(®+ 1) growth in G®;L (Tn £
B R ) for all L 2 ]0; L 0[.

We shall also usean additional technical information:

Addendum to Prop osition 3.1 The coe±cients of the formal series ~C = ¡ < ! ; @µ ~B >
satisfy

8j 2 N; kCj k
®;

L 0
2

· c ¹N (c2L ¡ 2®
0 T ¹F ) j j !®;

where c is a positive number which dependsonly on ®.

3.1.4 Of course, in the equation (3.4), the operator exp("L ~B ) must be understood as the for-
mal Lie seriesassociated to the auxiliary vector ¯eld X " ~B generatedby the formal Hamiltonian
function " ~B . With the notation of the beginning of Section 2.1, the formal symplectic transfor-
mation ©" ~B , which is the ° ow at time ¿ = 1 for dx

d¿ = X " ~B (x; " ), is of the form Id + O("), thus
the formula

' ±©" ~B = exp("L ~B )' = ' +
X

j ¸ 1

" j

j !
L j

~B
'

makessenseat a formal level for any function ' on the phasespace(using the Taylor formula to
expand the left-hand side). In particular,

H " ±©" ~B = < ! ; r > + " ~A(µ; r ; " ):

Thus, Proposition 3.1must beunderstood asa statement about a \formal resonant normal form".
We may consider©" ~B as providing formal coordinates in which < ! ; r > is a ¯rst integral of the
motion.

There existsa non-Hamiltonian versionof this proposition: if m 2 N and F1; : : : ; Fn ; G1; : : : ; Gm

are Gevrey-® functions of µ 2 Tn and y 2 Rm for kyk · R, the vector ¯eld

_µ = ! + "F (µ; y)
_y = "G(µ; y)
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can be formally conjugated to a formal resonant vector ¯eld, and the normal form as well as
the normalizing seriesare Gevrey-(®+ 1) in " . In the casewhere ! = (1; 0; : : : ; 0), i.e. when we
have a slow-fast system with one rapid phaseµ1, the role of the normalizing transformation is
to eliminate the rapid phase. We then recover a generalization to Gevrey classesof the results
of [Sa92] and [RS96] on the Gevrey character of the formal series.

3.1.5 The next step is the passagefrom the formal normal form to an approximate Gevrey
normal form.

Prop osition 3.2 Let ! 2 Rn n f 0g a rational vector of period T, and f 2 G®;L 0 (Tn £ B R ) with
someR; L 0 > 0. We set

" = kf k®;L 0 ; "0 = kf ¡ R ! f k®;L 0 ;

and consider the Hamiltonian systemgenerated by

H (µ; r ) = < ! ; r > + f (µ; r ):

There exists a positive number c which depends only on ® such that: if ± 2]0; R[ and "T · º ,
where

º = c¡ 1L ®
0 minf ±; L ®

1 g; L 1 =
L 0

16(2n)
® ¡ 1

®

;

there exist A ; E; ª (1) ; : : : ; ª (2n ) 2 G®;L 1 (Tn £ B R ¡ ±) satisfying

i) A is resonant with respect to ! ,

ii) Id + ª is a symplectic transformation whoseimage is contained in Tn £ B R ,

iii)
H ± (Id + ª) = < ! ; r > + A + E; (3.5)

iv) the following inequalities hold:

kEk®;L 1 · c"0exp
¡
¡ ®

³ º
"T

´ 1=®¢

kA ¡ R ! f k®;L 1 · c"0"T
º

;
2nX

i =1

kª ( i ) k®;L 1 · cL ¡ ®
0 "T:

Thus we shall have at our disposal new coordinates in which d
dt < ! ; r > is exponentially

small with respect to the sizeof the perturbation f .
The proof of Proposition 3.2 is in Section3.3. Observe that "0 · 2" and that in this statement

"T should be consideredas the true small parameter rather than " .
One can also write a non-Hamiltonian version of Proposition 3.2. In the caseof a slow-fast

system with one rapid phase,when ! = (1; 0; : : : ; 0), the statement amounts to a generalization
of Neishtadt's Theorem [Nei84] and Ramis-SchÄafke's result [RS96] to Gevrey classes:the rapid
phasecan be eliminated up to an exponentially small error.

3.2 Formal normal form associated with a perio dic torus

This section is devoted to the proof of Proposition 3.1. Let R; L 0; L 1 > 0 with L 1 < L 0; at the
last moment we shall chooseL 1 = L 0

2 . We shall usethe notations

V0 = G®;L 0 (Tn £ B R ); V1 = G®;L 1 (Tn £ B R ); K = Tn £ B R :

Of courseV0 ½ V1 ½ C1 (K ). We ¯x F 2 V0 and H " (µ; r ) = < ! ; r > + "F (µ; r ). The operators
of partial di®erentiation are denoted by @x 1 ; : : : ; @x 2n . We intro duce the auxiliary number L =
L 1 + L 0

2 2 ]L 1; L 0[ and the intermediate spaceV = G®;L (K ).
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3.2.1 Algorithm for the formal solution

When expanding the conjugation equation (3.4), we shall meet the linear equation

A+ < ! ; @µB > = '; (3.6)

where ' is a known function of (µ; r ) which belongs to C1 (K ) and the unknown real-valued
functions A and B are required to satisfy

i) A belongsto C1 (K ) and is resonant with respect to ! ,

ii ) B belongsto C1 (K ) and vanisheson § 0 £ B R .

Lemma 3.1 The equation (3.6) admits a unique solution (A; B ) which satis̄ es i) and ii) . It is
given by the following formulas:

A = R '; B = N ';

with R = R ! dē ned by (3.3) and

N ' (µ; r ) =
Z T < `; ~µ>

0
(' ¡ R ' )(µ ¡ t! ; r ) dt (3.7)

where ~µ is any lift of µ in Rn . Moreover, for all k 2 N2n , k@k R' kC 0 (K ) · k@k ' kC 0 (K ) and

k@k N ' kC 0 (K ) · T
2 k@k (' ¡ R ' )kC 0 (K ) ; k@k N ' kC 0 (K ) · T

2 k@k ' kC 0 (K ) : (3.8)

Proof. Since< ! ; @µB > has obviously zero resonant part, A necessarilycoincideswith R ' . Let
Ã = ' ¡ R ' . The equation (3.6) is equivalent to

¡
d
dt

[B (µ ¡ t! ; r )] = Ã(µ ¡ t! ; r ):

The formula (3.7) is then obtained by integrating between t0 = 0 and t1 = T < `; ~µ > , a value
which was chosento ensureµ¡ t1! 2 § 0. The resulting formula is independent of the chosenlift
of µ becauseRÃ = 0.

One can prove the inequalities which are indicated at the end of the statement by selecting ~µ
such that j < `; ~µ > j · 1

2 ; for the last one, notice that

N ' (µ; r ) = (1§ < `; ~µ > )
Z T < `; ~µ>

0
' (µ ¡ t! ; r ) dt ¨ < `; ~µ >

Z T (§ 1+ < `; ~µ> )

0
' (µ ¡ t! ; r ) dt;

hencejN ' (µ; r )j · 2T j < `; ~µ > j ¢
¡
1 ¡ j < `; ~µ > j

¢
¢k' kC 0 (K ) .

The following lemma contains the ¯rst claims of Proposition 3.1 and gives an algorithm to
¯nd the formal solution ( ~A; ~B ). We have dē ned two operators of C1 (K ), R and N ; we extend
them by linearit y to C1 (K )[[" ]].

Lemma 3.2 There exists a unique pair ( ~A; ~B ) of formal series of C1 (K )[[" ]] satifying i), ii)
and iii) of Proposition 3.1, and it can be obtained as follows: dē ne a functional in C1 (K )[[" ]]
by

8' 2 C1 (K )[[" ]]; F (' ) = exp("L N ' )F + ° ("L N ' )(R ' ¡ ' );

with ° (t) =
P

p¸ 1
1

(p+1)! tp. The sequence of iterates (F º (0)) º 2 N converges formal ly towards a

series ' ¤ 2 V [[" ]]. The solution ( ~A; ~B ) is given by

~A = R' ¤; ~B = N ' ¤:

In particular, the ¯rst coe±cients of ' ¤ and ~A are ' ¤
0 = F and A0 = RF .
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Proof. Setting h(µ; r ) = < ! ; r > and using the identit y exp(t) = 1 + t + t° (t), we seethat the
condition iii) amounts to

~A ¡ L ~B h = exp("L ~B )F + ° ("L ~B )L ~B h:

We notice that L ~B h = ¡ < ! ; @µ ~B > and we intro duce a new unknown formal series

' = ~A+ < ! ; @µ ~B > :

According to Lemma 3.1and becauseof conditions i) and ii) , there is a one-to-onecorrespondence
between' and ( ~A; ~B ): as soon as ' is known, we recover the solution by the formulas

~A = R'; ~B = N ':

We are thus left with the equation ' = F (' ). The relation

F (' + O(" j )) = F (' ) + O(" j +1 ); ' 2 C1 (K )[[" ]]; j 2 N;

(which stemsfrom the fact that 8p ¸ 1, (L p
N ' + O (" j ) ¡ L p

N ' )Ã = O(" j )) implies the formal conver-
genceof the sequenceof iterates (F º (0)) º 2 N towards a unique ¯xed point ' ¤ for F in C1 (K )[[" ]].
It lies in V [[" ]], since each of its coe± cients is obtained from F 2 V0 by a ¯ nite number of op-
erations involving R, N and di®erentiation. The ¯rst coe± cient is already visible on F (0) = F .

3.2.2 Notations for Gevrey ma joran t series

Wefollow closely[RS96], but working in Gevreyclassesrequiressomeadaptations (seealso[Wa00]).
Beside the operators R and N , which must be consideredas bounded operators, the func-

tional F of Lemma 3.2 involves the unbounded operator "L N ' . The Gevrey growth of the
coe± cients of the formal solution will eventually stem from theserepeated di®erentiations.

In order to deal with that phenomenon,a convenient way of taking advantage of the \ gener-
alized Cauchy inequalities" of Lemma A.2 is to dē ne, for each j 2 N,

k' k®;L;j = sup
³ 2 ]0;1[

f (1 ¡ ³ ) j ®k' k®;³ L g = sup
³ 2 ]0;1[

f (1 ¡ ³ ) j ®
X

k2 N2n

³ j k j®L j k j®

k!®
k@k ' kC 0 (K ) g

and E®;L;j (K ) = f ' 2 C1 (K ) j k' k®;L;j < 1 g. This is an increasingsequenceof spaces,since

k' k®;L = k' k®;L; 0 ¸ k' k®;L; 1 ¸ : : : ¸ k' k®;L;j ¸ : : :

Moreover, since L 1
L 2 ]0; 1[,

k' k®;L 1 · (1 ¡ L 1
L )¡ j ®k' k®;L;j ; (3.9)

thus
V0 = G®;L 0 (K ) ½ E®;L;j (K ) ½ V1 = G®;L 1 (K ); j 2 N:

We now come to the main tool of our analysis of Gevrey formal series,an adaptation of a
lemma which is due to Nagumo and Malgrange (seethe referencesin [RS96]).

Lemma 3.3 If j 2 N and ' 2 E®;L;j (K ), all ¯rst-or der partial derivativesof ' belongto E®;L;j +1 (K )
and

2nX

i =1

k@x i ' k®;L;j +1 · ¯ (j + 1)®k' k®;L;j ;

where ¯ =
¡

e
L

¢®
.
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Proof. Let ³ 2 ]0; 1[. For all ³ 0 2 ]³ ; 1[, Lemma A.2 yields

2nX

i =1

k@x i ' k®;³ L · L ¡ ® 1
(³ 0 ¡ ³ )® k' k®;³ 0L :

We concludeby choosing ³ 0 2 ]³ ; 1[ in such a way that

1
(³ 0 ¡ ³ )(1 ¡ ³ 0) j ·

e(j + 1)
(1 ¡ ³ ) j +1

(one can take ³ 0 = ³ + 1¡ ³
e if j = 0, and ³ 0 = ³ + 1¡ ³

j +1 if j ¸ 1).

We are now in a position to intro duce \Gevrey majorant series":

De¯nition 3.1 If ' =
P

" j ' j 2 V1[[" ]] and ¹' =
P

»j ¹' j 2 R[[»]], we say that ¹' is an (®; L )-
Gevrey majorant seriesfor ' , and we use the notation ' ¿ ®;L ¹' , if

(8j 2 N) ' j 2 E®;L;j (K ) and k' j k®;L;j · j !® ¹' j :

Remark. Notice that, if moreover ¹' is a convergent power series,with say ¹' j · CM j , then ' is
a Gevrey-(®+ 1) seriesin V1[[" ]]: in such a casethe inequality (3.9) implies indeed

(8j 2 N) k' j k®;L 1 · CM j (1 ¡ L 1
L )¡ j ®j !®:

Lemma 3.4 Let ¯ =
¡

e
L

¢®
.

i) If ' ¿ ®;L ¹' , Ã ¿ ®;L
¹Ã and ¸; ¹ 2 R, then ¸ ' + ¹ Ã ¿ ®;L j¸ j ¹' + j¹ j ¹Ã and ' Ã ¿ ®;L ¹' ¹Ã.

ii) If ' ¿ ®;L ¹' , then R ' ¿ ®;L ¹' and N ' ¿ ®;L
T
2 ¹' .

iii) If ' ¿ ®;L ¹' , "@x i ' ¿ ®;L ¯ »¹' for all i = 1; : : : ; 2n.

iv) If @x i Â ¿ ®;L ¹Â for all i = 1; : : : ; 2n, and if a 2 V1 satis̄ es
P 2n

i =1 k@x i ak®;L · ¹a0,

f Â;ag ¿ ®;L ¹Â¹a0:

v) If @x i Â ¿ ®;L ¹Â for all i = 1; : : : ; 2n and ' ¿ ®;L ¹' ,

f Â; " ' g ¿ ®;L ¯ »¹Â¹' :

Proof. i) Using Lemma A.1 and the dē nition of k : k®;L;j , we get

k' j 1 Ãj 2 k®;L;j 1 + j 2 · k' j 1 k®;L;j 1 kÃj 2 k®;L;j 2 · (j 1 + j 2)!® ¹' j 1
¹Ãj 2 :

ii) Use (3.8).
iii) Lemma 3.3 yields, for each j ¸ 1,

2nX

i =1

k@x i ' j ¡ 1k®;L;j · ¯ j !® ¹' j ¡ 1: (3.10)

iv) We observe that

kf Âj ; agk®;L;j ·
nX

i =1

k@x i + n Âj @x i ak®;L;j +
nX

i =1

k@x i Âj @x i + n ak®;L;j

·
³

max
1· i · 2n

k@x i Âj k®;L;j

´ 2nX

i =1

k@x i ak®;L · j !® ¹Âj ¹a0:

33



             

v) Similarly,

kf Âj 1 ; ' j 2 ¡ 1gk®;L;j 1 + j 2 ·
³

max
1· i · 2n

k@x i Âj 1 k®;L;j 1

´ 2nX

i =1

k@x i ' j 2 ¡ 1k®;L;j 2

and we can use(3.10): kf Âj 1 ; ' j 2 ¡ 1gk®;L;j 1 + j 2 · ¯ (j 1 + j 2)!® ¹Âj 1 ¹' j 2 .

3.2.3 Gevrey character of the formal solution

We have obtained ' ¤ of Lemma 3.2 as the unique formal solution of the equation

' ¤ = F (' ¤) = exp("L N ' ¤ )F + ° ("L N ' ¤ )(R ' ¤ ¡ ' ¤):

Since ' ¤
0 = F , we can intro duce a new unknown formal seriesÃ¤ dē ned by

' ¤ = F + "Ã¤: (3.11)

The corresponding equation for Ã¤ is Ã¤ = G(Ã¤), where the functional G of V1[[" ]] is easily
deducedfrom F . With the notation G = N F , the result of the computation is

G(Ã) =
X

p¸ 0

"p

(p + 1)!
L p+1

G+ " N Ã (F +
1

p + 2
(RF ¡ F )) +

X

p¸ 0

"p+1

(p + 2)!
L p+1

G+ " N Ã (RÃ ¡ Ã):

We have again the property G(Ã + O(" j )) = G(Ã) + O(" j +1 ) which ensuresthat

Ã¤ = lim
º ! 1

Gº (0) 2 V1[[" ]]: (3.12)

Let ¹F = kF k®;L 0 , ¹N = kF ¡ RF k®;L 0 , and

¹F0 = e¡ ®( L 0
L ¡ 1)¡ ® ¹F ; ¹N0 = e¡ ®( L 0

L ¡ 1)¡ ® ¹N : (3.13)

Using Lemma A.2, we seethat

2nX

i =1

k@x i F k®;L · ¯ ¹F0;
2nX

i =1

k@x i (RF ¡ F )k®;L · ¯ ¹N0: (3.14)

Lemma 3.5 If a 2 V1 and Ã; Â 2 V1[[" ]] with

Ã ¿ ®;L
¹Ã; Â ¿ ®;L ¹Â;

2nX

i =1

k@x i ak®;L · ¹a0;

the following inequalities hold for all p 2 N:

"pL p+1
G+ " N Ã a ¿ ®;L ( T

2 ¯ )p+1 ( ¹N0 + »¹Ã)p+1 (¯ »)p¹a0;

"p+1 L p+1
G+ " N Ã Â ¿ ®;L ( T

2 ¯ )p+1 ( ¹N0 + »¹Ã)p+1 (¯ »)p+1 ¹Â:

Proof. We ¯rst observe, thanks to (3.8) and (3.14), that

k@x i Gk®;L · T
2 ¯ ¹N0; i = 1; : : : ; 2n:

Equivalenlty, we can treat @x i G as a formal seriesV1[[" ]] which is reduced to its ¯rst coe±cient
and write @x i G ¿ ®;L

T
2 ¯ ¹N0. We now prove the lemma by induction on p. Lemma 3.4 implies

that
@x i (G + "N Ã) ¿ ®;L

T
2 ¯ ( ¹N0 + »¹Ã); i = 1; : : : ; 2n:
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We thus obtain for p = 0, by Lemma 3.4 iv) and v):

L G+ " N Ã a = f G + "N Ã; ag ¿ ®;L
T
2 ¯ ( ¹N0 + »¹Ã)¹a0;

"L G+ " N Ã Â = f G + "N Ã; "Âg ¿ ®;L
T
2 ¯ ( ¹N0 + »¹Ã)¯ »¹Â:

Assuming that the desiredinequalities hold at rank p ¸ 0, we concludeby applying Lemma 3.4 v)
to

"p+1 L p+2
G+ " N Ã a = f G + "N Ã; " ("pL p+1

G+ " N Ã a)g;

"p+2 L p+2
G+ " N Ã Â = f G + "N Ã; " ("p+1 L p+1

G+ " N Ã Â)g:

Lemma 3.6 The formal series Ã¤ dē ned by (3.11) admits an (®; L )-Gevrey majorant series

Ã¤ ¿ ®;L
2 ¹N0

»
M ( T

2 ¯ 2 ¹F0»);

where M (³ ) = 2³
¡
1 ¡ 6³ +

£
(1 ¡ 6³ )2 ¡ 32³ 2

¤1=2¢¡ 1
:

Proof. SupposeÃ 2 V1[[" ]], Ã ¿ ®;L
¹Ã. Becauseof Lemma 3.4 and of the inequality (3.14), for

each p 2 N the function a = F + 1
p+2 (RF ¡ F ) and the formal seriesÂ = RÃ ¡ Ã satisfy

Â ¿ ®;L 2 ¹Ã;
2nX

i =1

k@x i ak®;L · 2¯ ¹F0:

Thus we can apply the previous lemma and obtain an \ (®; L )-Gevrey majorant functional" for G:

Ã ¿ ®;L
¹Ã ) G(Ã) ¿ ®;L

X

p¸ 0

( T
2 ¯ 2)p+1 ( ¹N0 + »¹Ã)p+1 »p(2 ¹F0 + »¹Ã):

Using again ¹N0 · 2 ¹F0, we enlargeslightly this majorant and dē ne

¹G( ¹Ã) =
T
2

¯ 2 2 ¹N0 ¹F0 + 4 ¹F0»¹Ã + »2 ¹Ã2

1 ¡ T
2 ¯ 2»(2 ¹F0 + »¹Ã)

:

The unique ¯xed point ¹Ã¤ of ¹G in R[[»]] is the limit of the sequenceof iterates ( ¹Gº (0)) ; it is
thus an (®; L )-Gevrey majorant seriesfor Ã¤. It can be computed exactly; enlarging slightly its
coe±cients, we obtain the desiredresult.

The last lemma allows us to conlude the proof of Proposition 3.1 and of the addendum. We
have indeed ' ¤ = F + "Ã¤ and " ¿ ®;L », thus

~A = R' ¤ ¿ ®;L ¹F + 2 ¹N0M ( T
2 ¯ 2 ¹F0»); ~B = N ' ¤ ¿ ®;L

T
2

¹N + T ¹N0M ( T
2 ¯ 2 ¹F0»);

and ~C = R' ¤ ¡ ' ¤ ¿ ®;L ¹N + 4 ¹N0M ( T
2 ¯ 2 ¹F0»). With our choice of L 1 = L 0

2 , the implied
numbers are ¯ = ( 4e

3 )®L ¡ ®
0 , ¹F0 = ( 3

e )® ¹F and ¹N0 = ( 3
e )® ¹N . Writing M (³ ) =

P
j ¸ 1 M j ³ j with

0 · M j · cj
1 for somec1 > 0, we concludelike in the remark following De¯nition 3.1.

3.3 Normal form with exp onentially small non-resonan t remainder

We shall prove Proposition 3.2 by applying Proposition 3.1 with F = f
kf k®;L 0

and using some
\Gevrey techniques" which we now explain.
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3.3.1 Gevrey- (®+ 1) asymptotic expansions

a) We refer e.g. to [Bal94] and [RS96] for a more usual framework (seealso [Mal95], [Ra80, Ra84,
Ra93], [To90]). We have adapted the dē nitions to the caseof real-valued Gevrey-® functions,
with sometechnicalities to deal more easily with nonlinear problems.

Let "0 > 0 and V a Banach algebrawhosenorm wedenoteby k : k. Weshall considerfunctions
dē ned in ]0; "0] with valuesin V ; the role of V will be played later by G®;L (Tn £ B R ) for some
L; R > 0.

De¯nition 3.2 A function ' : ]0; "0] ! V is said to admit a Gevrey-(®+ 1) asymptotic expan-
sion if there exist C; M 0 > 0 and ~' =

P
j ¸ 0 " j ' j 2 V [[" ]] such that

8" 2]0; "0]; 8j 2 N; " ¡ j k' (" ) ¡
j ¡ 1X

p=0

"p ' pk · CM ¡ j ®
0 j !®:

In such a situation we usethe notation

½0 ' (" ) = ' (" ); ½j ' (" ) = " ¡ j (' (" ) ¡
j ¡ 1X

p=0

"p ' p); j ¸ 1:

The relation ½j ' (" ) = ' j + "½j +1 ' (" ) implies

' j = lim
" ! 0

½j ' (" ); j 2 N: (3.15)

In particular the asymptotic expansion ~' is uniquely determined by ' ; we shall denote it by
~' = J ' . It is necessarilya Gevrey-(® + 1) formal seriesin V [[" ]]: k' j k · CM 0

¡ j ®j !® for all
j 2 N.

Thus the supremum of the numbers M j ®
0

j !® sup" 2 ]0;" 0 ] k½j ' (" )k is ¯nite. But, even if it means
replacing M 0 by a slightly larger number M , we prefer to usea seriesrather than a supremum.

De¯nition 3.3 Let M > 0. A function ' : ]0; "0] ! V is said to admit a Gevrey-(® + 1)
asymptotic expansionof type M if there exists ~' =

P
j ¸ 0 " j ' j 2 V [[" ]] such that

k' k®;M ;V =
X

j ¸ 0

M j ®

j !®
sup

" 2 ]0;" 0 ]
k½j ' (" )k < 1

with the samenotations as above. The space of suchfunctions is denoted by A ®;M ([0; "0]; V ) (and
the space of all functions from ]0; "0] to V which admit a Gevrey-(®+ 1) asymptotic expansion is
nothing but the union over all positive numbers M of the spaces A ®;M ([0; "0]; V )).

Lemma 3.7 The function k : k®;M ;V is a norm which endowsA ®;M ([0; "0]; V ) with a structure
of Banach algebra. In particular, if '; Ã 2 A ®;M ([0; "0]; V ), J (' Ã) = J (' )J (Ã) and

k'Ã k®;M ;V · k' k®;M ;V kÃk®;M ;V :

Proof. Welet the readercheck that A ®;M ([0; "0]; V ) is a Banach space.Let '; Ã 2 A ®;M ([0; "0]; V ),
J ' =

P
" j ' j , J Ã =

P
" j Ãj . Let " 2]0; "0] and j 2 N. Using the identit y

' (" ) =
j ¡ 1X

p=0

"p ' p + " j ½j ' (" )

and then the analogousidentities for Ã with p0 < j ¡ p, we compute

' (" )Ã(" ) =
j ¡ 1X

p=0

j ¡ p¡ 1X

p0=0

"p+ p0
' pÃp0 + " j

j ¡ 1X

p=0

' p ½j ¡ pÃ(") + " j (½j ' (" ))Ã(" ):
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Thus J (' Ã) = J (' )J (Ã) and ½j (' Ã) =
P j ¡ 1

p=0 ' p ½j ¡ pÃ + (½j ' )(½0Ã), henceby virtue of (3.15):

sup
]0;" 0 ]

k½j ('Ã )k ·
jX

p=0

sup
]0;" 0 ]

k½p ' k sup
]0;" 0 ]

k½j ¡ pÃk: (3.16)

The inequality for the product follows then easily.

Observe that, if ' 2 A ®;M ([0; "0]; V ), k"' k®;M ;V · ("0 + M ®)k' k®;M ;V (as a consequenceof
the previous computations, or directly because½j (" ' ) = ½j ¡ 1(' ) for j ¸ 1).

Lemma 3.8 Suppose0 < M 1 < M and ' 2 A ®;M ([0; "0]; V ).

J ' = 0 ) 8" 2]0; "0]; k' (" )k · k' k®;M ;V (1 ¡ M 1
M )¡ ® exp(¡ ®M 1" ¡ 1=®):

Thus the functions in the kernel of the operator J are exponentially small with respect to " .

Proof. AssumeJ ' = 0 and let " 2]0; "0]. For all j ¸ 0,

" ¡ j k' (" )k = k½j ' (" )k · M ¡ j ®j !®k' k®;M ;V :

Raising theseexpressionsat the power 1=®, multiplying by the appropriate factor and taking the
sum over j , we obtain:

k' (" )k1=® exp(M 1" ¡ 1=®) =
X

j ¸ 0

M j
1

j !
k½j ' (" )k1=® · k' k1=®

®;M ;V (1 ¡ M 1
M )¡ 1;

which yields the desired inequality.

b) It can be shown that the kernel of J is non-trivial if V 6= f 0g. We shall now exhibit an inverse
to the right for this operator by meansof the formal Borel transform and of an incompleteLaplace
transform.

De¯nition 3.4 Let M 0 > 0. A formal series ~' =
P

j ¸ 0 " j ' j in V [[" ]] is said to be Gevrey-(®+ 1)
of type M 0, and we write ~' 2 V [[" ]]®;M 0 in that case, if

k ~' k®;M 0 ;V =
X

j ¸ 0

M j ®
0

¡(( j + 1)®)
k' j k < 1 :

The V-valued function

Á̂(³ ) =
X

j ¸ 0

³ ( j +1) ®¡ 1

¡(( j + 1)®)
' j

is then continuous in [0; M 0]: it is the formal Borel transform of " ~' , we dē ne the truncated sum
of ~' by the incomplete Laplace integral

T®;M 0 ~' (" ) = " ¡ 1
Z M 0

0
Á̂(³ ) e¡ ³ " ¡ 1= ®

d³ :

Notice that ³ Á̂(³ ) is a holomorphic function of » = ³ ® in the disk fj »j < M ®
0 g, which is

continuous in its closure,and k³ Á̂(³ )k · j»j k ~' k®;M 0 ;V . Besides,"T®;M 0 ~' (" ) is an entire function
of " ¡ 1=®.

As an example,the last part of Proposition 3.1 and its addendumcan be rephrasedasfollows:
~A0 =

~A ¡R ! F
" , ~B and ~C belong to V [[" ]]®;M 0 with V = G®;

L 0
2 (Tn £ B R ) as soon as M ¡ ®

0 ¸
2c2L ¡ 2®

0 T ¹F , and

k ~A0k®;M 0 ;V ·
4®2c
¡( ®)

M ¡ ®
0

¹N ; k ~B k®;M 0 ;V ·
2c

¡( ®)
T ¹N ; k ~Ck®;M 0 ;V ·

2c
¡( ®)

¹N : (3.17)

(Indeed, one can useHÄolder's inequality to check that ¡(( j + 1)®)=j !® ¸ ¡( ®).)
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Lemma 3.9 Suppose0 < ®M < M 0 and ~' 2 V [[" ]]®;M 0 . Then T®;M 0 ~' 2 A ®;M (R+ ; V ) and

J T®;M 0 ~' = ~' ; kT®;M 0 ~' k®;M ;V · · [1 ¡ ( ®M
M 0

)®]¡ 1k ~' k®;M 0 ;V ;

where · is a positive number which dependsonly on ®.

Proof. Let ' = T®;M 0 ~' , " > 0, z = " ¡ 1=®. For j 2 N, we set

½j ' (" ) = " ¡ j (' (" ) ¡
j ¡ 1X

p=0

"p ' p) = " ¡ ( j +1)
³ Z M 0

0
Á̂(³ ) e¡ z³ d³ ¡

j ¡ 1X

p=0

"p+1 ' p

´
:

Using the identit y "p+1 =
R1

0
³ ( p +1) ® ¡ 1

¡(( p+1) ®) e¡ z³ d³ , we can write

" j +1 ½j ' (" ) =
Z M 0

0

X

p¸ 0

³ (p+1) ®¡ 1 ' p

¡(( p + 1)®)
e¡ z³ d³ ¡

j ¡ 1X

p=0

Z 1

0
³ (p+1) ®¡ 1 ' p

¡(( p + 1)®)
e¡ z³ d³

= ¡
j ¡ 1X

p=0

(
Z 1

M 0

³ (p+1) ®¡ 1 e¡ z³ d³ )
' p

¡(( p + 1)®)
+

Z M 0

0

1X

p= j

³ (p+1) ®¡ 1 ' p

¡(( p + 1)®)
e¡ z³ d³ :

We observe that in the integrals of last line, either M 0
¡ 1³ ¸ 1 and p < j , or M 0

¡ 1³ · 1 and
p ¸ j : in all cases(M 0

¡ 1³ )(p+1) ®¡ 1 · (M 0
¡ 1³ )( j +1) ®¡ 1, therefore ³ (p+1) ®¡ 1 · ³ ( j +1) ®¡ 1M p®¡ j ®

0
and

" j +1 k½j ' (" )k ·
³ Z 1

0
³ ( j +1) ®¡ 1 e¡ z³ d³

´ ³ 1X

p=0

M 0
p®¡ j ® k' pk

¡(( p + 1)®)

´
:

Hence
8j 2 N; 8" > 0; k½j ' (" )k · ¡(( j + 1)®)M 0

¡ j ®k ~' k®;M 0 ;V :

Using the Stirling formula we now choose· = · (®) > 0 such that

8j 2 N; ¡(( j + 1)®)1=® · · 1=®®j j !

and the conclusionfollows easily.

c) Our strategy to proveProposition 3.2will be to apply the operator T®;M 0 to the formal series ~A
and ~B of Proposition 3.1with V = G®;L 0 =2(Tn £ B R ) and a well-chosennumber M 0 > 0. Denoting
their truncated sumsA and B, we shall then prove that the ° ow at time ¿ = 1 for X " B , which is a
symplectic map ©, satis̄ es J (H " ±©) = < ! ; r > + " ~A and concludethat H " ±©¡ < ! ; r > ¡ "A
is exponentially small.

3.3.2 Gevrey- (®+ 1) asymptotics for comp osition of functions and for ° ows

In the sequelwe suppose

0 < R1 < R; K 1 = Tn £ B R 1 ½ K = Tn £ B R ;

0 < 4(2n)
® ¡ 1

® L 1 < L; V = G®;L (K ) ½ V1 = G®;L 1 (K 1)

and we deal with functions of " which take their values in V or V1. Let "1; M > 0. When
considering a member ' of a spacelike A ®;M ([0; "1]; V ), we shall sometimesuse the notation
' " (x) or ' (x; " ) for the value at x of the function ' (" ).

a) We needto inquire about the composition of functions which admit Gevrey-(®+ 1) asymptotic
expansionsof type M . All subsequent composition products must be understood at ¯xed " , with
respect to the variable x.
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Lemma 3.10 (Comp osition of asymptotics) Let Y 2 A ®;M ([0; "1]; V ) and ª = (ª [1] ; : : : ; ª [2n ]) 2
A ®;M ([0; "1]; V 2n

1 ). If

"1 maxf kª [1] k®;M ;V1 ; : : : ; kª [2n ]k®;M ;V1 g · minf R ¡ R1;
L ®

2®(2n)®¡ 1 ¡ L ®
1 g

then Y ±(Id + "ª) 2 A ®;M ([0; "1]; V1), J (Y ± (Id + "ª)) = J Y ± (Id + "J ª) and

kY ± (Id + "ª) k®;M ;V1 · kYk®;M ;V exp
¡
( 2M

L )
®

(kª [1] k®;M ;V1 + ¢¢¢+ kª [2n ]k®;M ;V1 )
¢
:

Proof. To shorten the notations, we dē ne for each j 2 N a function ½¤
j ;L on A ®;M ([0; "1]; V ) by

½¤
j ;L (' ) = sup

" 2 ]0;" 1 ]
k½j ' (" )k®;L :

The inequality (3.16) is easilygeneralized:for all s; j 2 N and for all ' 0; ' 1; : : : ; ' s 2 A ®;M ([0; "1]; V1),

½¤
j ;L 1

(' 0 ' 1 ¢¢¢' s) ·
X

j 0 ;j 1 ;::: ;j s 2 N
j 0 + j 1 + ¢¢¢+ j s = j

½¤
j 1 ;L 1

(' 0)½¤
j 1 ;L 1

(' 1) ¢¢¢½¤
j s ;L 1

(' s): (3.18)

We thus supposethat we are given Y 2 A ®;M ([0; "1]; V ) and ª 2 A ®;M ([0; "1]; V 2n
1 ), and we

study X = Y ±(Id + "ª) . By Taylor formula, for all " 2 ]0; "1] and j 2 N,

X " =
X

` 2 N2n ; j ` j · j ¡ 1

" j ` j

`!
(@`

x Y" )ª `
" + " j ¾j (" ) (3.19)

with

¾j (" ) =
X

` 2 N2n ; j ` j= j

1
`!

hZ 1

0
(@`

x Y" ) ± (Id + " tª " ) j (1 ¡ t) j ¡ 1dt
i
ª `

" : (3.20)

The assumption on "1kª [i ]k®;M ;V1 allows us to apply Corollary A.1 with L=2 in place of L ;
we get

8" 2 [0; "1]; k¾j (" )k®;L 1 ·
X

` 2 N2n ; j ` j= j

1
`!

k@`
x Y" k®; L

2

2nY

i =1

½¤
0;L 1

(ª [i ])
` i :

We now seefrom (3.19) that X admits J Y ± (Id + "J ª) as asymptotic expansionand that

½j (X " ) =
X

j ` j · j ¡ 1

1
`!

½j (" j ` j (@`
x Y" )ª `

" ) + ¾j (" ):

For ` ¯xed such that j` j · j ¡ 1, wehave½j (" j ` j (@̀x Y" )ª `
" ) = ½j ¡j ` j ((@̀x Y" )ª `

" ); the inequality (3.18)
thus yields

½¤
j ;L 1

(" j ` j (@`
x Y)ª ` ) ·

X

j 0 + j 1 + ¢¢¢+ j j ` j = j ¡j ` j

½¤
j 0 ;L 1

(@`
x Y)

2nY

i =1

½¤
j ^̀

i ¡ 1 +1 ;L 1
(ª [i ]) ¢¢¢½¤

j ^̀
i
;L 1

(ª [i ])

with the notations ^̀
0 = 0 and ^̀

i = `1 + ¢¢¢+ ` i for 1 · i · 2n. Using the inequality L 1 · L=2,
we end up with

½¤
j ;L 1

(X ) ·
X

j ` j· j

j 0 + j 1 + ¢¢¢+ j j ` j = j ¡j ` j

1
`!

½¤
j 0 ; L

2
(@`

x Y)
2nY

i =1

½¤
j ^̀

i ¡ 1 +1 ;L 1
(ª [i ]) ¢¢¢½¤

j ^̀
i
;L 1

(ª [i ]): (3.21)
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Applying Lemma A.2 to the functions ½j 0 Y(") 2 G®;L (K ), we obtain the inequalities

8` 2 N2n ;
1

`!®
( L

2 ) j ` j® ½¤
j 0 ; L

2
(@`

x Y) · ½¤
j 0 ;L (Y ):

We can now obtain a convergent sum over j from the inequalities (3.21):

kX k®;M ;V1 ·
X

` 2 N2n

X

j 0 ;j 1 ;::: ;j j ` j 2 N

M j ®

j !®`!
½¤

j 0 ; L
2

(@`
x Y)

2nY

i =1

½¤
j ^̀

i ¡ 1 +1 ;L 1
(ª [i ]) ¢¢¢½¤

j ^̀
i
;L 1

(ª [i ]);

where j = j 0 + j 1 + ¢¢¢+ j j ` j + j`j. Indeed, since j ! ¸ `!j 0!j 1! ¢¢¢j j ` j , we have

kX k®;M ;V1 ·
X

` 2 N2n

X

j 0 2 N

M ( j 0 + j ` j )®

j 0!®`!®+1 ½¤
j 0 ; L

2
(@`

x Y)
2nY

i =1

kª [i ]k
` i
®;M ;V1

·
X

j 0 2 N

M j 0 ®

j 0!®
½¤

j 0 ;L (Y )
X

` 2 N2n

1
`!

( 2M
L )

j ` j®
2nY

i =1

kª [i ]k
` i
®;M ;V1

;

and the last expressionis boundedby kYk®;M ;V exp
¡
( 2M

L )
®

(kª [1] k®;M ;V1 + ¢¢¢+ kª [2n ]k®;M ;V1 )
¢
.

b) Sincewe have usedthe Lie method to produce a formal mapping in Proposition 3.1, we also
need to study the ° ow of a vector ¯eld whose components admit Gevrey-(® + 1) asymptotic
expansionsof type M .

Lemma 3.11 (Asymptotics of ° ows) Let Y = (Y[1] ; : : : ; Y[2n ]) 2 A ®;M ([0; "1]; V 2n ) and con-
sider the vector ¯eld dx

d¿ = "Y" (x) for each " 2 [0; "1]. Let C · minf R ¡ R 1
" 1

; 1
" 1

( L ®

2® (2n )® ¡ 1 ¡ L ®
1 ) g.

If X

1· i · 2n

kY[i ]k®;M ;V · C exp
¡
¡ ( 2M

L )
®

C
¢

(3.22)

and X

1· i 1 · 2n

max
1· i 2 · 2n

k@x i 2
Y[i 1 ]k®;M ;V ·

1
2("1 + M ®)

exp
¡
¡ ( 2M

L )
®

C
¢
; (3.23)

the ° ow at time ¿ = 1 of "Y" is a well dē ned mapping of the form Id + "ª " , with ª 2
A ®;M ([0; "1]; V 2n

1 ). Moreover Id + "J ª( x; " ) coincides with the ° ow at time 1 of the formal vector
¯eld dx

d¿ = "J Y(x; " ), and

kª [1] k®;M ;V1 + ¢¢¢+ kª [2n ]k®;M ;V1 · C:

Proof. Let us considerA = A ®;M ([0; "1]; V 2n
1 ) as a Banach spacefor the norm

kª k = kª [1] k®;M ;V1 + ¢¢¢+ kª [2n ]k®;M ;V1 ; ª = (ª [1] ; : : : ; ª [2n ]) 2 A :

If ª 2 A with kª k · C, using (3.22) we can apply Lemma 3.10 and dē ne a functional G:

G(ª) = Y ± (Id + "ª) 2 A ; kG(ª) k · C:

If moreover ª 0 2 A with kª 0k®;M ;V1 · C, we get kG(ª 0) ¡ G(ª) k · 1
2 kª 0¡ ª k by virtue of (3.23)

and of the identit y

G(ª 0)[i ] ¡ G(ª) [i ] = <
Z 1

0
@x Y[i ] ± (Id + " [(1 ¡ t)ª + tª 0]) dt; " (ª 0 ¡ ª) > :
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We now consider the Banach spaceC0([0; 1]; A ) of all continuous A-valued functions of ¿ 2
[0; 1], equippedwith the norm of the supremum over [0; 1]. The ° ow of the vector ¯eld dx

d¿ = "Y" (x)
can be written Id + "ª "; ¿, where ª is a ¯xed point for the functional

(F (ª)) "; ¿ =
Z ¿

0
G(ª "; ¿1 ) d¿1 if kª kC 0 ([0 ;1];A ) · C:

The theorem of contractions applies and we ¯nd ª as the limit of the iterates F º (0), whereas
J ª is the limit of J (F º (0)) and thus satis̄ es the equation corresponding to J Y . The ª of the
lemma is obtained by restriction to ¿ = 1.

c) In fact, the previous lemma will be used only in the special case where Y is the vector
¯eld generated by a Hamiltonian function of the form T®;M 0

~B , according to the notation of
De¯nition 3.4. We shall usethe samenumber · as in Lemma 3.9.

Lemma 3.12 (Sp ecial case) Suppose M 0 > ®M and ~B 2 V [[" ]]®;M 0 . Let B = T®;M 0
~B and

consider the Hamiltonian vector ¯eld dx
d¿ = "X B " (x) for each " 2 [0; "1]. Let

¢ · minf R ¡ R1; L ®

4® (2n )® ¡ 1 ¡ L ®
1 g:

If

k ~B k®;M 0 ;V ·
1

"1·
[1 ¡ ( ®M

M 0
)
®

] exp
¡
¡ ( 4

L )
®

¢ M ®

" 1

¢
minf ( L

2 )
®

¢ ; 1
2 ( L 2

8 )
®

(1 + M ®

" 1
)¡ 1 g; (3.24)

the ° ow at time ¿ = 1 of "X B " is a well dē ned symplectic mapping of the form Id + "ª " , with
ª 2 A ®;M ([0; "1]; V 2n

1 ). Moreover Id + "J ª( x; " ) coincides with exp("L ~B "
), and

kª [1] k®;M ;V1 + ¢¢¢+ kª [2n ]k®;M ;V1 ·
¢
"1

:

Proof. The conclusion will follow from the possibility of applying the previous lemma with X B

in place of Y and L=2 in place of L . We just to needto check that

X

1· i · 2n

k@x i Bk®;M ;V 0 · C exp
¡
¡ ( 4M

L )
®

C
¢
;

X

1· i 1 · 2n

max
1· i 2 · 2n

k@x i 2
@x i 1

Bk®;M ;V 0 ·
1

2("1 + M ®)
exp

¡
¡ ( 4M

L )
®

C
¢
;

where V 0 = G®;L= 2(K ) and C = ¢ ="1.
But Lemma A.2 shows that @m

x
~B 2 V 0[[" ]]®;M 0 for each m 2 N2n and that

X

m 2 N2n

1
m!®

( L
2 )

jm j®
k@m

x
~B k®;M 0 ;V 0 · k ~B k®;M 0 ;V :

Applying Lemma 3.9, we get @m
x B = T®;M 0 (@m

x
~B ) 2 A ®;M (R+ ; V 0) for each m 2 N2n and

X

m 2 N2n

1
m!®

( L
2 )

jm j®
k@m

x Bk®;M ;V 0 · · [1 ¡ ( ®M
M 0

)
®

]¡ 1k ~B k®;M 0 ;V :

Extracting the terms which correspond to jmj = 1 or jmj = 2 and using (3.24), we obtain the
desired inequalities.
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3.3.3 Gevrey- (®+ 1) normal form

We now prove Proposition 3.2. Let us supposethat its hypothesesare ful¯lled. We usethe same
notations as in the statement, except that we dē ne

"0 = kf k®;L 0 ; F =
1
"0

f ;

and we consider " as a free parameter in ]0; "0]: the chain of reasoningwhich follows will deal
with the Hamiltonian function

H " (µ; r ) = < ! ; r > + "F (µ; r );

and the identit y " = "0 will be restoredat the end only. Thus, kF k®;L 0 = 1 and kF ¡ R ! F k®;L 0 =
"0="0, where "0 = kf ¡ R ! f k®;L 0 .

Wedē ne L = L 0
2 , L 1 = L 0

16(2 n )
® ¡ 1

®
and ¢ = minf ±; L ®

1 g. Observethat 4(2n)
® ¡ 1

® L 1 < L < L 0.

We shall usethe notations

0 < R1 = R ¡ ± < R; K 1 = Tn £ B R 1 ½ K = Tn £ B R ;

and
V0 = G®;L 0 (K ) ½ V = G®;L (K ) ½ V1 = G®;L 1 (K 1):

a) We dē ne an (n ¡ 1)-dimensional torus § 0 associated to ! as in (3.1) and (3.2), and apply
Proposition 3.1 to F . We obtain a formal resonant series ~A, and a formal series ~B vanishing
on § 0 £ B R , such that the formal ° ow Id + " ~ª at time ¿ = 1 of X " ~B satis̄ es

H " ± (Id + " ~ª ) = < ! ; r > + " ~A:

Of course all these objects are formal serieswith respect to " . Setting ~C = ¡ < ! ; @µ ~B > ,
Proposition 3.1 and its addendum provide also a positive number ca depending only on ® and
such that

~A0 =
~A ¡R ! F

" ; ~B ; ~C 2 V [[" ]]®;M 0 ; M ¡ ®
0 = caL ¡ 2®

0 T;

and

k ~A0k®;M 0 ;V · caM ¡ ®
0

"0

"0
; k ~B k®;M 0 ;V · caT

"0

2"0
· caT; k ~Ck®;M 0 ;V · ca

"0

"0
:

b) In order to apply Lemma 3.9, we dē ne M > 0 by

M ¡ ® = cbL ¡ ®
0 ¢ ¡ 1T

with cb = ca maxf ®®; 4®+1 e· g (where · is the positive number which appears in the statement
of Lemma 3.9; one can check that ®M · M 0=16 becauseL ®

0 ¢ ¡ 1 ¸ 16®). This way we dē ne
functions of (µ; r; " ) which belong to A ®;M (R+ ; V ),

A 0 = T®;M 0
~A0; B = T®;M 0

~B ; C = T®;M 0
~C;

and which satisfy

kA 0k®;M ;V · c0
bM ¡ ®

0
"0

"0
; kBk®;M ;V · c0

bT
"0

2"0
; kCk®;M ;V · c0

b
"0

"0
; c0

b =
16
15

· ca :

As functions of µ, the ¯rst one is resonant and the secondone vanisheson § 0. Notice that the
numbers cb and c0

b depend only on ®.

c) The number cb was chosen su±ciently large to ensure the ful¯llmen t of the hypothesesof
Lemma 3.12 with

"1 = M ® = (cbL ¡ ®
0 ¢ ¡ 1T)¡ 1:
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The ° ow ©" B " at time ¿ = 1 of X " B " is thus a symplectic transformation of the form Id + "ª " ,
with ª 2 A ®;M ([0; "1]; V 2n

1 ), J ª = ~ª and

kª (1) k®;M ;V1 + ¢¢¢+ kª (2n ) k®;M ;V1 ·
¢
"1

= cbL ¡ ®
0 T:

d) Let h(r ) = < ! ; r > and A " (µ; r ) = R ! F (µ; r ) + "A 0
" (µ; r ). We now compare the conjugate

Hamiltonian H " ±©" B " and the resonant Hamiltonian h + "A " :

E" =
1
"

¡
H " ±©" B " ¡ (h+ "A " )

¢
= C¤

" + (F ¡ R ! F )±©" B " ¡ "A 0
" ; C¤

" =
1
"

¡
(h+ "R ! F )±©" B " ¡ (h+ "R ! F )

¢
:

Since "C" = ¡ < ! ; "@µB" > is precisely the derivative of h along the vector ¯eld X " B " , we can
write

C¤
" =

Z 1

0
(C" + "D" ) ±©¿" B " d¿; D" = f B" ; R ! F g:

According to Lemma 3.10, we have

E 2 A ®;M ([0; "1]; V1); J E = 0; kEk®;M ;V1 · cd
"0

"0
;

with cd depending only on ® (indeed, we can apply Lemma 3.10 to (F ¡ R ! F ) ± (Id + "ª " ), but
also to (C" + "D" ) ± ©¿" B " = (C" + "D" ) ± (Id + "ª ¿;" ) using the proof of Lemma 3.11 to bound
kª kC 0 ([0 ;1];A ) ).

We are in a position to apply Lemma 3.8 with M 1 = M =2 = 1
2 "1=®

1 : for each " 2 [0; "1],

kE" k®;L 1 · 2® exp(¡
®
2

("1=")1=®)kEk®;M ;V1 :

The choice of c = c(®) is now easyand we concludeby setting " = "0 (observe that we need to
bound "0T in order to ensure"0 · "1) and by renaming "A ; "E; "ª as A ; E; ª respectively.

3.4 Pro of of Theorem A

We now explain how to deduceour Gevrey version of the NekhoroshevTheorem from Proposi-
tion 3.2 by adapting the method presented in [Lo92], [LN92] and [LNN93]. The periodic orbit
method consistsin ¯ nding, closeto a given initial condition (µ0; r 0), a periodic torus Tn £ f r ¤g
of the unperturb ed system, and to usethe previous work in conjunction with quasi-convexity to
show stabilit y over exponentially long time intervals for all solutions starting near this torus.

For any r 2 Rn and R > 0 we will usethe notation B (r; R) for the closedball of center r and
radius R. We shall treat all at oncethe global result and the local results associated with resonant
surfacesSM , using the simple observation that Sf 0g = B R 0 with the notations of Section 1.2.

From now on we ¯x a function h satisfying the hypothesesof Theorem A: h 2 G®;L (B R ),
khk®;L · E and we are given $ ; m > 0 such that the inequalities (1.3) hold, i.e. h is quasi-convex.
We also ¯x R0 2 ]0; R[ and dē ne R¤ = R + R 0

2 .
We considern ¸ 1 and R; R0; L; E ; $ ; m > 0 as data, with respect to which the dependence

of all subsequent constants will be madeexplicit (but we do not try to track the dependencewith
respect to ®).

3.4.1 Normal form for the original Hamiltonian

We ¯rst rephraseProposition 3.2 in the original setting. If ! 2 Rn , we still denote by R ! g the
resonant part of a continuous function g with respect to ! as dē ned by (3.3).
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Lemma 3.13 Suppose that we are given r ¤ 2 B R ¤ with r h(r ¤) rational of period T, and a
Hamiltonian function H 2 G®;L (Tn £ B R ) satisfying

kH ¡ hk®;L · ° ¹ 2E;

for some° > 0 and ¹ 2 ]0; 1]. Let ~R > 0 such that 5¹ ~R · R ¡ R¤.
There exists a positive number c, which dependsonly on ®, such that, if

¹ T · º ; where º =
£
cEL ¡ ®¡

° + (1 + 10~RL ¡ ®)2¢¤¡ 1
minf ~R; (2n)1¡ ®L ®g; (3.25)

there exist g; ª (1) ; : : : ; ª (2n ) 2 C1 (Tn £ B (r ¤; 4¹ ~R)) satisfying

i) Id + ª is a symplectic transformation whoseimage is contained in Tn £ B (r ¤; 5¹ ~R),

ii) H ± (Id + ª) = h + g,

iii) kgkC 0 (Tn £ B (r ¤ ;4¹ ~R )) · c¹ 2° E ,

nX

i =1

k@µi (g ¡ R r h( r ¤ ) g)kC 0 (Tn £ B (r ¤ ;4¹ ~R )) · c(2n)®¡ 1¹ 2° EL ¡ ® exp
¡
¡ ®

³ º
¹T

´ 1=®¢
;

2nX

i = n +1

kª ( i ) kC 0 (Tn £ B (r ¤ ;4¹ ~R )) ·
¹ 2T

º
~R:

Proof. Let ! = r h(r ¤) and f = H ¡ h. We shall usethe rescaledvariable ~r = r ¡ r ¤

¹ instead of r .
We thus deal with the new Hamiltonian function

~H (µ; ~r ) =
1
¹

H (µ; r ¤ + ¹ ~r ) =
1
¹

h(r ¤)+ < ! ; ~r > + ~f (µ; ~r );

where ~f is easily deducedfrom the Taylor formula applied to h. Indeed, writing

h(r ¤ + ¹ ~r ) = h(r ¤) + ¹ < ! ; ~r > + ¹ 2~h(~r ); ~h(~r ) =
Z 1

0
< r 2h(r ¤ + t¹ ~r )~r ; ~r > (1 ¡ t) dt;

we obtain
~f (µ; ~r ) = ¹ ~h(~r ) +

1
¹

f (µ; r ¤ + ¹ ~r ):

Since ¹ · 1, we easily check that ~f 2 G®; ~L (Tn £ B 5 ~R ) for any ~L 2 ]0; L [ (of course we use
Lemma A.2 to bound the second-orderderivativesof h). Let us choose ~L = 2¡ 1=®L: we ¯nd

~" = k ~f k®; ~L · c0¹ ~E ; ~"0 = k ~f ¡ R !
~f k®; ~L · 2¹ ° E ;

for somec0 = c0(®) > 0, with ~E = E
¡
° + (1 + 10~RL ¡ ®)2

¢
.

Applying Proposition 3.2 with ± = ~R yields a symplectic transformation Id + ~ª , a resonant
function ~A = R !

~f + ~A 0 and an exponentially small remainder ~E, such that

~H ±(Id + ~ª ) =
1
¹

h(r ¤)+ < ! ; ~r > + ~A + ~E

and these functions belong to G®; ~L 1 (Tn £ B 4 ~R ), with ~L 1 = 2¡ 4(2n)¡ ® ¡ 1
® ~L. All this provided

that ~"T · ~º = c¡ 1
1

~L ® minf ~R; ~L ®
1 g, for somec1 = c1(®).

Coming back to the original variables, we dē ne the symplectic transformation Id + ª by

ª ( i ) (µ; r ) = ~ª ( i ) (µ;
r ¡ r ¤

¹
); ª (n + i ) (µ; r ) = ¹ ~ª (n + i ) (µ;

r ¡ r ¤

¹
); i = 1; : : : ; n:

The result is H ± (Id + ª) = h + g with

g(µ; r ) = R ! f (µ; r ) + ¹ ( ~A 0+ ~E)(µ;
r ¡ r ¤

¹
); g ¡ R ! g = ¹ ( ~E ¡ R ! ~E):

We let the reader check the desired inequalities for c = c(®) large enough.

44



                   

3.4.2 Con¯nemen t by quasi-con vexit y

The interest of making the non-resonant part g ¡ R r h( r ¤ ) g of the perturbation exponentially
small lies in the possibility of applying a geometricargument which makesuseof quasi-convexity
to produce a con̄ nement of all orbits starting near Tn £ f r ¤g.

We intro duce ­ = L ¡ ®E, M = 2®L ¡ 2®E and M 0 = 6®L ¡ 3®E, so that
X

j k j=1

k@k hkC 0 (B R ) · ­ ;
X

j k j=2

k@k hkC 0 (B R ) · M ;
X

j k j=3

k@k hkC 0 (B R ) · M 0: (3.26)

(The third number will be used later, in (3.33).)
We ¯rst observe that, at each point r of B R , the property of quasi-convexity, which was

initially imposedin the hyperplane orthogonal to r h(r ), can be extended to the complement of
a conearound r h(r ) like in [PÄo93]:

8v 2 Rn ; j < r h(r ); v > j · `0kvk ) < r 2h(r )v; v > ¸ m0kvk2; (3.27)

with, for instance,
`0 =

m$
8M

; m0 =
m
2

: (3.28)

Lemma 3.14 Suppose that r ¤; r 0; r 2 B R and ½;́ > 0 satisfy

kr 0 ¡ r ¤k · ½; h(r ) ¡ h(r 0) · ´ ; j < r h(r ¤); r ¡ r 0 > j · ´ :

We assumemoreover that ½· ` 0
4M . Then

kr ¡ r 0k · 2max
n M ½+

p
m0´

m0
;

2´
`0

o
or kr ¡ r 0k ¸

2`0

m0
:

r h(r ¤ )
r h(r 0)

r 0

j < r h(r ¤ ); r ¡ r 0 > j · ´

h(r ) = h(r 0) + ´

h(r ) = h(r 0)

Corollary 3.1 Let ¸ = 8M =m0 and r ¤ 2 B R ¤ with a rational frequency-vector r h(r ¤). We
suppose¿; ½> 0, g 2 C2(Tn £ B (r ¤; ¸ ½)) with

kgkC 0 (Tn £ B (r ¤ ;¸ ½)) ·
1
2

m0½2;
nX

i =1

k@µi (g ¡ R r h( r ¤ ) g)kC 0 (Tn £ B (r ¤ ;¸ ½)) ·
m0½2

­ ¿
; (3.29)

and ½· minf ` 0
5M ; R ¡ R ¤

¸ g. Any initial condition (µ0; r 0) 2 Tn £ B (r ¤; ½) gives rise to a solu-
tion (µ(t); r (t)) 2 Tn £ B (r ¤; ¸ ½) of the Hamiltonian vector ¯eld generated by h(r ) + g(µ; r ) which
is dē ned at least for jt j · ¿ and satis̄ es kr (t) ¡ r 0k · ¸ ½=2 in that range.
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Proof of the lemma. Let v = r ¡ r 0. Bounding the components of r h(r 0) ¡ r h(r ¤) by (3.26), we
obtain

j < r h(r 0); v > j · ´ + M ½kvk: (3.30)

Let us assumethat kvk ¸ 4´
` 0

. We dē ne a function

' (t) = < r h(r 0 + tv); v >; t 2 [0; 1]:

The previous inequalities and the assumption on ½imply j' (0)j · ` 0
2 kvk. But, according to

quasi-convexity as expressedby (3.27),

8t 2 [0; 1]; j' (t)j > `0kvk or ' 0(t) ¸ m0kvk2:

From that we easily deducethat

8t 2 [0; 1]; ' (t) ¸ minf `0kvk; ' (0) + m0kvk2tg:

If we now assumekvk · ` 0
2m 0

, observing that ' (0) + m0kvk2 · `0kvk, we obtain

´ ¸ h(r ) ¡ h(r 0) =
Z 1

0
' (t) dt ¸ ' (0) +

1
2

m0kvk2:

Hence,by (3.30),

´ ¸
1
2

m0kvk2 ¡ ´ ¡ M ½kvk;

and the conclusionfollows.

Proof of the corollary. Let t 7! x(t) = (µ(t); r (t) the solution, whose interval of dē nition we
denote by ] ¡ ¿1; ¿2[, and ¯x t 2 [¡ ¿; ¿]\ ] ¡ ¿1; ¿2[ (thus r (t) 2 B (r ¤; ¸ ½) ½ B R by hypothesis).
On the one hand, energy conservation implies

jh(r (t)) ¡ h(r 0)j = jg(x(t)) ¡ g(x(0)) j · m0½2:

On the other hand, the assumption on the non-resonant part of g implies

j
d
dt

< r h(r ¤); r (t) > j = j < r h(r ¤); r µ g(x(t)) > j ·
m0½2

¿
;

hence j < r h(r ¤); r (t) ¡ r 0 > j · ´ = m0½2. We are in a position to apply Lemma 3.14: we
obtain kr (t) ¡ r 0k · 2max

©M ½+
p

m 0 ´
m 0

; 2´
` 0

ª
(the other possibility is excluded by our assumption

kr (t) ¡ r 0k · ¸ ½), from which we deducekr (t) ¡ r 0k · ¸ ½=2 (using ¸ > 8) and kr (t) ¡ r ¤k ·
(1 + ¸

2 )½< ¸ ½.
This shows that [¡ ¿; ¿] ½] ¡ ¿1; ¿2[, since taking t close to the boundary of the interval of

dē nition of the solution would yield x(t) closeto the boundary of Tn £ B (r ¤; ¸ ½).

3.4.3 Use of Diric hlet's Theorem

Givenan initial condition (µ0; r 0), weneedto ¯nd a nearby periodic torus Tn £ f r ¤g in order to use
the previous results. We shall usean elementary fact from the theory of Diophantine approxima-
tion, the Dirichlet principle (seee.g. [Ca59]), to approach the given frequency-vector ! 0 = r h(r 0)
by a rational vector ! , closeenough to it but whoseperiod is not too large. Section 3.4.4 will
then show how to ¯nd r ¤ with r h(r ¤) proportional to ! .

But ¯rst, sincewe wish to be able to improve our results when the initial condition lies near
a resonant surfaceSM , we needsomealgebraic preliminaries. We shall follow [Lo92] about the
notion of \order " of a resonancesubmodule, with slight modi¯cations. We denote by k ¢k1 the
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sup norm in Rn , while k ¢k stands as always for the Euclidean norm, and we denote by jjj ¢jjj 1

and jjj ¢ jjj the corresponding operator norms for squaren-rowed matrices. Let (e1; : : : ; en ) the
canonical basisof Rn .

If we are given a submodule M of Zn of rank m 2 f 0; : : : ; n ¡ 1g, in order to describe the
M -resonant vectors ! of Rn (i.e. the vector spaceM ? ), we can choosea basis(k1; : : : ; km ) of M
and build a matrix K with m rows and n columns such that ! 2 M ? , K ! = 0 and the
elements of K are integers(we view the members of M as linear forms). According to a classical
result from linear algebra (seee.g. [Art91 ], Chap. 12), we can diagonalizethis matrix, and write
K = B ¢ A with A 2 G`n (Z), B 2 G`m (Z), ¢ = [D j 0m £ (n ¡ m ) ], where D = diag(p1; : : : ; pm ),
the pi are positive integersand pi jpj for i · j .

The numbers pi are called the invariant factors of K ; they are uniquely determined. What
is interesting for us is the matrix A, since a vector ! belong to M ? i® the m ¯rst components
of A! vanish.

De¯nition 3.5 Consider all such decompositions K = B ¢ A; we call c0
M the minimal value

of jjj Ajjj 1 , and c00
M the minimal value of jjj A ¡ 1jjj 1 for the decompositions such that c0

M =
jjj Ajjj 1 . Moreover, if the codimension d = n¡ m is greater than 1, wedē ne cM to be the minimal
value of

p
d ¡ 1jjj A ¡ 1jjj for the decompositions such that c0

M = jjj Ajjj 1 and c00
M = jjj A ¡ 1jjj 1 .

If d = 1 we put cM = 1.

The numbers cM ; c0
M ; c00

M depend on M only, and not on the particular basis (k1; : : : ; km )
that we have chosenat the beginning, since any other basis (k0

1; : : : ; k0
m ) would have given rise

to a matrix K 0 of the form PK with P 2 G`m (Z), and we would have usedthe minimal decom-
positions (PB )¢ A instead of B ¢ A.

Remark 3.1 If m = 0, M = f 0g (and d = n), we have cM =
p

d ¡ 1 and c0
M = c00

M = 1.
This is also the casefor a \standard" resonance submodule, i.e. when M ? is generated by some
vectors of the canonical basis of Rn .

Lemma 3.15 Let M a submodule of Zn of rank m 2 f 0; : : : ; n ¡ 1g and codimension d = n ¡ m.
For any ! 0 in M ? n f 0g and for any real number Q > 1, there exist a positive number T and a
rational vector ! 2 M ? of period T such that

1
c0

M
· Tk! 0k1 < c00

M Q; Tk! ¡ ! 0k · cM Q¡ 1
d ¡ 1 :

In the case of maximal rank, i.e. d = 1, one can take Q = 1 and the last inequality must be
interpreted as the equality ! ¡ ! 0 = 0.

Proof. Let us proceed as indicated above to describe M ? : we write K = B ¢ A, with mini-
mal jjj Ajjj 1 , so that

! 2 M ? , A! 2 Vect(em +1 ; : : : ; en ):

Let ! 0 2 M ? and Q > 1. Setting ! ¤
0 = A! 0 and » = k! ¤

0k1 , we can renumber the indices
between m + 1 and n in such a way that ! ¤

0 = »(0; : : : ; 0; § 1; ! 0
0) for some ! 0

0 2 Rd¡ 1. The
question is now reduced to approximation in Rd¡ 1. Dirichlet's Theorem yields q 2 N¤ and
`0 2 Zd¡ 1 such that

q < Q; kq! 0
0 ¡ `0k1 · Q¡ 1

d ¡ 1 :

Let ! ¤ = »(0; : : : ; 0; § 1; ` 0

q ) and ! = A ¡ 1! ¤ 2 M ? . We have k! ¤ ¡ ! ¤
0k ·

p
d ¡ 1 »

q Q¡ 1
d ¡ 1 , thus

k! ¡ ! 0k · cM »
q Q¡ 1

d ¡ 1 . One checks easily that ! is rational and that its period T satis̄ es

1
»

· T ·
q
»

:

The conclusionstemsfrom the observation that 1
c0

M
· 1

» k! 0k1 · c00
M .
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Remark 3.2 Another possiblechoice wouldhavebeen cM = c00
M

p
n ¡ 1 (with c0

M and c00
M dē ned

asbefore), aseasily seen by a slight modi¯cation of the endof the proof (observethat k! ¤¡ ! ¤
0k1 ·

»
q Q¡ 1

d ¡ 1 , thus Tk! ¡ ! 0k1 · c00
M Q¡ 1

d ¡ 1 ).

Apart from the caseof standard submodules, the computation of the numbers cM ; c0
M ; c00

M
may be quite tedious. Still, we can give an examplewhich is used in x 2.4.3:

Lemma 3.16 Let p1 < ¢¢¢< pn ¡ 1 be positive integers such that any two of them are mutually
prime. Let M be the submodule of Zn of rank m = n ¡ 1 generated by the vectors k1; : : : ; km ,
where

ki = (0; : : : ; 0; pi ; 0; : : : ; 0; ¡ 1); 1 · i · m:

(i th place)
(3.31)

If m ¸ 2, we have pm · c0
M < (m ¡ 1) pm and p1 ¢¢¢pm · c00

M < m(m ¡ 1)m pm
m . If m = 1,

c0
M = c00

M = p1 + 1.

Proof. Let

K =

0

@
p1 ¡ 1

. . .
...

pm ¡ 1

1

A :

We have a decomposition

K =

0

@
1 0

. . .
...

1 0

1

A A; A =

0

B
B
@

p1 ¡ 1
. . .

...
pm ¡ 1

u1 ¢¢¢ um 0

1

C
C
A ;

with A 2 G`n (Z) as soon as the integersu1; : : : ; um satisfy

mX

i =1

ui ·Pi = § 1; where ·Pi = p1 ¢¢¢pi ¡ 1pi +1 ¢¢¢pm for i = 1; : : : ; m. (3.32)

Let us suppose m ¸ 2. The existence of solutions for (3.32) is equivalent to g.c.d. of the
numbers ·Pi being 1 and stemsdirectly from our hypothesison p1; : : : ; pm ; thus all the invariant
factors are equal to 1. Let us choosea solution (u1; : : : ; um ) with +1 in the right-hand side. By
adding to it an appropriate linear combination of the vectors of Zn

(¡ p1;0; : : : ; 0; pi ; 0; : : : ; 0); i ¸ 2

(i th place)

(which aresolutionsof the corresponding homogeneousequation), weobtain a newsolution (u¤
1; : : : ; u¤

m )
with ju¤

i j < pi =2 for i ¸ 2, and u¤
1

·P1 = 1 ¡ u¤
2

·P2 ¡ ¢¢¢¡ u¤
m

·Pm implies ju¤
1 j · (m ¡ 1)p1=2; hence

ju¤
1 j + ¢¢¢+ ju¤

m j < (m ¡ 1)pm . Since jjj Ajjj 1 is nothing but the maximum of the sums of the
absolute valuesof the elements of a row, we end up with c0

M · jjj Ajjj 1 < (m ¡ 1)pm .
Let us now suppose K = B ¢ A with B 2 G`m (Z), A 2 G`m +1 (Z), jjj Ajjj 1 = c0

M and
jjj A ¡ 1jjj 1 = c00

M . We retain from the previous inequality that each element of A has absolute
value lessthan (m ¡ 1)pm . Each cofactor of A has absolute value lessthan (m ¡ 1)m pm

m , hence
c00

M < m(m ¡ 1)m pm
m .

To obtain lower bounds, intro ducethe matrix C = B ¡ 1 and denoteby C1; : : : ; Cm its columns.
The equation CK = ¢ A yields

A =

0

B
B
B
@

p1C1 ¢¢¢ pm Cm ¡
P

Ci

u1 ¢¢¢ um um +1

1

C
C
C
A

;
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with someintegers u1; : : : ; um +1 . The determinant of C being § 1, the column Cm has at least
one non-zero element, thus c0

M ¸ pm , and the last cofactor of A is precisely p1 ¢¢¢pm , hence
c00

M ¸ p1 ¢¢¢pm .
The easycasem = 1 is left to the reader.

Notice that we had cM = 1 becaused = n ¡ m = 1.

3.4.4 Use of isoenergetic non-degeneracy

We now intro duce

K = 1
2

¡
L ®E ¡ 1 + 2®L ¡ ® + m¡ 1(1 + 2®+1 L ¡ ®)2

¢¡ 1
; ½0 = 1

4 minf K
M 0 ; K

M ; 1; R ¡ R0 g: (3.33)

Lemma 3.17 For all r 0 2 B R 0 and ! 2 B (r h(r 0); K ½0), there exist r ¤ 2 B R ¤ and » 2 [ 1
2 ; 2]

such that
h(r ¤) = h(r 0); r h(r ¤) = »! ; kr ¤ ¡ r 0k · K ¡ 1k! ¡ ! 0k:

Proof. Let © : (»; r ) 7! (h(r ); »r h(r )) . We shall prove that © induces a di®eomorphism
from B ((1; r 0); 2½0) to a neighborhood of (h(r 0); r h(r 0)) which contains a ball of radius K ½0.

It is su±cient to check that, for each (»; r ) 2 [ 1
2 ; 2] £ B R , the linearized map D©(»; r ) is

invertible and
kD©(»; r )¡ 1k · K ¡ 1: (3.34)

Indeed, one can check that each second-orderpartial derivative of © is bounded by K
4½0

, and we
have ensured2½0 · 1

2 and R0 + 2½0 · R¤.
Let (»; r ) 2 [ 1

2 ; 2] £ B R , ! = r h(r ) and A = r 2h(r ). The linearized map D©(»; r ) is easily
computed:

D©(»; r )(u; v) = (< ! ; v >; u! + »Av); (u; v) 2 R £ Rn :

To invert it, we use the projections ¦ and ¦ ? from Rn onto R! and ! ? , and the following
consequenceof (1.3):

A? = (¦ ? ±A) j ! ? is invertible and kA ¡ 1
? k · m¡ 1:

If (u1; v1) 2 R £ Rn , one can determine D©(»; r )¡ 1(u1; v1) = (u; v) by

v =
u1

k! k2 ! + A ¡ 1
? (»¡ 1¦ ? v1 ¡

u1

k! k2 ¦ ? A! ); u! = v1 ¡ »Av:

The inequality k(u1; v1)k · K ¡ 1k(u; v)k follows easily from k! k · L ¡ ®E and kAk · 2®L ¡ 2®E.

We now supposethat M is a submodule of Zn of codimension d 2 f 1; : : : ; ng and put together
the last two lemmas:

Corollary 3.2 For all r 0 2 B R 0 and Q > 1 such that

Q ¸
³ 2cM c0

M ­
½0K

´ d¡ 1
;

there exists r ¤ 2 B R ¤ such that r h(r ¤) is rational and its period T satis̄ es

1
2c0

M ­
· T ·

2c00
M

$
Q; kr ¤ ¡ r 0k · dist(r 0; SM ) + cM K ¡ 1T ¡ 1Q¡ 1

d ¡ 1 ; (3.35)

where cM ; c0
M ; c00

M were intr oduced in Lemma3.15. In the caseof maximal rank, i.e. whend = 1,
one can take Q = 1 and the last inequality must be interpreted as kr ¤ ¡ r 0k · dist(r 0; SM ).

Proof. Let r 0
0 2 SM such that kr 0

0 ¡ r 0k = dist(r 0; SM ) and apply the last two lemmaswith r 0
0 in

place of r 0.
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3.4.5 End of the pro of of Theorem A

Let H 2 G®;L (Tn £ B R ) and " = kH ¡ hk®;L =E. Let ¾> 0 and (µ0; r 0) 2 Tn £ B R such that
dist(r 0; SM ) · ¾"1=2.

a) We set

Q = Qd¡ 1
1 " ¡ d ¡ 1

2d ; Q1 =
³ $ cM

2K c00
M ¾

´ 1
d
:

In view of applying Corollary 3.2, we imposea ¯rst \v alidit y threshold" if d ¸ 2:

"
1

2d · Q1 min
©1

2
;

½0K
2cM c0

M ­

ª
: (T1)

This way Q satis̄ es the hypothesesof the corollary (no such condition is neededif d = 1),
and we obtain r ¤ 2 B R ¤ such that r h(r ¤) is rational of period T and (3.35) is ful¯lled. As a
consequence(whether d ¸ 2 or not),

$

2c00
M Qd¡ 1

1

"
1
2 ·

"
1

2d

T
· 2c0

M ­ "
1

2d ; (3.36)

and ¾"1=2 · cM K ¡ 1T ¡ 1Q¡ 1
1 "1=2d, hencethe above choice of Q1 ensuresthat

kr ¤ ¡ r 0k ·
2cM

K Q1
¢

"
1

2d

T
:

b) Let ¸ = 8M =m0 and

¡ =
µ

2c00
M Qd¡ 1

1

$

¶ 2

; ¢ = max
½

2cM

K Q1
;
³ cM ¡ E

2m0

´ 1=2
¾

; ¹ 1 =
¸ ¢
L ® :

Observe that this dē nition of ¢ agreeswith the one given after the statement of Theorem A.
In view of applying Lemma 3.13, we set

¹ = ¹ 1
"

1
2d

T
; ° = ¹ ¡ 2

1 ¡ ; ~R = ¸ ¹ ¡ 1
1 ¢ = L ®;

and we notice that the above dē nitions of ¡ and ° together with (3.36) ensure" · ° ¹ 2.
Three new thresholds appear: to ensure¹ · 1, we require

"
1

2d ·
1

2c0
M ­ ¹ 1

; (T2)

and 5¹ ~R · R ¡ R¤ will be guaranteed by

"
1

2d ·
1

2¸c 0
M ­¢

¢
R ¡ R0

10
; (T3)

Lemma 3.13 applies provided (3.25) is satis̄ ed, but we reinforce slightly this condition: we
require

"
1

2d ·
º

2¸¹ 1
; º =

1
c(2n)®¡ 1

³ 2m0

cM ¸ 2 + 27EL ¡ 2®
´ ¡ 1

; (T4)

where c is somepositive number which depends only on ® (the above number º is not smaller
than the one indicated in (3.25) thanks to the dē nitions of ¢ and ° ).

We get a close-to-identit y symplectic transformation © = Id + ª and a transformed Hamil-
tonian H ± © = h + g which is dē ned in Tn £ B (r ¤; 4¹ ~R) and whose non-resonant part is
exponentially small.
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c) In view of applying Corollary 3.1 to H ±©, we set

½=
2¹ ~R

¸
= 2¢

"
1

2d

T
:

Thanks to the dē nition of ¢ , we can check that kgkC 0 (Tn £ B (r ¤ ;¸ ½)) · 1
2 m0½2. The other

condition in (3.29) derives from the choice

¿ =
2L ®

(2n)®¡ 1­
exp(®

³ º

¹ 1"
1

2d

´ 1
®

);

usingthe information on the non-resonant part of g. But wealsoneedto impose½· minf ` 0
5M ; R ¡ R ¤

¸ g,
and this can be achieved by requiring

"
1

2d ·
1

4c0
M ­¢

minf
`0

5M
;

R ¡ R0

2¸
g: (T5)

Let (µ0
0; r 0

0) = ©(µ0; r 0). The dē nition of ¢ implies that kr ¤ ¡ r 0k · ¹ ~R=¸ , thus kr ¤ ¡ r 0
0k ·

¹ ~R
¸ + 2¹ 2 T

º
~R · ½. Therefore, according to Corollary 3.1, this initial condition gives rise to a

solution (µ0(t); r 0(t)) of the Hamiltonian vector ¯eld generatedby h+ g which is dē ned for jt j · ¿
and satis̄ es kr 0(t) ¡ r 0

0k · ¸ ½=2; this corresponds to a solution (µ(t); r (t)) = ©¡ 1(µ0(t); r 0(t))
of X H , which satis̄ es kr (t) ¡ r 0k · ¸ ½.

To conlude, we dē ne "¤ > 0 by

"
1

2d
¤ =

L ®

216c(2n)®¡ 1¢

³ m
cM

+
M 2E

m2L 2®

´ ¡ 1
·

º
2¸¹ 1

and replace (T4) by " · "¤; we retain that ¿ ¸ C1 exp(®
¡ " ¤

"

¢1=2d®
), and we use (3.36) to

bound ¸ ½by C2"1=2d. Gathering the dē nitions of the ¯v e thresholds and the various constants
that we have encountered, and enlarging c, we end up with the claim of Section 1.2.

A App endix on Gevrey classes

A.1 Elemen tary prop erties

We ¯x ® ¸ 1, n1; n2 2 N and K = Tn 1 £ B R whereB R is a closedball in Rn 2 . The total number
of variables will be N = n1 + n2. We recall the dē nitions

k' k®;L :=
X

k2 NN

L j k j®

k!®
k@k ' kC 0 (K ) ; (A.1)

G®;L (K ) = f ' 2 C1 (K ) j k' k®;L < 1 g; G®(K ) =
[

L> 0

G®;L (K ):

The dē nition (A.1), which we did not ¯nd in the literature, is interesting only when dealing
with ¯xed L ; but if we let L vary freely, we recover the usual dē nition of Gevrey-® functions:

8' 2 C1 (K ); ' 2 G®(K ) , 9B ; C > 0 j 8k 2 NN ; k@k ' kC 0 (K ) · CB j k j M j k j ; (A.2)

where M ` = `!®. Other sequences(M ` ) give rise to more general ultradi®erentiable classes
(or Carleman classes) instead of the Gevrey classesG®(K ). M. Gevrey [Ge18] himself already
proved the stabilit y under multiplication and composition of this spaceof functions. This ques-
tion wasstudied in the framework of ultradi ®erentiable mappingsby Roumieu [Ro62], and alsoby
Dyn'kin [Dy80] with quite di®erent methods. We cannot quote all the referenceson this subject,
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but the interested reader may consult [Ko79], [Gr99], [Th97] and the referencestherein. Apart
from the theory of partial di®erential equationswhere they have beenwidely used,Gevrey func-
tions werealsoconsideredin connectionwith dynamical systemsproblems, for instance in [El97],
[GP95] and [Po00].

We could have useda norm like supk2 NN
L j k j ®

k !® k@k ' kC 0 (K ) instead of (A.1), but the following
two lemmaswould not have assumedsuch a simple form:

Lemma A.1 Let L > 0.

8'; Ã 2 G®;L (K ); k'Ã k®;L · k' k®;L kÃk®;L : (A.3)

Proof. As ® ¸ 1, Leibniz rule implies

k@k ('Ã )kC 0 (K ) ·
X

k= k (1) + k (2)

³ k!
k(1) !k(2) !

´ ®
k@k (1)

' kC 0 (K ) k@k (2)
ÃkC 0 (K ) :

Lemma A.2 Let L; L 1; L 2 > 0 and suppose0 < L 1 + L 2 · L . For all ' 2 G®;L (K ), all partial
derivatives of ' belong to G®;L 1 (K ) and

X

m 2 NN

L jm j®
2

m!®
k@m ' k®;L 1 · k' k®;L :

In particular, if 0 < L 1 < L and j 2 N,

X

m 2 NN ; jm j= j

k@m ' k®;L 1 ·
j !®

(L ¡ L 1) j ® k' k®;L :

Proof. We observe that, for each k 2 NN ,

X

`;m 2 NN

` + m = k

L j ` j®
1 L jm j®

2

`!®m!®
=

NY

i =1

X

` i ;m i 2 N
` i + m i = k i

³ L ` i
1 L m i

2

` i !mi !

´ ®
·

NY

i =1

³ X

` i ;m i 2 N
` i + m i = k i

L ` i
1 L m i

2

` i !mi !

´ ®
·

L j k j®

k!®
:

The following seriesis thus convergent:

X

m 2 NN

L jm j®
2

m!®
k@m ' k®;L 1 =

X

`;m 2 NN

L j ` j®
1 L jm j®

2

`!®m!®
k@` + m ' kC 0 (K ) · k' k®;L :

Choosing L 1 + L 2 = L and extracting the terms which correspond to jmj = j , we obtain

(L ¡ L 1) j ®
X

jm j= j

1
m!®

k@m ' k®;L 1 · k' k®;L

and we can usethe inequalities m!® · j !® to conclude.

An important and well-known property of Gevrey-® classeswith ® > 1 is the existenceof
compact-supported functions:

Lemma A.3 Let ® > 1 and L > 0. There exists a non-negative function F®;L in G®;L ([¡ 1
2 ; 1

2 ])
whosesupport is included in [¡ 1

4 ; 1
4 ] and such that F®;L (0) = 1 and F0

®;L (0) = 0.
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Proof. We dē ne p > 0 by

® = 1 +
1
p

and, for each ¸ > 0, a function f ¸ 2 C1 (R) by

f ¸ (x) =

¯
¯
¯
¯

0 if x · 0
exp(¡ ¸

p
2

x p ) otherwise.

The conclusion will stem from the fact that f ¸ 2 G®;L (R) for ¸ large enoughwith respect to p
and L . Indeed it will be su±cient to consider then x 7! f ¸ ( 1

4 + x)f ¸ ( 1
4 ¡ x)=f ¸ ( 1

4 )2 (we could
also easily produce a \bump function" by using integration).

Let us thus bound the derivativesof f ¸ on R. Let k 2 N and x > 0. We observe that f ¸ j R+

extends to a holomorphic function on C¤. Let ± = ¼
4 minf 1; 1

p g and § ± = f z 2 C j j argzj · ±g.
The closeddisk D x of center x and radius (x sin±) is the largest disk centered at x contained
in § ±, and the Cauchy inequalities yield

jf (k )
¸ (x)j ·

k!
(x sin±)k max

D x

jf ¸ j:

We seethat maxD x jf ¸ j · exp(¡ ¸
(2x )p ) (becauseif z = r ei µ 2 D x , <e(z¡ p) = r ¡ p cos(pµ) ¸

1=(
p

2jzjp) and jzj · 2x), and the maximum of y 7! yk e¡ ¸ yp
is easily seen to be ( k

¸pe )k=p,
therefore

jf (k )
¸ (x)j ·

¡ 2
sin±

¢k ¡ k
¸pe

¢k=p
k!:

Now, by Stirling formula, weget the convergenceof
P L k ®

k !® kf (k )
¸ kC 0 (R) assoon as¸ > (2L ®=sin±)p=p.

For ultradi ®erentiable classesother than Gevrey, the question of the existenceof compact-
supported functions is solved by Carleman's theorem which givesa necessaryand su± cient con-
dition of quasi-analyticity (seee.g. [Th96]).

A.2 Comp osition of Gevrey functions

As already mentioned, the composition of Gevrey functions was consideredin [Ge18], [Ro62],
[Dy80] (seealso [El97]). Our dē nition (A.1) givesrise to a particularly simple statement:

Prop osition A.1 Let L 1 and L be positive numbers, and let K 1 and K be like in the previous
section, with total numbers of variables M and N respectively. Let Y 2 G®;L (K ) and let u =
(u[1] ; : : : ; u[N ]) be a mapping whosecomponents belong to G®;L 1 (K 1). If u(K 1) ½ K and

ku[1] k®;L 1 ¡ ku[1] kC 0 (K 1 ) ; : : : ; ku[N ]k®;L 1 ¡ ku[N ]kC 0 (K 1 ) ·
L ®

M ®¡ 1 ; (A.4)

then Y ±u 2 G®;L 1 (K 1) and kY ±uk®;L 1 · kYk®;L .

Proof. We shall use the notation (NM )
¤

= f k 2 NM ; jkj ¸ 1g. The assumption (A.4) amounts
to

A [i ] =
X

k2 (NM )¤

L j k j®
1

k!®
k@k

x u[i ]kC 0 (K 1 ) · A =
L ®

M ®¡ 1 ; i = 1; : : : ; N : (A.5)

Let X = Y ±u. We have kX kC 0 (K 1 ) · kYkC 0 (K ) and, for each k 2 (NM )
¤
,

1
k!

@k
x X =

X

` 2 (NN )¤

1
`!

(@`
y Y) ±u

X

k 1 ;::: ;k j ` j 2 ( NM ) ¤

k 1 + ¢¢¢+ k j ` j = k

1
k1! ¢¢¢k j ` j !

NY

i =1

@k
^̀
i ¡ 1 +1

x u[i ] ¢¢¢@k
^̀
i

x u[i ]
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with the notations ^̀
0 = 0 and ^̀

i = `1 + ¢¢¢+ ` i for 1 · i · N . Thus, for k 2 (NM )
¤
,

1
k!

k@k
x X kC 0 (K 1 ) ·

X

` 2 (NN )¤

1
`!

k@`
y YkC 0 (K )

X

k 1 ;::: ;k j ` j 2 ( NM ) ¤

k 1 + ¢¢¢+ k j ` j = k

1
k1! ¢¢¢k j ` j !

¢

¢
NY

i =1

k@k
^̀
i ¡ 1 +1

x u[i ]kC 0 (K 1 ) ¢¢¢k@k
^̀
i

x u[i ]kC 0 (K 1 ) :

(A.6)

The property

8s ¸ 1; 8k1; : : : ; ks 2 (NM )
¤
; k = k1 + ¢¢¢+ ks )

k!
k1! ¢¢¢ks!

¸ M ¡ ss! (A.7)

will be checked later. Using it now, we seethat for each multi-index in the sum of the right-hand
side of (A.6),

1 ·
M j ` j k!

j` j! k1! ¢¢¢k j ` j !
·

M j ` j k!
`! k1! ¢¢¢k j ` j !

·
M j ` j®k!®

`!®k1!® ¢¢¢k j ` j !®
;

hence
1

k!®¡ 1`! k1! ¢¢¢k j ` j !
·

M j ` j (®¡ 1)

`!®k1!® ¢¢¢k j ` j !®
:

Multiplying (A.6) by L j k j®
1 =k!®¡ 1 and taking the sum over k, we thus obtain

X

k2 NM

L j k j®
1

k!®
k@k

x X kC 0 (K 1 ) ·
X

` 2 NN

M j ` j (®¡ 1)

`!®
k@`

y YkC 0 (K ) B `

with B0 = 1 and

B ` =
X

k 1 ;::: ;k j ` j 2 (NM )¤

L j k j®
1

k1!® ¢¢¢k j ` j !®

NY

i =1

k@k
^̀
i ¡ 1 +1

x u[i ]kC 0 (K 1 ) ¢¢¢k@k
^̀
i

x u[i ]kC 0 (K 1 ) :

But, in view of (A.5),
B ` = A ` 1

[1] ¢¢¢A ` N
[N ] · A j ` j

and M ®¡ 1A = L ®, henceX 2 G®;L 1 (K 1) and kX k®;L 1 · kYk®;L .

There remains only to prove (A.7). We begin with the caseM = 1, by induction on s: the
inequality is obviously satis̄ ed if s = 1, and the elementary property

8k0; k002 N¤;
(k0+ k00)!

k0!k00!
¸ k0+ k00

allows us to passfrom rank s to rank s + 1: if k1; : : : ; ks+1 2 N¤,

(k1 + ¢¢¢+ ks + ks+1 )!
k1! ¢¢¢ks!ks+1 !

=
(k1 + ¢¢¢+ ks)!

k1! ¢¢¢ks!
(k1 + ¢¢¢+ ks + ks+1 )!
(k1 + ¢¢¢+ ks)!ks+1 !

¸ s!(s + 1):

Let us now considerthe caseM ¸ 2. We are given an array (k j
i )1· i · M ;1· j · s of non-negative

integerswith M rows and s columns, and the quantit y to be studied is

k!
k1! ¢¢¢ks!

= ¼1 ¢¢¢¼M ;

with ¼i depending only on the i th row: ¼i = (k 1
i + ¢¢¢+ k s

i )!
k 1

i !¢¢¢k s
i ! ¸ 1. We rearrangethe rows and columns

as follows:
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{ For j = 1, we select the smallest i such that k1
i ¸ 1 (such an index i exists because

jk1j ¸ 1), weput the corresponding row at the top of the array and renumber the rows. Now
k1

1 ¸ 1; we rearrangethe next columns so that k1
1 ; : : : ; kp1

1 ¸ 1 and kp1 +1
1 = : : : = ks

1 = 0 if
p1 < s. If p1 = s we stop here, if not we continue with the reordering but shall not touch
again the ¯rst row nor the ¯rst p1 columns.

{ For j = 2, we select the smallest i such that kp1 +1
i ¸ 1 (such an index i exists because

jkp1 +1 j ¸ 1, and necessarilyi ¸ 2 sincekp1 +1
1 = 0), we put the corresponding row in second

position and renumber the next rows. Now kp1 +1
2 ¸ 1, and we rearrangethe next columns

so that kp1 +1
2 ; : : : ; kp1 + p2

2 ¸ 1, and kp1 + p2 +1
2 = : : : = ks

2 = 0 if p1 + p2 < s. If p1 + p2 = s
we stop here, if not we continue with the reordering but shall not touch again the ¯rst two
rows nor the ¯rst p1 + p2 columns.

{ And so on for j = 2; : : : ; s.

With such a renumbering of the integersk j
i , the value of the product ¼1 ¢¢¢¼M is not altered,

there are integersM 1 ¸ 1 and p1; : : : ; pM 1 ¸ 1 such that

M 1 · M ; p1 + ¢¢¢+ pM 1 = s

and the ¯rst M 1 rows (M 1 · M ) have beenreordered: for 1 · i · M 1,

kp̂i ¡ 1 +1
i ; : : : ; kp̂i

i ¸ 1

(still with the notations p̂0 = 0 and p̂i = p1 + ¢¢¢+ pi for 1 · i · M 1). Now

¼i ¸
(kp̂i ¡ 1 +1

i + : : : + kp̂i
i )!

kp̂i ¡ 1 +1
i ! : : : kp̂i

i !
; 1 · i · M 1

(becausethe ratio of thesetwo quantities is again a multinomial coe±cient), and the last quantit y
is ¸ pi ! from the M = 1 case.Since (p1 + ¢¢¢+ pM 1 )!

p1 !¢¢¢pM 1 ! · M s
1 , we have p1! ¢¢¢pM 1 ! ¸ M ¡ s

1 s!, hence

k!
k1! ¢¢¢ks!

¸ ¼1 ¢¢¢¼M 1 ¸ M ¡ ss!:

We use in Section 3.3.2 the following corollary of our composition result:

Corollary A.1 Suppose 0 < R1 < R and 0 < (2n)
® ¡ 1

® L 1 < L and let K 1 = Tn £ B R 1 ½ K =
Tn £ B R . If Y 2 G®;L (K ), ' = (' [1] ; : : : ; ' [2n ]) 2 (G®;L 1 (K 1))2n and

k' [1] k®;L 1 ; : : : ; k' [2n ]k®;L 1 · minf R ¡ R1;
L ®

(2n)®¡ 1 ¡ L ®
1 g;

then Y ±(Id + ' ) 2 G®;L 1 (K 1) and kY ± (Id + ' )k®;L 1 · kYk®;L .

Proof. Let N = 2n and u = (u[1] ; : : : ; u[N ]) = Id + ' . We have u(K 1) ½ K , becausek' [i ]kC 0 (K 1 ) ·
R ¡ R1 for each i . On the other hand, k@k

x u[i ]kC 0 (K 1 ) · 1 + k@k
x ' [i ]kC 0 (K 1 ) if @k

x = @x i , and
k@k

x u[i ]kC 0 (K 1 ) = k@k
x ' [i ]kC 0 (K 1 ) if jkj ¸ 2, so

ku[i ]k®;L 1 ¡ ku[i ]kC 0 (K 1 ) =
X

k2 (NM )¤

L j k j®
1

k!®
k@k

x u[i ]kC 0 (K 1 ) · L ®
1 + k' [i ]k®;L 1 ·

L ®

(2n)®¡ 1 :

We can thus apply Proposition A.1.
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Remark A.1 We did not manageto get rid of the terms M ®¡ 1 and (2n)®¡ 1 which involve the
dimension in our composition results. These terms appear in the combinatorics, and we do not
know how to replace them by 1, apart from the analytic or one-dimensionalcases.

However, it may happen that the dependence of u with respect to the various variables in
Proposition A.1 is well separated and that the hypothesescan be weakened. For instance, we use
the following result in Section 2.4:

Suppose R > 0 and 0 < L 1 < L, and let Y 2 G®;L (Tn £ B R ) and ' 2 G®;L 1 (T).
Consider

u(µ; r; t) = (µ + ' (t)r; r ); µ 2 Tn ; r 2 B R ; t 2 T:

If
(L ®

1 + R)k' k®;L 1 ¡ Rk' kC 0 (T) · L ® ¡ L ®
1 ; (A.8)

then Y ±u 2 G®;L 1 (Tn £ B R ) and kY ±uk®;L 1 · kYk®;L .

The proof consistsin adapting the proof of Proposition A.1 to the peculiar form of u, but the details
are tedious. (Begin with the case where Y does not depend on r , from which the general case is
easily deduced, and observethat the left-hand sideof (A.5) becomesA [i ] = L ®

1 + (L ®
1 + R)k' k®;L 1 ¡

Rk' kC 0 (T) ; it is su±cient to require A [i ] · L ® because @q
µ@p

r @̀t u[i ] = 0 as soon as jqj + jpj ¸ 2,
and we are thus essentially dealing with one index ` 2 N like in a one-dimensionalcase.)
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