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Abstract

We prove a theorem about the stabilit y of action variables for Gevrey quasi-cornvex near-
integrable Hamiltonian systems and construct in that context a system with an unstable
orbit whose mean speed of drift allows us to ched the optimalit y of the stabilit y theorem.

Our stabilit y result generalizesthose by Lochak-Neishtadt and Pésdel, which give precise
exponerts of stabilit y in the Nekhoroshev Theorem for the quasi-corvex case,to the situation
in which the Hamiltonian function is only assumedto belongto someGevrey classinstead of
being real-analytic. For n degreesof freedom and Gevrey-® Hamiltonians, ® , 1, we prove
that one can choosea = 1=2n® as an exponent for the time of stability and b = 1=2n as
an exponent for the radius of con nement of the action variables, with re nements for the
orbits which start closeto a resonart surface (we thus recover the result for the real-analytic
caseby setting ® = 1).

On the other hand, for ® > 1, the existenceof compact-supported Gevrey functions allows
usto exhibit for each n , 3 a sequenceof Hamiltonian systemswith wandering points, whose
limit is a quasi-corvex integrable system, and where the speed of drift is characterized by
the exponent 1=2(n j 2)®. This exponert is optimal for the kind of wandering points we
consider, inasmuch as the initial condition is located closeto a doubly-resonant surface and
the stability result holds with precisely that exponent for such an initial condition. We
also discussthe relationship between our example of instabilit y, which relies on a specic
construction of a perturbation of a discrete integrable system, and Arnold's mechanism
of instabilit y, whose main features (partially hyperbolic tori, heteroclinic connections) are
indeed presert in our system.

The present article is the result of a collaboration with Michael Herman, which started in
Octoler 1999. He had had the idea of studying the Nekhoroshevtheory in the Gevrey category
and, using a lemma of his, of producing new examplesof unstable orbits for which the instability
time could be compared with the distance of the systemto integrability. Together we improved
both the stability and instability results which he had already obtained, in view of making them
match. Michael Herman's suddendeath in Novemler 2000 preventa him from participating to
the last developmentsand to the "nal writing of a work the main contributor of which he was.
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1 Intro duction

The present work is devoted to the study of the stability exponerts for Gevrey quasi-corvex
near-integrable Hamiltonian systems,and to the seard for an example of an unstable orbit with
the highest possiblespeedof drift. We begin by a short reminder on the Nekhoroshevtheory in
the analytic category and the question of optimality for the stability exponerts. We shall then
state our main results of stability and instability in the Gevrey category.

1.1 Reminder on the analytic case

1.1.1 Let T= R=Zandn, 2 According to Poincar§, the \general problem of dynamics' is
the study of Hamiltonian systemscloseto an integrable one. Suc a systemis generatedby a
Hamiltonian function on T" £ R", of the form

H(gr) = h(r) + "f(wr);

which givesrise to the following vector eld

W= @00+ @ (wr);

XH ]
n=i"@fwr); i=1:n
The canonicalcoordinates (i;r) 2 T" £ R" are angle-actioncoordinates for the integrable part h.
When " = 0, the actions r; are rst integrals of the system and the motion takes place on the

corresponding invariant tori T" £ frg, all the solutions being quasiperiodic. What does there
remain of this stability for small " > 0?

In the 70s,aremarkable achievemert of Hamiltonian perturbation theory wasthe Nekhoroshev
Theorem [Nekh77, which assertsthat for a generic real-analytic function h and for any real-
analytic perturbation f, all solutions are stable at least over exponertially long time intervals:
there exist positive numbersa and b, depending only on h, suc that for eac small enough” > 0
any initial condition (Lo;ro) givesrise to a solution (u(t);r(t)) which is dened at least for jtj -
exp( const(%)2) and satises kr(t) j r(0)k - const"? in that range.

This is a statemert of eRective stability, on “nite (but long) time intervals and for all solu-
tions, to be comparedwith the perpetual stability that KAM theory, which started two decades
earlier, o®ers only for a part (but a large part) of the phasespace. In fact, if n = 2 and h
is non-degenerate(or isoenergetically non-degenerate),the KAM Theorem gives more than the
Nekhoroshev Theorem, since on eact energy level the trajectories are con ned on or between
invariant tori. It isonly for n, 3that KAM tori do not a priori prevert the projection in action
spaceof a solution from drifting arbitrarily far from its initial location; but such a drift should
be exponertially slow, accordingto the NekhoroshevTheorem.

An interesting questionis to know how large the exponerts a and b, but especially a, can be
taken in Nekhoroshev'sstatemert: the larger a, the longer the time of stability guaranteed by
the theorem; and the larger b, the stronger the con nement of the actions closeto their initial
values.

1.1.2 The genericcondition imposedby Nekhoroshevupon h is a transversality property called
steepness Quasi-convex functions provide an important particular caseof this property. These
are functions h for which there exists m > 0 such that, at any point r of the domain of de nition
of f, the inequality < r 2h(r)v;v >, mkvk? holds for all vectors v orthogonal to r h(r). We
require moreover r h not to vanish. One can ched that sud a function is isoenergetically
non-degenerate:the mapping (,; r) 7! (h(r);, r h(r)) is a local di®eomorphismfor , > 0 (see
Section 3.4.4).

The property of quasi-corvexity amourts to the corvexity of the energylevelsof h. It is weaker

i.e. if there exists > 0 such that < r 2A(P) ;¢ >, mkok? for all ¢ 2 R"i 1, one can ched that
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the function r = (f;r,) 7! h(r) = f(f) + r,, is quasi-corvex with m = (1 + )i 2 in any domain
in which kr ﬁ(r*)k . % A non-autonomous periodic perturbation of i with nj 1 degreesof
freedom, say Ai(r) + "f ({L #;t) where(i= (p1;:::;1h; 1) 2 T"i L and f is also 1-periodic in t, can
thus be viewed as a perturbation of a quasi-corvex integrable systemwith n degreesof freedom*
and the NekhoroshevTheorem will apply.

As noticed by the ltalian school ([BGG85], [Ga8€], [BG86]), it turns out that a shrewd use
of convexity leads one to a re ned result. The use of corvexity in conjunction with energy
consenation was even more radical in Lochak's novel method [L0o92] which was designedto
obtain the best possible stability exponerts a and b, and which works in the quasi-corvex case
aswell. Finally, the NekhomshevTheorem holdswith a = b= 1=2n if h is assumel to be quasi-
convex asproved independertly by Lochak and Neishtadt [LN92, LNN93] and by Pdsdel [PA93.
Moreover, besidethis global result, one can state local results for neighbourhoods of resonar

to be satis ed by the @ h(r) determinesa resonantsurface of multiplicity m in the action space;
for the trajectories starting at a distance of order "'=2 of such a surface, one can take larger
exponerts, namelya= b= 1=2(nj m).

In fact, the casewherem = nj 1 (the tori fr = r°g assa&iated to such completely resonart
actions r® are foliated into periodic orbits of the unperturbed system) is the cornerstone of
Lochak's periodic orbit method introducedin [L092], of which [LN92] is only a slight improvemert
(see[L093] for a non-technical accoun).

We shall not deal with the general steep case, but we wish to mention a recert work by
Niederman [NiOO] accordingto which onecantakea = b= 1=(2n p; ¢¢¢p,; 1) asglobal exponerts,
where the p’s are the steepnessindicesof h (they are not smaller than 1, and all equalto 1 if h
is quasi-corvex).

1.1.3 The question of the optimality of the exponerts obtained for the quasi-corvex caseis
still open for n | 5, whereasa partial answer is available for n = 3 or 4. The optimality
question amourts to the seard for systemsarbitrarily closeto integrable which admit unstable
orbits, i.e. orbits experiencing a noticeable drift in action (say, of order 1 if we let apart the
exponert b), and for an asymptotic upper bound of the time of drift, as closeas possibleto the
lower bound exp( const (1)2) provided by the stability result.

The phenomenonof instabilit y in near-integrable systemsis usually called (somewhatimprop-
erly) Arnold di®usion in referenceto Arnold's famous note [Arn64] (seealso [AA67]), in which
an example of a three-degree-of-freedonsystem was proposedin view of exploring the comple-
ment of KAM tori in the phasespaceand instabilit y was obtained from heteroclinic connections
betweenwhiskeredtori. There, Arnold was not concernedabout the time of drift of his unstable
orbits; on the other hand, he raised the di+ cult question of the genericity of this phenomenon.
Arnold's mechanism of instabilit y has motivated numerous studies about the so-calledchains of
transition, in more or lessgeneral frameworks, and particularly about the possibility of “nding
orbits shadaving such chains, the computations of transition times, and the exponertial smallness
of the splitting assaiated with ead torus.

Concerning explicit times of drift for systemscloseto an integrable Hamiltonian written in
action-angle variables, we can quote two results by Bessi[Be96 Be97], who worked on Arnold's
model and on a variant of it with four degreesof freedom. Using Arnold's mecanism of instabilit y
and variational methods, Bessi obtains orbits drifting in a time exp(const (1)¥72) for n = 3,
and exp( const (1)) for n = 4. Theseorbits passcloseenoughto a double resonancethus the
exponerts cannot be improved for that kind of tra jectories; this shows that the exponert 1=2(n
2) for doubly-resonart surfacesis optimal whenn = 3 or 4.

1 UseH = ﬁ(r\)+ rn+"f (ﬁ; f; Uun ): all the energy-levels of H are identical up to a translation in the ry -direction
and on each one, when using the coordinates (ﬁ; f; W), the corresponding autonomous °ow amounts to the °ow
of i+ "f ({i;~1).



1.2 Gevrey stabilit y

1.2.1 It isthe aim of the preser paper to enlargethe framework by consideringGevrey functions
instead of real-analytic ones,and to tackle the question of optimality in this broader context.
Let ®, 1arealnumberandn, 2the number of degreesof freedom. For R > O we denote
by Br the closedball of radius R in leith certer at the origin: we shall considerreal-valued
functions which are C* in K = T" £ Bg. If L > 0, such a function ' = ' (;r) is said to be
Gevrey{®;L) on K, and we write ' 2 G®L (K), if
X Liki®
K kgL = SCE k@' kcoky<1: (1.1)
k2 N2n

We have usedthe following notations for multi-indices of derivation:

jKi = ki + 00C+ kon;  k!= kil G0tkon!; @ = @ ¢oedi;

Appendix A is devoted to someuseful facts and bibliographical notes concerningthesefunc-
tions. Gevrey-® functions are usually de ned by the requiremert that k@' kcoy - CMIKKI®
for someC;M > 0; we recover this spaceG®(K ) by taking the union over all positive L of the
spacesG®! (K ). The advantage of the de nition (1.1) is that ead G® (K ) is a Banach algebra:
KA kerL - k' ke kAke (LemmaA.1). The composition of Gevrey-® functions is also Gevrey-®
under appropriate assumptions(Section A.2). We recover real-analytic functions in the special
casewhere ® = 1; the number L then indicates the size of a complex domain of analytic exten-
sion. The Cauchy inequalities admit the following generalization (Lemma A.2): if 0< L; < L
and' 2 G® (K),

X , J 1® ]
k@ KeiL, - mk KeiL ; .o
k2 N2n;jkj=j

1.2.2 We shall adapt Lochak's periodic orbit method to the Gevrey caseand prove

Theorem A (Stabilit y for the Gevrey quasi-con vex case) Let®, 1, n, 2,

1 1
a= e and b= o (1.2)

LetR;L; E;$;m > 0andh 2 G®L (Bgr) suchthat khke, - E and, for all r 2 By,
$ - maxj@h(j and 8v2(r h(r))?; mkvk?- <r 2h(r)v;v> : (1.3)
- 1-n
For eachRo 2 ]0; R[, there exist positive numbers "s; " aa; C1; C2, which degendonly on n; ® R; Ro,
L; E;$ ;m, suchthat, for every Hamiltonian function H 2 G®-(T" £ BR) satisfying

kH i h k®;|_
E

minf"q; " oo,
any initial condition (po; rq) 2 T“£ Br, givesrise to a solution (u(t);r(t)) of Xy whichis de ned
at least for jtj - Crexp(® = ) and satis es kr(t) j rok- C,"Pin that range.

Like in the analytic case,one can state re ned stability results assaiated with resonances.
Let M a submadule of codimensiond 2 f1;:::;nj 1g of Z" and

Sw =fr2Bg,j8k2M; < k;r h(r) >= 0g

the corresponding resonart surfacein action space.One can attach to it positive numberscy ; ¢,
and ¢ , which essetially depend on the order of M (the sizeof the multi-in tegersbelongingto a



systemof generatorsof M ) | seeSection 3.4.3for the details. For a\standard" submodyle, i.e.
whenM ? is generatedby somevectors of the canonical basisof R", onecantakecy = nj 1
and ¢, = ¢ = 1, but in generalthese numbers are larger. By corvertion, M = f0g can be
treated as a standard submaodule (Stoq = Br,, d = n, no particular resonancerelation); the
following statemert can thus be consideredas containing the previous one:

Addendum to Theorem A (Solutions starting near a resonant surface) Let%> 0. We
de ne

1 1
=~ and b= _:
8= 200 2" 2d
There exist positive numbers "4;"aa; C1; Co, Which depend only on n; ®;,R;Ro;L; E;$;m and
on cu ;CYy ;% suchthat, if " - minf"s; "seg and if we assumemoreover

dist(ro;Sw ) - %12,

. . ¢ .
the solution (p(t); r(t)) is dened at least for jtj - C; exp(®I = a) and satis es kr(t)j rok - C,"P
in that range.

The dependenceof the involved numbers on the various parameters can be explicited as
follows: there exists a positive number ¢ which dependsonly on ® such that, if oneintroduces

- =L'®E; M =2°L1%°E; M%=6°Li*°E
(majorants of the rst-, second-and third-order derivativesof h) and
K=2(L®ET 1+ 2°Li 1+ mi Y1+ 281 LI ®)2)i 1 1= IminfL;R| Ro; & io;

one can take

Ci= (an)l(',fl_; C,= % where ¢ = SW;é x©1; 213/430,\:]15'1:26;
" gee P Tmo MZE minf*1;"5;
o c(2n)®i 1¢ ¢y m2L2®  ° T
g = éminfL@;Ri Ro;%g;
i .
2o o= —zsﬁn“ﬁ,i% %min©%;720;/gc?ﬂ_ itd, 2 =1 itd=1

Sections 3.1{ 3.4 are dewted to the proof of Theorem A. The rst three deal with one-
phase averaging and contain a generalization of Neishadt's Theorem [Nei84] to Gevrey classes
(Proposition 3.2); their use of Gevrey asymptotic expansionsis directly inspired by [RS9§. The
fourth one repeats essetially the argumerts of [L092], [LN92] and [LNN93], explaining how to
usequasi-corvexity to deducecon nement near a periodic torus, and in fact the whole statemert
with the help of Dirichlet's Theorem.

1.2.3 Wethink that generalizingthe NekhoroshevTheorem to Gevrey Hamiltonian functions is
interesting in itself. From a mathematical point of view, this is very natural. Spacesof Gevrey
functions have beenconsideredfor a long time in other branchesof Analysis for themseles;and
evenif onestarts with an analytic Hamiltonian function, it can be desirableto restrict it to some
invariant manifold which is not analytic but only Gevrey | this may be the caseof a certer
manifold |, asC. Sim§ pointed out to us.



1.3 Example of instabilit y

1.3.1 Our main motivation wasto comparethe exponens of stability that we could obtain in
the Gevrey quasi-corvex casewith the speedof instabilit y we could produce on specic examples.
For a given h, as simple as possible,we are interested in particular examplesof perturbation in
which an unstable orbit can be detected, with a possibility of relating the Gevrey size of the
perturbation and the time over which instabilit y develops.

If ®> 1, the Gevrey classG® is actually larger than the spaceof real-analytic functions: it
contains in particular compact-supported functions. This givesmuch more ° exibilit y to constuct
examplesand explains why the question of optimality is easierin this setting.

Compact-supported functions werealready usedin [Do86], where Arnold's method wasadapted
to the C' framework to yield topological instabilit y, but without any concernabout the corre-
sponding time of instabilit y.

1.3.2 As for us, we followed a rather di®erenn approad. The following examples of near-
integrable Hamiltonian systemswill be obtained by suspending very explicit discrete systems
dened on T"i 1 £ R"i 1 for which a detailed description of the dynamics is available.

Theorem B (Instabilit y result) Let®> 1, n, 3and

a’ = __t .
" 2nj 2)®
LetL > 0 and R > 1. There exist a sequene of functions (fj); o convemging to 0 in the space

G®L(T" £ Bgr) and an increasing sequene of integers (¢;); o suchthat, for eachj , 0, the
Hamiltonian systemgeneiated by

1
Hij(r) = S0E+ 000+ g o)+ ro + £ (1) (1.4)

admits a solution (p(t); r(t)) dened at leastfor t 2 [0; ¢; ] and for whichr1(0) = Oandry(¢) = 1.
Moreover, there exist an integer J which dependsonly on n, and positive constantsC; < C, which

deendonly on n; ® L and R, suchthat the time of drift ¢; andthe norm "; = kf; ke,. are related
> C P C P
a a
ZOPCL o~ )G meC o ) L3

i J i J

The proof is givenin Sections2.1{2.4. Note that all the hypothesesof Theorem A are ful Tled;
in particular the integrable part h(r) = 3(rf + ¢¢¢+ r3. ;) + r, is the most elemertary example
of a quasi-corvex function.

The functions f; arein fact independert of the last variable r,, which meansthat we could
forget the variable r, without losing information and consider that we are dealing with non-

periodically on the time (cf. footnote 1). B
Moreover, we have restricted thesefunctions to T" £ Br only in order to cortrol their Gevrey

asswiated to (1.4) isin fact dened andC* in T"£ R", and complete In particular, our unstable
solution (u(t); r(t)) canbedescribedfor all t 2 R: we shall seefor instancethat rl(krJ )= k=" b3
for all k 2 Z, hencethis solution is biasymptotic to in nity . This situation is reminiscert of the
system studied by Mather [Mat93] and its variants [BT99, DLSO0Q].

1.3.3 Let usnow confront our two theorems(with ® > 1). As already mentioned, the hypotheses
of Theorem A are ful'lled sothat it appliesto the Hamiltonian functions (1.4). We shall seethat,
provided j is large enough,the secondaction-componert r,(t) of our unstable solution satis es

8t2R; 0<ryt)- 3"



this solution starts O(p “7)-closeto the xed doubly-resonart surfacefr, = r, = 0g. Therefore,
the value 1=2(n i 2)® attained by the instabilit y exponert a” exactly coincideswith that of the
local stability exponert a = 1=2d®for aresonancesubmaodule of rank 2 and codimensiond = nj 2.
In that respect our result can be consideredas optimal.

This establishesthe optimality of all the exponerts a = 1=2d® for resonancesof multiplic-
ity not lessthan 2 as well, by simply adding n® , 0 degreesof freedom and considering the
solution (u(t);r(t); 0; 0) of the Hamiltonian system generatedby

1
Hj (bt raiooiirn) + S (e + 000+ TR, po):

This yields indeed, for N = n+ n°degreesof freedom, a solution which starts O(p "i)-closeto the
resonan surfaceassaiated with a xed? submodule of rank n°+ 2 and codimensiond= nj 2.

One can perform further computations in our example,in order to seewhy the unstable orbit
escapesthe in° uenceof resonancesof higher multiplicit y | seeSection 2.4.3 (and Section 3.4.3
for the underlying arithmetics).

It is a general phenomenonthat resonancescannot be avoided for a solution which drifts
between two distant regions of the action space,becauseof the existenceof at least one xed
simply-resonarn hypersurfacewhich separatesthe given regions and which the solution has to
cross. For instance, for the particular integrable part h that we chose,the hypersurfacesfr; =
p=cg are resonart for all rationals p=qand intercept the solutions drifting in the r,-direction. But
one can still wonder about the optimality of the stability exponert a = 1=2d® whend = nj 1,
i.e. about the existenceof unstable orbits whosetime of drift is characterized by the instabilit y
exponert 1=2(nj 1)® and which keepfar enoughfrom all doubly-resonarn surfaces(at leastthose
whoseorder is not too high with respectto ").

As for the \univ ersal' exponert a = 1=2n®, the question of its optimality cannot be raised
independertly of that of b= 1=2n.

1.3.4 We emphasizethe di®Rerencebetweenour goals,to construct speci ¢ perturbations giving
rise to instabilit y, and those of Arnold's note [Arn64] which illustrated on a quite simple pertur-
bation a powerful medanism of instabilit y relying on transition tori. In particular, in Arnold's
method, the drifting points are not a priori known, but still have to be detected once a transi-
tion chain is given. The description of their orbits is necessarilycomplicated, and quartitativ e
estimates for the speed of drift are even more dix cult to obtain. Here, on the contrary, we
shall construct exampleswhere we can choosethe drifting points from the beginning, and our
main task will be the computation of the Gevrey norms of the various functions involved in the
construction; in a senseour approac pertains more to functional analysis than to dynamical
systems.

As a byproduct, we get new insight in Arnold's medanism itself, which we do not use but
can howevwer illustrate. As a matter of fact, we can choose our example so as to possessa
transition chain, of in"nite length, shadaved by the solution described in Theorem B. Moreover,
the splitting of separatrices(or at leastits most signi cant part), whosedetermination in analytic
examplesis notoriously a dixcult matter, is trivial ly computed in the sameexample.

To be precise we need a re ned de nition of the splitting, adapted to the particular case
we consider here. Let an energy e be given (of course our considerationswill not depend of
the value of e since the perturbativ e term f; doesnot depend on r,). We rst introduce the

manifold Sj(e) = fp, = Og\ Hj(i l)(f eQ): this is a 2(nj 1)-dimensional transverse section for
the Hamiltonian ° ow, that we canidentify with the annulus A"i * through the coordinates(ﬁ; t),

2We stress that the resonance conditions are xed, i.e. independent of j with our notations, because the
Addendum to Theorem A also applies to resonanceswhich depend on the perturb ed Hamiltonian and on the
considered solution. But then the \order" of the resonance and the corresponding numbers cy ;cﬁ,I ;cf\’,l0 may
grow as" tends to zero and thus need to be taken into account together with the exponent a; this is illustrated in
Section 2.4.3.



in H]-(i b (feg), (nj 1)-dimensional, hyperbolic, with n-dimensionalinvariant manifolds W$ , and
they will possesdiomoclinic points ! locatedin S;(e). In the coordinates (i #), the intersections
of W8 with S;j(e) will be the graphs of suitable functions ¢ = w5 (|ﬁ); the coordinates (flo; )
of I will satisfy of courset® = w* (f°) = wi (f°), but moreover 1§ = ¢¢¢= 1O , = 0. One
usually de nes the splitting of W* and Wi at ! asthe di®erenced(w* j wi )(p°), which is a

symmetric operator (see[LMS99]). But in our example the manifolds W& have an additional

(W] i Wi )(;0;:::;0) © 0O, thus the splitting matrix admits a block decomposition into a
\longitudinal " part

AW ;1) = @@l(wz P wh ()

and a \transv ersal' part which is the symmetric matrix of order nj 2 with coetcients @@j(wi+ i

wi )(19), i;j , 2. In our situation, the interesting part of the splitting is the longitudinal one,
i.e. the splitting in the ry-direction, which would be neededto detect heteroclinic connections
betweenconsecutiwe tori of the chain if one would follow Arnold's method.

Addendum to Theorem B (Transition chains and splitting) Letj , Oande 2 R. For
eachr? 2 R, there existsin the enemgy IeveIHJ-(i b (feg) a(nj 1)-dimensional invariant torus Tro,
whose projection on the r;-axis is reduced to fr?g, and which is partially hyperbolic for the
Hamiltonian °ow, with n-dimensional invariant manifolds.

Let g = P & - The family (Tx=g )k2z Is a transition chain: two consecutive tori T(y; 1)=q
and Ty are connected by a heteroclinic orbit. The solution (p(t);r(t)) of Theorem B shadows
that chain: for t = (k+ %)q with k 2 Z, its distance to the torus Ty is lessthan 1=q (it is thus
exponentially small), and for (ki 1)g < t < (k+ 3)qg, it remains closeto the aforementioned
heteroclinic solution.

For eachr 2 R, the torus Tro has two homeelinic orbits, which intersect the section S; (e)
at points ! 1;! 5 for which pp, = ¢¢¢= p,; 1 = 0. At thesepoints, the splitting in the r-direction
of the invariant manifolds W8 (T;o) satises jAj1 (WS (Tyo);!i)j = 2¥Fq, i = 1,2

The proof is given in Section 2.5. Note that the splitting A;; is exactly of the same order
asthe gap 1=qg betweentwo tori in the chain; thus by the sametoken we get lower and upper
bounds for Aj;: there exist constarts C{ > C9 such that

3 3

n a” " °

i 1 . ) ; 1
sexp(i C? = )- JAL(WS (Tro); ! )i - 5 exp(i C3 — )
Cy j ! G j

Actually one can say even more: we shall seethat the stable and unstable manifolds of two
consecutie tori Ty; 1)=q and Ty=y are tangert along the heteroclinic orbit we consider, so our
exampleis a limit caseof Arnold's medanism, where the tori are maximally distant. Of course,
to construct our drifting points, we do not make use of Arnold's semi-local analysis (lambda-
lemma and obstruction property), which would require at least the topological transversality of
the intersections. Our drifting points are obtained by a completely di®erenn method, but we
ched a posteriori that they shadav the chain we consider.

1.4 Comments, prosp ects

1.4.1 The stability theorem can be extended to ultradi ®ereriable classesmore general than
the Gevrey class(de ned by sud inequalities as (A.2)), and also to the caseof C" functions
with r < 1 . M. Herman had already devised a method for that, but we could not include it
in the present article which was already long enough. In "nite di®erettiabilit y, one can produce
easily instability examples,even with a wandering ball. A further article should be dewoted to
this.



1.4.2 Niederman'srecen stability result [NiOO] about the steepcasecan probably be extended
to the Gevrey class. We did not explore that systematically, but we can at least indicate a steep
variant of the above example where the instabilit y exponert is increasedat the price of relaxing
quasi-corvexity: for any p, 3, we can construct a Hamiltonian

1, 1, 1
Hi(wr) = Sri+ Bré’ + 5(r5+ 600+ 1o, )+ F ()

with a sequencef; corverging to 0 in G®- (T" £ Bg), for which there is an unstable orbit of
exponert
a’ = 1
p(ni 2)®

(we shall not give the details of the construction which is a simple adaptation of the proof of
Theorem B). On the one hand, this shaws that the requiremert of quasi-corvexity in Theorem A

is necessaryfor the exponert a = 1=2n®to bevalid. On the other hand, this providesan example
of an unstable perturbation of a steepintegrable systemwhoseexponerts are p; = ¢¢¢= p,; 1 =

pi 1

1.4.3 Returning to perturbations of a corvex or quasi-corvex integrable Hamiltonians, there
remains to prove the optimality of the time exponernt 1=2(n j 1)® related to simple resonance;
we hope to be able to achieve this by working directly on °ows, rather than on mappings like
in the proof of Theorem B. The question of knowing whether the time exponernt 1=2n® can be
optimal is more delicate.

But of coursethe most important and natural sequelto the present work, which we are
currently examining, is to try to adapt the new ideasintroducedin the caseof Gevrey systemsto
the analytic framework, in order to achieve the fastestpossibledrift for an analytic near-integrable
Hamiltonian system.

2 An example of instabilit y with estimate on the speed of
drift

In this part it will be more corveniert to work with mappings rather than with °ows (the
correspondencebetween Nekhoroshevestimates for ° ows and for mappingsin a rather general
perturbativ e framework was studied in [KP94]). Before proving Theorem B, we needto intro duce
the setting and give a re ned formulation of the result in terms of a discrete dynamical systemto
be constructed (Proposition 2.1 below). Theorem B will be proved in Section 2.4 as a corollary,
by a standard procedureof suspension,and its Addendum in Section2.5 by a slight modi cation

of the construction.

2.1 A more precise statement

2.1.1 If H is a Hamiltonian function generatinga complete vector “eld, we shall denote by ©"
the corresponding time-1 map; this is a special caseof an exact-symplectic transformation. The
mapsthat we shall considerwill be compositions of two time-1 maps of Hamiltonian functions on
A" = T°T" = T"£ R", wheren , 2 and whereA = T £ R is the annulus. These maps are still
exact-symplectic, but one cannot expect them to be time-1 maps of Hamiltonian systemson A";
however, a simple suspensionresult will prove that they are indeed time-1 maps of Hamiltonian
systemson A"*1 | beware of the shift of dimensionwith respect to Sections1 and 3.

Here we call integrablea map of the form ©" , where H dependsonly on the action variables;
in that case,©" (;r) = (u+ r H(r);r) (notice that ©" is well-de ned alsoin the casewhere H
dependsonly on the angle variables).

Our exampleof unstable map will be of the form ©“ +©"*V, whereh = %(rf + €00+ r2), and u
and v are small Gevrey functions; the unperturbed map ©" is the twist map (r) 7! (U+ r;r)
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of A". The special form of our unstable map, de ned asa composition of two time-1 maps, and
the fact that we are working in a non-quasianalytic Gevrey classwill faciliate the procedure of
suspension of Section 2.4.

2.1.2 The statement and construction below contain technical details which may obscurethe
ideas from which they originate, so we begin with a heuristic description of the system. The
main parameter will be an integer g, supposedto be large. We shall split the annulus A" and
the unperturbed map into two factors: ©" = ©2'1 £ ©z'2* %€ 31 : AL AMil1 AE ANl and
consider a g-periodic point a 2 A"i 1 on the secondfactor. We st want to de ne a \coupling
di®eomorphisni ©Ys on the product A" sud that ©“s +©" has a wandering point which drifts
along the ry-axis, and we furthermore require that ug ! Owhenqg! 1, in a suitable Gevrey
function space.

On the rst factor A, the interesting part of the dynamicswill be localized on the union C of
the circles Cy—q = f(W;r1) 2 A; r1 = k=g, k 2 Z. Each of thesecirclesis invariant under o3l
and supports a g-periodic dynamics, even if g is not the minimal period. On the secondfactor
we shall only considerthe orbit O(a) = fay); 0- k- qj 1gofa= ag under ©'z*¢¢¢ 311

The coupling di®omorphism©s will be chosenso asto satisfy the \ synchronization condi-
tions"

©"((0;r1);@) = ((0;r1+1=0);a); and ©"((M;r1);am) = ((Kir1);aw)) if k2 f1,¢6¢;q; 1g;

for all (uy;r1) 2 A. Dueto the g-periodicity of © on Cq4£ O(a), oneseeshat the point ((0; 0); a)
is wandering for ©'« +©", and satis es in particular

[©"s £©"]*9((0; 0);8) = ((0;k=0);a); k2 Z;

while the rst componerts of the other iterates move around the circles of the family C4. So ¢?
iterations of the coupled di®eomorphismoUs +©" make the point ((0;0); a) drift alongthe r-axis
over an interval of length 1. This is all we needin order to estimate our instabilit y time.

As is easily chedked, a simple way to get the syndhronization is to choose uq of the form
Ug((He;T1); X9 = 2U (k) gD (x9) for ((u;r1);x9 2 AE£ A L, where U%0) = j 1 and

d¥@=1 dgd@=0  g¥(aw)=0 df(ay)=0 1- k- qgil

(seeLemma 2.1 below). The size of the function uq is seento be of the order of kg@k=q The
main dicult y of the construction will be to ensurethe condition kg@k=q! Oasq! 1: by
compactnesshe distance betweenthe initial point a and its nearestiterate tendsto O asq! 1,
and the valuesof g(¥ on a and this iterate di®erby 1; soany Gevrey norm of (@ will tend to 1
wheng! 1. One can corvince oneselfthat the construction is not possiblewith the second
factor kept equal to ©z(r2+ 901 the periodic points are equidistributed on periodic tori, and
the distance betweentwo of them is just too short.

For this reasonwe shall add a perturbation to the initial Hamiltonian h, splitting now the
dynamics on the secondfactor A"i 1 = A£ A" 2 into two parts. The rst onewill be the time-1
map of a pendulum suitably rescaled: ©2'21 77 %51 \ith a new large parameter N ; and it will
be possibleto keepthe secondpart on A"i 2 equalto the integrable twist map ©3(r3+¢%6r]) The
main property of this systemis that, dueto the presenceof the pendulum and its separatrix, one
can nd g-periodic points a = al®, with arbitrarily large g, whosedistance to the rest of their
orbit is of the order of 1=N.

With a parameter g large enough, the G® -norms of the functions ugq and vy = | Niz COSlp
will be of the sameorder " = 1=N?2"' kg(@k=q we will have to take q = O(exp(cN 172®ni 1))
(where c dependson ® and L). This shaws the connection betweenthe instability time ¢ (for a
drift of order one) and the Gevrey size" of the perturbations ug and vy :

3 3 . -
2®(nj 1)

¢= "= O(exp 2¢ ! );
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and correspondsto our primary aim.

The hyperbolic "xed point of the pendulum in the secondfactor induceshyperbolic tori which
will enableusto construct transition chains aswell. Finally, thanks to a more global formulation
of our argumerts (the coupling lemma below) and a particular choice of the function U, we shall
be able to give a complete description of the intersection of the invariants manifolds attached to
the tori with a suitable section;this will give usthe estimateson the splitting.

Notations. When necessarywe shall split the set of variablesinto
x1= (Mira) 2 A5 X2 = (Meit2) 2 A) R = (He;iiiiphifariiiir) 2 AN 2

The reader may consider rst the casen = 2, which is simpler and of which the general caseis
an easygeneralization.

When a point or a function with seweral componerts dependson a parameter, to avoid confu-
sion we use superscripts between brackets for the parameter and subscripts for the componerts,
e.g. x@ = (x{V:x{@; 2(@),

In order to produce periodic points of the integrable twist map on the annulus, we shall simply
use inversesof prime numbers as action variables (becausewe need mutually prime numbers).
We denote by (p;);. o the sequenceof prime numbersand, for eachj , nj 1, wedene

Nj = pN? whereN?= 1ifn=2,andN°= p; (n; 3P (n; 4 00 ifn, 3. (2.1)

2.1.3 The next two sectionswill be dewted to the proof of

Prop osition 2.1 (Discrete version of the instabilit y example) Letn, 2, ®> 1,L >0
and

U() = i 2%/3"121/“1; V() = | cos2%k: (2.2)
A

There exist a sequene of functions (g0)); n; 1 in G®-(T"i 1), a sequene of real numkers
(rg ))j’ n; 1 and positive constants ¢ and & (depending only on ® and L) such that

. 1
%kg(”k@_ : N_JZ (2.3)
and, if for eachj , nj 1wedene
M; = 2[cN; 3+ ALY 4 11 g = NjM;; (2.4)
the transformation
1(e24 2 2y 1
a, = @u V9 ot I Y0 (2.5)

produces a drift fromry = Oto ry = 1in ¢ iterations for the point x() = (x(lj);x(zj);k(i)),
x = 0;0; x¥=©0;rd); 2D = (010,17 (n; 30015 1=): (2.6)

We have denoted by - the product of functions depending on separatesets of variables:

Note that the di®eomorphism? ; is of the form ©'i +©"*Vi, asannouncedat the beginning of
Section 2.1, with

kuj ke = kqiu - gWker - kvikeL = kN—12Vk®;._ = =N/ (2.7)
i
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t=a__ " . =g

(i r1) (ir2)  t=mNy (fip=p0))
m2N

Figure 1: Projections of the orbit of x(),

(with ®= kVke; = 2¥kUkg; ). Sothe size of the perturbation, i.e. the distance between? ;
and its integrable limit ©", tendsto O asj ! 1 and is easily comparedto the time of drift qz;
Theorem B will be a simple consequencef Proposition 2.1 (seeSection 2.4).

2.1.4 It will be shown in Section 2.3 how to chooseg’) and r{’. The point x() is wandering
for 2 ; and its orbit can be described completely. For instance, as for times which are multiples
of g,

o K iy o
8k2Z; 2% (x1)= ((0;5);X(21);R(1)):

More generally, if wesetr0) = (1=p;, (n; 3;:::;1=p;) and if we denoteby ¥4 ; %; Dathe projections
assaiated with the decomposition A" = A£ A £ A"i 2, we shall have for all k 2 Z
00 1.0
pyta K(x())y = (kpl): pl)y, 1y +a kx()y = _kok k_)
J L 7 ] q 1 q L

where k = k% + k®and 0 - k®. q j 1, while the xo-componert ¥, +2 ¥(x(1)) follows a
g -periodic orbit of the pendulum %r% + N—l,zV(Hz)- One can even seethe orbit slow down asr,
J

comescloserto O: this correspondsto a stronger in® uenceof the double resonancewhenr passes
closerto (0;0; r(0)) (seeFigure 1).
We mertion here that xU) is not the only drifting point that we can exhibit for the sys-

. ~(1) N
tem (2.5): replacing (- (1m 5 ;:::;%) in the de nition of *0) in (2.6) by (5 (3]” 5 ;:::;%),

where eath ‘i(j) is any integer prime to pj; (n; iy, One obtains a new point x) which is also drift-
ingfromr; =0tor; = 1in q2 iterations. This makes quite a large number of unstable orbits
if n, 3. But evenif n = 2, onecanalsomodify slightly the de nition of U and g, still preserving
the inequality (2.7), in order to make all the points x = (Xg;X2; %),
)¢ _ - N () ¢
X1 = '1—_;0; X2 = (0;r)); »= oo 2 O (2.8)

(with O - ‘(1” - pii 1and ‘g);:::;‘ﬁ” like previously) drift from r; = Oto rp = 1 (see
Remark 2.2).

2.2 Imbedding of the standard map and its drifting orbit

2.2.1 Let us rst shav whereour unstable orbits will comefrom. At the heart of our instabilit y
medhanism lies the g-parameterizedfamily of \standard maps' of the annulus, de ned for g, 1

by
. 1
Aq(beiry) = (B + Oreirai aUO(H1+ ara);
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where, in view of (2.2), Uq) = i cos2¥y. SinceUY0) = i 1, one readily computesthe orbit
of the origin:

~ k
. K-y = (O <y
8k 2 Z; A3(0;0)= (O a).
In particular, this orbit drifts from ry; = 0to r; = 1in g iterations.
But Aq is not closeto integrable, by any manner of means. Yet it will be possibleto take

advantage of the wandering point that we have for Aq: our strategy will be to embed Aq into the
q" iterate of a near-integrable mapping of A", using the fact that Aq can be written as

Rg= ©Y £F%  F = @1 (u;ry) 7! (W + ry;rs): (2.9)

2.2.2 Here comesthe only slightly technical tool of our construction, a \coupling lemma" which
is in fact a very simple lemma on local skew-products. There will remain only to imagine to what
situation we must apply it.

Lemma 2.1 Let m;m°®, 1. Supmsewe are given two maps,F : A" I A™ and G : A’
A™° and two Hamiltonian functions f : A™ I R and g: A™ 1 R which geneate complete
vector “elds and dene time-1 maps© and ©9. Suppse moreover that a 2 A" is G-periodic,
of period g, and that

9(@) = 1L, dg(a) = 0; 9(G¥(a)) = 0; dg(G*(a)) = O; 1- k- qj & (2.10)

The mappin
PP a =@ 9L(FEG): AM™ 1AM’

is well-de ned becausef - g genemtes a complete Hamiltonian vector "eld, and it satis es
8x 2 AM: ad(x;a) = (O £F9(x);a):

We have denoted by f - g the function (x;x%9 7! f(x)g(x9, and by F £ G the mapping
(%, x9 7! (F(x); G(x9).
Proof. The Hamiltonian vector "eld generatedby f - gis

—x = g(x9X; (x);
-9 CxO= (X)X g(x9:

It admits f (x) and g(x%) as rst integrals. It is complete, sinceit can be integrated by
O 9(x; x9 = (€9 (x): © ¥)9(x9); (x;x9 2 Am+m”®. (2.11)

Let x 2 A™. The points (F¥(x); GX(a))1. k. q; 1 are xed points of © - 9 becauseof (2.10
and (2.11). Thus
a¥(xia) = (FY(x):G@); 0 k- qi L

But for the g iteration, (2.10) and (2.11) yield @ 9(x; a) = © - 9(F9(x);a) = (© (F9(a));a). O
Notice that in fact, for all k 2 Z,
ak(x;a) = (F*" (0 tFH(x);GX(@);  k=k% + k% 0- k® g L

One can summarize Lemma 2.1 by saying that the submanifold A™ £ f ag is invariant under
the g -power 2 9, and that (with the natural identi cation of A™ £ f ag with A™), the restriction
of 29 to A™ £ fag coincide with © +F9,

Clearly, for our purposes,we can choosem = 1, F = ©¢' and f = LU for the Tst factor,
while the choice of the secondfactor and of the periodic point is a more delicate matter and will
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GY 1(a)

Figure 2: Orbits in the coupling lemma: starting with (x;a) 2 A™£ A™’ the gj 1 rst iterations
of 2 coincide with those of F £ G, the " iteration with that of (©f +F) £ G thanks to the
syndironization conditions (2.10).

be the aim of Section 2.3. The property ©%U(0;r1) = (O;ry + %) will ensurethe drift in the
ri-direction of the orbit of ((0;0);a) (seeFigure 2).

2.2.3 So,in our construction, the two-dimensionalannulus A £ fag will be invariant under 2 9,
and the dynamics on it will coincide with that of the standard map A, dened in (2.9).

More precisely the problem of "nding near-integrable unstable systemsis reduced to the
seard for sequenceggl’); (GU)); (al)); (g ) sud that:

i) GU): Ari 11 Ani 1 tendsto someintegrable map G; ;

i) al) 2 Ani 1js GU)-periodic, of period g ;
i) (g0);G0);al); q) satis es the synchronization conditions (2.10);
iv) gi) :Ani 11 Riso(qg) in the Gevrey category.
1 y- gl . . .
In that situation 2 j = U +©2'1£ G()) isindeedguaranteedto makex() = ((0;0):al)) 2
A £ A"i ! drift in ¢f iterations, and this number ¢ will have to be comparedwith the distance
betweena ; and its limit ©z'% £ G, .

2.3 Choice of the second factor and pro of of Prop osition 2.1
As suggestedby (2.5), we set

1.2 1
c=6eq GP=0 " ; G=obirwed) (2.12)
(with a product of successie prime numbers for N;, accordingto (2.1)). Clearly the sequence
GU) satisfy the requiremert i), and the limit ©': £ G; is exactly our initial twist map ©".

Becauseof the factor GY’, we shall need some classical results on the °ow of the pendulum,
which we now recall.

2.3.1 Some notations and results on the simple pendulum

Let 1
P(Mo; o) = Erf, i COS2Y4; (Ho;Ta) 2 A

The pendulum described by P hasa hyperbolic "xed point at (%; 0), whoseseparatricesare given
by r. = 8 2j cos'4j; all the solutions of X that avoid the separatricesare periodic, and for ead

integer M | 1 there exists a unique real number ri™) > 2 sudh that (©; rM )) is ©F -periodic of
period M. The sequence(réM))M, 1 decreasesand tends to ri*)=2asM 1 1;the tra jectory
of (0; rM )) lies on an essetial invariant circle of the pendulum.
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Lemma 2.2 Let%s= j 3+ Zarctane” For all M 2 N*[ f1 g, the solution

W ;8" (©) = ©° (016"
of Xp satises

st2 [hMi 3 % W) - 10 %

Proof. This is 3[51 elemenary property of the °ow of the pendulum: one can usethe di®erertial
equation pe = 2(E™) + 2cof Y4h), with EM) = { 1+ P(0;r™)) > 0, to compare p™ (1)
with the separatrix solution &'’ (t) = 3+ Zarctane® whent 2]j 1;3l. O

For each M, the function pf,M)

we can de ne its inverse

is analytic and increasing. Lemma 2.2 showsin particular that

S %A g (2.13)

where Iy is an interval contained in ]j %;3[if M < 1 andl; = [ 3;3]. In fact, we have the
explicit formula

N

H d
Mw= g : (2.14)
o (M2, asintys

Being an analytic function, ('}gM) belongsto eah Gevrey classG®* ([j %%), ®> 1;L > 0.

Lemma 2.3 For each®> 1 and L > 0, one can dene a nite positive numker by

D(®, L) = ) SMUpl k(;EM )k®;|_; i %%4- (215)

Proof. Choose™ > 0 and A 2 ]0; 1] such that
8u2 C; dist(w[i %¥) - ~ ) sing- A

d (M)

In view of (2.14), for such valuesof i, gr¢s ° hasamodulus - Epﬁ (becauser™)  2) and
the Caudhy inequalities yield
PSSR kb
8k 2 N, k ﬁ [é:] kCO([i 3/43/4) " ﬁpﬁ
1
The conclusionfollows easily. O

2.3.2 Choice of the periodic points al)

We now dene M; and g = NjM; according to (2.4), using ¢ = kFg, (45 120 | Ke: (4351 120
and & = o(®; L) (with the notations of Lemma A.3 and 2.3).
The transformation G(ZJ) is obtained from the ° ow of the "xed pendulum systemP by rescaling
both time and action:
Gl = si 140" +S,  where S(ke;r2) = (Maifa) = (Ho;Njro): (2.16)
There is thus a one-to-onecorrespondencebetweenthe solutions (K (t); r«(t)) of Xp and those
of X 124 1 y.
2°2 NJ
be(t) = We(t=N;);  r2(t) = g-ra(t=N;);
and if we set
. . . r M)
xP=@©rdhana =2,

N (2.17)
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N
o
N|=T

Figure 3: View of the orbit of all) in the (p;r») coordinates. The iterates inside fj %< b < ¥g

nessarily correspond to j ~4-+ - k - M. (among them, those with Njk are marked by a
cross); under the action of OS

Mj) 1.1

, We get equidistributed points inside ] 3; 3[.

we obtain a G(Zj)-periodic point, of period N; M; = g . Moreover its orbit is well-ordered on the
annulus.
As for the remaining componerts, we set

pl) = (71 ;:::;i); 20) = (0;p))y 2 AN 2 = TNi 2 RN 2
Pii (ni 3 P

Sinceits action componerts are inversesof mutually prime integers, 20) is a G-periodic point,
of period_NJ-O = Pj; (ni 3 %6¢p; . Since N divides g, the requiremert ii) is satised by GU),
a) = (x§7:20)) and g .

2.3.3 Choice of gi) and Gevrey estimates

There remains only to dene gl) soasto fulll iii), together with the re ned condition (2.3),
which in turn givesiv). The ideais that, eventaking ¢ very large aswe did by our choice of M,
we still have most of the points of O(all)) outside the region fj %< W < ¥g and these can
be handled by a compact-supported function; therefore, amongthe g points of O(al)), only a
relatively small number (- N;) will needa special treatment.

Indeed, we can provide the following description of our ¢ -periodic orbit (seealso Figure 3):

2 Section 2.3.2 shows that the pp-componert of (GU))k(al)) coincides with pﬁ”(%) for
eah k 2 Z. As a conseg\luence,if we number the iterates by indices k running be-
tween M1t and NjM; i "7 (notice that Nj is always odd) and decompse the or-
bit of al) into M; setsof N; points, Lemma 2.2 ensuresthat the only points having

possibly i, 2] %% belong to the rst of these sets| i.e. they correspnd to k 2
fi sz. 1;:::;—Niz' 1g.

2 The rst setitself can be decompsedinto p; subsetsof Nj0 points, in ead of which only
onepoint has{i= 0mod Z"i * (becauseN? divides k) whereasthe N°j 1 remaining ones

have {i= kfJ) 6 Omod Z"i ® (becauseN doesnot divide k).

We shall construct gi) as a product of factors taking care of these di®eren kinds of iterates
successiely (formula (2.18) below).

The following lemma intro duces some auxiliary functions and shows where the exponertial
estimates ultimately comefrom.
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Lemma 2.4 For p, 1, thefunction ", :T! R dened by

3 1 X 1 P
“p(W= = cos2Vap ; u2 T,
P
satis es
p(0) = 1, "0) = 0; “p(k=p) = "3(k=p) = O 1- k- pj L

For all ®> 1andL > 0,
K pke - e2®L 2vp)' 7.

Proof. The proof of the rst statemen is straightforward. As for the Gevrey norm,

Lemma A.1, we can content ourseleswith estimating the norm of the functions
1M
(M) = P cos2Ya |; u2 T;

“=0

for all p, 1. But for all k, O, k»ék) Keo(Ty < (2¥p)k, thus

X 1 o
8®, 1; 8L > 0; kypkey < kﬁ(zl/‘L®p)k < e®|_(2/4;,)1 ®:
k.o

The result, follows sincek” pke;. - kpk3, .

In view of the above description of O(ali)), we thus choosethe function

g = of)- of- eoe- gf);
with (j) o R . .
(“2) - Pj (HZ) ¢F®(43/4).1®|_(4%) for j 5 k- 35
o) = (W) for3.i-on:

using

(2.18)

Thanks t0 Fg. (43 1=, Which belongsto the class of compact-supported functions intro-
duced in Lemma A.3 (extended here by 1-periodicity), our function gii) vanishesidentically
outside fi %< [ < ¥g. lts behaviour at the points (GU))k(al)) = (uk);r(®)) satis es the
condition iii ): we have obviously gi)(al)) = 1 and dgt)(all)) = 0, and gU) and its di®erertial

vanish on the other iterates becausethis is the casefor at least one of the functions g(”

for any non-zeroindex k between; “:-t and N;M; i Y™ we have

Indeed,

2 either %- pg‘) - 1 ¥and g(') vanisheswith its di®erettial at pék) becausethis is the case

fOI‘ F®;(4:«y4)i 1:®|_,

2 orj %< p(z < ¥ and then necessarilyj N" Lok N“ L thus & M )( (k)) = k=Nj 2

li ;%[ whereasfi®) = kr0), and

{ either N; 0 doesnot divide k and at least one of the functions g(” with i , 3 vanishes

with its d|®eremlal

{ ork = kN for someinteger k° and oY) vanisheswith its di®erettial at 1) because

this is the casefor p at k=N;j = k%p.
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To end the proof of Proposition 2.1, we just needto ched the inequality (2.3). Recalling the
de nitions of c and =@ given at the beginning of Section 2.3.2 and using Lemma A.1, we get

kg ker - K p £ ke K g (0, 5 Ko G0 p, Koy

with kgéM")k@L - o, Proposition A.1 a||(|)WS us to bound k', ig,:(,Mj%:k(@;L by k' p, ke;=, and
Lemma 2.4 then yields kgU)ke, - cexp 28 + (nj 2)L)2¥%p)¥™® - M;=N;. Dividing
by g = NjM;, we obtain the desired conclusion.

Remark 2.1 In fact, it is only at the end that the advantagesof the time-1 map G(zj) of the
pendulum and of the twist map G appear simultaneously. On the one hand, the equidistribution

of the points on the orbit of al) under G allowed us for a very precise control, through the
functions gi(”; their Gevrey norm (or eventheir analytic norm, since one could set® = 1 as far

as they alone are concerned) grows expnentially with resgect to p;, but at a rate which decreases
with the dimension. On the other hand, since we needed to divide gi) by an expnentially large
factor so asto makethe perturbation O(1=NJ-2), we had to admit larger and larger periods without
changingkg( ke, , and this was the reason for using the pendulum: as M; geesto in nity, the
points di®efent from (0; r,(,”) on its orbit under ©° concentrate near the hyperbolic “xed point,

still keeping at a nite distance of (0; rd )) itself (but here we needed a function vanishing on an
interval, hence we could not a®ord for an analytic function).

Remark 2.2 Our claims of x 2.1.4 can now ke justi"ed. The reader will convince himself of the
accuracy of the description of the orbit of x) which was given there. As for the other unstable
points obtained by madifying the de nition of i) whenn | 3, this simply amountsto the fact that
the new all) still satis'es the requirement i) (becausethe correspnging 20) is still N -periodic
under G) and that g) does not depend on the action-variables, thus the requirementiii ) is still
satis ed.

In order to make all the points (2.8) drift, it sutcesto perform the following modi ¢ ations:
replac U by

UD () =

1
Zpy SIN@P )
and, since this yields an expmnentially largefunction, compensatethis by enlarging M; and thus g
according to the formula

M; = 2[eN; €2 ni DLERYW)™ 4 ). G = NjM;

(this maintains the inequality (2.7) becausekUW ke, - exp(®L (2¥p; )®)).

2.4 Suspension

We have just described, for arbitrary ® > 1 and L > 0, a discrete dynamical systemon A" which
is of the form ©Y +@"*V, for h(r) = % < r;r > and some Gevrey{®;L) functions u = u(x)
and v = v(x), wherex = (;r) 2 A" = T" £ R" (in fact, u and v do not depend on r in our
example). Our aim is now to construct a near-integrable Hamiltonian systemH on A"*! such
that ©' +©"*V coincideswith the return map of ©", relatively to a suitable 2n-dimensional
section.

We x n, 1, ®> 1, R > 1. To begin with, given the function h(r) = % < r;r > onAn
and two arbitrary functions u and v of G®L(T" £ Bg), we want to nd a non-autonomous
Hamiltonian function

H = H(x;t); ()2 A"ET;

sud that
oM = e +oMV: (2.19)
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In the left-hand side of (2.19), by ©" we mean the ° ow mapping betweent = 0 and t = 1 for
the non-autonomousHamiltonian vector eld Xy .

Moreover, we require the function H to be Gevrey{®; L) whenrestricted to T" £ BR £ T
and to tend to h (consideredas a function on A" £ T) asu;v ! 0. For technical reasons,we
shall chooselL and L, related by

i ¢
Lo= 181+ (L9 + R+ K ke, | (2.20)

where' isdened by ' (t) = §®|§T1L(t) for % -t % and extended by 1-periodicity. Here L1
L1
will be an arbitrary positive nurTnber, and we shall usethe functions u and v assaiated with the
number L de ned by (2.20).
Notice that we make useof the Gevrey{®; L,) compact-supported function Fg. , introduced
in Lemma A.3, and thus needthe hypothesis® > 1; see[Ku93] and [KP94] (or [PT97]) for a
more elaborate approad in the analytic case,which we could have tried to adapt to our case.

2.4.1 The suspension lemma

A simple way of ful'lling (2.19 is to set
H® = (h+v)- "g+u-"'nq;

where the functions ' ¢ and ' ; depend only on t, ' ¢ has compact support %2 [0; %] and total
mass1, and ' ; has compact support ¥2 [%; 1] and total mass1. For instance, one can choose
Yoty =" (ti Hyand' y(t)="(ti 2), with' asabove.

Obsenethat we have ©"° = @' +©"*V, becausethe ° ow betweent = Oand t = 5 along X
yields ©"*" and its °ow betweent = % and t = 1 yields ©'. But the limit of H* asu;v! 0
ish- ' g rather than h.

Other Hamiltonian functions statisfying (2.19 can be deducedfrom H". For instance, if
x® = F¢(x) is an exact-symplectic transformation of A" which depends periodically on t and
which reducesto identity for t = 0, the ° ows betweent = 0 and t = 1 will be the samefor X -
in coordinates x® = (u°;r”) and for the conjugate vector eld in coordinates x = (;r). If F;
admits a generating function S;(;r"), the conjugate vector eld is Xy, with

ol

Hert) = Ho5 %) %(u;r"); Fe(wr) = (W5r"):

Applying this to
Z,
'~(t) = . (" o(ty) i Ddty; Si(r?) =< wr® > +'5h(r?); Fe(r) = (u+ "=t)r h(r);r);

we obtain
oMf = e'+oh; fOGt) = o UuzF(X)+ ' 1(t) vEF{(X):

We must furthermore bound the Gevrey{®;L;) norm of f in terms of the Gevrey{(®;L)
norms of u and v. This can be done using Proposition A.1, but it is better to make use of the
peculiar form of Fy, with r h(r) = r, asindicated in Remark A.1. The inequality (A.8) is satis ed
since k~okco - 1K o lkco - 1K' okco (because’ o, 0) and k~y"*"D kco = k' {Mkeo, thus
(LY + R)k'~okeyL, i Rk'=okco - (LY + R)LSK' okeyr, + %L({)k‘ okco - L®j L% by our choice
of L. We obtain

kf k®§|-1 -k 0k®;|_1kUk®;|_ + k' 1k®;|_1ka®;|_:

Thereforef 2 G®L1(T" £ Br £ T) and, setting C = k' key ,,

kf ke.L, - C(kuke. + kvke ):
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As for lower bounds, we can simply remark that since the functions ' o and ' ; have disjoint
supports and satisfy ' o(1=4) ="' 1(3=4) = 1.

kf KoL, , max(kukco; kvkco):
We can now state our de nitiv e result, for which we prefer to introduce an autonomous
Hamiltonian systemon A"*1:

Lemma 2.5 Let®> 1;L; > 0, n, 1, R> 1. Given two functions u;v 2 G®-(T"), with L de-

“ned by (2.20), there existsf 2 G®L1(T"* £ §2{+1 ), independentof the last action variable .1 ,
suchthat if

1
H(gr) = é(rf + 000+ r2) + oy + F(r); (r)2 AL,
the di®@morphism @ +©z< > *V coincides with the Poincar§ map induced by the Hamiltonian

°ow of H on the section fp, = 0g\ H( Y (feg), for each enemy e 2 R.
Moreover, there exists a positive number C, depending only on ® and L1, suchthat

max(kukco;kvkco) - kf kg, - C(kuke, + kvKe; ):

2.4.2 Proof of Theorem B

Here we have to shift the number of degreesof freedomfrom n to nj 1 in Proposition 2.1. Let
n, 3 ®> 1 L; > 0andR > 1. Proposition 2.1, with datanj 1, ® and L dened by (2.20),
yields a di®eomorphisn? j = ©' +©"*Vi of the annulus A" 1, with a point xU) drifting between
ri=0andr; = 1in ¢ iterates. Recallthat uj = 3-U- g0 andy; = N_ljfv- By Lemma 2.5, one

can nd a function f; 2 G®L:(T" £ Bgr), independert of r, such that 2 ; is the return map of
the °ow generatedby

1
Hi(r) = SOrE+ 00ot rf ) +ra+ fi(er); (1) 2 A™

Moreover, if we dene "; = kf;j ke ,, we have
1, 0ol
j j

with C%= 2CkVke, for instance (thanks to (2.7) and becausekvj kco = ).
]

The initial condition (xU);(0;0)) 2 A"i 1 £ A givesrise to a solution (x(t); (i (t);rn (1))
of Xy, (With p(t) = t) such that, for all k 2 Z, x(k) = 2 ¥(x(1)). Let us now estimate the
instabilit y time ¢; = ¢f in terms of "} .

If n, 4, thanks to the Prime Number Theorem we can ensure that the nj 3 numbers

thus their product N;” belongsto the interval [21 ("i 3 i 3. P ’] and Nj = pj N satis es
_1_ _1_
Njniz . pJ . 2Njni2:
If n = 3, the previous inequality remainstrue. In view of (2.4), this implies in all cases
1 1
2cN{? exp(¢ N, 77) < g = NjM; < 3cNf exp(2¢ N, ?%)

with ¢ = 28(2%)'*®(a + (nj 3)L) (the numbers c and o depend only on ® and L dened
by (2.20), thus c and ¢ depend only on n; ®;L1;R). Finally, using (2.21), we get

. @ .
g exp(2¢ l£¢2(n;12)*®) . q2 . 90275 exp(4¢ COWI £¢m)
j ] j j

and Theorem B is proved.
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2.4.3 In° uence zone of some resonances

We keepin this paragraph the notation of the previous one concerningthe number of degreesof
freedom, in view of comparing more precisely the instabilit y time with what could be expected
from the Addendum to Theorem A, as announcedin x 1.3.3.

Werecall that h(r) = 2(r? + ¢6¢+ r2 ;) + ry, thus

We X n;®; R;Rp;L; and then E;$ ;m sothat the hypothesesof Theorem A are ful Tled.

a) The resonantsurface fr, = r, = Og
The number rf™) wasdened in x 2.3.1 by
Z
1 d.

g
o M2 asinPy;

= M:

It is easily cheked that, for1- M <1 ,2< rM) . 3 and

Prrcr® P Dy Prrasjr 1

Let S=fr 2 Bgjri = r, = 0g: this is the resonan surface assaiated with the standard
submodule Z? £ f0g of Z", and our unstable orbit starts in the domain of stability related to
this double resonance.One can thus take %= 3 and apply the addendumto Theorem A. This
shaws that the value 1=2(nj 2)® of the instabilit y exponert a® in Theorem B is optimal for that
kind of orbit, asannouncedin x 1.3.3.

b) The resonantsurfacesfry=ro=0and ri=M;i21g, | f3;:::;ni 19

From now on we supposen , 4 and we test the addendumto Theorem A by considering
resonanceof codimensiond< nj 2

For instance we obsene that A, = 1=g, (n; 1,y ! O0asj ! 1, henceour unstable orbit is
closeto the resonan surfaceS = fry=r,=0and r; =0; 3- i- nj 1lg. We can alsouse
the remark of x 2.1.4 and choosean arbitrary vector I 2 [0; 1["i 3: using the drifting point (2.8)

RN (N , : A L 2
with "7 = [™ pji (ni 1; iy] + 1, we notice that P LI < o

In any case,we seethat our unstable initial condition can be chosenO(1=p )-closeto any
resonart surfaceof the form

S=fri=rp,=0and ri = N;i2lg;

where|l = fij;:::;imQgis a non-empty subsetof f3;:::;nj 1g and (M,;:::; 1, ;1) is totally

1 im s
resonan. The corresponding resonart submodule is isomorphic to Z2 £ Z', its codimension d
satises1- d=nj 2j cardl - nj 3, and the distanceto the resonan surfacedist(r()(0);S)
tendsto Oasj ! 1, but this distance is of the order of 1=p, which is not O(" "), thus one
cannot apply the addendumto Theorem A and it is not surprising that the time of instabilit y qz

be much shorter than exp( const(%)%).

¢) The resonantsurfacesfr; =r,=0and r; = r\i“); i21g, | f3;:::;n§ 19

One can nally examinethe caseof variable resonart surfaces,i.e. which dependonj. Let |

Sya =fri=r=0and ri:r‘i(j);iZIg;
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where M () is the submodule of Z" generated by (1;0;0;:::;0), (0;1;0;:::;0) and the vec-
tors k) 2 Z" de ned by

kKD = (0::50,my; (ny 1y 1003505 1) i 21
(i" place)

This submodule has codimensionisd= nj 2 cardl,1- d- nj 3, and we must attach to it

three numbers ¢; ;CJ-O; cjooaccording to x 3.4.3. Computations of the samekind asin the proof of

Lemma3.16show that ¢ ' ¢ pfa! and ' pj. Sincedist(r®)(0);Sy «)) = 0, we may wish

to apply the addendumto Theorem A (with any positive %), but the involved thresholds "9’

and ") will now dependonj.

f1 6 £3;:::;n 1g,d, 2 then "% = o(";) (because"!’ is of the order of (pJ?ji 1N )29):

B

we cannot apply the addendum because’; is too large.

® (J) fi=e

j

1=
constp e

which is consistent with the obsened instability time qz, but one can ched that in that case
too"; istoo large: 0 const"j with 0< const < 1.

2.5 Relations with Arnold's mechanism

2.5.1 We comeback to the notations of Sections?2.1{2.3 concerningthe number of degreesof
freedom.

The system that we have constructed has many similarities with Arnold's example [Arn64]:
the unperturb ed system@" = ©3ri+oee ] dependsonly on the action variables;the perturbation
N—12V(u2), addedto h, still presenesthe complete integrability (in the usual senseof symplectic

geometry) and intro duces hyperbolic objects; “"nally the perturbation ©3Y" 9 preaks the com-
plete integrability and producesthe drift in action space. One can recognizethe e®ects of the
parameters" and ! in the classicalArnold's example. Arnold's idea wasto deducethe existence
of drifting points from that of a transition chain formed by heteroclinically connectedhyperbolic
tori. This led to the problem of “nding lower bounds for the homoclinic splitting of separatri-
ces, a question which cannot yet be consideredas solved for analytic systems(see[LMS99] for
instance); and even in the casewhere a transition chain is given, there remains somenon trivial
work to do in order to prove the existenceof drifting points and evaluate their speed,using either
purely dynamical or variational methods.

It turns out that these questions can be easily investigated in the caseof our example of
unstable near-integrable Gevrey maps, or at least in a slight modi cation of this example: the
drifting points we have exhibited in the previous sections shadon chains of transition tori for
which the homoclinic splitting can be exactly computed. Our systemswill in fact appear as
optimal from the point of view of Arnold's mecdhanism, since the chains we consider are formed
by maximally distant hyperbolic tori: the stable and unstable manifolds of two consecutie tori
are tangent along the heteroclinic orbits connecting them, and the intersection breaks down as
soon asthe distance betweenthem is increased.

Finally, the results of Section 2.4 allow us to recover the Hamiltonian formalism, and the
Addendum to Theorem B.

2.5.2 We could have worked directly with the previous system? ;, but in order to simplify
the computation of the heteroclinic orbits for our chains it is more corveniert to replace it
by a slightly di®eren system®;: for ead j ni 1, we modify the denition of M; and g

5
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in (2.4) by replacing = by 20 inside the exponertial, and we replacethe function g@) of (2.18
by i) = g - gJ) - ¢oe- gf’, with

.o ¢
& () = 6 () ()

where” p, and c‘,§1 ) weredened in Lemma 2.4 and formula (2.13. The requiremerts ii) and iii )
of x 2.2.3arestill satised with ai) = (x{;20)) dened in the sameway aspreviously, and like at
the end of Section2.3we obtain kgl) ke, - M;=N;, which yields (2.3), becausek +i ke -
K o, Kero -
JTherefore the conlusionsof Proposition 2.1 remain valid for the modi ed transformation
1. Frisriveceri)+ V() i

a"] _ ©q1: U g(J) i©2 rp+r; r N—IQ- H2 _ ©1 U- g(l) ©% 2o G(J) £ é (222)
As above, the ¢ -power (=})% leavesthe annulus A £ fall)g invariant and induceson it the
standard map A, ; in particular the point ((0;0);all)) drifts along the r;-axis. But now the

functions g’ and gl have new properties.

Lemma 2.6 Let w(') (0; 2=N;) be the upper point of the semratrix of the pendulum whose
time-1 map is G(’). We setasaove N’ = 1if n= 2and N°= pj; (n; 3 ¢¢¢p; if n, 3. Then

g (wd)) = 1, dg{’ (wl’) = 0, and both &, and its derivative vanish at each point (GY)¥N(wd?)
with k 6 O.

The proof is straightforward. The properties of g(') are exactly what we needin order to
describe easily the invariant manifolds of the various hyperbolic objects assaiated with the "xed
point (1=2;0) of the pendulum. We shall limit ourselvesto the upper part (r, > 0) of these
invariant manifolds.

Prop osition 2.2 (Hyp erbolic objects and invariant manifolds) Considerthe transforma-
tion #; de ned in (2.22), and let S be the surface of equation pp = 0in A".

1. The (2nj 2)-dimensional annulus A £ f(1=2;0)g £ A"i 2 is invariant under *; and
normally hyperbolic in A". For eachr? 2 R and ?® 2 R"i 2| the (nj 1)-dimensional torus
Too.p0 = Cro £ f(1=2,0)9 £ Tro, whereC o= TEfrighA and Tro = TN 2£ 09 AN 2 s
invariant and partial ly hyperbolic, with n- dimensional invariant manifolds.

0
2. The 2-dimensional annulus VU) = A £ f(1=2;0)g £ f®{)g, is invariant under a“JN" and

partial ly hyperbolic in A". Its 3-dimensional stableand unstablemanifolds W $ (V(J);‘?‘“jNJ ) admit
a 2-dimensional homcclinic annulus inside S:

B . . 0 R 0
At fwdge FROgwW* (VO =)\ wi (v = s:

. . 0
3. For eachr{ 2 R, the circle ijo) =Co £ f(1=2;0)g £ fRU)g is invariant under a“jN’ and
1

. 0
partial ly hyperbolic. Its 2-dimensional stable and unstable manifolds W § (Cr“o);""jNi ) satisfy
Coo£ fwd g D grew* (=) s; 0V (Cro) € Twd g 1RO gL Wi (G s

1 y- gl)
Proof. Let Oy, = f (1) 2 A" j %< b < 1§ %g: we obsene that ©d V-9 reducesto identit y

in Oy, becauseof the compact support function that we have usedin the de nition of g(” Thus,

in Oy, #; coincideswith the integrable map ol g G(z” £ G, which is easily seento possess
all the hyperbolic invariant sets mentioned in Proposition 2.2. Moreover, the local stable and
unstable manifolds of ead of these sets coincide for both maps.
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/]—/f / Crgl wi)
g 5
0 % I%|%* ‘o % |1 ‘11%
(Ma;r1) (Me;r2) (i p = r0))

Figure 4: Projections of parts of the stable and unstable manifolds of Cf’o)
1

Therefore, there remains only to ched the statemerts concerningthe global invariant mani-
folds of V) and Cr(JO) for each r{. They will be obtained by a variant of Lemma 2.1 in which the
1

point
wi) = w2y 2 Ag AN 2
will play the role of a periodic point of innite period for GU) = G’ £ &.
Let F = ©%'% and consideran arbitrary point X1 = (pu;r1) in A. Thanks to the formula (2.11),

. . _ 1 y- agli) .
we seethat for eath k 2 Z7, (F¥(x1); (GU))k(wl))) is a "xed point of eiV ¢ , becausegll)
and its di®eretial vanish at (GU))*(w()) (use Lemma 2.6if N divides k; if not, at least one of

the functions gi(j) with i, 3 vanisheswith its di®erenial). Hence
= w)) = (FH(a); (G wd); GX(rD))  fork, 1;

. ) N_O . N.CI
and (x;;wl)) 2 W* (GV; =) W (VU &),
As for backward iterates, sincegll) takesthe value 1 at w(i) (still with vanishing di®eretial),
1 y- gld) . 1 .
the formula (2.11) now yields ©% " ¥ (xp;wi)y = (©% Y (x1); wi)), hence

i D@ (x1): Wiy = (xq:wi));
and =1 K@ (xy);wh)) = (Fi K(xq);(G0))i k(wli))) for k , 1, therefore (@ ” (x;);w) 2
) 0 . 0
wi (=) wi (v, =) (seeFigure 4). O
2.5.3 Proposition 2.2describesin particular the intersectionsof the stable and unstable manifolds

of the one-parameterfamilly of circles Cf'o) with a suitable section, from which one easily deduces
1
the existenceof heteroclinic connections. Remark that

O (€)= Hmir) 2 A7 = 1P+ - cos2iung

As a consequencethe invariant circles C}“l) and ijo) have a heteroclinic connectionas soon as
1
jroi r9 - %; the invariants manifolds intersect transversely when jry i rgj < % and tangen-
tially in the limit casejryj r9j = % In particular, we have the

Corollary 2.1 (The transition chain) The familly (Cf:)qi )k2z is a chain in Arnold's sense:

two consecutive circles (f:’q, and f()ﬂ) = have a heteroclinic connection, which intersects S at
S _ )
at the point ((0;(k + 1)=q);w§’; ). The stable and unstable manifolds W* (Gi).;) =)

. 0
and Wi (CS:),- ;a”jN’) are tangent along that heteroclinic orbit.
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One can seethat the orbit of the wandering point x() shadaws that chain, passingalterna-
tively closeto ead of the C|rcles For k 2 Z, the iterate a”(k D4 (x)) is closeto the circle q_q ,
since this point hasr; = q,» e = 2 and ® = R0), Wh|le the remaining coordinates are |y = 5

andr; = ﬁrﬁMJ )(MTJ'); a simple computation shows indeed that

(KT B ). () 1
dist(*;" > (x ),Céij)< 3

(becauset = r J)('\’IJ ) is the minimal value of ry on atrajectory (l(t);ra(t)) of the pendulum
which is periodic of period M : integrating 4t G = Ta, f,wegetl> M;1).

The remaining points of the orbit drift along the heteroclinic connectionsbetweentwo con-
secutive circles. But the existenceof this shadowving orbit could hardly be proved by the usual
methods, sincethe intersectionsof the invariant manifolds are only tangertial.

2.5.4 The tori T,o.ag) Will give rise to the tori T,o which are mertioned in the Addendum to
Theorem B after the suspension procedure descrlbed in Section 2.4. We restricted ourseles

to u = 0 by considering the circles C“) in order to have a better control of the dynamics, but
this is sutcient for our purpose,as ShONS the following lemma:

Lemma 2.7 For eachr9 2 R,
. 0 .
we (=) = WE (Ton: ™)\ (AE AE F20)g):

Proof. Let us denote by %the third projection assaiated with the decomposition A" = A £

A £ A" 2 and by ¢ the function g(‘) ¢¢¢g,(1”. We shall use the following consequenceof
the identity (2.11): any point x of A" whose projection {x) is a critical point of § satis es

B @i %2 9(x) = D(x) (we omit most of the indicesj to simplify the notations). Therefore, for
all (x1;%2;%) 2 A",

da(G(R) = 0 ) ™ (x1ix2;R) = G(R); dO(R) =0 ) x| L(x1ix2;R) = G 1R):
In particular, we obtain:
=M (AL AL fR0)g = AL AE fri)g: (2.23)

Let us now considerthe unstable manifolds of d‘) and T, 0:p01) (the corresponding property
for the stable manifold would be proved along the samelmes) They can be de ned asthe union
of the local unstable manifolds and their positive iterates under a'j ; . But

Wioe(Troipins ™) = f (X15X2;R) 2 Og,j 11 = 195 12 = N—chosl/uz; r= g
because*; and ©3'i £ G(Z” £ & coincide when restricted to Os,, and for the samereason,
|OC(C(” a J) = f (X1;X2;8) 2 Og,jri =12 rp = Nicosl/uz 2= 20 g
Thus wlioc(cf';;wj“f) = Wino(Troar: ™))\ (AE AE £0)g), and by (2.23),

.m&>*»r4-(wmﬁwm.»\maAammw

for all k 2 N. O
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2.5.5 We can nally addressthe question of the homoclinic splitting of the invariant manifolds,
which is the only point of the Addendum to TheoremB still to be explained,in view of Lemma?2.7.
The remarkable fact is the separation of the splitting into a transversalpart, i.e. the splitting of
the two invariant manifolds W& (V1)) at ead point of their intersection along the homoclinic
annulus, and a longitudinal part, i.e. the splitting of the invariant manifolds W8 C“)) within the

homoclinic annulus. This phenomenoncorresponds to the block decomposition of the splitting
matrix mentioned in x 1.3.4and justi ed by Lemma 2.7. .
We shall beinterestedonly in the longitudinal splitting: the circlesCr({,) arethe only interesting
1

objects in the casen = 2, and evenwhenn , 3, the splitting of W8 (ijo)) embodies more re ned
1

information than that of the bigger invariant manifolds W § (Trg;p(,-)). Moreover, asfar asthe drift
along the r;-axis alone is concerned,the longitudinal splitting is the only relevant parameter,
and its determination is very simple here, since its amourts to the determination of the angle

betweenthe two circles C;o £ fwl)g£ f20)gand (©q1 Y(c, 0)) £ fwl)g£ f20)gin the homoclinic
annulus, at their intersection points.

Corollary 2.2 (The longitudinal homo clinic splitting)  For eachr?, thecircIeC“) hastwo

homaclinic orbits, which mtersect S at the points ((§ 1=4; 0);wd); 20)). The Iongltudmal splitting
angle A between W+ (Cr“o),""j J) and Wi (Cr“o),aj I) at each of these points satis es jAj = %‘
1 1

Proof. This fact is remarkably elemenary: it sutces to compute the derivativ e of the longitudinal
splitting function py 7! % cos2vyy at the intersection points! OJ

3 Stabilit y theorem for Gevrey classes in the quasiconvex
case

3.1 Gevrey averaging around a periodic torus

3.1.1 Periodic tori (i.e. totally resonan tori) of the unperturbed integrable system will play

a key role in the proof of Theorem A. To obtain stability over exponertially long times in the

neighborhood of a periodic torus of frequency-\ector ! , the only \analytic " stepis the elimination

of the non-resonan part (with respect to ! ) of the Hamiltonian up to an exponertially small

remainder. In the aforemertioned articles [L092, LN92, LNN93], the reduction to the normal

form is achieved through a large number of successie canonical changesof variables. Once this

normal form is obtained, the Hamiltonian character of the vector "eld and the quasi-corvexity of
the unperturb ed systemare usedto derive stability near the torus (seeSection 3.4); but they are
not necessaryfor the reduction to the normal form itself, which amournts in fact to a one-phase
averaging process.

As noticed in [L092], the exponertial smallnesswith respect to " of the remainder in the
normal form, obtained after a number of iterations which is of the order of a negative power of ",
should be related to the Gevrey divergenceof the formal seriesof classicalperturbation theory.
There is indeed a formal canonical change of variables which reducesthe systemto a formal
resonart normal form, without any non-resonarn remainder. But even if the data are analytic,
those power seriesof " are expectedto have zeroradius of corvergence(generically).

The Gevrey growth of the coetcients of the formal serieswas proved in a simple problem
in [Sa9]. But [RS94 givesa more systematic approad, whoseformalism we shall adapt to our
framework, and explains how to recover a normal form with exponertially small remainder from
the formal solution and thus Neishtadt's Theorem [Nei84] on the elimination of a fast phase®

3Seealso [CD93] and [Bae95] for the use of Gevrey bounds in dynamic bifurcation probelms.
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The generalization with respect to [Sa93 or [RS94 will consistin dealing with Gevrey instead
of analytic data, and also in staying in the Hamiltonian framework (the Hamiltonian theorem
proposedin [RS9€ doesnot t our purpose). This last point is a slight complication rather than
an advantage: the Hamiltonian character is not necessaryfor obtaining a resonari normal form,
but we needto verify that it can be usedto nd a symplectic normalizing transformation.

3.1.2 The data of our problem will be Gevrey-® functions and we shall begin by looking for
formal solutions: pawer seriesin a small parameter " whosecoetcients are Gevrey-® functions.
A formal seriesa= ., " & with coetcients in a normed vector spaceV is said to be Gevrey-
(®+ 1) if there exist C;M > 0 such that

8j 2 N; kaky - CMIjI®:

Not all the authors follow this corvertion for indexing formal Gevrey classes,but we adopt it
here to be consistert with Gevrey classesof functions: this way Gevrey-1 functions are analytic
whereasGevrey-1serieswould be convergert. The key point will be the arising of Gevrey{®+ 1)
formal seriesassaiated to Gevrey-® data. This jump of Gevrey index lies at the heart of our
work.

3.1.3 Changing somewhatthe setting with respect to Theorem A, we shall now state results
which apply to a Hamiltonian of the form

<l;r>+f(ur);

where! is a xed totally resonart frequency-\ector and f = "F a small Gevrey-® perturbation.
Their proof will be givenin Sections3.2and 3.3; it is only in Section 3.4 that we shall comebad
to the original setting.

We thus consider perturbations of the periodic linear °ow p.= ! on the torus T" with
frequency-vector ! 2 R" nfOg. The common period of the corresponding orbits is denoted
by T > 0, i.e. the componerts of T! are integerswithout any non-trivial common divisor. Suc
a vector ! is said to be rational of period T. This allowsusto x ~ 2 Z" such that

1
| = —
<5l > T (3.1)
and to dene an (nj 1)-dimensional torus
8o=fu2T"j < u>22g (3.2

which is transverseto the linear °ow (and ead trajectory meets 8, exactly once per period).

A function ' on T" is said to be resonant (with respect to !) if it is constart along any
trajectory of the linear °ow induced by ! , i.e. if <! ;@' >= 0. Obserw that if f is resonan,
due to the Hamiltonian form of the equationsof motion, < ! ;r > is a rst integral of the vector
“eld assaiatedto < ! ;r > +f .

The resonart part of a continuous function ' is de ned as

147
Ry' (W= T . "(u+ th)dt (3.3)

In the caseof functions of p and other variables, the de nition of the operator R, is extended
by treating theseextra variables as parameters.
We shall use the following notations for the Poissonbracket of two functions on the phase
space:
La' =fA;'g=< @A;@" > i < @A, @ >:

Prop osition 3.1 Consider the Hamiltonian systemgeneated by

He(r) =< !;r > +"F(r);
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where! is arational vector of period T, and F 2 G®"°(T" £ Bg) for some®, landLo;R > 0.
There exists a unique pair (A;B) of formal seriesin " with coetcients in C! (T" £ BR),

X X
A= AR B = B
2N i2N

suchthat
i) each coetcient A; of A is resonant,
i) each coetcient Bj of B vanisheson §o £ Bg,

iii)
exp("Lg)H- =< 1;r>+"A(r;"): (3.4)
Moreover Apg = R, F and theseformal seriesare Gevrey-(®+ 1) in " in the following sense:
their coetcients are Gevrey-®; Ly=2) and there exists a positive number ¢ degending only on ®
suchthat

8 2 N KAK, L, - cN(PLL2PTE)j1®; 8 2 N; kB Ky Lo ° CTN (L) %®TE)j1®;
' 2 ' 2

where F = kFkg,, and N = kF j R, Fkey, (thus N - 2F).

The proof of this proposition is in Section 3.2 We choseL = L=2 for simplicity, but the
coetcients of A and B are Gevrey{®; L) and admit at most Gevrey{®+ 1) growth in G®- (T" £
Bgr) for all L 2]0;Lol.

We shall also usean additional technical information:

Addendum to Prop osition 3.1 The coetcients of the formal seriesC = | < |, @B >
satisfy _
8 2 N; KCik_ L, - oN (L) 2°TE) |19,
12
where c is a positive number which dependsonly on ®.

3.1.4 Of course,in the equation (3.4), the operator exp("Lg) must be understood as the for-
mal Lie seriesasswiated to the auxiliary vector eld X., generatedby the formal Hamiltonian
function "B. With the notation of the beginning of Section 2.1, the formal symplectic transfor-
mation © &, which is the °ow at time ¢ = 1 for g—i = X.g(x;"), is of the form Id + O("), thus
the formula X i

' +OF = exp("Lg) ="' + j—ILjB‘
j.1oe

makessenseat a formal level for any function ' on the phasespace(using the Taylor formula to
expand the left-hand side). In particular,

H.-+©% =<1 :r > +UA():

Thus, Proposition 3.1 must be understood asa statemert about a\formal resonant normal form".

We may consider©'® as providing formal coordinates in which < ! ;r > is a rst integral of the
motion.

are Gevrey-® functions of u2 T" andy 2 R™ for kyk - R, the vector "eld

P+ "F(y)
"G y)

T
Yy
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can be formally conjugated to a formal resonart vector "eld, and the normal form as well as
the normalizing seriesare Gevrey{®+ 1) in ". In the casewhere! = (1;0;:::;0), i.e. whenwe
have a slow-fast system with one rapid phase, the role of the normalizing transformation is
to eliminate the rapid phase. We then recover a generalization to Gevrey classesof the results
of [Sa9] and [RS94 on the Gevrey character of the formal series.

3.1.5 The next step is the passagefrom the formal normal form to an approximate Gevrey
normal form.

Prop osition 3.2 Let! 2 R" nf0g a rational vector of period T, andf 2 G®Lo(T" £ Br) with
someR;Lg > 0. We set

":kfk®;|_o; n0— kf i R!fk®;|_o;
and consider the Hamiltonian systemgeneated by

H(wr) =< 1ir>+f(Lr):
There exists a positive number ¢ which deendsonly on ® suchthat: if +2]0;R[ and "T - ©,
where L
0

0= Ci 1L(8)m|nf "_',L(]Fng, L]_ = W’
e

i) A is resonantwith respect to !,

i) Id+2 is asympletic transformation whoseimage is contained in T" £ Bg,

ii)

Hx(ld+?) =<!;r>+A+E (3.5)
iv) the following inequalities hold:
i 2o 1=
KEKg; , - c"%xp | ® s
"T X _
kA i R f k®;L1 . C'IOT; ka (I)k®;L1 . CLb®nT:

i=1

Thus we shall have at our disposal new coordinates in which % < I';r > is exponertially
small with respect to the size of the perturbation f .

The proof of Proposition 3.2is in Section3.3. Obsernethat "°- 2" andthat in this statemert
"T should be consideredas the true small parameter rather than ".

One can also write a non-Hamiltonian version of Proposition 3.2. In the caseof a slow-fast
systemwith onerapid phase,when! = (1;0;:::;0), the statemert amounts to a generalization
of Neishtadt's Theorem [Nei84] and Ramis-Shéfke's result [RS96 to Gevrey classes:the rapid
phasecan be eliminated up to an exponertially small error.

3.2 Formal normal form associated with a periodic torus
This sectionis dewoted to the proof of Proposition 3.1. Let R;Lg;L; > Owith L; < Lg; at the
last momert we shall chooselL ; = L7° We shall usethe notations

Vo= G®Lo(T" £ BRr); Vi= G®'1(T"£ BRr); K =T"£ Bkg:

Of courseVy %2 V; 2 CY (K). We x F 2 Vg and H-(;r) =< !;r > +"F(;r). The operators
of partial di®ereniation are denotedby @,;:::; . We introduce the auxiliary number L =

" 2n

Lirlo 2Ly Lo[ and the intermediate spaceV = G®* (K).
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3.2.1 Algorithm for the formal solution
When expanding the conjugation equation (3.4), we shall meet the linear equation
A+ <1:@B >=1 (3.6)

where ' is a known function of (i r) which belongsto C! (K) and the unknown real-valued
functions A and B are required to satisfy

i) A belongsto C! (K) and is resonan with respectto !,
i) B belongsto C! (K) and vanisheson §¢ £ Br.

Lemma 3.1 The equation (3.6) admits a unique solution (A; B) which satises i) and ii). It is
given by the following formulas:

with R = R, dened by (3.3) and
z T<' >
N' (r) = (i R (Wi thir)dt (3.7)
0
where [Tis any lift of pin R". Moreover, for all k 2 N2", k&@R' ko) - k@' kcoky and

K@N' keoky - SK@( i R kcoky: K@N' keoky - Sk@' Kooy (3.8)

Proof. Since< ! ;@B > hasobviously zeroresonart part, A necessarilycoincideswith R" . Let
A="j R'. The equation (3.6) is equivalert to

i %[B(Hi thnl= A(ui thr):

The formula (3.7) is then obtained by integrating betweentg = Oandt; = T < *; f>, a value
which was chosento ensurepj t;! 2 8. The resulting formula is independert of the chosenlift
of u becauseRA = 0.

One can prove the inequalities which are indicated at the end of the statemert by selectingT
such that j < ;> j- 3; for the last one, notice that

ZT<‘;p> ZT(§1+<‘;[1>)
N' (kr) = (18 < 5 [>) C(pi thindtt <> C(Mi thr)dg
0 0

i ¢
hencejN' (r)j - 2Tj< S @> ¢ 1j j< SE> | ¢k keok). O

The following lemma cortains the rst claims of Proposition 3.1 and gives an algorithm to
“nd the formal solution (A;B). We have de ned two operators of C! (K ), R and N ; we extend
them by linearity to C* (K)[["]].

Lemma 3.2 There exists a unique pair (A;B) of formal series of C (K)[["]] satifying i), ii)
and iii) of Proposition 3.1, and it can be obtained as follows: dene a functional in C* (K)[["]]

by
8 2CY (K"l F()=exp("Ln:)F+°("Ln- )R i ")

with °(t) = b 1 ﬁtp. The sgquene of iterates (F° (0)).,n convergesformally towards a
series' 7 2 V[["]l. The solution (A;B) is given by

A=R'°% B=N'"

In particular, the ‘rst coetcients of' * and A are' ; = F and Ap = RF.
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Proof. Setting h(;r) =< ! ;r > and using the identity exp(t) = 1+ t + t°(t), we seethat the
condition iii) amourts to

Aj Lgh=exp("Lg)F + °("Lg)Lgh:
We notice that Lzh=j <! ;@B > and we introduce a new unknown formal series
= A+ <;@B >

According to Lemma 3.1 and becauseof conditions i) and i) , there is a one-to-onecorrespondence
between' and (A;B): assoon as' is known, we recover the solution by the formulas

A=R% B=N"

We are thus left with the equation' = F (' ). The relation
F( +0(") = F()+o(™); "2 CH (KM 2 N
(which stemsfrom the fact that 8p, 1, (L% . coriyi Ly )A = 0O(")) implies the formal corver-

genceof the sequenceof iterates (F ° (0))., y towards a unique xed point ' ° for F in C* (K)[["]].
It liesin V[["]], sinceeadt of its coet cients is obtained from F 2 V, by a “nite number of op-
erations involving R, N and di®erertiation. The rst coet cient is already visible on F(0) = F.
O

3.2.2 Notations for Gevrey majorant series

Wefollow closely[RS96, but working in Gevrey classesequiressomeadaptations (seealso[Wa0().

Beside the operators R and N, which must be consideredas bounded operators, the func-
tional F of Lemma 3.2 involves the unbounded operator "Ly . The Gevrey growth of the
coet cients of the formal solution will eventually stem from theserepeated di®erertiations.

In order to deal with that phenomenon,a conveniert way of taking advantage of the \ gener-
alized Cauchy inequalities" of Lemma A.2 isto de ne, for eadh j 2 N,

, X sjkiep jkj®
K Koy = sup f(1i 3)® kesg= sup f(1j 3)® W"@' Kok d
$2]0;1] $2]0;1[ K2 N2n :

and Eg,; (K)=f' 2C! (K)jK kerj < 1 g This is an increasingsequenceof spacessince

K ke = K koo, K ke, 00, K Kej

Moreover, since &+ 210; 1],
K kop, - (Li £)OK keyj ; (3.9)
thus
Vo= G®Lo(K) %Egyj (K) % Vy= G®H1(K);  j2N:

We now cometo the main tool of our analysis of Gevrey formal series,an adaptation of a
lemma which is due to Nagumo and Malgrange (seethe referencesin [RS94).

Lemma 3.3 Ifj 2 Nand' 2 Eg,; (K), all rst-or der partial derivativesof' belongto Ee,; +1 (K)

and
Xn
I(@i' k®;|-;] +1 - _(J + :I.)®kI k®;L;j ;
i=1
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Proof. Let 3 2]0;1[. For all 3°2 J3; 1], Lemma A.2 yields

X" o 1
k@iI k®;3|_ . I_l wkl k®;30|_:
i=1
We conclude by choosing3°2 J3; 1[ in such a way that
1 ~e(j+1)

(GO *)(@i *Y (@i 3y

(onecantake3%= 3 + = if j = 0,and3%= 3 + firif j , 1). O

We are now in a position to introduce \Gevrey majorant series:

— P P .
Deniton 3.1 If' =  "'; 2V["]land™ = »"1; 2 R[[»]], we say that " is an (®;L)-
Gevrey majorant seriesfor ' , and we usethe notation ' ¢ @1 ", if

(8 2N) ' 2EgLj (K) and K jkerj - j!1®%:

Remark. Notice that, if moreover " is a corvergert power series,with say *; - CMI, then' is
a Gevrey{®+ 1) seriesin V1[["]]: in such a casethe inequality (3.9) implies indeed

(8 2N) K jker, - CMI(1j )1 191
Lemma 3.4 Let = 'L2¢®,
I el T A ¢ el Aand,; 1 2R, then,' +1A ¢ g j,i'1+j1jAand'A ¢ oL n A
i) If ' ¢eL T thenR' ¢ou "andN' ¢ gL 37
iy If' ¢eL *"@" ¢eL » foralli=1:::;2n.

" . P
iv) If @A ¢ oL Aforalli=1:::; N k@, akey - Bo,

I
P
N
>
Q
>
o
=
o))
N
<
(%))
QD
=,
@
(0]
w

V) If @A ¢ e Aforalli=1:::;2nand’ ¢ gL T,
FA™ g ¢ oL AL
Proof. i) Using Lemma A.1 and the de nition of k:ke:.j , we get

k' lejzk®;|—Jj 1+j2 " k' Jlk®;|-;j 1kAizk®:L;j 2" 1+ j2)!®lli1'&

o
i) Use(3.9).
iii) Lemma 3.3vyields, for eah j , 1,
Xn
K@ 'j;i ikej = !®'1ji 1- (3.10)
i=1
iv) We obsene that
- X . X R
kaJ : agk®;L;j ' k@H n Aj @i ak®;L;j + k@i Aj @i+ n ak®;L;j
i=1 * i=1
max k@, A ke k@ ake - |!I°A&o:
<0 2n

i=1
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v) Similarly,

3 . Xn
KEA " o1 10Ke 1+, - Jmax. k@ A ke K@," j.i 1kew; ,
i=1

and we can use(3.10: KfA, ;" j,; 10Kei ,+j, = (1 + [2)I%A,1,. O

3.2.3 Gevrey character of the formal solution
We have obtained ' * of Lemma 3.2 as the unique formal solution of the equation
TEF() = exp("Ly)F + (L) (RO
Since' § = F, we can introduce a new unknown formal seriesA® de ned by
"U = F o+ AT (3.11)

The corresponding equation for A® is A® = G(A®), where the functional G of V4[["']] is easily
deducedfrom F. With the notation G = N F , the result of the computation is

G(A) X P L x(F ! (RF | F)) X e L s(RAG A)
= — oy i (F + —— i + S - ; :
p’o(p_'_ 1)! G+"NA p+2 I p’o(p_'_z)! G+"NA I

We have again the property G(A + O("1)) = G(A) + O("I*1) which ensuresthat

A" = Jim G (0) 2 V4[["]: (3.12)

Let B = kFkgy,, N = kF j RFke,,, and
Fo=€ O 1) ®F; No=¢ ®te i 1) ®N: (3.13)
Using Lemma A.2, we seethat

Xn Xn
k@ FkeL - Fo; k@ (RF i F)ker - Np: (3.14)

i=1 i=1
Lemma 3.5 If a2 Vy and A; A2 Vy[["]] with

- . . X"
Aol A AéeoL A kK@, akeL - &o;
i=1
the following inequalities hold for all p2 N:
LA ¢ oL (BT)P (No+ »A)PH (T)Pag;

nwp+l LpG++1"N AA & @L (%—)pﬂ (l\]lo + »A)p+1 (—»)p+1 A:
Proof. We rst obsene, thanks to (3.8) and (3.14), that
k@, Gkex - & No; i=1::02n

Equivalenlty, we cantreat @, G as a formal seriesV;[["]] which is reducedto its rst coetcient
and write @, G ¢ e.L %_ﬁo. We now prove the lemma by induction on p. Lemma 3.4 implies
that

@ (G+"NA) ¢ o T (No+ »A); i= 12
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We thus obtain for p= 0, by Lemma 3.4 iv) and v):
Losnia=fG+ "NAjag ¢ e+ (No+ »A)ay;

"Lornah= 16+ "NAAg ¢ sy 5 (No+ »A) A

Assumingthat the desiredinequalities hold at rank p, 0, we concludeby applying Lemma 3.4v)
to

np+l L?3++2"N,7.\a: fG+ "N A;u(an?;l"NAa)g;

+

np+2 Lg++2"N /f\A = fG+ "N A; ..(..p+1 Lg++1"N AA)g:

0

Lemma 3.6 The formal series A® dened by (3.11) admits an (®;L)-Gevrey majorant series

a 2N _
A® ¢ L TOM (% %Fo»);

i £ _,C
whee M ()= 221 1] 68 + (1] 6%)2; 322 211,

Proof. SupposeA 2 Vi[[']], A ¢ e A. Becauseof Lemma 3.4 and of the inequality (3.14), for
eah p2 N the function a= F + pJ%Z(RF i F) and the formal seriesA= RA A satisfy

n
A ¢ ®L ZA; k@i ak®;|_ . 2_#'0:
i=1

Thus we can apply the previouslemma and obtain an\ (®; L)-Gevrey majorant functional” for G

X
A é ®L A ) G(A) é ®L (%_Z)D‘Ll (|\]lo + >>A)p+l »P(zrl‘o + »A)Z
p. 0

Using again N - 2F,, we enlargeslightly this majorant and de ne

é(,&) = T 2[\110[%0 + 4|%O»A+ »ZAZ_

2 15 T72»(2Fg+ »A)

The unique xed point A% of G in R[[>]] is the limit of the sequenceof iterates (&' (0)); it is
thus an (®; L)-Gevrey majorant seriesfor A®. It can be computed exactly; enlarging slightly its
coexcients, we obtain the desiredresult. O

The last lemma allows us to conlude the proof of Proposition 3.1 and of the addendum. We
haveindeed' " = F + "A" and" ¢ @ », thus

A=R' % ¢ oL F+2NoM (LT7%F»); B=N""¢ e TN+ TNoM (T7%Fo»);

and C = R'"®j '® ¢aL N+ 4NoM (5 2Fo»). With our choice of L :PLTO, the implied
numbers are ~ = (%)°L®, Fo = (2)®F and No = (2)®N. Writing M (3) = | ;M ;3] with
0- Mj - c'l for somec; > 0, we concludelike in the remark following De nition 3.1

3.3 Normal form with exponentially small non-resonant remainder

We shall prove Proposition 3.2 by applying Proposition 3.1 with F = W and using some
-0
\Gevrey techniques' which we now explain.
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3.3.1 Gevrey- (®+ 1) asymptotic expansions

a) Werefer e.g.to [Bal94] and [RS9] for a more usual framework (seealso[Mal95], [Ra80, Ra84,
Ra93, [To9(). We have adapted the de nitions to the caseof real-valued Gevrey-® functions,
with sometechnicalities to deal more easily with nonlinear problems.

Let "o > OandV aBanadc algebrawhosenorm we denoteby k: k. We shall considerfunctions
dened in ]0;"o] with valuesin V; the role of V will be played later by G®- (T" £ Br) for some
L;R> 0.

De nition 3.2 A function ' :]0;"0] bV is said to admit a Gevrey{®+ 1) asymptotic expan-

sion if there exist C;Mg > 0 and '~= i, O"i' i 2 V[[']] suchthat

4 M1 .,
8" 2]0;"o]; 8j 2 N;  "ilk' (") "ok CM(')J®j 1®:
p=0
In such a situation we usethe notation
. X1
OO E R O HE A O LGN O TR N
p=0
The relation %' (") = ' + "%.1"' (") implies
Elmw () j2N: (3.15)
In particular the asymptotic expansion'~ is uniquely determined by ' ; we shall denote it by
'~=J"'. It is necessarilya Gevrey{®+ 1) formal seriesin V[[']]: k' jk - CMg! I®1® for all
j 2 N.

j®
Thus the supremum of the numbers '\J"% SUp- 2107 K%' (MK is “nite. But, evenif it means
replacing Mo by a slightly larger number M , we prefer to usea seriesrather than a suprenmum.

Denition 3.3 Let M > 0. A function ' : ]0; 0ﬂ>' V is said to admit a Gevrey{® + 1)
asymptotic expansionof type M if there exists'~= i o "t 2 V[[']] suchthat
X Mmie
K kem v = —%~ sup k%' (k<1
i o 1T 2100

with the samenotations as alove. The space of suchfunctions is denoted by Ae.m ([0; "o]; V) (and
the space of all functions from ]0; "] to V which admit a Gevrey-(®+ 1) asymptotic expansion is
nothing but the union over all positive numbers M of the spaces Ag:m ([0; "o]; V))-

Lemma 3.7 The function k:ke:m v is @ norm which endowsAe.m ([0; "0]; V) with a structure
of Banach algeba. In particular, if '; A2 Agm ([0;"0];V), I ( A)=J (" )J (A) and

klA k®’|\/| Vo k' k®’|\/| vV kAk@vM vV .
Proof. I§{Velet the readgrdqed< that Ae:m ([0; "o]; V) isaBanad space.Let ' A2 Aawm ([0;"0]; V),

J' = "' JA=" "A. Let"2]0;"g] andj 2 N. Using the identity
M1 )
()= P ()
p=0

and then the analogousidentities for A with p°< j | p, we compute
B M Liigil . M1 B ‘ B
(MA() = PP bR+ e pAC) + (% ()AC):
p=0 p°=0 p=0
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~ ~ o P - -
ThusJ (" A)=J (" )J (A) and % (' A) = ’p‘zol‘ p % pA+ (%' )(%A), henceby virtue of (3.15:

- X -
sup k% (‘A )k - sup k%' k sup k¥%,; pAk: (3.16)
10:"0] p=0 10:"o] 10;"0]
The inequality for the product follows then easily. ]

Obsenethat, if ' 2 Agm ([0;"0]; V), K" kem v © ("o + M®K kem:v (asa consequencef
the previous computations, or directly because% ("' ) = %, (" ) forj , 1).

Lemma 3.8 Supmse0< M;< M and' 2 Aewm ([0;"0]; V).
30=0 ) 8200 K (k- K ke (Li )T expli @Myt =0):
Thus the functions in the kernel of the operator J are expnentially small with respect to ".
Proof. AssumeJ' = Oandlet" 2]0;"q]. Forallj , O,
(k= K (ke MUK Koy
Raising theseexpressionsat the power 1=®, multiplying by the appropriate factor and taking the

sum over j, we obtain:

K (" k1=® M " 1=®\ — X Miikj/' " k1=® .k 1=® 1 Mi1yi 1.
( ) exp( 1 ) - J | ? ( ) k®;M RY ( | M ) ’
ji,o 7

which yields the desiredinequality. U

b) It canbe shown that the kernelof J is non-trivial if V 6 f0g. We shall now exhibit an inverse
to the right for this operator by meansof the formal Borel transform and of an incomplete Laplace
transform.

—_ P .
De nition 3.4 LetMg > 0. A formal series'~= i 0 "It in V[']] is said to be Gevrey{®+ 1)
of type My, and we write '~2 V[[']le:m, in that case, if

k'~k X Mé@ k' ik
Kent -y = —— 0 Kk .k<1:
MV T G e
The V -valuad function
A(3) X 3(j+1) ®i 1

iyl
| o i(T+ 1@
is then continuous in [0; Mg]: it is the formal Borel transform of
of '~ by the incomplete Laplae integral

~, we de ne the truncated sum

Z Mo wi 1=6
Tow, ()= "1 AR)e T
0

Notice that 3A(3) is a holomorphic function of » = 3® in the disk fj» < M &g, which is
cortinuousin its closure,and k3 A(S)k - K~ke:m,:v . Besides,"Te:m, ~(") is an ertire function
of "i 7@,

As an example, the last part of Proposition 3.1 and its addendumcan be rephrasedasfollows:

L — .
A% = AR_F B and C belongto V[['Jlem, with V = G®2 (T" £ Bgr) as soon as M ®
2¢2L} % TF, and

B

4, oy 2 : 2 .
mM()@I\II, kBk®;Mo;V . ETNI, ka®;Mo;V . m[\]] (317)

(Indeed, one can use HAlder's inequality to ched that j(( j + 1)®)=j!®, ( ®).)

kAq(®;M oV
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Lemma 3.9 Supmse0< ®M < Mg and ~2 V[["llem,- Then Tem, ~2 Aem (R*;V) and
I Tamo ~= "~ KTam, *Kemv - -[Li (F0)°1 KKemow

where - is a positive number which dependsonly on ®.

Proof. Let' = Tem, '~ "> 0,z= "1 ¥® Forj 2 N, we set
K1 3Z w, X 1
W' (") =" J'(- OF np p) = " (+1) A(s)ei 2B np+ls o
p=0 0 p=0
Using the identity "PL = & S0 01t s g it
sing the identity = o WP ¢ , We can write
% o (p+1) ®; 1 ‘p M2 (p+1) ®; 1 ‘p
njHlag " = 3(p+ i e 2 g8 i 3(p+1) ®j i 2% 43
f o oo i((p+ D® o 0 i((p+ D®
N121 (p+1) ®; 1 ‘p ZMO (p+1) ®; 1 b
= | ( 3(p+ i ei z3 3)- + 3(p+ i - ei z3 d3:
=0 Mo i(p+ 1)® o b= | i((p+ 1)®)

We obsene that in the integrals of last line, either Mg' 3 | landp < j, or Mg’ 3 . 1 and
p, j:inall casegMoi 13)(P*D @ 1. (M4i 13)(+1) ®i 1 therefore3(P+D) ®i 1. 3(i+1) ®i 1y eI 1®

and 3Z 4 73
nj+l kl/jz' ("Mk - 3(+1) ® 14 2° 43 M0p®i i®
0

p=0

K pk .
i((p+ 1®)

Hence :
8j 2 N; 8" >0; k¥%' (k- i((j+ 1)®Mo ®K~kamyy :

Using the Stirling formula we now choose- = - (®) > 0 suc that
8 2N; i((j+ e -Fj!
and the conclusionfollows easily. O

c) Our strategy to prove Proposition 3.2will beto apply the operator Te:.m, to the formal seriesA
and B of Proposition 3.1with V = G®L0=2(T"£ Bg) and awell-chosennumber Mo > 0. Denoting
their truncated sumsA and B, we shall then prove that the °ow at time ¢ = 1 for X.g, which is a
symplectic map ©, satises J (H- +©) =< ! ;r > +"A and concludethat H- +©; <! ;r > "A
is exponertially small.

3.3.2 Gevrey- (®+ 1) asymptotics for comp osition of functions and for °ows

In the sequelwe suppose
0< R; < R; K1:Tn£§Rll/2K:Tn£§R;

0< 4@2n)*FLi<L; V=G (K)®%nV,=G®1(K,)

and we deal with functions of " which take their valuesin V or V;. Let "{;M > 0. When
considering a member ' of a spacelike Ag.m ([0;"1]; V), we shall sometimesuse the notation
"w(x) or' (x;") for the value at x of the function ' (").

a) We needto inquire about the composition of functions which admit Gevrey{®+ 1) asymptotic
expansionsof type M . All subsequeh composition products must be understood at “xed ", with
respect to the variable x.
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Lemma 3.10 (Comp osition of asymptotics) LetY 2 Aguw ([0;"1]; V) and?® = (7 ;15;:::52 2n]) 2
Aom ([0;"1]; V). If

®

. ®
2®(2n)®i 1!

L7 9
thenY £(Id+"8) 2 Agm ([0;"1]; V1), J (Y £(Id+"8) =JY £(ld+"J ¥ and
i ¢
KY £(1d +"2) Kem vy - KY Ko ov €xXp (29) (k2 ke vy + 666+ K2 poniKemt ;)
Proof. To shorten the notations, we de ne for ea j 2 N a function %, on Aegm ([0;"1]; V) by

Yo ()= sup k%' (ke :
"2]0;"1]

2 (0 oo o) - B 0% heeed (o) (3.18)

od i dis2N
jotip+eeejs=]

We thus supposethat we are givenY 2 Agwm ([0;"1];V) and 2 2 Ag ([0;"1]; V2"), and we
study X = Y x(Id +"¥) . By Taylor formula, for all " 2]0;";] andj 2 N,

X N . .
X = (@Y-)2 . + TH(") (3.19)
2Nz i

with 4 .
X LI L
%(") = 5 (@Y-)x(Id+"t2+)j (L t)i tdt a.: (3.20)
2N
The assumption on "1k? [ijke;v ;v, allows us to apply Corollary A.1 with L=2 in place of L;
we get
X 1 . \dl .
8"2 [0;"1]; k% (ke - K@Yk VB, (P )"
2N =) =1

We now seefrom (3.19) that X admits J Y +(Id +"J ¥ asasymptotic expansionand that
X1
Y% (X+) = \_Il/?(--J @Y-)2 )+ %("):
Pl

For® "xed sudthat jj - ji 1, wehave% (" 1(@Y-)2.) = %, ((@Y-)2 .); the inequality (3.18)
thus yields

o . X o
B, @y) ) V2oL, (@QY) 1/?Ai_ RGN ¢¢¢1/?Ai LGN 1))
jotiitecej; =i j =1
with the notations Ao =0and =y + ¢¢+ S forl- i- 2n. Using the inequality L - L=2,
we end up with
X 1 R 4
YL, (X) - T @Y) B Coa) ®F G (321)
N ’ i=1 P :

jotji+Ceej;=jij ]
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Applying Lemma A.2 to the functions %,Y (") 2 G®L (K ), we obtain the inequalities
. 1 .
8 2 N> ﬁ(%)J ]®1/?0;L?(@Y) - Y (Y):
We can now obtain a corvergert sum over j from the inequalities (3.21):

X X Mi® A
KX KoM v, - J'7|®‘|1/lgo:%(@Y)
“2N2n ogarnip 2N i=1

B i Coon) ©OF 0 G

wherej = jo+ ji+ ¢0C+ j;; + jj. Indeed, sincej!, “ljolj1!¢ed;;, we have

X X MUotid® .Y .
%,.(@QY) K kg v,

X Ko v, Jolo 1
“2N2n jo2N T i=1
X Mio® X 1 .4 .
J l® i .
jo!® 1/?‘);" (Y) ‘_|(¥) K fi1Kem vy s
onN 0: ~2 N2n . i=1

i ¢
and the last expressionis bounded by KY ke:m v exp| (%)(@(ka ke v, + 608 K2 on1Kem v, ) -

b) Sincewe have usedthe Lie method to produce a formal mapping in Proposition 3.1, we also
needto study the °ow of a vector "eld whose componerts admit Gevrey{® + 1) asymptotic
expansionsof type M .

Lemma 3.11 (Asymptotics of ®ows) LetY = (Y5;:::; Yen)) 2 Aem ([0;"1]; V2") and con-
sider the vector “eld g—i = "Y+(x) for each” 2 [0;"1]. Let C - minf RiRs; %(2®(2Ln@;®i ri LYo
If

[ e ¢
KYjitkem:v - Cexpi (34)°C (3.22)
1-i- 2n
and
X i oM \® ¢.
max k@izY[i1]k®;M Vot exp i (T) C; (323)

1-iz2- 2n

S M ®)
1. ip- 2n 2("1+ M)

the °ow at time ¢ = 1 of "Y- is a well de ned mapping of the form Id +"2 ., with 2 2
Aem ([0;"1]; V2"). Moreover Id +"J 3( x;") coincides with the ° ow at time 1 of the formal vector
eld & ="JY(x;"), and

K& kem v, + 00C+ k? ppikem v, - Co
Proof. Let us considerA = Agu ([0;"1]; V2") asa Banadch spacefor the norm
k& k= k2 (ykem v, + 0CC+ K2 oniKem vy s &= (@pupeiin®en) 2A:
If 2 2 A with k® k- C, using (3.22 we can apply Lemma 3.10and de ne a functional G:
G® =Yzx(ld+"® 2A; kG® k- C:

If moreover2 ©2 A with k& %eu v, - C, wegetkGE 9 G®) k- 3ka 0 2 k by virtue of (3.23
and of the identit y
z 1
G i G® =< @Y £(ld+"[(1i )2 + 2 Pdt;"(@ % ?) >
0
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We now considerthe Banach spaceC°([0; 1]; A) of all cortinuous A-valued functions of ¢, 2
[0; 1], equippedwith the norm of the supremum over [0; 1]. The ° ow of the vector "eld g_)é = "Yu(X)
can be written Id+"2 ..., where? isa xed point for the functional
Z

<
(F®) »e=  G(w;,)da if kK Keogopa) - C:
0

The theorem of cortractions applies and we nd 2 asthe limit of the iterates F°(0), whereas
J 2 isthe limit of J (F°(0)) and thus satis es the equation correspondingto J Y. The 2 of the
lemma is obtained by restriction to ¢ = 1. OJ

¢) In fact, the previous lemma will be used only in the special casewhere Y is the vector
“eld generatedby a Hamiltonian function of the form Te.m,B, according to the notation of
De nition 3.4. We shall usethe samenumber - asin Lemma 3.9.

Lemma 3.12 (Special case) SupmpseMg > &M and B 2 V[[']lem,.- Let B = Tem,B and
consider the Hamiltonian vector “eld g—i = "Xg.(x) for each" 2 [0;"]. Let

¢ - minfRji Ry grgyorr i LG

1 i ¢ ® .
KBKaniov (L (SM)® exp'i (2)7¢ M2 "minf (5)%¢; 3(5) @+ M)ty (3.24)

the °ow at time ¢ = 1 of "Xp. is a well de ned symplectic mapping of the form Id +"2 ., with
2 2 Agm ([0;"1]; V2"). Moreover Id +"J 3( x;") coincides with exp("Lg. ), and

k* kem v, + 08¢+ K2 pnikem v, o
Proof. The conclusionwill follow from the possibility of applying the previous lemma with X g
in placeof Y and L=2 in placeof L. We just to needto ched that

i e ¢
K@ Bkaw vo - Cexpi (M)°C
1-i-2n

X VI IR
max k@, @, Bkem o - expi (°C) C;

i 1- i+ 2n
1-i1- 2n

whereV%= G®=2(K) and C = ¢ ="'.
But LemmaA.2 showsthat @ B 2 VI["llem, for eath m 2 N2" and that

1
2("1+ M®)

jmj®

1
—w(z) k@ Bkem o kBKew gy :

m2N2n
Applying Lemma 3.9, we get @' B = Tem,(@'B) 2 Agm (R*; V9 for eah m 2 N?" and

jmj®

1 ®..
—e(8) k@ Bkem o+ < [Li ()T KBKem g :

m2Nz2n

Extracting the terms which correspond to jmj = 1 or jmj = 2 and using (3.24), we obtain the
desiredinequalities. OJ
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3.3.3 Gevrey- (®+ 1) normal form

We now prove Proposition 3.2. Let us supposethat its hypothesesare ful Tled. We usethe same
notations asin the statemert, exceptthat we de ne

"0= kf k®;|_0; F = "if,
0

and we consider” as a free parameter in ]0;"¢]: the chain of reasoningwhich follows will deal
with the Hamiltonian function

He(ur) =< !;r>+"F(gr);

andthe identity " = "o will berestoredat the endonly. Thus,kFke,, = 1andkF j R, Fke;, =
"0 where"0= kf | R fKay .

Wedene L = L2, L; = —Lo,and¢ = minf £L$g. Obsenethat 4(2n) & L; < L < Lo.
16(2n) —®
We shall usethe notations

0<R;=Rj < R; K1:Tn£§R11/2K:Tn£§R;

and
Vo= GBLo(K) %6V = GBLH(K) 12V = GBL1(Ky):

a) Wedene an (nj 1)-dimensionaltorus 8§y assaiated to ! asin (3.1) and (3.2), and apply
Proposition 3.1to F. We obtain a formal resonan seriesA, and a formal seriesB" vanishing
on §¢ £ Bg, sud that the formal °ow Id +"& at time ¢ = 1 of X. 5 satis es

H-t(ld+"&) =< 1;r > +"A:

Of course all these objects are formal serieswith respect to ". Setting C = | < !, @B >,
Proposition 3.1 and its addendum provide also a positive number ¢, depending only on ® and
such that

AO= BRE B C2V[['llomo:  M§® = calh®®T;

and "0 "o )

kAq(@;MO;V . CaM(%@i; kBk@;MO;V . CaTZ,—,O CaT; ka®JM0§V . Caii
b) In order to apply Lemma 3.9, wedene M > 0 by
Mi®=clh®i T

with ¢, = ¢, maxf @; 4% e- g (where - is the positive number which appearsin the statemert
of Lemma 3.9; one can chek that ®M - M=16 becauseL§¢ i 1 = 16®). This way we de ne
functions of (i;r;") which belongto Agm (R ;V),

A= Tom,A% B= Tem,B; C= Tem,C;
and which satisfy
) uQ nQ nQ 16
KAkemv - GM§ %o KBRam v - QT 5y kQkem v - G 6= g G
0

As functions of i, the “rst oneis resonan and the secondone vanisheson §,. Notice that the
numbers ¢, and ¢ depend only on ®.

c) The number ¢, was chosen sutciently large to ensurethe ful' Timent of the hypothesesof
Lemma 3.12 with
"= M®= (qLh®¢itT)i L
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The °ow ©' B at time ¢ = 1 of X-g. is thus a symplectic transformation of the form Id +"2 .,
with 2 2 A®;M ([O;"l];Vf”), Ja =& and
k2 @ k®;M v, T ¢ee+ k2 (2n)k®;M Vot g = CbL(i)®T:
1

d) Let h(r) =< !';r > and A-(i;r) = R, F(r) + "A%(;r). We now compare the conjugate
Hamiltonian H- +©" 8" and the resonart Hamiltonian h + "A.:

i ; ¢ . i . ¢
E = %'H.¢© B'i (h+"A.) = C+(Fi RiF)z© % "A?;, C= %'(h+"R! F)+©'®; (h+"R, F) :
Since"G = j < !,;"@B- > is precisely the derivative of h along the vector eld X-g., we can
write 7
1

C'= (C+"D)x© B dg; D- = fB;R, Fg:
0

According to Lemma 3.10, we have

"0
E2 Agm ([0;"1]:V1); JE=0; KEkem v, - Cdi;

with ¢4 depending only on ® (indeed, we can apply Lemma 3.10to (F j R, F) £(ld +"2 .), but
alsoto (G + "D-) +©¢'® = (G + "D+) +(Id +"2 ,.+) using the proof of Lemma 3.11to bound
k® Kcogo;11:a))-

We are in a position to apply Lemma 3.8 with M; = M=2= %"}:®: for each " 2 [0;"4],

® _
kEkey, - 2° exp(j 5("1:")1_®)kEk®;M Vit

The choice of ¢ = ¢(®) is now easyand we concludeby setting " = " (obsene that we needto
bound "(T in order to ensure"y - "1) and by renaming "A;"E;"2 asA;E;2 respectively.

3.4 Pro of of Theorem A

We now explain how to deduceour Gevrey version of the NekhoroshevTheorem from Proposi-
tion 3.2 by adapting the method presened in [Lo92], [LN92] and [LNN93]. The periodic orbit
method consistsin ~nding, closeto a given initial condition (ug;ro), a periodic torus T" £ fr°g
of the unperturb ed system, and to usethe previous work in conjunction with quasi-corvexity to
show stability over exponertially long time intervals for all solutions starting near this torus.

Forany r 2 R" and R > 0 we will usethe notation B(r;R) for the closedball of certer r and
radius R. Weshall treat all at oncethe global result and the local results assaiated with resonart
surfacesSy , using the simple obsenation that St = Br, with the notations of Section 1.2

From now on we X a function h satisfying the hypothesesof Theorem A: h 2 G® (BR),
khke, - E andwearegiven$ ;m > 0 sud that the inequalities (1.3) hold, i.e. h is quasi-corvex.
Wealso X Ro 2]0;R[ and dene R® = R*Ro,

We considern ; 1and R;Rg;L; E;$;m > 0 asdata, with respect to which the dependence
of all subsequeh constarts will be made explicit (but we do not try to track the dependencewith
respect to ®).

3.4.1 Normal form for the original Hamiltonian

We ‘rst rephraseProposition 3.2 in the original setting. If ! 2 R", we still denoteby R, g the
resonart part of a contin uous function g with respectto ! asdened by (3.3).

43



Lemma 3.13 Supmse that we are given r® 2 BRr- with r h(r®) rational of period T, and a
Hamiltonian function H 2 G®- (T" £ BR) satisfying

kH | hkey - °1%E;

for some® > 0and?! 2]0;1]. Let R > Osuchthat > R- Rj R".
There exists a positive number ¢, which dependsonly on ®, suchthat, if

£ i o, 0B .
1T. 9. where ©= cELI ®°+ (1+ 10RLI ®)?2 ' "minfR: (2n)Y ®L®g; (3.25)

i) Id+2 is a symplectic transformation whoseimage is contained in T" £ B(r®; 5! R),
i) Hx(ld+% = h+ g,

20
iii) kgkC°(T“£§(r°;41R))' CL2°E,

3 o ]_:®¢

. R i .
k@ (gi Ry h(f“)g)kCO(Tngﬁ(rﬂ;m - c2n)® 1 2°ELi ® exp | ® - :
i=1

X a0 il
K2 Vkeomegemry © o K
i=n+l
Proof. Let ! =r h(r°) andf = H j h. We shall usethe rescaledvariable ~= ’—'1# instead of r.

We thus deal with the new Hamiltonian function

H(ke = %H(wr°+1ra= %h0°ﬁ-<!;ﬁ> +H ()

where f~is easily deducedfrom the Taylor formula applied to h. Indeed, writing

1
h(rP+ 19 =h(r®)+ 1t <!> +120(0); h(P = <r2n(rt+ ttPKE> (1 t)dt
0

we obtain L
e = 1A+ Sf e+ r):
Since! - 1, we easily chedk that f~2 G®F(T" £ B.g) for any T 2]0;L[ (of coursewe use
Lemma A.2 to bound the second-orderderivativesof h). Let us choosel = 21 ¥*®L: we nd
= kfKgp + C'E; = kT Ry fke - 2!°E;
i ¢

for somecy = ¢o(®) > 0, with E = E'o+ (1+ 10RLT ®)2 .

Applying Proposition 3.2 with + = R yields a symplectic transformation Id + %, a resonar
function A= R, f~+ A%and an exponertially small remainder E, suc that

H+(ld+*) = %h(r“)+ <l;Fk>+A+E
and these functions belongto G®F+(T" £ B ), with C; = 2 4(2n) “5°C. Al this provided

that “T - ®= ¢ 'C®minf R; CPg, for somec; = ¢1(®).
Coming badk to the original variables, we de ne the symplectic transformation Id +2 by

a(ur) = @*”(u;iiflfx a (M D(r) = 1a*”*”(u;£i;£fx i=1::n
The resultisH £(Id +2) = h+ g with
rjr®
g r) = Rif () + * (A% B)(k ——) gi Rig=1(Ei R B):
We let the reader ched the desiredinequalities for ¢ = ¢(®) large enough. O
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3.4.2 Connemen t by quasi-con vexity

The interest of making the non-resonar part g R; n(=)g of the perturbation exponertially
small liesin the possibility of applying a geometricargumert which makesuse of quasi-corvexity
to produce a con nement of all orbits starting near T" £ fr-°g.

We introduce- = L ®E, M = 2°Li ?®E and M °= 6°Li 3®E, sothat

X X
k@hkeog,) = - k@hkeog,, - M; k@hk
jkj=1 jkj=2 jkj=3

0.
cogay - MO (3.26)

(The third number will be usedlater, in (3.33.)
We “rst obsene that, at ead point r of Bg, the property of quasi-corvexity, which was

initially imposedin the hyperplane orthogonal to r h(r), can be extendedto the complemen of
aconearound r h(r) like in [PA93:

8v2R"; j<rh(r);v>j- ‘okvk ) <r 2h(r)v;v>, mokvk?; (3.27)

with, for instance,

m$ m
v > (3.28)

Lemma 3.14 Supmsethat r®;ro;r 2 Bg and % > 0 satisfy
kroi r°k- Y2 h(r)i h(ro) - "5 j<rh(r®)ri ro>j-~

We assumemoreover that Y- 4—,3'. Then

n P_— .. 0 .
M+ " m 2 2
70;— or krij rok, 0.

kri rok- 2max S
Mo 0 Mo

j<rh@®)riro>j-’

\\\\\ h(r) - h(l’o) +
N
~—h(r) = h(ro)

Corollary 3.1 Let, = 8M=mg and r* 2 Br- with a rational frequency-vetor r h(r®). We
supmse ¢, ¥> 0, g2 C3(T" £ B(r%;, ¥) with

1 X moY2
kgkC°(T"£§(r°;,1/z)) ) émol/g; - k@ (9i R: h(ru)g)kCO(Tnf‘g(rn;’l/a) S . ; (3.29)
1=
and %2- minfs‘—,{jl; Eilﬂg. Any initial condition (po;ro) 2 T" £ B(r®;%) givesrise to a solu-
tion (u(t);r(t)) 2 T"£ B(r";, A of the Hamiltonian vector “eld geneated by h(r)+ g(i; r) which
is de ned at least for jtj - ¢ and satis eskr(t)j rok - , %2 in that range.
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Proof of the lemma. Let v = rj rg. Bounding the componerts of r h(rg) j r h(r®) by (3.26), we
obtain
j<rh(rg)v>j- "+ MVkvk: (3.30)

Let us assumethat kvk , 4—0 We de ne a function
"(t)=<r h(ro+ tv);v>; t 2 [0; 1];

The previous inequalities and the assumption on %2 imply j' (0)j - %’kvk. But, according to
quasi-corvexity as expressedby (3.27),

8t2[0;1] j' ()] > okvk or ' qt), mokvk?:
From that we easily deducethat
8t 2 [0;1]; ' (t), minf gkvk;' (0) + mokvk?tg:
If we now assumekvk - -2, observingthat ' (0) + mokvk? - “okvk, we obtain

2mg’
Z 4 1
“, h(r)i h(ro) = " (t)dt, ' (0)+ émokvkz:
0

Hence, by (3.30),

B

%mokvkzi " i M Ykvk;

and the conclusionfollows. O

Proof of the corollary. Let t 7! x(t) = (u(t);r(t) the solution, whoseinterval of de nition we
denoteby ]i ¢a;éal, and X t 2 [j é; ¢\ 1i éaséal (thusr(t) 2 B(r®;, 3 ¥2Br by hypothesis).
On the one hand, energy consenation implies

ih(r(t) i h(ro)i = ja(x(t)) i 9(x(0))j - mo¥%:
On the other hand, the assumption on the non-resonarn part of g implies

<R > = < 1)) > -
4

hencej < r h(r?);r(t) i r(©> i -;: mo¥%. We are in a position to apply Lemma 3.14 we
obtain kr(t) j rok - 2max Ml/z*miom; 2—0 (the other possibility is excluded by our assumption
kr(t) i rok - , %, from which we deducekr(t) j rok - , %2 (using, > 8) and kr(t) j r°k -
(L+ 5)%< Y%

This shows that [j ¢;¢] Y21 ¢a; é2f, sincetaking t closeto the boundary of the interval of
de nition of the solution would yield x(t) closeto the boundary of T" £ B(r®;, A. ]

3.4.3 Use of Diric hlet's Theorem

Givenaninitial condition (;ro), weneedto nd anearby periodic torus T"£ fr°gin order to use
the previousresults. We shall usean elemenary fact from the theory of Diophantine approxima-
tion, the Dirichlet principle (seee.g. [Ca59), to approacd the givenfrequency-wector! o = r h(rg)
by a rational vector ! , closeenoughto it but whoseperiod is not too large. Section 3.4.4 will
then shav how to 'nd r® with r h(r®) proportional to ! .

But rst, sincewe wish to be able to improve our results when the initial condition lies near
a resonan surface Sy , we need somealgebraic preliminaries. We shall follow [L092] about the
notion of \order" of a resonancesubmadule, with slight modi cations. We denote by k ¢k; the
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sup norm in R", while k ¢k stands as always for the Euclidean norm, and we denote by jjj ¢jjj1

and jjj ¢jjj the corresponding operator norms for square n-rowed matrices. Let (e;;:::;€,) the
canonical basisof R".

If we are given a submodule M of Z" of rank m 2 f0;:::;nj 1g, in order to describe the
M -resonart vectors! of R" (i.e. the vector spaceM ?), we can choosea basis(Ky;:::;km) of M
and build a matrix K with m rows and n columns such that ! 2 M? , K! = 0 and the

elemerts of K are integers(we view the membersof M aslinear forms). According to a classical
result from linear algebra(seee.g. [Art91], Chap. 12), we can diagonalizethis matrix, and write

the p; are positive integersand p;jp; fori - j.

The numbers p; are called the invariant factors of K ; they are uniquely determined. What
is interesting for us is the matrix A, sincea vector ! belongto M ? i®the m rst componerts
of Al vanish.

Denition 3.5 Consider all such decompositions K = B¢ A; we call ¢, the minimal value
of jijAjjj1 , and ¢ the minimal value of jjjAi Yjjj; for the decompositions such that ¢, =
iliAjii1 - Moreover, if the codimensiond = nj m is greater than 1, wede ne cy to be the minimal
value of ~ di Z1jjjAi Ljjj for the decompositions suchthat ¢, = jjjAjj1 and ¢ = jjAT Ljj; .
If d= 1weputcy = 1

to a matrix K °of the form PK with P 2 G ,(Z), and we would have usedthe minimal decom-
positions (PB)¢ A instead of B¢ A.

Remark 3.1 If m= 0, M = fOg (and d = n), we havecy = pdi landc)y = @ = 1.
This is also the casefor a \standard" resonane submalule, i.e. whenM ? is geneated by some
vectors of the canonical basis of R".

For any ! o in M ? nf0Og and for any real numker Q > 1, there exist a positive numker T and a
rational vector ! 2 M ? of period T suchthat

I oky < c®Q; Tkl j lok- oy Qi @t:

Co
In the case of maximal rank, i.e. d = 1, one can take Q = 1 and the last inequality must be
interpreted as the equality ! | ' = 0.

Proof. Let us proceed as indicated above to descrice M ?: we write K = B¢ A, with mini-
mal jjjAjjj1 , sothat
1 2M7?, Al 2 Vect(ens1;::i €n):
Let 192 M? and Q > 1. Setting ! § = Al and » = k! §k; , we can renumber the indices
betweenm + 1 and n in such a way that ! § = »(0;:::;0;81!9) for some! J 2 RY 1. The
question is now reduced to approximation in R% 1. Dirichlet's Theorem yields q 2 N° and
02 7di 1 such that
a<Q ko' §i "% - Q w7

Let!® = »(O;:::;0;§1;§) and! = Ail1"2M?. Wehavek! ®j !5k - pdi 1;]—>Qi @1, thus
k! j !ok- %Q‘ 1. One chedks easilythat ! is rational and that its period T satises
1
- T q:
» »
The conclusionstemsfrom the obsenation that - - k! ok; - c. O
M
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Remark 3.2 Another possiblechoice would havebeency = ¢ P i 1(with ¢ andcy dened
as before), aseasily seen by a slight modi cation of the end of the proof (observethat k! ®j ! gky -

%Qi o1, thus Tkl | !oky - Q! 7).

Apart from the caseof standard submodules, the computation of the numbers cy ;¢ ; ¢
may be quite tedious. Still, we can give an example which is usedin x 2.4.3

Lemma 3.16 Let p; < ¢¢¢< py,, 1 be positive integers such that any two of them are mutually

prime. Let M be the submalule of Z" of rank m = n | 1 genemated by the vectors ky;:::;km,
where ‘
i =(0;::::0,pi;0;:::;0; 1 1); 1-i0- m:
i = ( . Pi i1 (3.31)
(i" place)

If m, 2, wehavepy - ¢ < (Mi 1)pm and py ¢Cpy - ¢ < m(mi )M pR. If m= 1,

= =yt 1

Proof. Let 0 1
P il
K = @ A
Pm i1l
We have a decomposition
0 1
0 1 0 1 p1 . i.l
K=@ . AN A= ' 0 _-1§;
m |
10 U ¢ Up O
with A 2 G (Z) assoon asthe integersus;:::;uny satisfy
X
uiP = 81; where P; = p; ¢¢Cp;; 1pi+1 CCCPy for i= 1;:::;m. (3.32)

i=1

Let us supposem , 2. The existence of solutions for (3.32 is equivalent to g.c.d. of the

numbers P; being 1 and stemsdirectly from our hypothesison py;:::;pm; thusall the invariant
factors are equalto 1. Let us choosea solution (uy;:::;uy) with +1 in the right-hand side By
adding to it an appropriate linear combination of the vectors of Z"
(i p1;0;:::;0;pi;0;:::;0); i, 2
(i place)
(which are solutions of the corresponding homogeneougquation), we obtain a newsolution (uf;:::;up,)

with ju’j < p=2fori, 2,anduiP; = 1j usPi ¢¢¢; up, Py impliesjuij - (mj 1)p1=2; hence
juij + ¢ee+ jupj < (M 1)pm. SincejjjAjjj1 is nothing but the maximum of the sums of the
absolute valuesof the elemerts of a row, we end up with ¢, - jijAjjjz < (Mi 1)pm.

Let us now supposeK = B¢ A with B 2 G n(Z), A 2 G 41 (2), jijAjiir = ¢ and
A Yjis = . We retain from the previous inequality that eac elemen of A has absolute
value lessthan (mj 1)pn. Each cofactor of A has absolute value lessthan (m i 1)™pm, hence
o < m(mi 1)"pf.

To obtain lower bounds,intro ducethe matrix C = Bi ! and denoteby C;;:::; Cy, its columns.
The equation CK = ¢ A yields
0 1
P
% pCi| ¢ [pnCm| |i G E
A= ;
Uq ¢ee Um Um+1
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pm, and the last cofactor of A is precisely p; ¢¢¢p,,, hence

B

one non-zero elemen, thus c,

o . P 66tpy .
The easycasem = 1 is left to the reader. U

Notice that we had ¢y = 1 becaused=nj m= 1.

3.4.4 Use of isoenergetic non-degeneracy
We now introduce

= %IL®Ei Ly 20Li® g mil(1+ 20411 ®)271 1 1= iminf £ £ 1 Rj Rog (3.33)

Lemma 3.17 For all ro 2 Bg, and ! 2 B(r h(ro);K %), there exist r® 2 B> and » 2 [3;2]
such that
h(r®) = h(ro); r h(r®) =»; kr*j rok- Kilkl j Ik
Proof. Let © : (»;r) 7! (h(r);»r h(r)). We shall prove that © induces a di®omorphism
from B((1;ro); 2%) to a neighborhood of (h(ro);r h(rp)) which cortains a ball of radius K %.
It is sutcient to ched that, for ead (»;r) 2 [%;Z]E Br, the linearized map DO(»;r) is
invertible and
kDO r)l k- Kil: (3.34)
Indeed, one can ched that ead second-orderpartial derivative of © is bounded by 4%, and we
have ensured2% - 3 and Ro + 2% - R".
Let (»r) 2 [%;2]5 Bgr,! = r h(r) and A = r 2h(r). The linearized map D©(»;r) is easily
computed:
DO r)(u;v) = (< !;v>;ul + »Av); (u;v) 2 RE R™:

To invert it, we use the projections ! and ! * from R" onto R! and ! ?, and the following
consequencef (1.3):

A, = (} 7 £A); » isinvertible and kAL'k - mi

If (ug;v1) 2 RE R", onecan determine DO(»;r)i 1(us;vi) = (u;Vv) by

u L u
v = k!—t@! + ALY Py o 1k2: ZAL); Ul = vy »AV:
The inequality k(u;vi)k - Ki *k(u;v)k follows easily from k! k - Li ®E and kAk - 2°Li 2®PE,

O

the last two lemmas:
Corollary 3.2 For all rg 2 §R0 and Q > 1 suchthat

3 .
20y ¢y - dil

Q. K '
there existsr® 2 Br- suchthat r h(r®) is rational and its period T satis es
1 ZCEAO a . Qe 1~ L
20 T- $fQ; kr® i rok- dist(ro;Sy )+ cy K' *TH Q! @1, (3.35)
0

where ¢y ;¢ ; c® were intr oduced in Lemma3.15. In the caseof maximal rank, i.e. whend = 1,
one can take Q = 1 and the last inequality must be interpreted as kr® j rok - dist(rg; Sy ).

Proof. Let rd 2 Sy sudh that krdj rok = dist(ro; Sw ) and apply the last two lemmaswith r§ in
place of rg. O
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3.45 End of the proof of Theorem A

Let H 2 G®L(T" £ Bgr) and" = kH | hke, =E. Let %> 0 and (lo;ro) 2 T" £ Bg sud that

dist(ro;Sw ) - %2,

a) We set 3 .

Q: Qdi 1uj dz‘—dl Q - $CM %
! ’ YTO2KDu%

In view of applying Corollary 3.2, we imposea rst \validity threshold" if d, 2:

©1 1K 2

Wk -
T QN S e &
M

(T1)

This way Q satis es the hypothesesof the corollary (no sud condition is neededif d = 1),
and we obtain r® 2 Bg= sud that r h(r”) is rational of period T and (3.35 is ful lled. As a
consequencdwhether d ; 2 or not),

1
$ . = !
2

0 " .
W . T . ZCM - 2d ] (336)

and %172 . ¢y Ki1Ti1Qi 11724 hencethe above choice of Q; ensuresthat

itk 2 ¢
R
b) Let , = 8M=mg and
. Y, .y,
' $ ' KQ: 2mo T

Obserne that this de nition of ¢ agreeswith the one given after the statemernt of Theorem A.
In view of applying Lemma 3.13 we set

_ . —1i2.. _ il —_ 1 ®.
1 =1 °_1|1|, R=,ti'¢ = L®

and we notice that the above de nitions of j and ° together with (3.36) ensure" - °12,
Three new thresholds appear: to ensure! - 1, we require

B (T2)

and 5 R - Rj R" will be guaranteed by

L 1 ¢Ri Ro;
2,c -¢ 10

5

(T3)

Lemma 3.13 applies provided (3.25 is satised, but we reinforce slightly this condition: we

require 3 ,

© 1 2m _ il

nﬁ. . 0 — 0 +27EL|2®

21 ¢’ c(2n)® 1 ¢y 2 '

where ¢ is somepositive number which dependsonly on ® (the above number ° is not smaller
than the oneindicated in (3.25 thanks to the de nitions of ¢ and °).

We get a close-to-idertit y symplectic transformation © = Id +2 and a transformed Hamil-

tonian H +© = h + g which is de ned in T" £ B(r®;4* R) and whose non-resonar part is

exponertially small.

(T4)
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¢) In view of applying Corollary 3.1to H £©, we set

N
o.l"

2R "

Yo= 2¢

. T

Thanks to the denition of ¢, we can ched that kgk
condition in (3.29 derivesfrom the choice

CoTreB (e, v © 3Mo¥s. The other

3

® o %
= —————— exp(® ;
< (2n)®i 1 p( 1 1,,% )
usingthe information on the non-resonarn part of g. But we alsoneedto imposeYz: minf ﬁ Ri R
and this can be achieved by requiring
1 1 .. 0 .Ri Ro
"2d . ———minf —; : T5
4cd, -¢ 5M 2, (T5)

Let (13;r3) = ©(o;ro). The denition of ¢ implies that kr®j rok - *R= , thuskr®j rik -
'R 4 2UTR . 14 Therefore, according to Corollary 3.1, this initial condition givesrise to a
solution (pX(t); r%t)) of the Hamiltonian vector "eld generatedby h+ g which is de ned for jtj - ¢
and satises kr(t) j rlk - ,%=2; this corresponds to a solution (u(t);r(t)) = © 1(uYt); rqt))
of Xy, which satises kr(t) j rok- ,%

To conlude,we dene ", > 0 by

Wi _ L® 3m+M2E’i1 0
° T 2c2n)®i ¢ ¢y  m2L® 0 21,
¢l:2d®

and replace (T4) by " - "4; we retain that ¢ , C; exp(®'".+’ ), and we use (3.36) to
bound |, %by C,"1724, Gathering the de nitions of the "v e thresholds and the various constarts
that we have encourtered, and enlarging ¢, we end up with the claim of Section1.2.

A App endix on Gevrey classes

A.1 Elementary prop erties

Wex ®, 1,n:;n,2 NandK = Tt £ Bg whereBg is a closedball in R"2. The total number
of variableswill be N = ny + n,. We recall the de nitions
X Liki®

K ke = Wk@' keok); (A1)

. [ .
G (K)=f'2C' (K)jk ker <1 g G®K)= G®L (K):
L>0
The denition (A.1), which we did not nd in the literature, is interesting only when dealing
with "xed L; but if we let L vary freely, we recover the usual de nition of Gevrey-® functions:

8 2CY(K); ' 2G®K) , 9B;C>0j8k2N"; k@ kcok) - CBMMy;  (A2)

where M - = "1®  Other sequencegM -) give rise to more general ultradi®erentiable classes
(or Carleman classe$ instead of the Gevrey classesG®(K ). M. Gevrey [Gel1§ himself already
proved the stability under multiplication and composition of this spaceof functions. This ques-
tion wasstudied in the framework of ultradi ®erertiable mappingsby Roumieu[R062], and alsoby
Dyn'kin [Dy80] with quite di®erert methods. We cannot quote all the referenceson this subject,
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but the interested reader may consult [Ko79], [Gr99], [Th97] and the referencestherein. Apart
from the theory of partial di®erertial equationswherethey have beenwidely used, Gevrey func-
tions were also consideredin connectionwith dynamical systemsproblems, for instancein [EI97],
[GP95] and [Po0(.

We could have useda norm like sup,, yn %k@' kco(ky instead of (A.1), but the following
two lemmaswould not have assumedsud a simple form:

Lemma A.1l LetL > 0.

8'; A2 G®;L (K ), K'A k®;|_ - K k®;|_ kAk@;L . (A3)
Proof. As ®, 1, Leibniz rule implies
~ X ° kl ,® 1) 2 ~
k@ (‘A ko) - DD K@ ' keo ) K@ Akcogky:

k=K® +Kk®@

Lemma A.2 Letl;L;;L,> 0andsupmse0< L;+ L,- L. Forall' 2 G®L(K), all partial
derivatives of ' belongto G®1(K) and
X Limj®
n21|® k@l k®‘|_1 " kl k®’|_:

m2 NN

In particular, if 0< L; <L andj 2 N,
. |®

k@' ke, - I

m2NN ;jmj=j
Proof. We obsene that, for each k 2 NN,
X Lj]:j®Lj2mj®: W X 3L;liLg1i,®' W3 X L;LiLg]i,®' ijj®.
“1®m1® . ‘i!mi! . ‘i!mi! ki® -

sm 2 NN =1 im;2N i=1 imi2N
+m=k Y+ mi =Kk it mi=Kk;

The following seriesis thus corvergern:

X ijj® X LJI®LJml® R
nz1!® k@' ke, = Wk@m' Kcoky © K Key:

m2NN m 2NN

ChoosingL; + L, = L and extracting the terms which correspond to jmj = j, we obtain
j® X 1 ' '
(Li Ly Wk@] ke, - K ke
jmj=j

and we can usethe inequalities m!® - j!® to conclude. O

An important and well-known property of Gevrey-® classeswith ® > 1 is the existence of
compact-supported functions:

Lemma A.3 Let®> 1andL > 0. There exists a non-negative function Fg, in G® ([; %; %])
whosesupport is included in [j 1; 1] and suchthat Fe, (0) = 1 and Fg, (0) = O.
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Proof. We dene p> 0 by

®=1+
p

and, for each , > 0, afunction f 2 C! (R) by

f =0 Cifx- 0
T exp(i %) otherwise.

The conclusionwill stem from the fact that f 2 G®L (R) for , large enoughwith respect to p
and L. Indeed it will be sutcient to considerthen x 7! f (% + x)f (i x)=f ()2 (we could
also easily produce a \bump function" by using integration).

Let us thus bound the derivativesof f  on R. Let k 2 N and x > 0. We obsene that f ;-
extendsto a holomorphic function on C°. Let £= %‘minfl; %g and§.=fz2 Cjjargzj - #g.
The closeddisk Dy of certer x and radius (x sint) is the largest disk certered at x cortained
in 8§, and the Caucdhy inequalities yield

6 (K)o ! P
1000 iy I
Wepseethat maxp, jf j - exp(i W) (becauseif z = re* 2 Dy, <e(zi P) = ri Pcogpy) |,
1= 2jzj®) and jzj - 2x), and the maximum of y 7! ykei .Y° is easily seento be (g‘—e)kzp,
therefore D2 6 K 6 i
IO o R,
. sint pe

P
Now, by Stirling formula, we getthe convergenceof %kf )(k)kco(R) assoonas, > (2L®=sin#)P=p.

0

For ultradi ®erertiable classesother than Gevrey, the question of the existenceof compact-
supported functions is solved by Carleman's theorem which givesa necessaryand sut cient con-
dition of quasi-analyticity (seee.g. [Th96]).

A.2 Comp osition of Gevrey functions

As already mertioned, the composition of Gevrey functions was consideredin [Gelq, [Ro62],
[Dy80] (seealso [EI97]). Our denition (A.1) givesrise to a particularly simple statemert:

Prop osition A.1 LetL; and L be positive numkers, and let K; and K be like in the previous
section, with total numkers of variablesM and N respectively. Let Y 2 G®L(K) and let u =

L®
':::;kU[N]k®;|_1i ku[N]kCO(Kl) : W; (A4)

thenY +u2 G®L1(K ) and kY tuke, , - KYKke .

Proof. We shall usethe notation (NM)° = fk 2 N™ ; jkj . 1g. The assumption (A.4) amourts
to
XLe L® .
Ap = Wk@uli]kC"(Kl) CAE o 1= LN (A.5)
k2 (NM )=
Let X = Y +u. We have kX kco(k,) - kYkcoky and, for eah k 2 (NM)

e}
1

1 Y

W @ e Ui ¢¢¢@ i Ui
’ Ti=l

1 X1
E@X = S(@Y) £u
' ‘Z(NN )u ' Kkl ;KJHJ.Z(NM)u
k1+ coe ki i=k

53



with the notations ‘o= 0O and 5 = *; + ¢¢¢+ ; for 1- i - N. Thus, for k 2 (NM)",

1 X 1 X 1
Ek@x kCO(Kl) . q k@cho(K) m ¢
T2(NN)® k1 kT2 (NM)® ' '
kl+ coer ki =k (AG)
w AT | '\,
¢ k@ i u[i]kCO(Kl) ¢¢¢k@ u[i]kCO(Kl):
i=1
The property
k!

e}

8s, 1, 8kL;:::;kS2 (NM)'; k= k'+ ¢te+ kS )

7k1!¢d;¢k5! ., Missl (A.7)
will be cheded later. Using it now, we seethat for eacd multi-index in the sum of the right-hand
side of (A.6),
Mkl VRRIY Miieg®
PITKITEeeki T CTKIIGEeki Tl T 1OKII® ¢oeki 110

hence
1 M i@ 1)

KI® T TKIIQoeki 1l " 19k11® ¢¢¢ki‘1!®:
Multiplying (A.6) by lekj®:k!®i ! and taking the sum over k, we thus obtain

X Likie X mii@ 1y |
1
~ k@Xkeo) - @ K@Ykeo)B:
k2 NM : "2 NN ’
with Bg = 1 and
X Lo W
B = _ k@ UgitKco(k 1) ¢¢¢k@ UpiKeo(k )

k11® ¢egki j1®
ki;mkiTi2 (NM)® i=1
But, in view of (A.5), i ‘
B = Ay G0CA T, - Al
and M ® 1A = L® henceX 2 G®L1(K;) and kX kgL, - kYKgy .
There remains only to prove (A.7). We begin with the caseM = 1, by induction on s: the
inequality is obviously satis ed if s = 1, and the elemerary property

(kO+ ko9t

S - KO+ K

8k% k%92 N°:

(k1 + ¢o¢+ kS + kS*1)l (kY + ¢oe+ kS)! (k1 + ¢¢¢+ kS + kSH1)!
K1l g¢eaksikstt ! - k1! ¢eeks! (k1 + ¢te+ ks)lks*it »

sl(s+ 1):

Let us now considerthe caseM , 2. We are given an array (k{ )1 i- m:1 j- s Of non-negative
integerswith M rows and s columns, and the quantity to be studied is

k!
KiToonce] 72 00

1 s
with % depending only on the it row: % = % .

as follows:

1. We rearrangethe rows and columns
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{ Forj = 1, we selectthe smallesti suc that k! , 1 (such an index i exists because
jkj ., 1), weput the corresponding row at the top of the array and renumber the rows. Now

ki, 1; werearrangethe next columnssothat k};:::;kP* | 1and k{*™ = :::= k§ = 0if

p1 < s. If pp = s we stop here, if not we continue with the reordering but shall not touch

again the rst row nor the rst p; columns.

{ For j = 2, we selectthe smallesti suc that kip1+1 . 1 (such anindex i exists because
jkP1*1j 1, and necessarilyi , 2 sincekf1+l = 0), we put the corresponding row in second
position and renumber the next rows. Now k’2’1+l . 1, and we rearrangethe next columns
sothat k" ;i kB P2 | 1 and KB P2t = iz k3= Oif pr+ pa<s fpr+tpa=s

B

we stop here, if not we contin ue with the reordering but shall not touch again the rst two
rows nor the rst p; + p, columns.

M1 M; p1+ ¢+ py, =s

and the rst M; rows (M, - M) have beenreordered: for 1- i - My,

(still with the notations o = Oand f = p1 + ¢¢¢+ p; for 1- i - M1). Now

(KP4 kP
KPP

Y4 i+ My

B

(becausehe ratio of thesetwo quartities is againa multinomial coetcient), and the last quantity

is, p!fromtheM =1 Case.Since% - M3, we have p;! ¢¢tpy, !, M/ s, hence
1600y , |

B i Sel-
W N ]/4}_ ¢¢¢1/M 1 M ! S!.
We usein Section 3.3.2 the following corollary of our composition result:

Corollary A1l Supmse0< R;< Rand0< (2n)*5 Ly < L andletK; = T" £ Bg, %K =

®

, , . L
K' ke 15005 K aKer, - minf Rj Ry; Wi LY g;

thenY £(Id+')2 G® 1(Ky) and kY £(Id +" ke, - KY ke .

R Ry for eadr i. On the other hand, k@upkcok,) - 1+ k@' ijkco ) if @ = @,, and
k@u[i]kCO(Kl) = k@' [i]kCO(Kl) if ka s 2, SO

X Lilki® o L®
Kugijke:, i Kugjkeok,) = ~ K@uitkeokyy - LT+ K ke, © gy
ey < (2n)
We can thus apply Proposition A.1. O
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Remark A.1 We did not manageto getrid of the terms M ® 1 and (2n)® ! which involve the
dimension in our composition results. These terms appear in the combinatorics, and we do not
know how to replac them by 1, apart from the analytic or one-dimensional cases.

However, it may hapgen that the dependene of u with respect to the various variables in
Proposition A.1 is well sefarated and that the hypothesescan be weakenal. For instance, we use
the following resultin Section 2.4:

SupmseR > 0and0< Ly < L, andlet Y 2 G®-(T" £ Bg) and' 2 G®L:(T).
Consider B
u(prit) = (u+ ' (Or;r); H2T", r2Bgr; t2T:

(L + R)K ke, i RK keorry - L®i LY (A.8)

thenY +u2 G®L1(T" £ Br) and KY zuke, - KYKey -

The proof consistsin adapting the proof of Proposition A.1 to the peculiar form of u, but the details
are tedious. (Begin with the casewhere Y does not depend on r, from which the geneal caseis
easily deduced, and observethat the left-hand side of (A.5) becomesA[j; = LY+ (L$+ R)K' key , i
RK' keo(T); it is sutcient to require Ajy - L® because @@@uy) = 0 as soon as jgj + jpj , 2,
and we are thus essentialy dealing with one index * 2 N like in a one-dimensional case.)
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