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Abstract

We prove that the solutions of a cohomologicalequation of complex dimension one and in the
analytic category have a monogenicdependenceon the parameter, and we investigate the question
of their quasianalyticity. This cohomologicalequation is the standard linearizedconjugacyequation
for germsof holomorphic mapsin a neighborhood of a �xed point. The parameter is the eigenvalue
of the linear part, denoted by q.

Borel's theory of non-analytic monogenicfunctions has been �rst investigated by Arnold and
Herman in the related context of the problem of linearization of analytic di�eomorphisms of the
circle closeto a rotation. Herman raised the question whether the solutions of the cohomological
equationhad a quasianalytic dependenceon the parameterq. Indeedthey areanalytic for q 2 CnS1,
the unit circle S1 appears as a natural boundary (becauseof resonances,i.e. roots of unit y), but
the solutions are still de�ned at points of S1 which lie \far enoughfrom resonances".We adapt to
our caseHerman's construction of an increasingsequenceof compactswhich avoid resonancesand
prove that the solutions of our equation belong to the associated spaceof monogenicfunctions ;
somegeneralproperties of thesemonogenicfunctions and particular properties of the solutions are
then studied.

For instance the solutions are de�ned and admit asymptotic expansionsat the points of S1

which satisfy somearithmetical condition, and the classicalCarleman Theorem allows us to answer
negatively to the question of quasianalyticity at thesepoints. But resonances(roots of unit y) also
lead to asymptotic expansions,for which quasianalyticity is obtained asa particular caseof �Ecalle's
theory of resurgent functions. And at constant-t ype points, whereno quasianalytic Carleman class
contains the solutions, one can still recover the solutions from their asymptotic expansionsand
obtain a special kind of quasianalyticity.

Our results are obtained by reducing the problem, by meansof Hadamard's product, to the
study of a fundamental solution (which turns out to be the so-called q-logarithm or \quantum
logarithm"). We deduceas a corollary of our work the proof of a conjecture of Gammel on the
monogenicand quasianalytic properties of a certain number-theoretical Borel-Wol�-Denjo y series.
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1. Intro duction

1.1. Let q a complex number, g(z) a germ of holomorphic function which vanishesat 0, and
consider the one-dimensionalcohomological equation

(1.1) f (qz) � f (z) = g(z);

where the unknown function f is required to vanish at 0. If jqj 6= 1 there is a unique solution,
which can be obtained directly by iterating the equation forwards or backwards :

f (z) = f �
g (q; z) = �

X

m � 0

g(qm z); jqj < 1;

f (z) = f +
g (q; z) =

X

m � 1

g(q� m z); jqj > 1:

Thesetwo seriesare uniformly convergent in each compact subsetof D � Dr or E � Dr respectively,
where the factor Dr denotesthe disk of convergenceof g and the �rst factor corresponds to the
parameter q, with

D = f q 2 C j jqj < 1g; E = f q 2 C j jqj > 1g:

Thus we get two holomorphic functions of q and z. We will be particularly interested in their
dependenceon q, and speci�cally in the relationship between these two functions of q : Is it
possibleto crossthe unit circle which separatesone domain of analyticit y from the other ?

At a formal level, we obviously obtain from the Taylor expansion of g(z) =
P 1

n =1 gn zn a
unique power seriessatisfying (1.1) :

(1.2) f (z) = f g(q; z) =
X

n � 1

gn
zn

qn � 1

which, asa seriesof functions of q and z, convergestowards f �
g in D� Dr and towards f +

g in E� Dr .
The casewhere jqj = 1 gives rise to the simplest non-trivial small divisor problem. Each root of
the unit y appearsindeedasa \resonance", i.e. a pole for someterms of this series,and it is easyto
de�ne by an appropriate arithmetical condition a subsetof full measureof S1 = fj qj = 1g for which
the seriesconverges. Our purposewill be to investigate the behaviour of f in the neighborhood
of this set but also near the roots of unit y, from the point of view of regularity and asymptotic
expansions.

1.2. Equation (1.1) arises naturally in the study of the existence of analytic conjugacies
of germs of holomorphic di�eomorphisms of (C; 0) with their linear part z 7! qz ; it is called
cohomological becauseit is the linearization of the conjugacy equation. The study of the q-
dependenceis neededto investigate the dependenceon parameters of Fatou components (more
speci�cally Siegeldisks) in the dynamics of families of rational maps on the Riemann sphere[Ris].
The conformal changeof variables z = e2� iw , q = e2� ih transforms (1.1) into

(1.3) F (w + h) � F (w) = G(w);

where the given function G(w) = g(e2� iw ) is 1-periodic, analytic in the in�nite semi-cylinder
=m w > � � for some� 2 R and tends to zero at in�nit y, and the unknown function F is required
to have the same properties. In this form, but under the assumption that G be 1-periodic and
analytic in the complexstrip j =m wj < � , the cohomologicalequation hasbeenstudied in detail by
many authors, especially Wintner [Wi], Arnold [Ar] and Herman [He], since it is the linearization
of the conjugacyequation of an analytic circle di�eomorphism to the rotation w 7! w + h. When h
is real a small divisor problem occurs onceagain.
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1.3. Let us return to the solutions of (1.1). We will call fundamental solution the function

f � (q; z) =
X

n � 1

zn

qn � 1

which is obtained in the particular casewhere g(z) = � (z) = z
1� z . In view of (1.2), we recover

the general solution f g by using the Hadamard product with respect to z : f g = f � � g. Here,
the Hadamard product of two formal series A =

P
An zn and B =

P
Bn zn is de�ned to be

A � B =
P

An Bn zn (seeAppendix A.1). The formula

F (q)g = f g(q; : ) = f � (q; : ) � g( : )

de�nes a mapping F from D [ E to somespaceof linear operators. For all r > 0 we denote by
H 1 (Dr ) the Banach algebraof the functions which areholomorphic and boundedin Dr = fj zj < r g
(equipped with the norm of the supremum over Dr ), and we considerthe subspaceB r = zH 1 (Dr )
of the functions which vanish at the origin. We can considerF as a mapping

(1.4) F = Fr 1 ;r 2 : D [ E ! L (B r 1 ; B r 2 )

for r 1 > 0 and r 2 2 ]0; r 1[. This allows one to describe in a compact way all the solutions of (1.1)
and to reducemost of the questionsto the study of the fundamental solution.

1.4. To investigatethe behaviour of the solutions for q near the unit circle, we intro ducea few
notations in connectionwith the roots of unit y which appear assimple polesin (1.2). For m 2 N � ,
we set R m = f � 2 C j � m = 1g (roots of unit y of order m) and R �

m = f � = e2� in=m ; (njm) = 1g
(primitiv e roots of order m). We will denote by

R =
[

m � 1

R m =
G

m � 1

R �
m

the set of all roots of unit y. To each � 2 R we associate its order m(�) = minf m 2 N� j � 2 R m g
so that � 2 R �

m (�) . Consideredas an analytic function in (D [ E) � D, the fundamental solution
satis�es the following easybut important identit y :

(1.5) f � (q; z) =
X

� 2R

�
q � �

L m (�) (z); with 8m � 1; L m (z) = �
1
m

log(1 � zm )

(seeAppendix A.2, Lemma A2.1). This formula, which may be viewed as a \decomposition into
simple elements", is in fact an example of Borel-Wol�-Denjoy series (seeSection 2.2). By using
the Hadamard product we immediately obtain an analogousformula for the general solution f g,
or more globally for the mapping Fr 1 ;r 2 .

Such a formula suggestsan analogy with meromorphic functions. Indeed, for each � 2 R, we
will seethat (q � �) f � (q; z) tends to � L m (�) as q tends to � non-tangentially with respect to the
unit circle (uniformly in z), i.e. f � behaves as a function with a simple pole at �. There is even
a \Lauren t series" at � : an asymptotic expansion which is valid near �, inside or outside the
unit circle. But this asymptotic seriesmust be divergent, since there are singularities in�nitely
closeto � : the unit circle is a natural boundary of analyticit y for f � ( : ; z), and the sameis true
for Fr 1 ;r 2 .

1.5. On the other hand, we already mentioned that f � or Fr 1 ;r 2 are de�ned when q lies in a
special subsetof S1. There too, restricting ourselvesto Diophantine points, we will �nd asymptotic
expansions.We will study the Gevrey properties of thosevarious series,and discussthe questionof
quasianalyticity in the senseof Hadamard at the corresponding base-points : we say that a spaceF
of functions is quasianalytic at a point q0 if all its members admit an asymptotic expansionat q0

and if any two functions in F with the sameasymptotic expansionat q0 coincide(i.e. the functions
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of F are determined by their asymptotics at q0). The question of quasianalyticity is a classicalone
for the Carleman classes, but other spacesof functions are conceivable.

We wish also to investigate the regularity of f � or Fr 1 ;r 2 in closed sets which intersect the
unit circle. This naturally leads to study monogenic functions in domains which avoid the roots
of unit y : in spite of the natural boundary fj qj = 1g, we try to connect the function in D and the
function in E by somemonogeniccontinuation which would replaceanalytic continuation.

Notice that, when we say that we wish to connect these two functions, our concern is not a
relationship like f �

g (q; z) + f +
g (q� 1; z) = � g(z) (easyconsequenceof the de�nition of f �

g ) which is
not \lo cal" with respect to q.

1.6. Section 2 deals with the de�nition and properties of monogenic functions ; it gives a
framework in which the solutions of the cohomologicalequations fall, as shown in Section 2.4.

Section 3 is concernedwith asymptotic expansionsat those points of the unit circle which
satisfy Diophantine inequalities. The question of quasianalyticity is answered negatively as far as
one choosesa Diophantine base-point associated to a quadratic irrational and considersonly the
classical Carleman classes. This is in agreement with M. Herman's comment \The (solution of
the) linearized equation doesnot seemto belong to any quasianalytic class" [He, p. 82].

Section 4 proposesa constructive way to recover any solution from its asymptotic expansion
at someparticular points : roots of unit y (resonances)but also constant-t ype points display such
a quasianalyticity property. The resurgent structure which appears at resonancesallows one to
elucidate completely the local behaviour of the solutions and to pass directly from the Laurent
seriesat a given root of the unit y to the whole Borel-Wol�-Denjo y series(1.5). At constant-t ype
points we usethe Hadamard product to de�ne a quasianalytic spacewhich contains the solutions.

Section 5 discussessomeapplications and generalizationsof our work.

1.7. To conclude this intro duction, let us add that the fundamental solution f � is known as
q-logarithmic series ([Du]) but is perhapsmore popular under the name of \quantum logarithm" .
It is also related to the Weierstrasszeta function. The identities

f �
� (q; z) = �

X

n � 1;m � 0

zn qnm =
X

m � 0

zqm

zqm � 1
= z

@
@z

log
Y

m � 0

(1 � zqm ) if q 2 D;

f +
� (q; z) =

X

n � 1;m � 1

zn q� nm =
X

m � 1

zq� m

1 � zq� m = � z
@
@z

log
Y

m � 1

(1 � zq� m ) if q 2 E

show that the fundamental solution is related to the logarithmic derivative of Jacobi's in�nite
product ([HL], [Tr]). For �xed q 2 D n f 0g, f �

� is meromorphic over C with respect to z, with
only simple poles at z = q� m ; m � 0. For �xed q 2 E, f +

� is meromorphic over C with respect
to z, with only simple polesat z = qm ; m � 1. On the other hand if q lies on the unit circle and
satis�es some arithmetical condition, fj zj = 1g is a natural boundary of analyticit y as one can
immediately check directly using (1.1) and the fact that the r.h.s. has a pole at z = 1 (see[Sim]
for more details).

From the relation with Jacobi's in�nite product it immediately follows that the Weierstrasszeta
function � relative to the lattice Z � hZ can be expressedin terms of f �

� , f +
� and the corresponding

Eisensteinseries

e2 =
X e

(n;m )2 Z2 nf (0 ;0)g

(n + mh) � 2;

where the symbol
P e denotesEisenstein summation (terms corresponding to opposite indices are

grouped in order to ensureconvergence; seeParagraph 4.3.3and [We, p. 14]). Indeed, if q = e2� ih
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and z = e2� iw ,

� (w) =
1
w

+ e2w +
X e

! 2 Z� hZ

1
w + !

= e2w � � i + 2� i [f �
� (q; z) + f +

� (q� 1; z� 1)];

where the last equality holds for jqj < jzj < jqj � 1 ([We, p. 21] and [La, p. 248]).
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in various conferencesbetween 1998 and 2000 (Bressanone,La Rochelle, Cetraro, Aussois, Pisa,
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2. Monogenic Properties of the Solutions of the CohomologicalEquation

The importance of Borel's monogenic functions in parameter-dependent small divisor problems
was emphasized by Kolmogorov [Ko]. In his address to the 1954 International Congress of
Mathematicians (the same where he �rst stated the theorem on invariant tori in the analytic
case)he considersparameter-dependent vector �elds on the two-dimensionaltorus and comments :
\It is possiblethat the dependence: : : on the parameter : : : is related to the classof functions of
the type of monogenicBorel functions : : : "

In his work [Ar] on the local linearization problem of analytic di�eomorphisms of the circle,
Arnold discussedin detail this issue; hecomplexi�ed the rotation number but hedid not prove that
the dependenceof the conjugacyon it is monogenic.This point wasdealt with by M. Herman [He].
Later, Risler [Ris] extendedconsiderablysomeparts of Herman's work showing that the parameter-
dependenceis Whitney-smooth also if one assumeslessrestrictiv e arithmetical conditions (i.e. the
Brjuno condition used by Yoccoz in [Y1, Y2, Y3]). However he did not investigate monogenic
properties. One should also mention that Whitney smooth dependenceon parameters has been
establishedalsoin the moregeneralframework of KAM theory by P•oschel [P•o] who did not however
considercomplex frequencies.

Borel [Bo] wanted to extend the notion of holomorphic function so as to allow, in certain
situations, analytic continuation through what is consideredas a natural boundary of analyticit y
in Weierstrass' theory. One of his goals was apparently to determine, with the help of Cauchy's
formula, not too restrictiv e conditions which would have ensureduniquenessof the continuation,
i.e. a quasianalyticity property (see[Th]).

Extending the presentation given in [He, I I I.16], we recall in Section2.1 someproperties of C1

(and C1 )-holomorphic mappingson a compact subsetK of C with valuesin an arbitrary complex
Banach spaceB . These are C1 maps in the senseof Whitney [Wh] which satisfy the Cauchy-
Riemann condition. Being the uniform limits of B -valued rational functions with polesoutside K ,
C1-holomorphic mapson K sharemany propertiesof holomorphic functions. In particular Cauchy's
Theorem and Cauchy's Formula hold, and they are automatically C1 -holomorphic on a subdomain
of K .

Following Borel's memoir [Bo], we de�ne in Section 2.2 the space of B -valued monogenic
functions associated to an increasing sequenceof compact subsetsof C as the projective limit of
the corresponding sequenceof spacesof C1-holomorphic functions. Borel's quasianalyticity theorem
for monogenicfunctions is then recalled, in a re�ned form extracted from [Wk].

In Section 2.3 we construct an increasing sequenceK j of compact sets whose union has a
full-measure intersection with the unit circle. We prove in Section 2.4 that the map q 7! F r 1 ;r 2 (q)
belongsto the associated spaceof monogenicfunctions. This implies that there existsan increasing
sequenceof smaller compact setsK �

A;j on which our map is C1 -holomorphic (Section 2.5).
Unfortunately the assumptions of Borel's quasianalyticity theorem are too restrictiv e to be

applied to Fr 1 ;r 2 . This is not too surprising sinceBorel's result is much more generaland includes
also monogenicfunctions with singularities which are densein an open subsetof C. The problem
of the quasianalyticity of q 7! Fr 1 ;r 2 (q) is addressedin Sections3 and 4.

2.1. C1-holomorphic and C1 -holomorphic functions

2.1.1. Let (B ; k k) be a complex Banach space. The following de�nition is taken from [He]
and makesuseof the generalization of the notion of smoothnessof a function to a closedset due
to Whitney ([St], [Wh]).
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Definition 2.1. Let C a closedsubsetof C. A continuous function f : C ! B is said to be
C1-holomorphic if there exists a continuous map f (1) : C ! B such that

8z 2 C; 8" > 0; 9� > 0 = 8z1; z2 2 C; jz1 � zj < � ; jz2 � zj < �

) kf (z2) � f (z1) � f (1) (z1)(z2 � z1)k � " jz1 � z2j:

Notice that f (1) in the above de�nition is a complex derivative : �@f = 0, @f = f (1) and f is
holomorphic in the interior of C.

If C is compact then C1
hol (C; B ) will denote the Banach spaceobtained by taking as norm

jjj f jjj = max
�

sup
z2 C

kf (z)k ; sup
z2 C

kf (1) (z)k ;

sup
z1 ;z2 2 C; z1 6= z2

kf (z2) � f (z1) � f (1) (z1)(z2 � z1)k
jz1 � z2j

�

(see [ALG], Remark I I I.4 and Proposition I I I.8 : in their terminology our functions de�ne W-
Taylorian 1-�elds ; seealso [Gl], pp. 65{66).

Let K be a compact non-empty subset of C and let C(K ; B ) denote the uniform algebra
of continuous B -valued functions on K . Let R(K ; B ) denote the uniform algebra of continuous
functions from K to B which are uniformly approximated by rational functions with all the poles
outside K . Let O(K ; B ) denotethe uniform algebraof functions of C(K ; B ) which are holomorphic
in the interior of K . Notice that f belongsto one of these uniform algebras if and only if ` � f
belongsto the corresponding C-valued algebra for all ` 2 B � .

The inclusions
R(K ; B ) � O(K ; B ) � C(K ; B )

are in generalproper ; it is not too di�cult to construct examples(\swiss cheeses")of compactsK
with empty interior such that R(K ; C) 6= O(K ; B ) = C(K ; C) (see [Ga] and the construction of
monogenicfunctions below for more details).

Pr oposition 2.1. C1
hol (K ; B ) � R(K ; B ).

Pr oof. Let f 2 C1
hol (K ; B ). By Whitney's extension theorem ([Wh], Theorem I, seealso

[ALG], Theorem II I.5) f admits a continuously di�eren tiable extensionF to a neighborhood of K .
But according to Theorem 1.1 of [Ga], for all ` 2 B � , the function g = ` � f which admits a
continuously di�eren tiable extensionto a neighborhood of K and satis�es �@g � 0 on K necessarily
belongsto R(K ; C). Hencef 2 R(K ; B ). �

Remark 2.1. As noticed by Herman, functions in C1
hol (K ; B ) sharesomeof the properties of

holomorphic functions. Let (U` )` � 1 be the connectedcomponents of C n K and assumethat each
@U` is a piecewisesmooth Jordan curve. If

P
` � 1 length(@U` ) < + 1 , Cauchy's theorem holds :

1X

` =1

Z

@U`

f (z) dz = 0:

Indeed, since f 2 R(K ; B ), one can approximate f by a sequence(r k )k2 N of B -valued rational
functions with poleso� K . Cauchy's theorem applies to theserational functions and one can pass
to the limit sincethe convergenceis uniform. Moreover, if z 2 K satis�es

1X

` =1

Z

@U`

jd� j
j� � zj

< + 1 ;
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Cauchy's formula also holds :

f (z) =
1

2� i

1X

` =1

Z

@U`

f (� )
� � z

d� :

However to de�ne higher order derivatives by means of Cauchy's formula one needs further
assumptionson z (namely

P 1
` =1

R
@U`

jd� j
j � � zjn +1 < + 1 to obtain a derivative of order n).

2.1.2. The following de�nition, which generalizesWhitney C1 -smoothness to the complex
case,is taken from [Ri].

Definition 2.2. Let C a closed subset of C. A function f : C ! B is said to be C1 -
holomorphic if there exist an in�nite sequenceof continuous functions (f (n ) )n 2 N : C ! B such
that f (0) = f and, for all n; m � 0, the function R(n;m ) de�ned by

f (n ) (z2) =
mX

h=0

f (n + h) (z1)
h!

(z2 � z1)h + R(n;m ) (z1; z2); z1; z2 2 C;

satis�es the following property :

8z 2 C; 8" > 0; 9� > 0 =

8z1; z2 2 C; jz1 � zj < � ; jz2 � zj < � ) kR(n;m ) (z1; z2)k � " jz1 � z2jm :

Clearly C1 -holomorphic B -valued functions on a compactset form a Fr�echet space.Onceagain
the derivativesare taken in a complex sense,thus �@f (n ) = 0 for all n 2 N. The functions f (n ) are
somegeneralized\w eak derivativesfor f " ; clearly f must be analytic in the interior of C and

8n; m 2 N; 8z 2 int( C); f (n + m ) (z) = @m f (n ) (z):

Whitney's extensiontheorem applies again : any f 2 C1
hol (C; B ) admits an in�nitely di�eren tiable

extensionF to C ' R2. Moreover for any n 2 N, @n F extends f (n ) , but of courseF is not unique
and �@F neednot vanish outside C.

2.2. Borel's monogenic functions

Definition 2.3. Let B a complex Banach space and (K j ) j 2 N an increasing sequenceof
compact subsetsof C. The associated spaceof B -valued monogenic functions is de�ned to be
the projective limit

M ((K j ); B ) = lim � C1
hol (K j ; B ):

The restrictions C1
hol (K j +1 ; B ) ! C1

hol (K j ; B ) are continuous linear operators betweenBanach
spaces,thus M ((K j ); B ) is a Fr�echet spacewith seminormsk : kC1

hol (K j ;B ) .
The above de�nition is inspired by the work of Borel [Bo] (see also [He], p. 81). Borel

considered the case B = C and wanted to extend the notions of holomorphic function and
analytic continuation. In the usual processof analytic continuation (de�ned by meansof couples
([f ]; D (z0; r )) where [f ] is the germ at z0 of a function analytic in the open disk D(z0; r )), the
domain of holomorphy of a function is necessarilyopen and one cannot distinguish between the
points on a natural boundary of analyticit y (see the discussion in [Re], Chapter V, for a nice
elementary intro duction, which is also related to Borel-Wol�-Denjo y seriesde�ned below). Borel's
idea was to allow monogeniccontinuation through natural boundariesof analyticit y1 by selecting

1M. Herman pointed out to us that Poincar�e himself investigated the possibilit y of generalizing Weierstrass'
process of analytic contin uation so as to consider functions whose singular points are dense on an open set or a
Jordan curve [P1, P2].
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points at which the function is C1-holomorphic. If the function is moreover C1 -holomorphic at
such a point, the question of quasianalyticity may be raised : Is the function determined by its
Taylor series? Such a uniquenessproperty could depend on the choiceof the sequence(K j ) which
de�nes the monogenicclass(and not only on the union of the K j 's), and the Cauchy formula could
help to establish it.

In the rest of Section 2.2, we illustrate the previous de�nition by a construction due to Borel
of a special sequence(K j ) which is adapted to the caseof Borel-Wol�-Denjoy series[Gou, Bo, Wo,
De, Si]. They are the most studied examplesof monogenicfunctions, and quasianalyticity can be
proved in their caseunder suitable assumptions.

Let ! = (! � ) � � 1 a bounded sequenceof points in C and 
 = f ! � g. We will exclude smaller
and smaller disks around these points ; the open disk of center ! � and radius � will be denoted
by D(! � ; � ). Let G be an open bounded Jordan domain which contains 
. We �x a sequence
(r � ) � 2 N� 2 `1(R+ ) and de�ne

(2.1) K j = G n
[

� � 1

D(! � ; 2� j r � ); C =
[

j � 1

K j :

Notice the inclusions
G n 
 � C � G n 
 ;

which are in generalproper.
For each each sequencea = (a� ) � � 1 2 `1(B ), we can de�ne a function

� ! (a) : q 7!
�
� ! (a)

�
(q) =

1X

� =1

a�

q � ! �

which is holomorphic in C n 
. We get a linear operator � ! : `1(B ) ! O(C n 
 ; B ) which is
generally not injective (see[Wo] for someexamples). But we have also the following

Lemma 2.1. The operator � ! induces an injective operator from the space

`1
r (B ) = f a = (a� ) � � 1 2 `1(B ) j 8� � 1; ka� k1=4 < r � g:

into M ((K j ); B ).

Pr oof. Since for all q 2 K j and � � 1, jq � ! � j � 2� j r � � 2� j ka� k1=4, it is easy to check
that � ! (a)jK j 2 C1

hol (K j ; B ) for all j � 1.
To prove injectivit y we make use of a residue computation. Let f j = � ! (a)jK j . Let


 ( � )
j = @D(! � ; 2� j r � ) with positive orientation and let � ( � )

j denote the curve obtained from 
 ( � )
j

replacing those parts which are covered by disks D(! � ; 2� j r � ) with � 6= � by the corresponding
arcs of circles @D(! � ; 2� j r � ) which are contained in K j . Clearly � ( � )

j is a countable union of arcs

of circle, all positively oriented, and the length of � ( � )
j is boundedby 2� j P 1

� =1 r � . If G( � )
j denotes

the domain of C enclosedby � ( � )
j ,

1
2� i

Z

� ( � )
j

f j (q)dq =
X

! � 2 G ( � )
j

a� :

The sequence� (�; j ) = inf f � 2 N� j ! � 2 G( � )
j ; ! � 6= ! � g tends to in�nit y as j ! 1 , thus

k
1

2� i

Z

� ( � )
j

f j (q)dq� a� k �
1X

� ( �;j )

ka� k ! 0 as j ! 1 :

This implies injectivit y. �
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Of course, if none of the coe�cien ts a� vanishes, � ! (a) is not analytic at any point of C
which is an accumulation point of the sequence! . Borel's example ([Bo], p. 144) is B = C,
f ! � g = f r + si

n ; 1 � r; s � n; (r; n) = 1; (s; n) = 1g, a� = exp(� exp(n4)) and G = f q 2 C j 0 <
<eq < 1; 0 < =m q < 1g.

A remarkable result of Borel and Winkler is the following (seealso [Tj])

Theorem 2.1. We stil l use the notations (2.1) and assumefurthermore that r � < 1 for all
� 2 N� and

(2.2)
1X

� =1

�
log

1
r �

� � 1
< + 1 :

Let

K �
j = G n

1[

� =1

D
�

! � ; 2� j �
log 1

r �

� � 1
�

; C � =
1[

j =1

K �
j :

C � is included in C and if f 2 M ((K j ); B ), the restriction f jK �
j

is C1 -holomorphic for all j � 1.
Moreover, if there exist q0 2 C � and j 2 N� such that
(i) there exists a straight line s such that q0 2 s \ G � K �

j ,
(ii) f (n ) (q0) = 0 for all n � 0,
the function f vanishesidentically on K �

j .

In particular, according to the de�nition of quasianalyticity given in Section 1.5, M ((K j ); B )
is quasianalytic at all points of C � which satisfy the condition (i) . We refer to [Wk] for a proof of
Theorem 2.1 (in the casewhere B = C, but this restriction is not essential).

Remark 2.2. Borel (without using Whitney's extension theorem) also proves that Cauchy's
formula holds : let 
 a simplepositively oriented closedcurvebounding a simply connectedregionD
of G. Let 
 j denote the curve obtained from 
 by replacing those parts of 
 which are covered by
disks D(! � ; 2� j r � ) by the corresponding parts of the circles @D(! � ; 2� j r � ) which are contained
in K j \ D (see[Wk] and [Ar], Section 7, for more details). Let � j denote the union of those parts
of the circles @D(! � ; 2� j r � ) which are contained in K j \ D and not part of 
 j . Then

f (n ) (q) =
n!

2� i

� Z


 j

f (w)
(w � q)n +1 dw �

Z

� j

f (w)
(w � q)n +1 dw

�
; q 2 K �

j \ D ; n 2 N:

Remark 2.3. The previous theorem wasproved by Winkler under lessrestrictiv e assumptions
than those originally required by Borel, using Carleman's Theorem (see [Ca] and Theorem 3.1
below). Note that it holds without any further assumption on the distribution of the singular
points (! � ) � � 1, while for the problem we are interested in roots of unit y will play a role in the
sequel.The quasianalyticity properties of Borel-Wol�-Denjo y seriesare studied also in [Be1], [Be2]
and [Si] (which focus in fact on the broader question of the injectivit y of � ! ).

Remark 2.4. Unfortunately one cannot apply the previous theorem to the solutions of
cohomological equations since the condition (2.2) is too restrictiv e for that situation. Let
0 < � 2 < � 1, B = L (B � 1 ; B � 2 ) and consider the mapping (1.4). Ordering the primitiv e roots
of unit y by increasingorder (i.e. following the Farey ordering of rational numbers), one can write
it as a Borel-Wol�-Denjo y series

(2.3) F (q) = � R (a)(q) =
1X

� =1

� �

q � � �
L m (� ) � ; R = f � 1; � 2; : : : g;

setting a� = � � L m (� ) � . Since the number of terms in the Farey seriesof order m is approx-

imately 3m 2

� 2 ([HW], Theorem 331, p. 268) one has m(� ) ' �p
3

p
� . On the other hand, one
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checks easily that ka� k ' 1
m (� ) ( � 2

� 1
)m (� ) . The requirement (a� ) � � 1 2 `1

r (B ) leadsto a lower bound

r � � c1 cm (� )=4
2 and the condition (2.2) is violated.

2.3. Domains of monogenic regularit y : The sequence (K j )

The goal of this section is to specify a sequenceof compact sets (K j ) j 2 N so as to be able
to prove (in Section 2.4) that M ((K j ); B ) contains the solutions of the cohomologicalequation.
In the de�nitions of the domains C ;�;d and W A


 ;�;d given below (De�nitions 2.4 and 2.6), we will
follow a construction given by M. Herman [He] for Diophantine numbers(seealso[Ris] for a similar
construction for Brjuno numbers). We adapt it slightly so as to deal with more general irrational
numbers.

2.3.1. The conformal change of variable q = e2� ix maps C� biholomorphically on C=Z, the
circle fj qj = 1g on R=Z and R �

m on f n
m j m 2 N� ; 0 � n � m � 1; (n; m) = 1g. We will use

the notations of Appendix A.3 for continued fractions : if x 2 R n Q (mod Z), we will denote by
[0; a1(x); a2(x); : : : ] its continued fraction expansionand by ( n k (x )

m k (x ) )
k � 0

the corresponding sequence

of convergents, omitting sometimesthe dependenceon x. Note that n0=m0 = 0=1.

Definition 2.4. We call an approximation function any decreasingfunction  on N� such
that

2
+ 1X

m =1

 (m) < 1 and 8m � 1; 0 <  (m) �
1

2m
:

We associate with it a subsetof R n Q (mod Z) :

(2.4) C =
n

x 2 R n Q (mod Z) j 8k � 0; mk+1 (x) �
1

 (mk (x))

o
;

and somesubsetsof C=Z whosetraces on R=Z are C :

C ;� =
[

y2 C  

�
x 2 C=Z j j =m ~xj � � j <e(~x � ~y)j

	
; C ;�;d = C ;� \

�
j =m xj � d

	
;

for � 2 ]0; 1[ and d > 0, where ~x and ~y denote somelifts in C of x and y (seeFigure 2).

Notice that C consistsof points which are \far enoughfrom the rationals", asmeasuredby  ;
namely, according to (A3:4) and Proposition A3.2,

(2.5)
\

n=m

f x j jx �
n
m

j �
 (m)

m
g � C �

\

n=m

f x j jx �
n
m

j >
 (m)
2m

g:

The most interesting case for our purposes will be  (m) = 
 e� �m with �xed � > 0 and

 2 ]0; inf ( �e

2 ; e� � 1
2 )[. The classical Diophantine condition of exponent � > 2 (see Section 3.2)

would correspond to
S

C� 
 ;� , where � 
 ;� (m) = 
 m1� � and the union is taken over those 
 > 0
such that � 
 ;� is an approximation function (i.e. 
 � 1

2� ( � � 1) , denoting by � the Riemann zeta
function).

The Diophantine exponent � = 2 (which is associated to constant-t ype points) was not
consideredhere, only becausethe corresponding functions � 
 ;2 do not satisfy the condition of
summability in De�nition 2.4. This condition is usedin the next lemma to ensurepositive measure
for C , and indeed the set of constant-t ype points has measurezero.
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Lemma 2.2. If  is an approximation function, C has positive Lebesguemeasure. For all
" > 0 there exists an approximation function  such that

jC (mod Z)j > 1 � ":

Pr oof. According to (2.5), the one-dimensionalLebesguemeasureof the complement (R=Z)n
C is lessthan

2
1X

m =1

m � 1X

n =0

 (m)
m

� 2
1X

m =1

 (m) < 1:

Given " > 0, we choose (m) = "
2� (2) m 2 to make the previous quantit y lessthan " .

�

In order to investigatethe structure of this kind of set, it is useful to refer to a suitable partition
of R=Z obtained by consideringa �nite number of iterations of the Gaussmap A (seeAppendix A.3
for the de�nition of the Gaussmap ; the intervals de�ned below are called \in tervals of rank k"
in [Khi]).

Let a1; : : : ; ak positive integers(k 2 N� ). We associate with them the �nite continued fractions
[0; a1; : : : ; ak � 1] = n k � 1

m k � 1
and [0; a1; : : : ; ak ] = n k

m k
, and de�ne an interval

I (a1; : : : ; ak ) = f x = n k + n k � 1 y
m k + m k � 1 y ; y 2 ]0; 1[g =

(
] n k

m k
; n k + n k � 1

m k + m k � 1
[ if k is even

] n k + n k � 1

m k + m k � 1
; n k

m k
[ if k is odd

(the alternativ e stems from (A3:3)). Each such interval is a branch of the k-th iterate A k of the
Gaussmap, precisely the branch which is determined by the fact that all points x 2 I (a1; : : : ; ak )
have f 0; a1; : : : ; ak g as �rst k + 1 partial quotients (seeFormula (A3:1)). For a given k � 1, the
union of all branchesof Ak yields a partition of R=Z

8k � 1; R=Z = F k [
[

a1 ;::: ;a k � 1

I (a1; : : : ; ak );

where2 F k =
�

[0; a1; : : : ; a` ]; 1 � ` � k; ai � 1
	

� Q=Z. The previous de�nition allows for a
convenient rephrasing of (2.4) :

C =
\

k � 1

F
 I (a1; : : : ; ak );

where for each k � 1,
F

 denotes the disjoint union over those (a1; : : : ; ak ) such that m i +1 �
1= (m i ) for i = 0; : : : ; k � 1 (here, of course,m i is the denominator of [0; a1; : : : ; ai ]).

2.3.2. We will indicate somemore properties of the set C associated to an approximation
function  . As a preliminary, to each rational number n=m 2 Q=Z we attach an open interval
J  (n=m) such that

(2.6) n=m 2 J  (n=m) � (R=Z) n C :

To de�ne it we proceedas follows :

2Notice that any rational number n=m 2 ]0; 1[ is the endpoint of exactly two branches of the iterated Gauss
map. Indeed n=m can be written in a unique way as n=m = [0; �a1 ; : : : ; �a` ] for some ` � 1, with �a1 ; : : : ; �a` � 1 � 1
and �a` � 2 ; it is the left (righ t) endpoint of I ( �a1 ; : : : ; �a` ) and the righ t (left) endpoint of I ( �a1 ; : : : ; �a` � 1 ; �a` � 1; 1)
if ` is even (odd).
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(i) if n=m = 0=1, we set

(2.7) J  (0=1) := int
� [

a1 > 1= (1)

I (a1) [
[

a2 +1 > 1= (1)

I (1; a2)
�
;

(ii) if n=m 6= 0=1 and (n; m) = 1, we write n=m = [0; �a1; : : : ; �ak ], with k � 1, �a1; : : : ; �ak � 1 � 1
and �ak � 2, we set n� =m� = [0; �a1; : : : ; �ak � 1] (if k � 2 ; otherwise n � =m� = 0=1) and

(2.8) J  (n=m) := int
� [

ak +1 m + m � > 1= (m )

I (�a1; : : : ; �ak ; ak+1 ) [

[

(ak +2 +1) m � m � > 1= (m )

I (�a1; : : : ; �ak � 1; 1; ak+2 )
�
:

This de�nition is motivated by the relations (A3:0). For instance the points in the �rst union
of (2.8) have continued fraction expansionssuch that ak+1 m + m� = mk+1 sincemk � 1 = m� and
mk = m for them, and in the secondone, (ak+2 + 1)m � m� = mk+2 since mk = m � m� and
mk+1 = m (except at one of the boundary-points of each interval : mk+1 = (ak+1 + 1)m + m�

and mk+2 = (ak+2 + 2)m � m� respectively, for these exceptional rational points). We thus
have mk+1 > 1= (mk ) or mk+2 > 1= (mk+1 ) respectively, hence J  (n=m) is contained in the
complement of C . To check that it is an open interval, consider for instance the caseof odd k :
using (A3:1) one can write the �rst union as f n + n � y

m + m � y ; 0 < y � 1=M g, where M is the minimum

value of ak+1 (i.e. M = [ 1
m ( 1

 (m ) � m� )] + 1), this union is thus a non-empty interval whoseright
endpoint is n=m ; similarly the secondunion is a non-empty closed interval whose left endpoint
is n=m. Notice that, in case(i), J  (0=1) = int ([0; 1

M ][ [1� 1
M ; 1]) must be identi�ed with ]� 1

M ; 1
M [

(where M = [ 1
 (1) ] + 1).

Lemma 2.3. The set C associated to any approximation function is total ly disconnected,
closed and perfect.

Pr oof. SinceC \ (Q=Z) = ; , C is totally disconnected. To seethat C is closedobserve
that, if x 2 (R=Z) n C , one can exhibit an open neighborhood of x which is contained in
the complement of C : either x 2 Q and J  (x) is such a neighborhood, or x =2 Q and
mk+1 (x) > 1= (mk (x)) for somek � 0, henceI (a1(x); : : : ; ak+1 (x)) will do.

We now prove that any x 2 C is an accumulation point of C . For each j 2 N� we de�ne a
linear fractional map Tx;j mapping any y 2 ]0; 1[ to

Tx;j (y) =
nj (x) + n j � 1(x)y
mj (x) + m j � 1(x)y

= [0; a1(x); : : : ; aj (x); a1(y); a2(y); : : : ]:

Let us usey� =
p

5� 1
2 = [0; 1; 1; : : : ]. The sequencex ( j ) = Tx;j (y� ) convergesto x as j ! 1 , and

one can check that each x ( j ) 2 C :

{ If k � j , n k (x ( j ) )
m k (x ( j ) ) = n k (x )

m k (x ) ; thus mk+1 (x ( j ) ) � 1
 (m k (x ( j ) )) for all k � j � 1 and

mj +1 (x ( j ) ) = m j (x) + m j � 1(x) � aj +1 (x)m j (x) + m j � 1(x)

= m j +1 (x) �
1

 (m j (x ( j ) ))
:

{ If k � j + 1, we use (m) � 1=2m :

mk+1 (x ( j ) ) = mk (x ( j ) ) + mk � 1(x ( j ) ) � 2mk (x ( j ) ) �
1

 (mk (x ( j ) ))
:
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�

The intervals J  (n=m) de�ned above will also help us in the proof of the next proposition
which describesthe connectedcomponents of (R=Z) n C .

Pr oposition 2.2. Let

Q =
�

0=1
	

[
�

n=m 2 Q=Z j n=m 6= 0=1 and

mj +1 � 1= (m j ) for j = 0; : : : ; k � 1
	

;

with the usual notations and conventions : the m j 's (0 � j � k) are the denominators of the
convergents [0; a1; : : : ; aj ] of n=m = [0; a1; : : : ; ak ], with ak � 2.
(1) Each connected component of (R=Z) n C contains one and only one point of Q , which is

a convergent of both of its endpoints. We denote the connected component of n=m 2 Q by
]xn=m ; x0

n=m [� R=Z (which must be identi�e d to an open subinterval of ]0; 1[ if n=m 6= 0=1, or
of ] � 1=2; 1=2[ if n=m = 0=1).

(2)  (m )
2m � jx � n

m j < 2 (m )
m if x = xn=m or x0

n=m .
(3) If r =s 2 ]xn=m ; x0

n=m [ and r =s 6= n=m, s > 1
 (m ) � 2m.

Pr oof. Any connectedcomponent of U = (R=Z)nC contains at leasta rational r =s. Suppose
this rational doesnot belongto Q and write it as r =s = [0; a1; : : : ; a` ] with a` � 2 : we must have
mk+1 > 1= (mk ) for somek � 0. Choosingk to be minimal, we obtain n=m = [0; a1; : : : ; ak ] 2 Q 

and r =s 2 J  (n=m) (note that n=m = 0=1 if k = 0). Thus the connected component of r =s
contains J  (n=m), and in particular n=m. We notice in passingthat s > 1= (m) � 2m.

Let us now suppose that ]x; x0[ is the connected component of n=m 2 Q in U and check
that n=m is a convergent of x and x0. We may suppose that n=m 6= 0=1. Let us write
n=m = [0; a1; : : : ; ak ] with ak � 2. Denoting by m � the denominator of [0; a1; : : : ; ak � 1], we
choosepositive integersa and b such that

am + m� � 1= (m); (b+ 1)m � m � � 1= (m)

(this is possiblesince1= (m) � 2m > m + m � ). By the samekind of argument as at the end of
the proof of Lemma 2.3, one can check that the points

x+ = [0; a1; : : : ; ak � 1; ak ; a; 11 ] and x � = [0; a1; : : : ; ak � 1; ak � 1; 1; b;11 ]

both belong to C . But if k is even, x � < n=m < x+ , and the order is reversed otherwise.
Therefore [x; x0] is contained in ]x � ; x+ [ (or ]x+ ; x � [ is k is odd), and n=m is a convergent of all
those points. This implies easily that a connectedcomponent of U cannot contain more that one
point of Q .

The �rst inequality in (2) follows from the secondinclusion in (2.5). For the secondinequality,
consider x+ and x � as de�ned above for n=m = [0; a1; : : : ; ak ] 2 Q n f 0=1g, but this time we
choosea and b maximal :

1
 (m)

� m < am + m� �
1

 (m)
;

1
 (m)

� m < (b+ 1)m � m � �
1

 (m)
:

By virtue of (A3:4), sincemk (x+ ) = m, mk+1 (x+ ) = am + m� , mk+1 (x � ) = m and mk+2 (x � ) =
(b+ 1)m � m� ,

jx+ � n=mj; jx � � n=mj <
 (m)

m(1 � m (m))
�

2 (m)
m

:

This yields the desired inequality. If n=m = 0=1, one can use x+ = [0; a; 11 ] = 1
a+ g with

a = [ 1
 (1) ] � 2 and g = [0; 11 ], and x � = � 1 + [0; 1; a � 1; 11 ] = � x+ .
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Figure 1. The sets � n=m and � �
y .

(3) was already observed at the beginning of the proof. �

2.3.3. We now �x � 2 ]0; 1[ and d > 0, and study the setsC ;� and C ;�;d associated to the
approximation function  . Proposition 2.2 yields a decomposition of (R=Z) n C into connected
components ; this will re
ect in a description of the complement of C ;� :

Lemma 2.4. For each n=m 2 Q , let � n=m denote the set

f x 2 C=Z j <ex 2 ]xn=m ; x0
n=m [; j =m xj < � min(<ex � xn=m ; x0

n=m � <ex)g;

which is an open diamond of base ]xn=m ; x0
n=m [ and slopes � � with respect to the real axis (see

Figure 1). We have

(2.9) C ;� = (C=Z) n
G

n=m 2 Q 

� n=m ;

the setsC ;�;d are compact subsetsof C=Z and they havepositive measure when d > � � (4) :

meas
�
C ;�;d

�
> 2d � 8�

X

m � 1

�  (m )
m

� 2
:

Pr oof. Let us rephrasethe de�nition of C ;� as

C ;� = (C=Z) n
\

y2 C  

� �
y ;

with � �
y =

�
x 2 C=Z j j =m ~xj < � min(<e~x � <e~y; 1 + <ey � <e~x)

	
(each � �

y is an open
diamond whosetrace on R=Z haslength 1 and coincideswith the complement of f yg ; seeFigure 1).
Formula (2.9) is now reducedto the identit y

G

n=m 2 Q 

� n=m =
\

y2 C  

� �
y :

If n=m 2 Q and y 2 C , the fact that y 62]xn=m ; x0
n=m [ implies that � n=m � � �

y ,
hence the union of the diamonds � n=m is contained in the intersection of the diamonds � �

y .
Let x in the intersection of the diamonds � �

y . If x 2 R=Z, this means that x 62C , thus
x 2 ]xn=m ; x0

n=m [ � � n=m for somen=m 2 Q . If x 62R=Z, the intersection with R=Z of the lines
of slopes� � which passthrough x de�ne two points x � < x+ . Necessarily[x � ; x+ ] � ]xn=m ; x0

n=m [
for somen=m 2 Q (becausethe existenceof y 2 [x � ; x+ ] \ C would lead to the contradiction
x 62� �

y ), hencex 2 � n=m . Thus x belongsto the union of diamonds � n=m in both casesand this
yields the reverseinclusion.
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2

1/2 1/10/1

d

Figure 2. The set C ;�;d .

As a consequenceC ;� is closedand its intersection with a strip
�

j =m xj � d
	

is compact (see
Figure 2). The inequalities

8n=m 2 Q ; meas
�
� n=m

�
=

1
2

� (x0
n=m � xn=m )2 < 8�

�  (m )
m

� 2
�

2�
m4

(which follow from Proposition 2.2 (2) and from  (m) � 1=2m) yield the last statement. �

Remark 2.5. Using a suggestionby Herman ([He], Remark at p. 81), one can prove that
O(C ;�;d ; B ) = R(C ;�;d ; B ), a result to be compared with the general inclusion which was
indicated in Section 2.1. Notice that the relation

R �
\

y2 C  

� �
y = C [

G

n=m 2 Q 

� n=m

implies that

int
�
C ;�;d

�
= f x 2 C=Z j j =m xj < dg n

�
C [

G

n=m 2 Q 

� n=m

�
� C n R (mod Z):

The idea is to apply Milnik ov's theorem [Za, p. 112] which states that, if the inner boundary of a
compact set K is a subsetof an analytic curve, O(K ; B ) = R(K ; B ). (The inner boundary of K is
de�ned as @I K = @K n

F
@� ` , where

F
� ` is the decomposition of C n K into disjoint connected

components. Here @I C ;�;d = C � R=Z.)

Remark 2.6. One can check that C ;�;d has a �nite number of connectedcomponents and is
locally connected; it is connectedas soon as d > � (2). Also int( C ;�;d ) has a �nite number of
connectedcomponents.

2.3.4. Finally we de�ne the sequenceof compact subsetsK j of C which will be used in the
sequel.

Definition 2.5. Let �x us a decreasingsequence(
 j ) j � 0 wich tends to 0 and numbers
� 2 ]0; 1[, d; � > 0. We assume
 j < inf ( �e

2 ; e� � 1
2 ; 1) for all j � 0. We de�ne

 j (m) = 
 j e� �m for m � 1; K j = f q = e2� ix ; x 2 C j ;�;d g; C =
[

j 2 N

K j :

Observe that each K j is contained in the annulus f e� 2� d � jqj � e2� dg and that its measure
tends to the measureof this annulus, while the measureof K j \ S1 tends to the measureof the
circle, as j ! 1 .
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Remark 2.7. SinceC \ S1 = [ j 2 Nf e2� ix j x 2 C j g, by Lemma 2.3 it is a countable union of
nowheredenseclosedsets. Proposition 2.2 then shows that its complement in S1 is a denseG� -set
with zero s-dimensional Hausdor� measurefor all s > 0.

Lemma 2.5. There exists a positive number � , which dependsonly on � , such that

8j 2 N; 8q 2 K j ; 8� 2 R; jq � � j > �
 j (m(�))

m(�)
:

Pr oof. Let j 2 N and q 2 K j . Since  j (m )
m � 1

2 for all m � 1, we may supposethat dist(q; S1)
be lessthan somearbitrary constant ; thus we assume

q = e2� ix ; x 2 C j ;� (mod Z); j =m xj � 1:

We also choosey 2 C j (mod Z) such that j =m xj � � j <e(x � y)j.
Let � 2 R. We choosen=m 2 Q such that � = e2� in=m and j <e(x � n

m )j � 1
2 . According

to (2.5), jy� n
m j >  j (m )

2m , and onecancheck easily that jx � n
m j � � 0jy� n

m j with � 0 = (1+ � � 2) � 1=2.
Thus z = x � n

m satis�es

j <ezj �
1
2

; j =m zj � 1; jzj > � 0
 j (m)

2m
:

Hencejq � � j = je2� iz � 1j can be bounded from below as required. �

2.4. Monogenic regularit y of the solutions

Let B a Banach space. We now consider the spaceof B -valued monogenic functions which
corresponds to the sequence(K j ) of De�nition 2.5. We will seethat the general solution of the
cohomologicalequation as encoded by the mapping Fr 1 ;r 2 of Section 1.3 belongsto this space|
recall its de�nition (1.4) and the notation B r = zH 1 (Dr ) ; of course B = L(B r 1 ; B r 2 ) in that
case.

More generally, we will show that the Borel-Wol�-Denjo y seriesof the form

(2.10) � R (a) : q 7!
�
� R (a)

�
(q) =

X

� 2R

a�

q � �

(not necessarilywith the same coe�cien ts as those of (2.3) in Remark 2.4) are monogenic; we
simply restrict ourselvesto

(2.11) S(r; B ) =
�

a = f a� g� 2R sequenceof B such that

9c > 0= 8� 2 R; ka� k � c r m (�)

m (�)

	

for somer 2 ]0; e� 3� [.

Theorem 2.2. For all r 2 ]0; e� 3� [ the Borel-Wol�-Denjoy series of the form � R (a), a 2
S(r; B ), belong to M ((K j ); B ). In particular, this the case for the general solution Fr 1 ;r 2 if
B = L (B r 1 ; B r 2 ) and 0 < r 2 < r 1 e� 3� .

Pr oof. According to De�nition 2.3 we must check that

f = � R (a) 2 C1
hol (K j ; B )

for every a 2 S(r; B ) and j 2 N. It is natural to de�ne the function

f (1) (q) = �
1X

m =1

X

� 2R �
m

a�

(q � �) 2
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whoserestriction to int( K j ) is just the ordinary derivative of f .
According to Lemma 2.5,

(2.12) 8q 2 K j ; 8� 2 R; jq � � j � �
 j
e� �m (�)

m(�)
:

Thus, for k = 0 or 1, and for q 2 K j ,

kf (k ) (q)k �
1X

m =1

X

� 2R �
m

cr m

jq � � jk+1 m
� c(�
 j ) � k � 1

1X

m =1

mk+1 (r e(k+1) � )m < + 1 :

Note that f and f (1) are continuoussincethe convergenceis uniform and K j is compact. To prove
C1-smoothness,we consider the remainder

R(q; q0) =
f (q) � f (q0)

q � q0 � f (1) (q0) = �
1X

m =1

X

� 2R �
m

(q0 � q)
(q � �)( q0 � �) 2 a� :

Becauseof (2.12) and the assumption r < e� 3� , we have kR(q; q0)k � cj jq � q0j, with cj =
c(�
 j ) � 3 P 1

m =1 m3(r e3� )m . In particular De�nition 2.1 is satis�ed.
The statement about Fr 1 ;r 2 is a particular case of what we just proved : choosing a� =

� L m (�) � and r = r 2
r 1

, we useLemma A1.1 and seethat ka� kL (B r 1 ;B r 2 ) � kL m (�) kB r ' 1
m (�) r m (�) .

�

As for the fundamental solution, notice that f � 2 M ((K j ); B r ) as soon as 0 < r < e� 3� .

2.5. Whitney smoothness of monogenic functions

As already mentioned in Remark 2.4, we cannot apply Borel's Theorem to conclude that
functions in M ((K j ) j 2 N; B ) are C1 -holomorphic in some subsetsof the K j 's. But this can be
shown directly.

Let c0(R) denote the classicalBanach spaceof real sequencess = (sk )k � 0 such that sk ! 0 as
k ! + 1 , endowed with the norm ksk = supjsk j. A subsetA of c0(R) is closed and total ly bounded
if and only if the following two conditions are satis�ed :
(i) 9C > 0 = 8s 2 A; ksk � C:

(ii) 8" > 0; 9k0 2 N = 8s 2 A; 8k � k0; jsk j � " .

Definition 2.6. To 
 2 ]0; 1[ and A, totally bounded closedsubsetof c0(R), we associate

W A

 = f x 2 R n Q (mod Z) j 9s 2 A such that 8k 2 N; mk+1 (x) � 
 � 1esk m k (x ) g:

If moreover � 2 ]0; 1[ and d > 0, we de�ne

W A

 ;�;d =

[

y2 W A



f x 2 C=Z j � j <e(~x � ~y)j � j =m ~xj � dg;

where ~x and ~y denote somelifts in C of x and y.

One can study the sets W A

 and W A


 ;�;d with the samekind of arguments as in Section 2.3.
For instance one can easily check that they are closedand perfect. Notice that W A


 is non-empty

as soon as A contains a sequences such that sk � 2G
3 � k

2 for all k (indeed g 2 W A

 in that case).

Moreover, if x 2 R n Q (mod Z) satis�es the condition

(2.13) lim
k !1

logmk+1 (x)
mk (x)

= 0;
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and if � > 0 is given, there exist 
 2 ]0; 1[ and s 2 c0(R) such that x 2 W f sg

 and ksk � � .

Theorem 2.3. Let 
 ; � 2 ]0; 1[, d > 0,  an approximation function of the form  (m) =

 e� �m and K = f q = e2� ix ; x 2 C ;�;d g. Let A a total ly bounded closed subset of c0(R)
such that 8s 2 A, ksk � � , and K � = f q = e2� ix ; x 2 W A

8
 ;�;d= 2g. Then K � � K and
C1

hol (K ; B ) � C1
hol (K

� ; B ) for any Banach space B .

Pr oof. It is immediate to check that W A
8
 � C = f x j 8k 2 N; mk+1 (x) � 
 � 1 e�m k (x ) g ;

thus K � � K .

Let f 2 C1
hol (K ; B ). We will use Remark 2.1. Observe that, in view of Lemma 2.4, the

connectedcomponents of (C=Z) n C ;�;d are of the form � n=m with n=m 2 Q , except for one or
two of them : the components of i1 and � i1 may be reducedto the half-planesf� =m x > dg, or
elsethey both coincidewith the union of thesehalf-planesand a �nite number of diamonds � n=m .
From that we deducethe decomposition

F
` � 1 U` of C n K into connectedcomponents|the index

` = 1 (resp. ` = 1 and 2) will correspond to the exceptional component (resp. components), the
next onesbeing numbered as U` = exp(2� i � n ` =m ` ) with a non-decreasingsequence(m` ).

Moreover, for each n=m 2 Q , we recall that according to Proposition 2.2,

�
�
�X �

n
m

�
�
� < r n=m =

2

m

e� �m if X = xn=m or x0
n=m ;

hence@� n=m has length lessthan 4r n=m
p

1 + � 2. The series
P

length(@U` ) is thus convergent.

Let j 2 N. We will now check that the series

(2.14)
X

` � 1

Z

@U`

jd� j
j� � qj j +1

is uniformly convergent for q 2 K � . This will allow us to set

(2.15) f ( j ) (q) =
j !

2� i

X

` � 1

Z

@U`

f (� )
(� � q) j +1 d� :

Lemma 2.7. There exists a positive number � (which dependsonly on � ) such that, whenever
n=m 2 Q ,

8� 2 � n=m ; dist(e2� i� ; K � ) >
2�

m

e� �m :

For each j 2 N, there exists a positive integer M (which depends only on 
 , � and j ) such that,
whenevern=m 2 Q and m � M ,

(2.16) 8� 2 � n=m ; dist(e2� i� ; K � ) >
2�

m

e� �m
2( j +1) :

We end the proof of Theorem 2.3 before proving Lemma 2.7. According to the �rst part of
Lemma 2.7, each term in the series(2.14) is well de�ned when q 2 K � . For ` large enough (say
` � L ), U` = exp(2� i � n ` =m ` ) with n` =m` 2 Q and m` � M , thus we can use (2.16) for each
q 2 K � :

Z

@U`

jd� j
j� � qj j +1 � 2� e2� d

� m`

2�


� j +1
e

�m `
2 length(@� n ` =m ` )

�
8� e2� d

p
1 + � 2

�

� m`

2�


� j
e� �m `

2 :
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The series(2.14) is thus convergent, and we can use(2.15) with j = 0 or 1 to represent f or f (1)

in K � . For j � 2, we de�ne f ( j ) in K � by (2.15), and the previouscomputation shows the existence
of C > 0 such that

8` � L; 8q 2 K � ; k
Z

@U`

f (� )
(� � q) j +1 d� k � C m j

` e� �m `
2

(and for ` < L this expressionis continuousin q) ; hence,by uniform convergence,f ( j ) is continuous
in K � .

Let us consider the Taylor remainders

R( j ;v ) (q; q0) = f ( j ) (q0) �
vX

u=0

1
u!

f ( j + u) (q)(q0 � q)u

for j ; v � 0 and q; q0 2 K � . Remark 2.5 applies also to W A
8
 ;�;d= 2, and thus to K � : thesesetshave

a �nite number of connectedcomponents and are locally connected. In fact, for q; q0 2 K � close
enough(say jq � q0j � � ), one can de�ne a path �( q; q0) which joins q to q0 inside K � and which is
the image by x 7! e2� ix of the union of 1, 2 or 3 segments of slopes � � ; the length of �( q; q0) is
lessthan � jq0 � qj, where � dependsonly on � .

We now concludethe proof of Theorem 2.3 by checking that there exists C > 0 such that

(2.17) 8q; q0 2 K � ; jq � q0j � � ) kR( j ;v ) (q; q0)k � C jq0 � qjv+1 :

We can write

R( j ;v ) (q; q0) =
j !

2� i

X

` � 1

Z

@U`

R ( j ;v ) (q; q0; � )f (� ) d� ;

where R ( j ;v ) (q; q0; � ) is the Taylor remainder at order v for the function q0 7! (� � q0) � j � 1, i.e.

R ( j ;v ) (q; q0; � ) =
(j + v + 1)!

j ! v!

Z

�( q;q0)

(q0 � q00)v

(� � q00) j + v+2 dq00:

From this identit y and from Lemma 2.7 applied with j replacedby j + v + 1, one can deducethe
existenceof a positive integer L such that, if � 2 @U` with ` � L ,

kR ( j ;v ) (q; q0; � )k � const m j + v+2
` e

�m `
2 jq � q0jv+1 ;

whereasfor ` < L , kR ( j ;v ) (q; q0; � )k � const jq � q0jv+1 . Therefore, the validit y of (2.17) follows
from the inequalities length(@U` ) � const

m `
e� �m ` . �

Pr oof of Lemma 2.7. We must show that jq � e2� i� j > const (m )
m for q 2 K � and

� 2 � n=m . Notice that  (m )
m � 
 e� � � 1

2 since  is an approximation function, and
j =m � j � � (x0

n=m � xn=m ) < � . Therefore we can assume

q = e2� ix with x 2 W A
8�;�;d ; j =m xj � 2�:

Moreover wecanconsiderthat j <ezj � 1
2 , wherez = x� � , and sincejq� e2� i� j � e� 4� � j1� e� 2� iz j,

it will be enoughto bound from below jzj itself (z lies indeed in a domain where j(e� 2� iz � 1)=zj
is bounded from below). The samereasoningholds for the proof of (2.16) provided that we take
m � M � 2(j + 1).

In fact we will prove the inequalities

(2.18) 8n=m 2 Q ; 8y 2 W A
8
 ;

�
�
�y �

n
m

�
�
� �

4

m

e� �m ;
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and the existence,for each j 2 N, of a positive integer M such that

(2.19) 8n=m 2 Q ; 8y 2 W A
8
 ; m � M )

�
�
�y �

n
m

�
�
� �

4

m

e� �m
2( j +1) :

This is enough to bound jzj = jx � � j from below as required since for any x 2 W A
8
 ;�;d there

existsy 2 W A
8
 such that j =m xj � � j <e(x� y)j, but then jx� � j � (1+ � 2) � 1=2 dist

�
y; [xn=m ; x0

n=m ]
�

for all � 2 � n=m , and

dist
�
y; [xn=m ; x0

n=m ]
�

� jy � n
m j � max

�
x0

n=m � n
m ; jxn=m � n

m j
�

< jy � n
m j � 2


m e� �m :

Let y 2 W A
8
 . Let s 2 A such that mk+1 (y) � 1

8
 esk m k (y ) . According to (A3:4),

8k � 0;

�
�
�
�y �

nk (y)
mk (y)

�
�
�
� >

4

mk (y)

e� sk m k (y ) �
4


mk (y)
e� �m k (y ) :

Let n=m 2 Q . Either n
m = n k (y )

m k (y ) for somek � 0 and (2.18) is proved. Or n
m is not a convergent

of y ; then mk � 1(y) � m < mk (y) for somek � 1 and Proposition A3.4 applies :

m
�
�
�y �

n
m

�
�
� > mk � 1(y)

�
�
�
�y �

nk � 1(y)
mk � 1(y)

�
�
�
� � 4
 e� sk � 1 m k � 1 (y ) � 4
 e� �m :

Therefore (2.18) is true in all cases.
As for (2.19), given j 2 N we �rst choose k0 � 0 such that jsk j � �

2( j +1) for all k � k0

and s 2 A. We then chooseM � 1 such that

8y 2 W A
8
 ; mk0 +1 (y) < M :

(For all y 2 W A
8
 , m0(y) = 1 thus m1(y) � 1

8
 e� = M 1; m2(y) � 1
8
 e�M 1 = M 2; : : : : take

M > M k0 +1 .) According to (A3:4), we have now

8y 2 W A
8
 ; 8k � k0;

�
�
�
�y �

nk (y)
mk (y)

�
�
�
� >

4

mk (y)

e� �m k ( y )
2( j +1) :

Let y 2 W A
8
 and n=m 2 Q with m � M . We are faced with the samealternativ e as above,

but we know moreover that if n
m = n k (y )

m k (y ) or mk � 1(y) � m < mk (y), necessarilyk � k0 + 1.
Therefore we obtain the re�ned inequality (2.19) in all cases. �

Definition 2.7. For any closed totally bounded subset A of c0(R) and any integer j , we
de�ne

K �
A;j = f q = e2� ix ; x 2 W A

8
 j ;�;d= 2g

provided that ksk � � for all s 2 A, with the samenotations as in De�nition 2.5.

According to Theorem 2.3, K �
A;j � K j and C1

hol (K j ; B ) � C1
hol (K

�
A;j ; B ). In particular,

according to Theorem 2.2, the solutions of the cohomological equation are C1 -holomorphic in
each K �

A;j .
Observe that any point of the form � = e2� ix with x satisfying (2.13) lies in K �

f sg;j for s well
chosenand j large enough.
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3. Carleman Classesat Diophantine Points

In this section,we addressthe following question(directly inspired by [He], Question at p. 82) :
Do the solutions of the cohomologicalequation belong to any quasianalytic Carleman class? We
will treat separatelysomeparticular points of S1 amongthoseat which Theorem2.3yields Whitney
smoothness,and study asymptotic expansionsin disks tangent to S1 at each of thesepoints.

As a preliminary, in Section 3.1, we de�ne the Carleman classesC� (�; f M n g; B ) which we
think are the most relevant for the problem at hand3. We recall a well-known criterium of
quasianalyticity due to Carleman, and we also intro duce spacesof functions which admit Gevrey
asymptotic expansions. Our presentation is somewhat in
uenced by the works of Ramis and
Malgrange on divergent series(seefor instance [Ra], [Ma]).

In Section3.2we prove that all functions monogenicin the compactsK j of De�nition 2.5admit
Gevrey-� asymptotic expansionsat Diophantine points of exponent � � 2. On the other hand, in
the caseof the fundamental solution, we prove in Section 3.3 the sharpnessof the index � = 2 in
Gevrey asymptotics for those Diophantine points which correspond to quadratic irrationals, and
concludethat no quasianalytic Carleman classat those points contains the fundamental solution.

3.1. Carleman and Gevrey classes

3.1.1. Let B be a complex Banach space,whosenorm we denote by k : k, and � 2 S1. Let us
�x somesequencef M n gn � 0 of positive numbers.

Definition 3.1. We de�ne the Carleman classC� (�; f M n g; B ) to be the vector spaceof all
B -valued functions f for which there exist an open disk � � D tangent to S1 at � (seeFigure 3),
a formal series

P
n � 0 an Qn 2 B [[Q]] and positive numbers c0 and c1 such that the function f is

holomorphic in � and

8N � 0; 8q 2 � ; kf (q) �
X

0� n � N � 1

an (q � � )n k � c0 cN
1 M N jq � � jN :

The mapping
J �

� : f 2 C� (�; f M n g; B ) 7!
X

n � 0

an Qn 2 B [[Q]]

which associates to a function of C� (�; f M n g; B ) its asymptotic expansionat � is well de�ned. In
fact the functions of C� (�; f M n g; B ) are C1 -holomorphic in the senseof De�nition 2.2 :

Lemma 3.1. If f 2 C� (�; f M n g; B ) and S � D is a bounded sector of vertex � and small
enoughradius, there exist positive numbers c0 and c1 such that

{ the function f is C1 -holomorphic in the closure �S of the sector,
{ for all n � 0 and q 2 �S, k 1

n ! f
(n ) (q)k � c0 cn

1 M n ,

{ and J �
� (f ) =

X

n � 0

1
n!

f (n ) (� ) Qn .

Conversely, if a function f is C1 -holomorphic in a closed disk �� � D tangent to S1 at � and
satis�es inequalities of the form k 1

n ! f
(n ) (q)k � c0 cn

1 M n in �� , then it belongsto C� (�; f M n g; B ).

Here, by \b ounded sector" we mean the intersection of an open in�nite sector and of someopen
disk centered at its vertex, and we call \radius" of the sector the radius of that disk.

3Carleman classes are usually de�ned as spaces of functions which are de�ned and C 1 (in the real sense)
on some|p ossibly in�nite|in terval I of R and whose derivativ es satisfy some uniform bounds (see [Th]) ; the
relationship between such classeswith I = R+ and the spacesC� (�; f M n g; B ) de�ned below is indicated in [Ca].
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l

0

D

Figure 3

We leave the proof of Lemma 3.1 to the reader (one can usethe Taylor-Lagrange formula).
As a consequence,the asymptotic expansionJ �

� (f ) of any f 2 C� (�; f M n g; B ) belongsto the
spaceB [[Q]]f M n g de�ned as

� X

n � 0

an Qn 2 B [[Q]] j 9c0; c1 > 0 such that (8n � 0) kan k � c0 cn
1 M n

�
:

By de�nition, the spaceC� (�; f M n g; B ) is quasianalytic at � if and only if the mapping J �
� is

injective.
Analogously we de�ne the spaceC+ (�; f M n g; B ) by using disks � contained in E instead of D,

and the corresponding mapping

J +
� : C+ (�; f M n g; B ) ! B [[Q]]f M n g:

The change of variable q 7! � 2=q induces an isomorphism between the spacesC� (�; f M n g; B )
and C+ (�; f M n g; B ).

We can now state Carleman's criterium of quasianalyticity [Ca] :

Theorem 3.1 (Carleman's Criterium) . The space C� (�; f M n g; B ) is quasianalytic at � (i.e.

J �
� is injective on that space) if and only if

X

n � 1

1
� n

= + 1 where � n = inf
n 0� n

f M 1=n 0

n 0 g.

Remark 3.1. The criterium is usually stated for spacesof scalar functions, but it is also
valid for spacesof B -valued functions (as soon as B 6= f 0g of course). The quasianalyticity
of C� (�; f M n g; B ) is indeed equivalent to that of C� (�; f M n g; C) because of the existence
of non-trivial continuous linear functionals on any normed linear space : if f is a function
in C� (�; f M n g; B ), any continuous linear functional ` on B inducesa function ` � f which belongs
to C� (�; f M n g; C), and J �

� (` � f ) = `
�
J �

� (f )
�

(letting ` act termwise in B [[Q]] in order to de�ne
the right-hand side). The point is that for a function f to be identically zero, it is necessaryand
su�cien t that all the functions ` � f vanish identically (given any Banach spaceB its dual separates
points on B ).

Let C(�; f M n g; B ) be the spaceof all B -valued functions for which there exist disks � � � D
and � + � E tangent to S1 at � such that f j � � 2 C� (�; f M n g; B ), f j � + 2 C+ (�; f M n g; B ) and
J �

� (f j � � ) = J +
� (f j � + ). We will denote by J � (f ) simply the asymptotic expansion at � of a

function f of C(�; f M n g; B ). As a consequenceof Theorem 3.1, C(�; f M n g; B ) is quasianalytic at

any point of D [ f � g [ E if and only if
X 1

� n
= + 1 .

3.1.2. As a special casewe will considerGevrey classes, i.e. spacesof functions with Gevrey-�
asymptotic expansionfor some� � 0.

Definition 3.2. If B is a Banach space,� 2 S1 and � 2 R+ , we de�ne the Gevrey classes

G�
� (�; B ); G+

� (�; B ); G� (�; B )



Quasianalytic monogenicsolutions of a cohomologicalequation 25

respectively as the Carleman classes

C� (�; f M n g; B ); C+ (�; f M n g; B ); C(�; f M n g; B )

with the sequencef M n = �(1 + n� )g. We also set B [[Q]]� = B [[Q]]f M n g with the same
sequencef M n g.

We warn the reader that not all the authors follow this convention for indexing Gevrey classes.
For us, � = 0 corresponds to the analytic class: B [[Q]]0 is the spaceB f Qg of convergent series,
and J �

� and J +
� are isomorphismsin that case. Thus G�

0 (�; B ) and G0(�; B ) can all be identi�ed
to the spaceof all germsof B -valued holomorphic functions at � .

We retain that, by Carleman's Theorem, the spaceG�
� (�; B ) is quasianalytic at � if and only

if � � 1 ; and the sameis true for G� (�; B ). One can check that, if B is a Banach algebra,G�
� (�; B )

and G� (�; B ) are in fact algebras: they are stable by multiplication [Ma].

3.1.3. We will now focus on the � = 1 caseand the relationship with the Laplace transform.
We supposemoreover that B is a Banach algebra.

We denoteby N̂ � (B ) the spaceof all B -valued functions �̂ for which there exist somepositive
numbers � 0 < � and somereal number � such that �̂ is holomorphic in the open \half-strip"

H �
� = f � 2 C j dist(� ; R� ) < � g

and � 7! e� � j � j k�̂ (� )k is bounded in the closed half-strip �H �
� 0. The spaceN̂ � (B ) is stable by

convolution, the convolution of two holomorphic functions �̂ 1 and �̂ 2 being de�ned as �̂ 1 � �̂ 2(� ) =
R�

0 �̂ 1(� 1)�̂ 2(� � � 1) d� 1.
We also intro ducea symbol � 0 which onemay think of as the Dirac distribution at the origin :

identifying any pair (a0; �̂ ) 2 B � N̂ � (B ) with the symbolic sum a0� 0 + �̂ 2 B � 0 � N̂ � (B ) and
extending the convolution to the spaceB � 0 � N̂ � (B ) by treating � 0 as a unit, we get an algebra.
The following theorem is due to Nevanlinna [Ma] :

Theorem 3.2 (Nevanlinna's Theorem). The Laplace transform

L �
� : a0� 0 + �̂ 7! f � such that f � (� (1 + t)) = a0 +

Z �1

0
�̂ (� ) e� � =t d�

de�nes an isomorphism between the algebras B � 0 � N̂ � (B ) and G�
1 (�; B ).

Remark 3.2. Again we mention that the replacement of scalar functions by B -valued
functions, with respect to the usual statement, is innocuous. Notice that Nevanlinna's Theorem
implies that G�

1 (�; B ) is a di�eren tiable algebra : it is stable by derivation (seeAppendix A.5 for
a description of the counterpart in the convolutiv e model N̂ � (B ) of such elementary operations
as di�eren tiation). Also, with respect to the notations of De�nition 3.1, we have incorporated in
our statement the change of in�nitesimal variable Q = q � � 7! t = � � 1Q in order to deal with
Laplace integrals on R� only (the counterpart in N̂ � of such homotheties and of more general
changesof variable is described in Appendix A.5).

Theorem 3.2 shows that the quasianalyticity of G�
1 (�; B ) is in some senseconstructive, the

reciprocal operator of J �
� being described in terms of Borel-Laplace resummation :

Definition 3.3. If ~f =
P

an Qn 2 B [[Q]]1, we de�ne a formal series ~� (t) =
P

� n tn 2 B [[t]]1
by ~� (t) = ~f (� t), and its formal Borel transform by � 0� 0 + �̂ where

�̂ (� ) =
X

n � 0

� n +1
� n

n!
=

X

n � 0

� n +1 an +1
� n

n!
2 B f � g;
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the series ~f belongsto J �
�

�
G�

1 (�; B )
�

if and only if �̂ can be analytically continued to an element
of N̂ � (B ), and its preimageis then equal to L �

� (a0� 0 + �̂ ) : it is called the Borel-Laplace sum of ~f
(in the direction of R� ).

The reader is referred to Appendix A.5 for more details on the Borel-Laplace summation
process.

Definition 3.4. Let N̂ (B ) = N̂ � (B ) \ N̂ + (B ). We de�ne L � in B � 0 � N̂ (B ) by gluing L �
�

and L+
� : we obtain an isomorphism betweenB � 0 � N̂ (B ) and G1(�; B ).

3.2. Gevrey asymptotics at Diophan tine poin ts for monogenic functions

Let B a Banach space. According to Theorem 2.3, the monogenic functions belonging
to M ((K j ); B ) are C1 -holomorphic in the compacts K �

A;j , with the notations of De�nitions 2.5
and 2.7. In particular, any such function admits as asymptotic expansionits Taylor seriesat any
point of K �

A;j \ S1. Among those points, someof them have further arithmetic properties which
will yield Gevrey asymptotic expansions.

Definition 3.5. Let 
 > 0, � � 2. We de�ne DC(
 ; � ) to be the set of all irrational numbersy
which satisfy Diophantine inequalities of constant 
 and exponent � , i.e.

8n=m 2 Q; jy � n=mj � 
 m � � :

We also set DC� =
S


 > 0 DC(
 ; � ) and DC� = f � = e2� iy ; y 2 DC� g.

It is well-known that DC � has full measureassoon as � > 2 and that DC2 (which hasmeasure
zero) coincideswith the set of constant-t ype irrationals (irrationals with bounded quotients|see
the appendix, Paragraph A.3.3). For any y 2 DC(
 ; � ), the property

8k � 0; mk+1 (y) < 
 � 1 mk (y) � � 1

(obvious consequenceof Remark A3.2 in the appendix) allows one to �nd A and 
 0 such
that y belongs to W A


 0 (e.g. A = f sg with sk = mk (y) � � for some � 2]0; 1[, and 
 0 =

 mink � 0 f mk (y)1� � exp(mk (y)1� � )g). In particular, each point of DC� is contained in someK �

A;j .

Theorem 3.3. Let � � 2. If � 2 DC� , monogenic functions of M ((K j ); B ) admit Gevrey-�
asymptotic expansions at � :

M ((K j ); B ) � G� (�; B ):

In particular, according to Theorem 2.2, the solution Fr 1 ;r 2 of the cohomological equation
belongsto G� (�; L (B r 1 ; B r 2 )) as soon as 0 < r 2 < r 1 (using the fact that the positive number �
which enters into the de�nition of the sequence(K j ) can be chosenarbitrarily small). Similarly
f � 2 G� (�; B r ) if 0 < r < 1.

The proof of Theorem 3.3 is somewhat analogousto that of Theorem 2.3. We �rst state a
lemma about the relation betweenDiophantine points and the geometryof the compactsK j , which
parallels Lemma 2.7.

Lemma 3.2. Let � � 2 and � 2 DC� . There exist � > 0, j � 1 and two open disks � � � D
and � + � E tangent to S1 at � such that the set � � [ f � g [ � + is contained in K j and, for
every n=m 2 Q j and � 2 � n=m , the point � = e2� i� satis�es

(3.2) dist( � ; � � [ � + ) � � j� � � j2 and j� � � j � � m� � :
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Pr oof. Let 
 > 0 and y 2 DC(
 ; � ) such that � = e2� iy . We choosej large enoughto ensure

 j � 1

4 
 minm � 1 f m1� � e�m g. According to De�nition 3.5,

8n=m 2 Q; jy � n=mj � 
 j
e� �m

m =  j (m )
m ;

hencey 2 C j (mod Z) and � 2 K j by (2.5).
Let us de�ne the function f (X ) = 2�
 j exp(� c jX j � 1=� ), with c = � ( 


2 )1=� . We can use
Lemma 2.4 and Proposition 2.2 to show that

K f = f � 2 C j j =m � j � f (<e(� � y))g � ~C j ;� ;

where ~C j ;� denotesthe lift of C j ;� in C. Indeed, if � 2 C n ~C j ;� , there exists n=m 2 Q such
that � 2 � n=m (mod Z) ; according to Proposition 2.2 (2),

j <e(� � n=m)j < 2
 j
e� �m

m and j =m � j � 1
2 � (x0

n=m � xn=m ) < 2�
 j e� �m ;

but X = <e(� � y) satis�es jX j � jy � n=mj � j <e(� � n=m)j � 1
2 
 m� � , hencej =m � j < f (X ).

SinceK f has a contact of in�nite order with R at y, we obtain � � [ � + � exp(2� i C j ;� ) by
taking the radius of these disks small enough. Reducing this radius if necessary, we make them
contained in the annulus f e� 2� d � jqj � e2� dg and thus in K j .

Finally, by compactness,it is su�cien t to prove (3.2) for � = e2� i� close to � . On the one
hand, the estimate

dist( � ; � � [ � + ) �
� ! �

const j� � � j2

follows from the fact that, for all � 2 C nexp(2� i K f ), j� j = 1+ ~f (� � � ), where the function ~f (X )
is exponentially small for small jX j. On the other hand, j� � � j � const j� � yj � const m � �

if � 2 � n=m , according to the previous computation. �

Remark 3.3. The exponent 2 in the right-hand sideof the �rst inequality of (3.2) corresponds
to the order of contact of the disks � � in which we ask for asymptotic expansions.But the proof
of Theorem 3.3 which follows would be valid with any other exponent as well. This meansthat
a monogenicfunction of M ((K j ); B ) admits a Gevrey-� asymptotic expansionat � in compacts
with arbitrarily high order of contact at � , not only disks.

Pr oof of Theorem 3.3. Let � � 2, � 2 DC � and f 2 M ((K j ); B ). Let � , j , � � as in
Lemma 3.2. We proceedas in the proof of Theorem 2.3 : the connectedcomponents of C nK j are
of the form U` = exp(2� i � n ` =m ` ) with n` =m` 2 Q j , except for ` = 1 or ` = 1; 2. We recall that

length(� n=m ) � const e� �m

m . Formula (2.15) leadsus to de�ne the coe�cien ts

ak =
f (k ) (� )

k!
=

1
2� i

X

` � 1

Z

@U`

f (� )
(� � � )k+1 d� ; k � 0:

Cauchy's formula (extended to monogenicfunctions) applies for q 2 � � [ � + :

f (q) =
1

2� i

X

` � 1

Z

@U`

f (� )
� � q

d� :

Using the identit y

1
� � q

=
N � 1X

k=0

(q � � )k

(� � � )k+1 +
(q � � )N

(� � � )N (� � q)
;
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we �nd that

f (q) �
N � 1X

k=0

ak (q � � )k =
1

2� i

X

` � 1

Z

@U`

f (� )
(� � � )N

(q � � )N

� � q
d� :

We now use(3.2) to bound oneby onethe contributions of the components U` = exp(2� i � n ` =m ` ),
noticing that, by compactness,such inequalities hold for the exceptional components as well
provided that � is small enough: if � 2 @U` , j� � qj � � j� � � j2 and j� � � j � � m� �

` (extending
the de�nition of m` by the value 1 for the exceptional components), hence

(3.3) kf (q) �
N � 1X

k=0

ak (q � � )k k �
const
� N +3

X

` � 1

e� �m `

m`
m(N +2) �

` �
const
� N +3 �(( N + 2)� );

with �( X ) =
P

m � 1 mX e� �m . Comparing the sum �( X ) and the integral

Z + 1

0
mX e� �m dm = � � X � 1�( X + 1);

we obtain �( X ) � � � X � 1(�( X + 1) + 2� X X e� X ) and the Stirling formula yields the result. �

3.3. Borel transform at quadratic irrationals for the fundamen tal solution

If � 2 DC� for some � � 2, according to Theorem 3.3 the solutions of the cohomological
equation are contained in the corresponding Gevrey class, which is not quasianalytic at � . But
would it be possiblefor them to be contained in somesmaller, quasianalytic Carleman class? We
now show that the answer is negative if � = 2 and � belongsto a subsetQI of DC2 .

Definition 3.6. For any point � = e2� i� in DC2 (say with � 2 ]0; 1[ ), we de�ne the Lagrange
spectral constants � � (� ) > 0 by

1
� � (� )

= � lim inf
(D ;N )2 N� � Z

D � 2
� N

D
� �

� � 1
;

1
� + (� )

= lim sup
(D ;N )2 N� � Z

D � 2
� N

D
� �

� � 1
:

We will usethe notation � � (� ) = (� � (� ))1=2 too.

The previous de�nition is clearer when intro ducing the sets (which depend on � )

E� = f (D ; N ) 2 N� � Z j N=D < � g and E+ = f (D ; N ) 2 N� � Z j N=D > � g;

sincewe can write

� � (� ) = � � (� )2 = lim inf
(D ;N )2E �

D 2

�
�
�
�
N
D

� �

�
�
�
� :

Definition 3.7. We de�ne QI to be the subset of DC2 consisting of all � = e2� i� with �
quadratic irrational, i.e. � 2 R n Q algebraic of degree2.

The Lagrange spectrum can be de�ned as the set of all numbers of the form � (� ) =
minf � � (� ); � + (� )g for some� 2 DC2 (i.e. it is the set of the numbers � (� ) = lim inf D 2

�
� N

D � �
�
�

for � 2 DC2), but here we needan asymmetric version of it becausewe will separatethe rational
approximations of � by the left from its rational approximations by the right. The inclusion
QI � DC2 (which is tacitly assumedin De�nition 3.7) follows e.g. from Lagrange'stheorem which
is recalled in the appendix (Theorem A3.1). We will need the restriction � 2 QI becauseof
the following lemma, which is an arithmetical result about the way the quantities D 2

�
� N

D � �
�
�

approach � � (� ), and for which we do not know of any analoguewhen � 2 DC2 n QI.
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Lemma 3.3. Let � = e2� i� with � 2 ]0; 1[ irr ational and algebraic of degree 2. For each of the
above setsE+ and E� , there exist a partition

E� = F � [ E�
� [ A �

and a number � 0
� > � � (� ) such that :

{ the set F � is �nite ;
{ for all (D ; N ) 2 E�

� , D 2
�
� N

D � �
�
� � (� 0

� )2 ;
{ the set A � can be written

A � = f (D �
p ; N �

p ); p � 0g

with f D �
p g increasing sequence of N� , (D �

p )2
�
�
�

N �
p

D �
p

� �
�
�
� = � � (� ) + O( 1

(D �
p )2 ) and

P
(D �

p ) � 1=2 < 1 .

Moreover the sequence f D �
p+1 =D�

p g is bounded.

In the caseof the golden mean � = 1+
p

5
2 , one may check that � + (� ) = � � (� ) = 1p

5
. But

for � =
p

3, one �nds � � (� ) = 1p
3

> � + (� ) = 1
2

p
3
. In both examplesone can take the even

convergents for the sequencef
N +

p

D +
p

g and the odd convergents for the sequencef
N �

p

D �
p

g. In general

f
N �

p

D �
p

g is a subsequenceof the sequenceof odd/even convergents of � .

The proof of Lemma 3.3 is given in Appendix A.4, sinceit is purely arithmetical. It is the only
place where we usethe hypothesis � 2 QI.

Theorem 3.4 (Non-quasianalyticity and sharpnessof Gevrey-2 asymptotics for quadratic
irrationals) . Let � 2 QI and r 2 ]0; 1[. We know by Theorem 3.3 that f � 2 G2(�; B r ), thus we may
consider its asymptotic expansion at � :

~f = J � (f � ) =
X

n � 0

Fn Qn 2 B r [[Q]]2;

and the formal Borel transform of Q1=2 ~f (Q) with respect to Q1=2 :

F̂ (� ; z) =
X

n � 0

Fn (z)
� 2n

(2n)!
2 Cf � ; zg:

(a) The holomorphic germ F̂ extendsanalytically to the set f (� ; z) 2 C � Dr j � 2 REC� (z) g
where, for each z 2 Dr , the rectangle REC� (z) is de�ned as the set of the complexnumbers � such
that

�
�<e

�
(2� i� ) � 1=2�

� �
� < � + (� ) log

1
jzj

and
�
�=m

�
(2� i� ) � 1=2�

� �
� < � � (� ) log

1
jzj

(see Figure 4).

(b) For each z 2 Dr , @(REC � (z)) is a natural boundary for the analytic function � 7! F̂ (� ; z).

(c) Supposethat f M n g is a non-decreasing sequence of positive numbers such that

f � 2 C� (�; f M n g; B r ) or f � 2 C+ (�; f M n g; B r ):

Necessarily C� (�; f M n g; B r ) is not quasianalytic at � .

The assumptionthat f M n g be non-decreasingseemsonly technical, but we werenot able to get
rid of it. With that restriction the spacesof solutions f f g; g 2 B r 0g with r 0 > r and a fortiori the
spacesof monogenicfunctions M (f Cj g; B r 0) are contained in none of the quasianalytic Carleman
classesat � that we have de�ned in Section 3.1.
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Re

REC  (z)

Im

arg(2   i   )

l

+

x

x

l
1/2

p

log |z|
1/2 -1

-(2p)   k (l)

log |z|
-1

(2p)   k (l)
1/2

Figure 4

Note that this theorem holds for the fundamental solution of the cohomological equation,
becauseof its very speci�c features, but we claim no such result for a generalBorel-Wol�-Denjo y
serieswith poles in R nor for any classof monogenicfunctions.

We will obtain that theorem itself as a consequenceof a more preciseresult. In the statement
of this result, we will make useof the variables h = 1

2� i log q
� and s = logz rather than Q = q � �

and z. Since we are dealing with functions of B r , the variable s will move in the half-plane
f <es < logr < 0g and thesefunctions decreaseat least like e< e s when <es tends to �1 .

Theorem 3.5 (Borel transform of order 2 at quadratic irrationals) . Let � 2 QI and r 2 ]0; 1[.
One can give a decomposition of the fundamental solution

f � (� e2� ih ; es) = f � (�; es) +
1

2� i

�
� + (h; s) + � � (h; s)

�

satisfying the following properties :

(a) the function � � is analytic for <es < logr and h 2 C n R� , with

� + (h; s) = h1=2
Z + i 1

0
 ̂ + (� ; s) e� � h � 1= 2

d� ;

� � (h; s) = h1=2
Z + 1

0
 ̂ � (� ; s) e� � h � 1= 2

d� ;

the Borel transform  ̂ � being analytic in

f (� ; s) j <es < logr and j <e� j < � + (� )( � <es) g for  ̂ + ;

f (� ; s) j <es < logr and j =m � j < � � (� )( � <es) g for  ̂ � ;
and, for each s, evenwith respect to � and bounded in any substrip of the form

f j <e� j � constg for  ̂ + ; or f j =m � j � constg for  ̂ � ;

where const denotessomenumber < � � (� )( � <es) ;

(b) for each s, the Borel transform � 7!  ̂ � (� ; s) hasa denseset of singular points on the boundary
of its strip of de�nition ; more precisely, if one de�nes the points

� +
k ;l (s) = � + (� )

�
� s + 2� i (k� + l)

�
; � �

k ;l (s) = i� � (� )
�
� s + 2� i (k� + l)

�
; k; l 2 Z;
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Rez

|Re s|k (l)+

|Re s|k (l)-
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-
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+

z{

z

(s)}

Figure 5

the real part of the function  ̂ � (� ; s) tends to �1 when � tends to one of the points � �
k ;l (s),

horizontally from the left for  ̂ + , vertically from below for  ̂ � (i.e. � = � �
k ;l (s) + � , � ! 0, with

� 2 R� for  ̂ + and � 2 i R� for  ̂ � ; see Figure 5).

(c) for each real s < logr there existsa positive integer j 0 and a non-decreasing sequence of positive
numbers f � j gj � j 0 such that

X

j � j 0

(� j ) � 3=4 < + 1 and 8j � j 0; j� 2j � 1(s)j � (� j )2j � 1;

with the following notation for the Taylor series of  ̂ =  ̂ + +  ̂ � :

(3.4)  ̂ (� ; s) =
X

n � 0

� n +1 (s)
� 2n

(2n)!
:

Remark 3.4. The function � 7!  ̂ � (� ; s) is in fact the integral Borel transform of h 7!
h� 1=2� � (h; s) with respect to h1=2, whereasits Taylor seriesat � = 0 is the formal Borel transform
with respect to h1=2 of the asymptotic expansionof h� 1=2� � at h = 0. In the formulas of Part (a)
which indicate how to recover � � from  ̂ � by Laplace transform, there is an implicit choice of
determination of h1=2 : for � + onechoosesthe determination which is holomorphic in CnR+ and has
always positive imaginary part, while for � � one choosesthe determination which is holomorphic
in C n R� and has always positive real part (in order to ensure the decreaseof je� � h � 1= 2

j) ; see
Figure 6.

One could make the opposite choice as well : since  ̂ � is even with respect to � , one
would simply have to compute the Laplace integral along the opposite ray. Besides,Parts (a)
of Theorem 3.4 or 3.5 do not require � 2 QI but only � 2 DC2 .

3.4. Deduction of Theorem 3.4 from Theorem 3.5

3.4.1. Parts (a) and (b) are an exercise of application of the general theory of which
Appendix A.5 givesa brief account. We will relate F̂ (� ) and

(3.5)  ̂ (� ) =  ̂ + (� ) +  ̂ � (� )
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(from now on the variable z = es will be understood). Part (a) of Theorem 3.5 implies that  ̂ is
analytic in the rectangle rec� (z) de�ned by

j <e� j < � + (� )( � <es) and j =m � j < � � (� )( � <es):

Let Q1 = Q1=2 and ~F (Q1) = Q1
~f (Q2

1) : F̂ (� ) is the formal Borel transform of ~F with respect
to Q1, which we will indicate by the notation

~F = ~L ( � ! Q 1 ) F̂

in order to be able to deal with changesof variables in the formal model. By de�nition of ~f , we
have the asymptotic expansionf � (� + Q2

1) � Q� 1
1

~F (Q1), thus

f � (� + Q2
1) � F̂ (0) + ~L ( � ! Q 1 ) (@� F̂ ):

On the other hand we can intro duce h1 = h1=2. According to Part (a) of Theorem 3.5,
f � (� e2� ih 2

1 ) � f � (� ) + 1
2� i h1 ~L ( � ! h1 )  ̂ = f � (� ) + ~L ( � ! h1 ) ( 1

2� i �  ̂ ). We deducethat F̂ (0) = f � (� ),
and setting

(3.6) Ĝ1 =
1

2� i
�  ̂ ;

we have the identit y ~L ( � ! Q 1 ) (@� F̂ ) = ~L ( � ! h1 ) Ĝ1 under the changeof variable

h1 =
� 1
2� i

log(1 + � � 1Q2
1)

� 1=2
= (2� i� ) � 1=2Q1(1 + O(Q2

1)) :

This changeof variable is the composition of the dilatation h1 7! Q2 = (2� i� )1=2h1 and of the

transformation Q1 7! Q2 =
�
� log(1 + � � 1Q2

1)
� 1=2

. The dilatation is responsible for the passage
from Ĝ1 analytic for � 2 rec� (z) to a function

(3.7) Ĝ2(� 2) = (2� i� ) � 1=2Ĝ1((2� i� ) � 1=2� 2)
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analytic for � 2 2 REC� (z) = (2� i� )1=2rec� (z) and such that

~L ( � ! h1 ) Ĝ1 = ~L ( � 2 ! Q 2 ) Ĝ2:

According to Part (b) of Theorem 3.4, @REC� (z) is a natural boundary for Ĝ2.
Finally

F̂ = F̂ (0) + 1 � Ĝ;

where the function Ĝ(� ) is determined from Ĝ2 by composition-convolution : indeed

~L ( � ! Q 1 ) Ĝ = ~L ( � 2 ! Q 2 ) Ĝ2

under a changeof variable

Q� 1
2 = Q� 1

1 + L 12(Q1) , Q� 1
1 = Q� 1

2 + L 21(Q2); L 12(X ); L 21(X ) 2 X Cf X g;

hence

(3.8) Ĝ = Ĝ2 +
X

r � 1

1
r !

(L̂ 12) � r � @̂r Ĝ2; Ĝ2 = Ĝ +
X

r � 1

1
r !

(L̂ 21) � r � @̂r Ĝ;

where @̂denotesthe multiplication by � � or � � 2, Borel counterpart of di�eren tiation with respect
to X 1 = Q� 1

1 or X 2 = Q� 1
2 . Here L̂ 12 and L̂ 21 are entire functions and REC� (z) is star-shaped

with respect to the origin, hencethe above seriesare uniformly convergent in any compact subset
of REC� (z). ThereforeĜ is holomorphic in REC� (z), and if @REC� (z) werenot a natural boundary
for Ĝ, neither would it be for Ĝ2. This provesthe statements of Parts (a) and (b) of Theorem 3.4.

3.4.2. As for Part (c), we now supposethat f � 2 C� (�; f M n g; B r ) for somenon-decreasing
sequenceof positive numbers f M n g. In particular ~f = J �

� (f � ) 2 B r [[Q]]f M n g. Let us �x a real
number s0 < logr at which all the subsequent s-dependent functions will be evaluated. For
instance Fn will denote the value at s0 of the function s 7! Fn (es), and we have

8n � 1; jFn j � c0cn
1 M n

for somec0; c1 > 0.
Part (c) of Theorem 3.5 yields a sequencef � j g which allows us to bound from below half of

the coe�cien ts of
~� (h) =

X

n � 0

� n hn ;

where we use the convention of (3.4) for denoting the Taylor coe�cien ts of  ̂ and we set
� 0 = 2� if � (� ) for conveniency. We have

f � (� + Q) � ~f (Q) =
X

n � 0

Fn Qn and f � (� e2� ih ) �
1

2� i
~� (h);

therefore ~� (h) = 2� i ~f (� (e2� ih � 1)) and in particular, for all n � 1,

� n = (2� i )n +1
nX

r =1

� r br ;n Fr with br ;n =
X

n 1 + ��� + n r = n; n i � 1

1
n1! � � � nr !

:

Sincebr ;n < r n =n! and f M n g is non-decreasing,we deducethat

j� n j � c0(2� )n +1 M n
nn +1

n!
(maxf 1; c1g)n ;

and for n large enough,M n � cn
2 j� n j with somec2 > 0.
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We are now in a position to apply Theorem 3.1 : let � n = inf
n 0� n

f M 1=n 0

n 0 g. For j large enough,

M 2j � M 2j � 1 � c2j � 1
2 (� j )2j � 1;

thus, for j large enough,

M
1

2 j
2j � c

1� 1
2 j

2 (� j )1� 1
2 j � const (� j )3=4 and M

1
2 j � 1

2j � 1 � c2� j � const (� j )3=4:

Sincethe sequencef � n g is non-decreasing,

� 2j � const (� j )3=4; � 2j � 1 � const (� j )3=4;

thus
P 1

� n
< + 1 .

3.5. Pro of of Theorem 3.5

3.5.1. Let � = e2� i� 2 QI with � 2 ]0; 1[. We �rst give a formula closeto a \decomposition
into simple elements" of f � with respect to the variable h = 1

2� i log q
� .

Lemma 3.4.

f � (� e2� ih ; z) = f � (�; z) +
1

2� i

X

D 2 N� ; N 2 Z

Z � 1 �
h

h � Z
�

zD

D
; with Z =

N
D

� � :

Observe that in the above formula we have not tried to group the various terms corresponding
to the sameZ . Doing so, we would arrive to a formula which looks more like a decomposition into
simple elements and is more reminiscent of the decomposition (1.5) :

f � (� e2� ih ; z) = f � (�; z) +
1

2� i

X

Z 2� � + Q

Z � 1 �
h

h � Z
� L D (Z ) (z);

where D(Z ) denotesthe denominator of Z + � .

Pr oof of Lemma 3.4. We start with the decomposition which is relative to the variable q
and which can be written

f � (q; z) =
X

D � 1

zD

D

X

� 2R D

� q
�

� 1
� � 1

:

Thus

f � (� e2� ih ; z) =
X

D � 1

X

0� N � D � 1

zD

D

�
e2� i (h+ � � N

D ) � 1
� � 1

:

We now usethe identit y

d
dx

(e2� ix � 1)� 1 =
1

2� i

X

M 2 Z

d
dx

(x � M ) � 1;

which yields

d
dh

[f (� e2� ih ; z)] =
X

D � 1

X

0� N � D � 1

1
2� i

zD

D

X

M 2 Z

d
dh

�
h + � �

N + M D
D

� � 1

=
1

2� i

X

D � 1

X

N 2 Z

zD

D
d

dh

�
h + � �

N
D

� � 1

=
1

2� i

X

D � 1

X

N 2 Z

zD

D
d

dh

h
Z � 1 �

h
h � Z

i
;
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hencethe result by integration. �

Using the notations of Lemma 3.3, we intro duce functions � + and � � de�ned by

� � (h; s) =
X

(D ;N )2E �

Z � 1 �
h

h � Z
�

eD s

D
;

still with Z = N
D � � . Thus, according to Lemma 3.4,

f � (� e2� ih ; z) = f � (�; z) +
1

2� i

�
� + (h; s) + � � (h; s)

�
;

with the changeof variable z = es. Each term

� (D ;N ) (h; s) = Z � 1 �
h

h � Z
�

eD s

D
;

being analytic at the origin with respect to h1=2, may be written as the Laplace integral in any
direction of its Borel transform ; we �nd it convenient to let a factor h1=2 outside the integral :

� (D ;N ) (h; s) = h1=2
Z 1

0
 ̂ (D ;N ) (� ; s) e� � h � 1= 2

d� :

One computeseasily

 ̂ (D ;N ) (� ; s) = � Z � 2 �
eD s

D

X

n � 0

Z � n �
� 2n

(2n)!

which is entire and of exponential type in any direction : according to the sign of Z we obtain a
hyperbolic or a trigonometric cosine.

3.5.2. Part (a) of Theorem 3.5 will thus derive from the study of the convergenceof the series

(3.11)  ̂ + (� ; s) = �
X

(D ;N )2E +

Z � 2 cosh
�
Z � 1=2�

� eD s

D

and

(3.12)  ̂ � (� ; s) = �
X

(D ;N )2E �

Z � 2 cos
�
jZ j � 1=2�

� eD s

D
:

Let us consider  ̂ + for instance. It is of coursethe even part (with respect to � ) of

(3.13) 	 + (� ; s) = �
X

(D ;N )2E +

D � 1Z � 2eZ � 1= 2 � + D s

Let � > 0 and � 0 < � + (� ) : we obtain the uniform convergenceof this seriesfor

<e� + � 0 <es � � �

by observing that � + (� ) = lim inf (D ;N )2E + DZ 1=2. Indeed for almost all (D ; N ) 2 E+ (i.e. all of
them except a �nite number), DZ 1=2 � � 0, therefore <e(Z � 1=2� + Ds) � � � � � 1

0 D ; and for each
D � 1, X

N 2 Z;(D ;N )2E +

Z � 2 = D 2
X

N >�D

(N � � D ) � 2

� D 2
�

dist(� D ; Z) � 2 + � (2)
�

� const D 4;
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hence
j	 + (� ; s)j � const

X

D � 1

D 4 e� � � � 1
0 D

in that domain. In particular, 	 + is analytic and bounded in

f (� ; s) j <es < logr and <e� < � 0(� <es) � � g

for all � > 0 and � 0 < � + (� ), and this is enough to establish the analyticit y of  ̂ + (� ; s) =
1
2 (	 + (� ; s) + 	 + (� � ; s)) in

f (� ; s) j <es < logr and j <e� j < � + (� )( � <es) g:

The sameanalysis can be performed on  ̂ � which is the even part of

(3.14) 	 � (� ; s) = �
X

(D ;N )2E �

D � 1Z � 2e�j Z j � 1= 2 i� + D s;

but the factor � i in front of � in the exponentials is responsible for a rotation of � =2 of the whole
picture.

3.5.3. Lemma 3.3 will be useful in the proof of Part (b) of Theorem 3.5. The partition of E+

yields a decomposition of 	 + :

	 + = 	 +
F + + 	 +

E+
�

+ 	 +
A + ; with 	 +

B (� ; s) = �
X

(D ;N )2B

D � 1Z � 2eZ � 1= 2 � + D s:

Becauseof the properties of F + and E+
� , the function 	 +

F + + 	 +
E+

�
is analytic in a domain

f (� ; s) j <es < logr and <e� < � 0
+ (� <es) g

which is larger than the domain of analyticit y that we just obtained for 	 + , as one can seeby the
samearguments as above.

Let us �x s 2 C with <es < logr and let us considera point � +
k ;l (s). When � tends to � +

k ;l (s),
the function 	 +

F + + 	 +
E+

�
tends to its value at (� +

k ;l (s); s), thus its real part remains �nite and we

now focus on the third term, 	 +
A + . According to Lemma 3.3, we can write

	 +
A + (� ; s) = �

X

p� 0

cp(D +
p )3 e(Z +

p ) � 1= 2 � + D +
p s;

with Z +
p =

N +
p

D +
p

� � and cp = (Z +
p ) � 2(D +

p ) � 4. Moreover we can study the asymptotic behaviour

with respect to p of thesequantities :

Z +
p = (� + (� ) + � +

p )(D +
p ) � 2

and lim � +
p = 0, thus lim cp = � + (� ) � 2. Let us intro duce

� p = (Z +
p ) � 1=2 � � + (� ) � 1D +

p � �
1
2

� + (� ) � 3D +
p � +

p :

We know that lim � p = 0, and we can de�ne a function

� + (X ; � ) =
X

p� 0

cp(D +
p )3X D +

p e� p �

such that
	 +

A + (� ; s) = � � + (e� + ( � ) � 1 � + s; � ):
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According to the de�nition of � +
k ;l (s), when � tends to � +

k ;l (s) horizontally by the left, the new

variable X = e� + ( � ) � 1 � + s tends to e2� i (k � + l ) = � k along the ray ]0; � k [. Moreover, since
dist(k� D +

p ; Z) tends to 0 as p tends to in�nit y, we have lim � kD +
p = 1. We are in a position

to apply the following elementary result :

Lemma 3.5. Let �( X ; � ) =
P

p� 0 cpd3
p e� p � X dp . Assumethat the � p and cp are real numbers,

with limp!1 � p = 0 and cp bounded from above and from below by some positive constants, and
that f dpg is an increasing sequence of integers such that lim p!1 � kdp = 1. Let K be a compact
subsetof C.

{ The series which de�nes � convergesuniformly in K 0 � K for any compact subsetK0 of D.
{ The function <e�( X ; � ) tends to + 1 as X tends to � k along the ray ]0; � k [, uniformly with

respect to � 2 K.

Pr oof of Lemma 3.5. The convergenceof the seriesis obvious. Let M > 0. The quantit y
e� p � � kdp tends to 1 as p tends to in�nit y uniformly with respect to � , thus we can chosep0 large
enoughso that, for all � 2 K,

<e
p0X

p=0

cpd3
p e� p � � kdp � 2M and 8p � p0; <e(e� p � � kdp ) �

1
2

:

Let � > 0, small enoughso that, for all � 2 K and X 2 C,

jX � � k j � � )
�
�
�

p0X

p=0

cpd3
p e� p � (X dp � � kdp )

�
�
� � M :

We seethat, if � 2 K and X 2 ]0; � k [ with jX � � k j � � ,

<e�( X ; � ) = <e
p0X

p=0

cpd3
p e� p � (X dp � � kdp ) + <e

p0X

p=0

cpd3
p e� p � � kdp

+ <e
X

p>p 0

cpd3
p e� p � X dp < � M + 2M

(the third term is positive sinceX = t� k with t 2 ]0; 1[ and <e(e� p � � kdp ) > 0). �

Let us continue the proof of Theorem 3.5. We have obtained that <e	 +
A + and thus <e	 + tend

to �1 as � tends to � +
k ;l (s) horizontally by the left. This allows us to reach the desiredconclusion

for  ̂ + . The previous work is easily adapted to the caseof  ̂ � , with the intro duction of

	 �
A � (� ; s) = �

X

p� 0

cp(D �
p )3 e� (Z �

p ) � 1= 2 i� + D �
p s;

(with real numbers cp and � p associated to A � ) and

� � (X ; � ) =
X

p� 0

cp(D �
p )3X D �

p e� p � ;

but this time the correspondenceis 	 �
A � (� ; s) = � � (e� � � ( � ) � 1 i� + s; � i� ). This ends the proof of

Part (b) of Theorem 3.5.
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3.5.4. We now come to Part (c). Let us �x s < logr and z = es (thus z 2 ]0; 1[). We recall
the notation

 ̂ =  ̂ + +  ̂ � =
X

n � 0

� n +1 (s)
� 2n

(2n)!
:

Our aim is to bound from below half of the coe�cien ts of that series. According to the
formulas (3.11){(3.12),

8n � 0; � � n +1 (s) =
X

(D ;N )2E +

zD D � 1Z � n � 2 + (� 1)n
X

(D ;N )2E �

zD D � 1jZ j � n � 2;

with the usual notation Z = N
D � � . Let us choose" 2 f + ; �g so that � " (� ) � � � " (� ). When

we restrict ourselvesto even n, only positive quantities appear in the right-hand side of the above
equation, thus we obtain a lower bound for the left-hand side by retaining only the terms which
correspond to (D ; N ) 2 E" :

8j � 1; � � 2j � 1(s) >
X

p� 0

zD "
p (D "

p) � 1jZ "
p j � 2j :

According to Lemma 3.3, jZ "
p j = (� " (� ) + � "

p)(D "
p) � 2 and � "

p tends to 0 as p tends to in�nit y,
thus we can �x p0 large enoughand c = 3

2 � " (� ) so that

8p � p0; jZ "
p j � c(D "

p) � 2:

For j � D "
p0

=4, we de�ne
E j = max

D "
p � 4j

f D "
pg:

Thus E j � 4j , and since E j 2 f D "
p; p � p0 g, we can choose to retain only the corresponding

contribution in the previous sum :

� � 2j � 1(s) > zE j c� 2j E 4j � 1
j > (c� 1z2)2j E 4j � 2

j ;

and for j large enough,

j� 2j � 1(s)j
1

2 j � 1 > � j :=
1
2

c� 1z2E 2
j :

The sequencef � j g that we just de�ned is obviously non-decreasingand there remains only to
check that

P
� � 3=4

j < + 1 , i.e. that
P

E � 3=2
j < + 1 . We observe that E j = F4j with

8m � D "
p0

; Fm = max
D "

p � m
f D "

pg;

i.e.
FD "

p 0
= FD "

p 0
+1 = : : : = FD "

p 0 +1 � 1 = D "
p0

;

FD "
p 0 +1

= FD "
p 0 +1 +1 = : : : = FD "

p 0 +2 � 1 = D "
p0 +1 ;

and so on. Hence,for P > p0,

D "
P +1 � 1X

m = D "
p 0

F � 3=2
m =

PX

p= p0

(D "
p) � 3=2(D "

p+1 � D "
p) �

�
� 1 + sup

D "
p+1

D "
p

� PX

p= p0

(D "
p) � 1=2;

and the series
P

F � 3=2
m and

P
E � 3=2

j converge. �



Quasianalytic monogenicsolutions of a cohomologicalequation 39

4. Resummation at Resonancesand Constant-T ype Points

For a class of monogenic functions (to which the solutions of the cohomological equation
belong), we have obtained asymptotic expansionsat Diophantine points of the unit circle. Now,
restricting ourselvesto the subspaceof Borel-Wol�-Denjo y serieswith polesat resonances,we will
study asymptotic behaviour at resonances.

Then, we will addressthe question : Is it possible to recover any solution in a constructive
way from its asymptotic expansionat a particular point of S1 ? We will provide re�ned results on
Gevrey-1asymptotics at resonancesand Gevrey-2asymptotics at constant-t ype points which show
that the answer is positive for each of thesepoints. In the latter casethere is no contradiction with
the non-quasianalyticity of G2(�; B ) nor with Part (c) of Theorem 3.4, sincethe question amounts
to working in a smaller quasianalytic subspacewithout demanding it to be a Carleman class.

At resonancesa rigid structure appears, which is an elementary caseof resurgence [E1] in
the caseof the fundamental solution f � . The Borel transform of a given solution f = f � � g at
a resonance� 0 can be completely described, the appropriate Laplace transform then yields the
function inside or outside the unit disk, and onecan even recover all the other residues� L m (�) � g
from the singularities of the Borel transform at � 0 by computing the Stokes phenomenon. In
somesense,this meanspassingfrom local information (one particular singular point � 0) to global
information (the whole set of \p oles").

For constant-t ype points, although it is likely that no quasianalytic Carleman classcontains
the solutions (as is the casefor quadratic irrationals), one can still de�ne a quasianalytic space
which contains them and in which an adaptation of Borel-Laplace summation processprovides
constructive quasianalytic continuation, like for resonances.

4.1. Asymptotic expansions at resonances

Recall the formulas (2.10) and (2.11) which, by Theorem 2.2, de�ne � R : S(r; B ) !
M ((K j ); B ).

Theorem 4.1. Let r 2 ]0; 1[, B a Banach space and � 0 2 R. If a 2 S(r; B ), the
function q 7! (q � � 0)

�
� R (a)

�
(q) belongs to G1(� 0; B ) and the constant term in its asymptotic

expansion J � 0

�
(q � � 0)� R (a)

�
is equal to a� 0 . In particular, if 0 < r 1 < r 2, the solution Fr 1 ;r 2

belongsto (q� � 0) � 1G1(� 0; L (B r 1 ; B r 2 )) and the constant term in J � 0

�
(q� � 0)Fr 1 ;r 2

�
is � 0L m (� 0 ) � .

Therefore the Borel-Wol�-Denjo y seriesof � R
�
S(r; B )

�
or the solutions of the cohomological

equation are contained in quasianalytic spaces(q � � 0) � 1G1(� 0; B ). Moreover Nevanlinna's
Theorem ensuresthe possibility of following the quasianalytic continuation of any such Borel-
Wol�-Denjo y seriesf acrossS1 \through � 0" : the Borel transform of J � 0

�
(q � � 0)f

�
necessarily

belongsto N̂ (B ), and the appropriate Laplace transform restoresthe function on one side or the
other of S1. But much more can be said about the Borel transform in the caseof the solutions, as
will be shown in Section 4.2.

Unfortunately nothing indicates that such a quasianalytic property could be sharedby all the
monogenicfunctions of M ((K j ); B ) or C1

hol ((K �
A;j ); B ).

Pr oof of Theorem 4.1. Let a 2 S(r; B ) and

F (q) =
X

� 2R ; � 6=� 0

a�

q � �
=

�
� R (a)

�
(q) �

a� 0

q � � 0
:

It is su�cien t to prove that F 2 G1(� 0; B ).
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We have � 0 = e2� i� with, 8n=m 2 Q n f � g, j� � n=mj � 1=(m(� 0)jmj), and one checks easily
the existenceof a positive constant 
 1 such that

(4.1) 8� 2 R n f � 0g; j� 0 � � j �

 1

m(�)
:

Therefore the series

An = (� 1)n
X

� 2R ; � 6=� 0

a�

(� 0 � �) n +1 ; n 2 N;

are absolutely convergent in B . In fact there exists c > 0 such that, 8n � 0, kA n k � c ' (n + 1),
where the function ' is de�ned by

8n � 0; ' (n) =
X

� 2R ; � 6=� 0

r m (�)

m(�)
j� 0 � � j � n :

Lemma 4.1. Let K be a compact subsetof C which intersects S1 at � 0 only, with �nite order
of contact � > 0 (i.e. 9c > 0 such that 8q 2 K, 8q0 2 S1, jq � q0j � cj� 0 � q0j � ). There exists
c0 > 0 such that

8N � 0; 8q 2 K; kF (q) �
X

0� n � N � 1

An (q � � 0)n k � c0 jq � � 0jN ' (N + � ):

Pr oof of Lemma 4.1. One computeseasily the identit y

F (q) �
X

0� n � N � 1

An (q � � 0)n = (� 1)N (q � � 0)N
X

� 2R ; � 6=� 0

a�
(� 0 � �) � N

q � �
:

But for q 2 K and � 2 R, jq � � j � cj� 0 � � j � , whereaska� k � const r m (�)

m (�) . �

We will usethis lemma to �nish the proof of Theorem 4.1. Let us check the existenceof c1 > 0
such that

8n � 0; ' (n) � cn +1
1 n!:

Using Inequality (4.1) we obtain

8n � 0; ' (n) � 
 � n
1

X

m � 1

mn r m :

If we set r = e� s with s > 0 and compare the sum
P

m � 1 mn e� ms and the integral
R+ 1

0 mn e� ms dm = s� n � 1n!, we obtain
P

mn e� ms � s� n � 1(�( n + 1) + 2snn e� n ) ; the Stir-
ling formula yields the desired inequality.

We now choosefor K a closeddisk �� � contained in D or E, then � = 2 and F j �� � 2 G�
1 (� 0; B )

with J �
� 0

(Fj �� � ) =
P

An Qn . �

Notice that, according to the proof of Theorem 3.5, if a 2 S(r; B ) the Borel-Wol�-Denjo y
series� R (a) admits a Gevrey-1asymptotic expansionat � 0 in compact subsetsK with arbitrarily
high order of contact at � 0.
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4.2. Resurgence of the fundamen tal solution at resonances

4.2.1. We �x in this section a resonant point � 0 2 R with m0 = m(� 0). We denote by n0

the integer such that

� 0 = e2� in 0 =m 0 ; 0 � n0 � m0 � 1; (n0jm0) = 1:

We know by Theorem 4.1 that the function (q� � 0)f � belongsto G1(� 0; B r ) for all r 2 ]0; 1[, with
an asymptotic expansion

J � 0

�
(q � � 0)f �

�
=

X

n � 0

an Qn ; a0 = � 0L m 0 ; (8n � 0) an 2 B r :

According to Theorem 3.2 and De�nitions 3.3 and 3.4, the Borel transform

�̂ � (� ) =
X

n � 0

� n +1
0 an +1

� n

n!

belongsto N̂ (B r ) for all r 2 ]0; 1[, and f � can be recovered from �̂ � by the formula (q � � 0)f � =
� 0L m 0 + L � 0 �̂ � , which can be rephrasedas

f �
�
� 0(1 + t)

�
= t � 1L m 0 + � � 1

0 t � 1� � (t); � � (t) =
Z �1

0
�̂ � (� ) e� � =t d� :

We may consider �̂ � as a holomorphic function of two variables as well, by setting �̂ � (� ; z) =
�̂ � (� )(z). Our goal is now to study the analytic continuation with respect to � of this Borel
transform.

Definition 4.1. For a 2 Z � and b 2 Z, we de�ne the moving singular point

z 2 D� 7! � a;b(z) =
2� a
m0

�
� i logz +

2� b
m0

�
2 C;

where D� = D n f 0g and we have chosen some determination of the logarithm once for all (see
Figure 7). We also attach to it a complex number :

Ca;b = �
1

m0
e2� iabn 0

0 =m 0 ;

where n0
0 + m0Z is the multiplicativ e inverseof n0 + m0Z in the ring Z=m0Z.

Theorem 4.2 (Resurgenceat resonances). For each z 2 D� , the function � 7! �̂ � (� ; z) extends
analytically to the universal covering4 of C n f � a;b(z); a 2 Z � ; b 2 Zg ; near a moving singular
point ! = � a;b(z) on the main sheet of this Riemann surface, one can write

�̂ � (� ; z) = � 0Ca;b

�
e� ! =2

� � !
+ L̂ ! (� � ! ) log(� � ! )

�
+ regular function,

where L̂ ! is an entire function. Moreover, for any z 2 D� and for any line � of C passingthrough
the origin and avoiding the singular points � a;b(z), the function �̂ � (� ; z) has at most exponential
growth for � 2 � .

4This simply means that for �̂ � (� ; z) viewed as an analytic germ in � at the origin, analytic contin uation can
be followed along any path issuing from the origin and lying in C n f � a;b (z)g. We obtain a Riemann surface by
considering homotop y classesof such pathes ; its main sheet corresponds to rectilinear paths and can be identi�ed
to the holomorphic star of our germ.
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Figure 7. The points � a;b(z) lie at the intersection of two family
of lines parametrized by a 2 Z � or b 2 Z.

It is even possibleto compute the entire functions L̂ ! : they are the Borel transforms of the
convergent seriesL ! (t) = � e� ! =2 +

�
1 + tL (t)

�
e� ! L ( t ) = O(t), where

L(t) =
�
log(1 + t)

� � 1
� t � 1 =

1
2

+ O(t):

This theorem will appear as a consequenceof Theorem 4.3 below.
In the terminology of resurgence,(q � � 0)f � (q) would be called a simple resurgent function

(seeAppendix A.5). Theorem 4.2 shows that the index 1 in the Gevrey asymptotics provided by
Theorem 4.1 is optimal, sincethe Borel transform �̂ � has �nite radius of convergencewith respect
to � for each nonzeroz.

Remark 4.1. There is someanalogy between the �rst line of moving singular points � 1;b(z)
and the points � �

k ;l (s) of Theorem 3.5 (b). Both casesdeal with the Borel transform of some
Gevrey-� asymptotic expansionat a point of DC � , at � = e2� i� 2 QI in Section3.3 (� = 2) and at
� 0 = e2� in 0 =m 0 2 R here (� = 1 ; indeed (4.1) leadsus to set DC1 = R). We have s = logz, but
in Section 3.3 we were expanding with respect to h de�ned by q = � e2� ih (and then computing a
Borel transform with respect to h1=� ) instead of t = q� �

� , and this is responsible for a scaling by a
factor 2� i betweenthe variables� and � for the Borel transforms. The special singular points � +

k ;l (s)
can be de�ned by

s + � � 1� +
k ;l (s) = 2� i (k� + l); k; l 2 Z;

where � = � + (� ) is the largest number such that j N
D � � j � ( �

D ) � for all N
D > � except a �nite

number of them (recall that � = 2 in that case). In the resonant casewe can set � = 1
m 0

: this
is the largest number such that j N

D � n 0
m 0

j � �
D for all N

D 6= � (� = 1 in this caseand we need
not distinguish left and right rational approximations of n0=m0). The �rst line of moving singular
points appears to be de�ned by

s +
1

2� i
� � 1� 1;b(z) = � 2� i

b
m0

; b 2 Z;

but the group f � b
m 0

; b 2 Z g = f k n 0
m 0

+ l; k; l 2 Z g is discrete, thus the singular points are
isolated (hence the resurgenceproperty), whereasf k� + l ; k; l 2 Z g was densein R, hencethe
natural boundary for  ̂ + (� ; s).
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Remark 4.2. If a function g 2 B r 1 is given, for somer 1 > 0, one can deduceresults for the
corresponding solution f = f � � g : we know by Theorem 4.1 that (q� � 0)f 2 G1(� 0; B r 2 ) and the
function �̂ g = B � J � 0

�
� � 0L m 0 � g + (q � � 0)f

�
belongsto N̂ (B r 2 ) for all r 2 2 ]0; r 1[. In fact, for

each � 2 C, �̂ g = �̂ � � g and the singularities with respect to � of �̂ g depend on the singularities
(with respect to z) of g. More precisely, the location of the moving singular points of �̂ � shows
that �̂ � is holomorphic in f (� ; z) j z 2 D; j =m � j < 2� ln 1

jzj g = f jzj < exp(� j = m � j
2� ) g ; thus �̂ g

is holomorphic in f jzj < r 1 exp(� j = m � j
2� ) g, which meansthat for each z 2 Dr 1 , �̂ g is holomorphic

with respect to � in a horizontal strip of width 4� r 1 ln 1
jzj . (But �̂ g may have a natural boundary

with respect to � if this is the casefor g with respect to z.)

4.2.2. So far we were dealing with Borel transforms with respect to t = q� � 0
� 0

, but in fact the
variable � = log(q=� 0) is more convenient. Thus we consider the function

� 7! 	 g(� ) = � f (� 0 e� )

still for a generalsolution f = f � � g : it admits a Gevrey-1 asymptotic expansion

~	 g(� ) =
X

p� 0

	 g
p � p

for � tending to zero by the left or by the right, whoseconstant term is 	 g
0 = L m 0 � g, and we are

interested in the Borel transforms

	̂ g =
X

n � 0

	 g
n +1

� n

n!
; 	̂ � =

X

n � 0

	 �
n +1

� n

n!
:

Theorem 4.3 (Borel transform at resonances). When viewed as a holomorphic function of
two variables, 	̂ g can be written

	̂ g(� ; z) =
m 0 � 1X

k=0

� k
m0

�
1
2

�
g(� k

0z) �
m 0 � 1X

k=0

X

a2 Z �

e2� i k a
m 0

2� ia

h
g(� k

0z e
m 0 �
2 � ia ) � g(� k

0z)
i

for j =m � j and jzj small enough. In particular, for each z 2 D� , the function � 7! 	̂ � (� ; z)
is meromorphic with simple poles only, located at the points � a;b(z), with Ca;b as corresponding
residues. Moreover, for any z 2 D� and for any line � of C passing through the origin and
avoiding the poles � a;b(z), the function (1 + j� j) � 1 	̂ � (� ; z) is bounded for � 2 � .

Remark 4.3. The knowledgeof the residuesof 	̂ � with respect to � allows us to compute the
\residues" of f � with respect to q, i.e. to determine the sequence(a� ) such that f � = � R ((a� )).
In other words the completeasymptotic expansionof f � at oneresonancecontains the information
on the leading term in the asymptotics at all other resonances.

Indeed let us �x � = e2� in=m 2 R, with n
m > n 0

m 0
for conveniency (and as always m 2 N� ,

m 2 Z, (njm) = 1), and z 2 D, s = logz (the dependenceon z of the various functions below will
be usually omitted). We will check directly from Theorem 4.3 that f � (q; z) � a �

q� � = �
q� � L m (z)

for q tending non-tangentially w.r.t. S1 to �, which is obviously equivalent to

f � (e2� ih ; z) �
L m (z)

2� i (h � n
m )

for h tending non-tangentially w.r.t. R to n
m .
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Let us choosea direction � in ]0; � [ such that arg(� 1;0(z)) < � < arg(� 1;� 1(z)) (seeFigure 8).
By Cauchy theorem, we can comparethe two Laplace transforms

	 � (� ) = � f � (� 0e� ) = L m 0 +
Z + 1

0
	̂ � (� ) e� � =� d� for <e� > 0

and

	 �
� (� ) =

Z ei� 1

0
	̂ � (� ) e� � =� d� for <e(� e� i� ) > 0:

If <e� > 0 and <e(� e� i� ) > 0, i.e. � belongsto the intersection of the two half-planes,

� f � (� 0e� ) = L m 0 + 	 �
� (� ) + 2� i

X

a� 1;b� 0

Ca;b e� � a;b =� :

We are interested in � tending to 2� i ( n
m � n 0

m 0
) from the right. The term 	 �

� (� ) is regular there
and will yield no contribution in the singular behaviour that we want to analyze. On the contrary ,
for each a � 1, the sum of the geometric series

2� i
X

b� 0

Ca;b e� � a;b =� = �
2� i
m0

�
e

2 � ias
m 0 �

1 � e
2 � ia
m 0

(n 0
0 + 2 � i

m 0 � )

de�nes a function which is meromorphic w.r.t. 1=� . Translating this in the variable h = n 0
m 0

+ �
2� i

(h tends to n=m with =m h < 0), we obtain

(h �
n0

m0
)f � (e2� ih ) = �

1
m0

X

a� 1

e
as

m 0 h � n 0

1 � e2� ia
n 0

0 h + m 0
0

m 0 h � n 0

+ regular function,

where we have intro duced m0
0 2 Z de�ned by m0m0

0 + n0n0
0 = 1.

The image of n
m by the linear fractional map h 7! n 0

0 h+ m 0
0

m 0 h� n 0
is N

M , where N = n0
0n + m0

0m,
M = m0n � n0m and (N jM ) = 1. The only terms contributing to the singularity at h = n

m
correspond thus to a = j M , j � 1, and an easycomputation allows one to concludethat

(h �
n0

m0
)f � (e2� ih ) �

1
2� i

�
M

m0m
�

1
h � n

m

�
X

j � 1

ej ms

j m
;

hencelim(h � n
m )f � (e2� ih ) = 1

2� i L m (z).

4.3. Pro of of Theorems 4.2 and 4.3

4.3.1. Theorem 4.3 implies Theorem 4.2. This is an exerciseof application of the general
theory of which Appendix A.5 givesa brief account. We will relate �̂ � (� ) and 	̂ � (� ) (from now on
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we will omit the dependenceon the variable z), and �rst prove that �̂ � extendsanalytically to the
universal covering C of C n f � a;bg with at most exponential growth at in�nit y just because	̂ � (� )
has that property.

In the vicinit y of the resonant point � 0, we have two local variables t and � :

q = � 0(1 + t) = � 0 e� ;

and correspondingly two representations of f � as a Laplace transform :

tf � = L m 0 + � � 1
0 L ( � ! t ) �̂

� ; � f � = L m 0 + L ( � ! � ) 	̂
� :

We retain that, under the changeof variable t = e� � 1 , � = log(1 + t),

(4.2)
L ( � ! t ) �̂

� = � 0tL (t)L m 0 + � 0(1 + tL (t))L ( � ! � ) 	̂
� ;

L (t) =
�
log(1 + t)

� � 1
� t � 1 =

1
2

+ O(t):

Now we can write L ( � ! � ) 	̂ � = L ( � ! t ) �̂ , i.e. we can interpret the change of variable in the
Borel plane, by de�ning �̂ (� ) as follows :

�̂ (� ) = e� � =2 	̂ � (� ) +
X

r � 1

^̀� r �
@̂r (e� � =2 	̂ � )

r !
;

where ^̀(� ) is the Borel transform of `(t) = � 1
2 + L(t) and is thus an entire function of exponential

type. (This is because � � 1 = t � 1 + 1
2 + `(t) : the translation by 1=2 is responsible for

the multiplication by e� � =2, and we are then left with composition-convolution as described in
Appendix A.5. The notation @̂simply means multiplication by � � , the Borel counterpart of
di�eren tiation w.r.t. t � 1.)

We observe that �̂ extendsanalytically to C with at most exponential growth at in�nit y, thus
this is also the casefor

�̂ � = � 0
�
M̂ L m 0 + �̂ + M̂ � �̂

�
;

where the entire function M̂ is simply the Borel transform of tL (t) (thus M̂ = 1
2 + 1 � ^̀).

We must now compute the singularity of �̂ � at a point ! = � a;b . For that purposewe can use
�Ecalle's formalism of alien calculus : in our particular case,the result to be checked is equivalent
to the formula

� ( ! ! t ) �
� = 2� i � 0Ca;b(e� ! =2 + L ! (t)) ;

whereasthe indications of Theorem 4.3 on the polesof 	̂ � amount to

� ( ! ! � ) 	
� = 2� iCa;b :

The operator � ( ! ! t ) is the alien derivation of index ! relative to the variable t ; it is de�ned so
to measurethe singular behaviour at ! of the Borel transform w.r.t. t of the function on which it
is evaluated. For instance it vanisheson tL (t) since the corresponding Borel transform is entire.
The result to be checked is a consequenceof the relation (4.2) and of the fact that � ( ! ! t ) is a

derivation and e� ! t � 1
� ( ! ! t ) = e� ! � � 1

� ( ! ! � ) under the change of variable � � 1 = t � 1 + L(t).
Indeed, when applied to (4.2), theserules imply that

e� ! t � 1
� ( ! ! t ) �

� = � 0(1 + tL (t))e� ! ( t � 1 + L ( t )) 2� iCa;b ;

while precisely (1 + tL (t))e� ! L ( t ) = e� ! =2 + L ! (t). �
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4.3.2. Formal part of the pro of of Theorem 4.3. Since 	̂ g = 	̂ � � g and g(�z ) =
� (�z ) � g(z) for all � 2 C, it is su�cien t to consider the casewhere g = � . From now on we will
omit the superscript � . We also replacethe variable z by s = logz (and still keepthe samenames
for someof our functions), so that

	( � ; s) = � f � (� 0e� ; es) � ~	( � ; s) as � ! 0,

and our goal is to study the Borel transform 	̂( � ; s) of that asymptotic series ~	( � ; s).
From the cohomologicalequation satis�ed by f � , we deducean equation which admits 	 as

solution (and thus ~	 as formal solution) :

(4.3) 	( � ; s + 
 + � ) � 	( � ; s) = � ' (s) ;

where


 = 2� i
n0

m0
; ' (s) =

es

1 � es :

In fact, at this level, one can retain this soleequation and forget everything else.

Lemma 4.2. Equation (4.3) admits a unique formal solution

~	 (� ; s) =
X

p� 0

� p	 p(s)

with coe�cients analytic in z = es and vanishing for z = 0. This solution is explicitly given by
formulas (4.6), (4.4) and (4.5) below; in particular, 	 0(s) = L m 0 (es) = � 1

m 0
log(1 � em 0 s).

Pr oof. Keeping in mind that the solution is required to be 2� i -periodic in s, we intro duce
the following linear combinations of the 
-translations of 	 :

� r (� ; s) =
m 0 � 1X

k=0

� � k r

m0
	 [k ](� ; s) for r = 0; 1; : : : ; m0 � 1

	 [k ](� ; s) = 	( � ; s + k
) for k = 0; 1; : : : ; m0 � 1.

The identities
m 0 � 1X

r =0

� � k r

m0
=

�
1 if k = 0

0 if k = 1; : : : ; m0 � 1

yield the inverseformulas

	 [k ](� ; s) =
m 0 � 1X

r =0

� k r � r (� ; s) for k = 0; 1; : : : ; m0 � 1:

By combining the 
-translations of Equation (4.3), we obtain the system of equations

(� r ) � r � r (� ; s + � ) � � r (� ; s) = � ' m 0 ;r (s)

where

(4.4) ' m 0 ;r (s) =
m 0 � 1X

k=0

� � k r

m0
' (s + k
) =

X

� 2R m 0

� � r

m0
' (s + log � ) ;
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for r = 0, 1, : : : , m0 � 1. The left-hand side of Equation (� r ) may be viewed as a \di�eren tial
operator of in�nite order" (� r e� @s � Id) acting on � r . Let us intro ducesomeelementary functions
which are analytic at the origin :

(4.5) � a(X ) =
X

aeX � 1
=

X

p� 0


 p(a)X p for a 2 C� :

Note that 
 0(a) = 0 if a 6= 1, but 
 0(1) = 1 and in fact

� 1(X ) = 1 �
X
2

�
X

l � 1

(� 1)l B l
X 2l

(2l)!

where the coe�cien ts B l are the Bernoulli numbers.
The functions � a allow us to solve explicitly the system :

(� r ) , � r = @� 1
s � � r (� @s)' m 0 ;r = 
 0(� r )@� 1

s ' m 0 ;r +
X

p� 1

� p
 p(� r )@p� 1
s ' m 0 ;r

for r = 0; 1; : : : ; m0 � 1, with the notation @� 1
s for the unique primitiv e with respect to s which

vanisheswhen z = es vanishes.
Thus, we obtain only one possibleformal solution of (4.3) :

(4.6) ~	 = @� 1
s

m 0 � 1X

r =0

� � r (� @s)' m 0 ;r = @� 1
s ' m 0 ;0 +

X

p� 1

� p@p� 1
s

m 0 � 1X

r =0


 p(� r )' m 0 ;r

Since
@� 1

s ' (s) = � log(1 � es) ;

we recognizethe function L m 0 in the constant term :

	 0(s) = @� 1
s ' m 0 ;0(s) = �

1
m0

log
m 0 � 1Y

k=0

(1 � es+ k 
 )

= �
1

m0
log(1 � em 0 s) :

The formal series~	 that we just de�ned is indeeda solution of Equation (4.3) : for any k = 1,
: : : , m0 � 1, the formal series

~	 [k ](� ; s) =
m 0 � 1X

r =0

� k r � r (� ; s)

is actually equal to the translation ~	( � ; s + k
) of ~	, since for each r the series� r is obtained
from ' m 0 ;r by applying an operator which commutes with the translations, and

� k r ' m 0 ;r (s) = ' m 0 ;r (s + k
) :

This remark endsthe proof of the lemma. �

Remark 4.4. The formula that we obtained is reminiscent of the Euler-MacLaurin formula,
one of the early sourcesof divergent asymptotic series. We will analyze it by using the formal
Borel transform.5

5 In [CCD] too Borel transform is used in relation with the Euler-MacLaurin formula, but not with respect to
the same variable ; our problem pertains rather to parametric resurgence according to �Ecalle's terminology .
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4.3.3. Analytic part of the pro of of Theorem 4.3. The above work will now allow us to
compute the Borel transform w.r.t. � of ~	 � 	 0. The starting point is the following decomposition
of the functions � � r which appear in Formula (4.6) :

� � r (X ) = �
X
2

+
X e

� 2 2i� Z

X
X + r 
 � �

;

wherethe symbol
P e denotesEisensteinsummation [We] : terms corresponding to opposite indices

are grouped in order to ensureconvergence,i.e.

X e

l 2 Z

= lim
L ! + 1

+ LX

l = � L

:

This decomposition results from the identit y

� � r (X ) =
X
2

�
coth

X + r 

2

� 1
�

and from the classicaldecomposition

coth X =
X e

l 2 Z

1
X � il �

:

It implies that, for r = 0, 1, : : : , m0 � 1,
X

p� 0


 p+1 (� r )X p+1 = � 1
2 X �

X e

� 2 2i� Z
� 6=0 if r =0

X

p� 0

(� � r 
) � p� 1X p+1 ;

so
X

p� 0


 p+1 (� r )
(� @s)p

p!
= � 1

2 Id �
X e

� 2 2i� Z
� 6=0 if r =0

(� � r 
) � 1e( � � r 
) � 1 � @s :

According to Formula (4.6) and becauseof the Taylor formula, the Borel transform of ~	 � 	 0 can
thus be written

	̂ (� ; s) = �
m 0 � 1X

r =0

�
1
2 ' m 0 ;r (s) +

X e

� 2 2i� Z
� 6=0 if r =0

(� � r 
) � 1' m 0 ;r (s + (� � r 
) � 1� )
�

= � 1
2 ' (s)

�
X e

l 2 Z;0� r � m 0 � 1
( l ;r )6=0

m 0 � 1X

k=0

� � k r

m0
(2� il � r 
) � 1' (s + k
 + (2� il � r 
) � 1� ):

This is an equality betweenformal seriesof powers of � , the right-hand side being considered
as a formal Taylor expansion (Eisenstein summation ensuresthat each of its coe�cien ts is well
de�ned). But we can now identify the right-hand side with a seriesof meromorphic functions,
which is easily seento be convergent since ' and ' 0 are bounded in any domain of C obtained
by removing small disks around their poles. So we can conclude that 	̂ convergesat the origin
and extends to a meromorphic function. The convergencecan be made more obvious and the
expressionof 	̂ more convenient ; we will give thesedetails now.
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The value of 	̂ at � = 0 is already known from (4.6) :

	 1 =
m 0 � 1X

r =0


 1(� r )' m 0 ;r = � 1
2 ' m 0 ;0 �

m 0 � 1X

r =1

1
1 � � r ' m 0 ;r ;

so we have now two expressionsfor it :

(4.7)

	̂ (0; s) = 	 1(s) = �
1

m0

m 0 � 1X

k=0

� 1
2

+
m 0 � 1X

r =1

� � k r

1 � � r

�
' (s + k
)

= � 1
2 ' (s) �

X e

l 2 Z;0� r � m 0 � 1
( l ;r )6=0

m 0 � 1X

k=0

� � k r

m0
(2� il � r 
) � 1' (s + k
) :

Substracting it from 	̂ , we can write a uniformly convergent sum

	̂ (� ; s) � 	 1(s) =

X

0� r � m 0 � 1
l 2 Z; ( l ;r )6=0

m 0 � 1X

k=0

� � k r

m0
(2� il � r 
) � 1 �

' (s + k
 + (2� il � r 
) � 1� ) � ' (s + k
)
�

without using Eisensteinsummation.
We have 
 = 2� in 0=m0 with m0m0

0 + n0n0
0 = 1 for someintegersm0

0; n0
0. The application

(
Z � f 0; : : : ; m0 � 1g � ! Z

(l ; r ) 7�! a = lm0 � r n0

is a bijection, the inverseof which is given by

l = am0
0 � cn0 ; r = � an0

0 � cm0

where c is the integer part of � an0
0=m0. Thus, we can use it as a changeof indices : 2� il � r 
 =

2� ia=m0, and � � k r = e2� ik a=m 0 becauser n0 � � a(mod m0), so we end up with the formula

(4.8) 	̂( � ; s) = 	 1(s) �
X

a2 Z �

m 0 � 1X

k=0

1
2� ia

e2� ik a=m 0

�
' (s + k
 +

m0�
2� ia

) � ' (s + k
)
�

:

Here is an argument for proving that this seriesconvergesuniformly and de�nes a function which
is meromorphic with respect to � for <es < 0 : it is su�cien t to check, for any positive constant � ,
the uniform convergencein the set

E � =
�

(� ; s) 2 C � C j <es � � � and 8a 2 Z � ; 8b 2 Z; j� � � a;b(s)j � jaj�
	

(working in E � meansremoving a small disk around each singularity in the � -plane). Let us �x �
and de�ne the set

D� = f s 2 C j 8l 2 Z; js � 2� il j � m0�= 2� g

so to have the following relation betweenE � and D� :

(� ; s) 2 E � ,

(
<es � � �;

s + k
 + m 0 �
2� ia 2 D� for 0 � k � m0 � 1 and a 2 Z � ;

note that <es � � � implies that the points s+ k
 belongto D � too. The function ' is 2� i -periodic
and its derivative is bounded in D � ; there exists c� > 0 such that any two points s and s0 in D�
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can be joined inside D � by a path of length lessthan c� js � s0j followed by an integer number of
2� i -translations, hence

8s; s0 2 D� ; j' (s0) � ' (s)j � M � js � s0j with M � = c� supf j' 0(s)j; s 2 D � g:

This implies the uniform convergenceof our series,with an explicit bound

8(� ; s) 2 E � ; j 	̂( � ; s)j � j	 1(s)j + j� j
X

a2 Z �

m0
2M �

4� 2jaj2

which shows the slow growth of 	̂ with respect to � . Note that the function 	 1 is bounded in D �

(since ' is bounded in D � ).
The function ' is meromorphic with only simple poles, located at the points 2� il for l 2 Z ;

the corresponding residue is � 1. Thus, for �xed s, the function ' (s + k
 + m 0 �
2� ia ) is meromorphic

with respect to � , with only simple poles located at the points

2� ia
m0

�
� s +

2� i
m0

(lm0 � kn0)
�

= � a;b(s)

with b = � lm0 + kn0 ; the corresponding residue is 2� ia=m0 and k � bn0
0(mod m0), hence the

value of the residueof 	̂ at � a;b(s).
We let the reader check that

(4.9) 	 1(s) =
m 0 � 1X

k=0

� k
m0

�
1
2

�
' (s + k
) :

from the identit y (4.7). �

Remark 4.5. Using again a decomposition formula, but this time for ' :

' (s) = 1 +
1

es � 1
=

1
2

+
X e

� 2 2i� Z

1
s � �

;

one �nds the formula

	̂( � ; s) = 	 1(s) +
X

a2 Z � ; b2 Z

Ca;b

�
1

� � � a;b(s)
+

1
� a;b(s)

�

with uniform convergencein any compact subsetof E � .

Remark 4.6. One can write a di�eren t proof of Theorem 4.3 by starting from the decomposi-
tion of f � asa sum of simple poles. We preferedto usea method which reliesonly on Equation (4.3)
becauseit can be adapted in somenonlinear problems (seeSection 5.3).

4.4. A prop ert y of quasianalyticit y at constan t-t yp e poin ts

4.4.1. Let us �x � = e2� i� 2 S1 with � 2 [0; 1[ and a Banach spaceB . We now intro duce
spacesof functions which admit Gevrey asymptotics inside cardioids with cusp at � .

Definition 4.2. For any � > 0, we de�ne G<
� (�; B ) to be the spaceof all B -valued functions f

such that u 7! f (� (1 � (u � 1)2)) de�nes a function of G+
� (1; B ). Analogously, we de�ne G>

� (�; B )
to be the spaceof all B -valued functions f such that u 7! f (� (1 + (u � 1)2)) de�nes a function
of G+

� (1; B ).



Quasianalytic monogenic solutions of a cohomological equation 51

ll

u(1-(  -1) )2

1

l in D< in Duu(1+(  -1) )2l in D>

Figure 9

Equivalently , G<
� (�; B ) or G>

� (�; B ) is the set of the functions f which are analytic in some
open set whoseboundary is a cardioid �

<
or �

>
with its cuspat � and its axis tangent to S1 at � ,

oriented according to Figure 9 (such a cardioid �
>
< is nothing but the image of somedisk � by

u 7! � (1 � (u � 1)2)), and for which there exist a formal series
P

n � 0 an Qn 2 B [[Q]] and positive
numbers c0; c1 such that

8N � 0; 8q 2 �
>
< ; kf (q) �

X

0� n � N � 1

an (q � � )n k � c0 cN
1 �(1 + 2� N ) jq � � jN :

Thus such a function admits Gevrey-2� asymptotics inside the cardioid. In particular, for � = 1,
we observe that G<

1 (�; B ) and G>
1 (�; B ) are quasianalytic spaceswhosemembers admit Gevrey-2

asymptotics at � .

Definition 4.3. We de�ne two mappings � <
� ; � >

� : `1(R ; B ) ! O(D [ E; B ) by the
formulas

�
>
<
� (a)(q) =

X

� 2 R \ S
>
<
�

a�

q � �
if a = (a� ) � 2R 2 `1(R ; B );

where S<
� = f e2� ix ; x 2 ]� � 1=2; � [ g and S>

� = f e2� ix ; x 2 ]� ; � + 1=2[g.

This way, we obtain a decomposition of any Borel-Wol�-Denjo y serieswith poles in R : if
� =2 R, � R = � <

� + � >
� (if � 2 R, one should add the contributions of � and � � ). This is quite

reminiscent of the decomposition of the fundamental solution at the beginning of the proof of
Theorem 3.5, except that the starting point there was Lemma 3.4 which decomposesthe function
according to its poleswith respect to h = 1

2� i log q
� rather than with respect to q.

Lemma 4.3. Let r 2 ]0; 1[. If � 2 DC� with � = 1 or � � 2, the inclusions � <
�

�
S(r; B )

�
�

G<
� =2(�; B ) and � >

�

�
S(r; B )

�
� G>

� =2(�; B ) hold.

Pr oof. Follow the lines of the proof of Theorem 4.1, in particular adapt Lemma 4.1 and
choosefor K a compact set bounded by a cardioid (� = 3=2). �

For our purpose the previous lemma will not be of any particular interest for � = 1, i.e.
for resonant points, whereasfor � = 2 it has the advantage of letting appear the quasianalytic
spacesG

>
<
1 (�; B ) in connection with constant-t ype points. But of course, for a given Borel-Wol�-

Denjoy seriesf = � R (a), instead of dealing with f itself that result only tells that two series� <
� (a)

and � >
� (a), whosesum is f , belong to G<

1 (�; B ) or G>
1 (�; B ), and adding functions belonging to

di�eren t quasianalytic classesis known to be a delicate matter (cf. Mandelbrojt's theorem quoted
in [Th] or [E3], but also [P2]). In fact, in our situation, the relevant question is to know whether
we can recover the series� <

� (a) and � >
� (a) directly from f .

4.4.2. A �rst answer is provided by the
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Figure 10

Lemma 4.4. Assume� 2 DC� with � � 2. Let r 2 ]0; 1[, a 2 S(r; B ) and q 2 D [ E. One can
write

� <
� (a)(q) =

1
2� i

Z

� <
� (q)

� R (a)(q1)
q1 � q

dq1; � >
� (a)(q) =

1
2� i

Z

� >
� (q)

� R (a)(q1)
q1 � q

dq1;

if � <
� (q)|r esp. � >

� (q))| is a simple loop with anticlockwise orientation, intersecting S1 at �
and � � only, transversally, and enclosing the point q and the set S>

� |r esp. the set S<
� |(se e

Figure 10).

The proof of Lemma 4.4 is left to the reader.

But the formulas above are \global" with respect to q, in the sensethat (� <
� (a)(q))( z)

and (� <
� (a)(q))( z) depend there on the numbers (� R (a)(q1))( z). It would be more interesting to

have formulas which are local in q and global in z. This turns out to be possiblewhen restricting
to solutions of the cohomological equation.

Lemma 4.5. Let � 2 S1 n R and de�ne the coe�cients

� <
n;` (� ) =

1
n

X

� 2R n \ S<
�

� � ` ; � >
n;` (� ) =

1
n

X

� 2R n \ S>
�

� � ` ; n � 1; n � 1 � ` � 0

(recall that R n = f � 2 C j � n = 1g) and let r 2 ]0; 1[. For each q 2 D1=r , the formulas

�
>
<
� (q) : z 7!

X

` � 0;n � ` +1

�
>
<
n;` (� )q` zn

de�ne two members � <
� (q) and � >

� (q) of B r = zH 1 (Dr ). The functions � <
� and � >

� are B r -valued
holomorphic functions in D1=r which satisfy

8q 2 D1=r ; � <
� (q) + � >

� (q) = � :
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Lemma 4.6. Let us suppose that � 2 DC� with � � 2, 0 < r 2 < r 1 and r 2 [r 2=r1; 1[. Let
g 2 B r 1 and consider the corresponding solution f = f g, written as f = � R (a) where a 2 S(r; B r 2 ) :
for all q 2 D1=r n S1,

� <
� (a)(q) = � <

� (q) � � R (a)(q); � <
� (a)(q) = � <

� (q) � � R (a)(q):

Pr oof of Lemma 4.5. Let n � 1 and 0 � ` � n � 1. We have obviously j�
>
<
n;` (� )j � 1 and

� <
n;` (� ) + � >

n;` (� ) =

(
1 if ` = 0,

0 if 1 � ` � n � 1.

The Taylor series
P

` � 0;n � ` +1 �
>
<
n;` (� )q` zn can be written zE

>
< (qz; z) with a series

E
>
< (x; z) =

X

` � 0;r � 0

�
>
<
` +1+ r ;` (� )x ` zn

which is convergent for (x; z) 2 D � D. Thus we get functions which are holomorphic for
(q; z) 2 D1=r � Dr , and for each q 2 D1=r we get functions � <

� (q) and � >
� (q) which belong to B r

and whosesum is constant and equal to � . �

Pr oof of Lemma 4.6. It is su�cien t to the consider the caseof the fundamental solution,
i.e. to prove those identities for a = � . In that case,� R (a) = f � and

�
>
<
� (a) =

X

� 2 R \ S
>
<
�

�
q � �

L m (�) (z) =
X

n � 1

A
>
<
n;� (q)zn ;

with Taylor coe�cien ts which can written

A
>
<
n;� (q) =

1
n

X

� 2 R n \ S
>
<
�

�
q � �

(becauseL m (z) =
X

n � m s.t. m jn

zn

n
). The identities to be proved amount to

8n � 1; A
>
<
n;� (q) =

1
qn � 1

n � 1X

` =0

�
>
<
n;` (� )q` ;

which is easyto check. �

Definition 4.4. For � > 0 and r > 0, we de�ne G�
� (�; B r ) to be the subspaceof G2� (�; B r )

consisting of all the functions f such that f � � <
� extends to a function of G<

� (�; B r ) and f � � >
�

extends to a function of G>
� (�; B r ).

Putting things together we obtain

Theorem 4.4 (Quasianalyticit y at constant-t ype points). Let � 2 DC � with � � 2. For each
r 2 ]0; 1[, the fundamental solution f � belongsto G�

� =2(�; B r ), which is quasianalytic at � if � = 2.

Thus, if 0 < r 2 < r 1 and g 2 B r 1 , the corresponding solution f g belongsto the space G�
� =2(�; B r 2 ),

which is quasianalytic at � if � = 2.

This meansin particular that a solution f can be recoveredfrom its asymptotic expansion ~f at
a constant-t ypepoint � by computing and \resumming" independently the series ~f � � <

� and ~f � � >
� .
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5. Conclusionsand Applications

In this �nal chapter we �rst describe an unexpected connection of our work with a conjecture
by Gammel. Then we apply the results of Section 3.2 to the problem of linearization of analytic
di�eomorphisms of the circle and we brie
y sketch how the results of Section4.2 can be generalized
to a nonlinear small divisor problem.

5.1. Gammel's series

In a paper [Gam] published in 1974 Gammel studied the convergenceof Pad�e approximants
to quasianalytic functions beyond natural boundaries (seealso [GN]). In particular he considered
the Borel-Wol�-Denjo y series

(5.1) G(q) =
1X

m =2

X

� 2R �
m

e� m

q � �
:

As we have seen in our discussion in Section 2.2 this de�nes two complex-valued holomorphic
functions, one in D and the other in E, which have the unit circle as a natural boundary of
analyticit y. Gammel asked whether the function de�ned in D could be continued to the one
de�ned in E through the natural boundary, as his numerical results suggested.6

Here we want to show how our results give an a�rmativ e answer to this question, but we
leave untouched the quetion of the connection between convergenceof Pad�e approximants and
quasianalyticity.7

Theorem 5.1. There exist r > 1 and g 2 B r such that the function � (q; z) = q� 1(f g(q; z) �
f g(0; 1)) satis�es � (q; 1) = G(q) for all q 2 D [ E. As a consequence,

i) for all � 0 2 R, Gammel's series G belongs to the space (q � � 0) � 1G1(� 0; C), which is
quasianalytic at � 0 ;

ii) for all � 2 DC2 and r 0 2 ]1; r [, the function � belongs to the space G�
1 (�; B r 0), which is

quasianalytic at � .

All the results on the Whitney smoothnessand monogenicdependencewith respect to q proved
in the previous sectionsapply to the function � , thus to Gammel's seriesG.

As for quasianalyticity, Part i) shows that the function G in E can be recovered from the
knowledge of GjD : one can choose any resonance� 0 and use Borel-Laplace summation of the
asymptotic expansionat � 0. Part ii) yields another possibility, using the asymptotic expansionat
any constant-t ype point � , but for � (q; z) rather than for G itself : the dependenceon z is essential
for that kind of quasianalyticity.

Pr oof. Let A1 = 0, Am = e� m for m � 2. Denoting by ' Euler's totient function,
' (m) = cardR �

m , we have

X

� 2R �
m

1
q � �

= q� 1
�

' (m) +
X

� 2R �
m

�
q � �

�
;

6More precisely, Gammel asked whether the series (5.1) belongs to some quasianalytic space of Borel-W ol�-
Denjoy series, and he showed numerically that the Pad�e approximan ts [N=N + 1] of G at q = 0 compute the value
of G at q = 2 within numerical accuracy. Since the Pad�e approximan ts depend only on the Taylor series of G
at q = 0, this suggested that one could contin ue quasianalytically G byond its natural boundary S1 .

7Gammel's numerical results showing convergence of Pad�e approximan ts of G beyond its circle of convergence
could probably be justi�ed by adapting [GN] (whic h deals with the classical quasianalytic classof Borel-W ol�-Denjo y

series of the form
P 1

� =1
A �

1� q� �
, with � � dense on the unit circle but jA � j � Ce� � 1+ "

for some " > 0, which is not

true for G(q) which has jA � j � exp(�
p

� )).
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thus

G(q) = q� 1(F (q) � F (0)) ; with F (q) =
X

m � 1

X

� 2R �
m

� Am

q � �
:

In view of Proposition A2.1, we only needto �nd g(z) =
P

n � 1 gn zn such that

(5.2) Am = (g � L m ) j z=1 =
X

j � 1

gmj

mj
; m � 1:

Since
P

mjAm j < 1 , we can useM•obius inversion formula ([HW], Theorem 270, p. 237) : we set

gn = n
X

j � 1

� (j )Anj ; n � 1;

where the M•obius function � (j ) is de�ned by 1 if j = 1, (� 1)r if j is the product of r distinct
primes, and 0 if j has a squared factor. This yields a solution of (5.2), becauseof the relationP

djn � (d) = 1 if n = 1 and 0 if n � 2. We observe that the radius of convergenceof g(z) is > 1.
We have F (q) = f g(q; 1), thus we set � = q� 1(f g(q; z) � F (0)) and we can apply Theorems 4.1
and 4.4. �

In the previous example, one can check moreover that g(z) has a radius of convergenceequal
to e and that it de�nes a meromorphic function :

g(z) = � e� 1 z + z
X

j � 1

� (j )
e� j

(1 � z e� j )2 :

The constant � (0; 1) involved in the description of G(q) is

1X

m =2

e� m ' (m) = 0:311413131378555402046127705506: : :

As is easily seenfrom the above proof, the statement of Theorem 5.1 holds for any series

G(q) =
1X

m =2

X

� 2R �
m

Am

q � �

with lim supjAm j1=m < 1. But Gammel studies also in his paper the example corresponding
to Am = e�

p
m , for which quasianalyticity seemsto fail as well as the convergenceof Pad�e

approximants. Indeed, in that case,or more generally if
P

mjAm j < 1 but lim supjAm j1=m = 1,
our arguments do not apply any longer : there is a seriesg(z) such that G(q) = q� 1(f g(q; 1) �
f g(0; 1)), but it has a radius of convergenceequal to 1, which prevents us to take r > 1 and thus
to concludeanything for those series.

5.2. An application to the problem of linearization
of analytic di�eomorphisms of the circle

As already mentioned in the intro duction, the problem of the local conjugacy of analytic
di�eomorphisms of the circle leadsto the linearized equation (1.3). Here we show how onecan use
the results of Section 3.2 on the existenceat Diophantine points of Gevrey asymptotic expansions
of monogenicfunctions in order to make a recent result of E. Risler [Ris] more precise.
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Let � > 0, " > 0, � 2 C, � 2 C. Following [Ris] we de�ne :

B� = f z 2 C j j =m zj < � g;

B� (� ) = f z 2 C j � � < =m z < � + =m � if =m � � 0;

� � + =m � < =m z < � if =m � � 0g;

D(�) = f G : B� ! C analytic and commuting with integer translations g;

D(� ; � ) = f G : B� (� ) ! C analytic and commuting with integer translations g;

D� (�) = f G 2 D(�) j
Z 1

0
(G(z) � z)dz = � g;

D "
� (�) = f G 2 D � (�) j sup

z2 B�

jG(z) � z � � j < " g;

D " (�) =
[

� 2 C

D "
� (�) ;

D� (� ; � ) = f G 2 D(� ; � ) j
Z 1

0
(G(z) � z)dz = � g;

D "
� (� ; � ) = f G 2 D � (� ; � ) j sup

z2 B� ( � )
jG(z) � z � � j < " g;

D " (� ; � ) =
[

� 2 C

D "
� (� ; � ):

We will denote with D ";inj
� (� ; � ) the set of maps in D "

� (� ; � ) which are injective on B� (� ).
Let 
 > 0, � > 0, d > 0 and � > 0. We consider the approximation function

(5.3)  (m) = 
 exp
�

�
m

(log m)1+ �

�
;

and the associated domain C ;�;d as in De�nition 2.4. We retain from Theorem 4, p. 12 of [Ris],
the following slightly weaker result :

Theorem 5.2 (Local conjugacyof analytic di�eomorphisms of the circle with real or complex
rotation numbers). For all � > � > 0 there exist " > 0 and a continuous map

(5.4) (� ; F ) 2 C ;�;d � D " (�) 7! (`(� ; F ); h�;F ) 2 C � D � ;inj
� (� � � ; � )

such that for all (� ; F ) 2 C ;�;d � D " (�) and for all z 2 B� � � one has

(5.5) `(� ; F ) + F (h�;F (z)) = h�;F (z + � ):

Moreover the map (5.4) is analytic on int (C ;�;d ) � D " (�) and, for all F 2 D " (�) , the function

(5.6) `F : � 2 C ;�;d 7! `(� ; F ) 2 C

is C1 -holomorphic.

Theorem 5.2 is indeed a generalizationof Yoccoz'stheorem [Y1,Y2,Y3] on the linearization of
analytic di�eomorphisms of the circle closeto rotations (inasmuch asrotation numbersare allowed
to becomplex) and of Herman's theorem([He] ; seealsoArnold [Ar]) sincethe required arithmetical
condition is weaker (in [He] the real rotation numbers are assumedto be Diophantine of exponent
� 2 [0; 1]). The statement in [Ris] is slightly more general than Theorem 5.2 since, instead of
using an approximation function, the real rotation numbers belong to any �xed relatively compact
subset of the set of Brjuno numbers (w.r.t. a topology, �ner than the topology induced by the
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usual one of R, induced by the embedding of the Brjuno numbers into the space` 1 of summable
sequences: see[Ris, pp. 6{9] for details).

The choice of the two positive constants 
 and � in the de�nition of the approximation
function (5.3) is arbitrary . Let  j denote the approximation function obtained choosing 
 = 
 j ,
� = � j where (
 j ) j 2 N and (� j ) j 2 N are two positive decreasingsequenceswhich tend to 0. From
the previous theorem it follows that

`F 2 M ((K j ) j 2 N; C); K j = C j ;�;d :

We de�ne the Gevrey classes~G� (y; C) for � > 0 and y 2 R simply by substituting the unit circle S1

with the real line in De�nitions 3.1 and 3.2.

Theorem 5.3. Let y 2 DC � . The function `F belongsto the space ~G� 0(y; C) for all � 0 > � .

Pr oof. This is a minor adaptation of Theorem 3.3. Following Section 3.2 very closely, it is
immediate to adapt the �rst part of the proof of Lemma 3.2 in order to seethat y 2 C j ;�;d ; in
fact the whole statement of Lemma 3.2 holds becauseagain the points � n=m lie betweentwo curves
with an in�nite order of tangency to the real axis.

We then follow the proof of Theorem 3.3 and obtain inequalities which are analogousto (3.3)
but involve  j (m` ) instead of const e� �m ` . In order to conclude we only need to show that, for
all j large enoughand for all � 0 > � , there exist two positive constants c0; c1 such that

8N � 1;
1X

m =1

m� (N +2)  j (m) � c0cN
1 �( � 0(N + 2))

But this is an easyconsequenceof the fact that for all " > 0 one has

lim
m ! + 1

exp(m1� " ) j (m) = 0

and, using the integral
Z + 1

1
x � (N +2) exp(� x1� " )dx �

1
1 � "

�
�

� (N + 2) + "
1 � "

�
;

one can therefore bound the above series. �

5.3. An application to a nonlinear small divisor problem (semi-standard map)

In Section 4.2 we have studied the behaviour of the solution f (q; z) of the linear equation

f (q; qz) � f (q; z) = g(z)

for q closeto a resonance� 0 = e2� in 0 =m 0 . For q inside or outside the unit circle S1, the solution
could be recovered from its asymptotic seriesvia Borel-Laplace summation :

tf (� 0(1 + t); z) = g � L m 0 +
Z �1

0
�̂( � ; z) e� � =t d� ;

and the analytic continuation of the Borel transform �̂ w.r.t. � was carefully investigated.
We now indicate brie
y that the same techniques can be adapted to a particular nonlinear

equation. The reader is referred to a forthcoming paper for the proof of what follows. As for the
motivation, the reader is referred to [BMS] where the connection betweenthis nonlinear equation
and the invariant circles of the Semi-StandardMap is explained.
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We restrict ourselvesto � 0 = 1 and inquire about the behaviour near that \resonance" of the
solution F (q; z) of the equation

(5.7) F (q; qz) � 2F (q; z) + F (q; q� 1z) = � z eF (q;z ) :

There is an analytic solution F which, for each q 2 D [ E, is analytic for z closeto the origin and
which is characterized by F (q; 0) = 0. It is shown in [BMS] that, as q tends non-tangentially to 1,
F (q; (q� 1)2z) tends to � 2 log(1 + z=2) (in that paper the non-tangential limit is computed for the
other resonancesaswell). We now claim that this limit is nothing but the beginning of a Gevrey-1
asymptotic expansionand give someindications about the corresponding Borel transform.

We de�ne the moving singular half-lines to be the half-lines � � b(z)[1; + 1 [ for b 2 Z, with

� b(z) = 2� (� i logz + i log2 + � + 2� b):

Theorem 5.4. There is an analytic function F̂ (� ; z) which, for each z 2 D2, is holomorphic
for � in the complementof the half-lines � � b(z)[1; + 1 [ and has at most exponential growth on the
lines passing through the origin and avoiding the points � b(z), such that

F (1 + t; t2z) = � 2 log(1 + z=2) +
Z �1

0
F̂ (� ; z) e� � =t d� :

In particular F 2 G1(1; zH 1 (Dr )) for 0 < r < 2.

The main di�erence with respect to the linear caseis the necessity of rescaling the variable z
whenq approaches1, insteadof simply multiplying f (q; z) by someregularizing factor like t = q� 1,
and this is precisely due to the nonlinear character of (5.7). The analysis is of course more
complicated, one needsto iterate a work which is analogousto that of Section 4.2, and this is
why we restricted ourselvesto the �rst resonance(� 0 = 1) and to the holomorphic star of F̂ with
respect to � . The caseof the other resonancesshould be tractable. We suspect that F (1 + t; t 2z) is
resurgent with respect to t, i.e. that F̂ (� ; z) can be analytically continued with isolated singularities
only, but this is probably much more di�cult to prove.
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Appendix

A.1. Hadamard's pro duct

Definition A1.1. The Hadamard product of two formal series

A(z) =
X

j � 0

aj zj ; B (z) =
X

j � 0

bj zj

is the formal series
(A � B )(z) =

X

j � 0

aj bj zj :

If A and B are convergent power serieswith radii of convergencer A and r B then A � B
convergeson the disk of radius r A r B .

We refer to [Be] for a detailed study of Hadamard algebras,i.e. algebrasof formal power series
in one variable with the product given by the Hadamard product.

The topological complex vector spaceCf zg with the product � is a commutativ e complex
algebrawith unit � (z) =

P 1
j =0 zj . The Hadamard product is a convolution : if A; B 2 Cf zg and 


is a simple continuous curve around the origin, contained in the convergencedomain of A and B ,
one has

(A � B )(z) =
1

2� i

Z



A(w)B

� z
w

� dw
w

for jzj small enough. The celebrated Hadamard Multiplication Theorem states that A � B has
in all sheetsof its Riemann surfacesingularities at most at points lying over � � � , where � is a
non-regular point of A and � is a non-regular point of B , and possibly at points lying over the
origin [Sc]. A lessgeneralbut more precisestatement can be given as follows.

Let 
 be an open subset of C and let O(
) denote the topological complex vector spaceof
all functions which are holomorphic on 
 with the usual locally convex topology given by uniform
convergenceon compact subsetsof 
.

Let 
 1, 
 2 denote two open subsetof C such that 0 2 
 1 \ 
 2 and de�ne


 1 � 
 2 = C n f z 2 C j z = z1z2; zi =2 
 i ; i = 1; 2g:

Then Hadamard's Theorem can be stated as follows ([M •u]) :

Theorem A1.1. Let 
 1, 
 2 be as above, and let L 2 O(
 1). There existsa unique continuous
linear mapping HL from O(
 1) into O(
 1 � 
 2) such that, for all ' 2 O(
 2) and for all z with
su�ciently small modulus, one has

(HL ' )(z) = (L � ' )(z):

In fact, we usemostly the caseof functions analytic and bounded in disks, for which we have
the following easyresult (with the notation B r = zH 1 (Dr ) for all r > 0) :

Lemma A1.1. Let 0 < � 0 < � and L 2 B � 0=� . The Hadamard product de�nes a bounded
operator ' 2 B � 7! L � ' 2 B � 0, whoseoperator norm is � kLkB � 0=�

.

A.2. Some elemen tary prop erties of the fundamen tal solution

In this appendix we collect the statement and the proof of someelementary properties of the
fundamental solution already usedin the Intro duction.
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Lemma A2.1. Let � = z(1 � z) � 1. If q 2 C� n R, the series
X

� 2R

� q
�

� 1
� � 1

L m (�)

convergesto f � (q; : ) in C[[z]].

We recall that if J is a countable set and if (f j ) j 2 J is a family of formal series,this family is
summableif for all integer m, the set f j 2 J j f j =2 O(zm )g is �nite. In this casethe series

P
j 2 J f j

is called convergent in C[[z]] and its sum is a formal seriesindependent on the choiceof an ordering
on J . (This is the well-known notion of convergenceassociated to the z-adic valuation).

Pr oof. The valuation of L m (�) is m(�) and for each m the set R �
m is �nite. The seriesf

mentioned in the above lemma convergesthus formally, and it can be rewritten as

f =
X

m � 1

X

� 2R �
m

X

j � 1

zj m

j m

� q
�

� 1
� � 1

=
X

(m;j )2 N� � N�

X

� 2R �
m

zj m

j m

� q
�

� 1
� � 1

:

By reordering the terms of the summablefamily indexed by N� � N� , one �nds

f =
X

` � 1

X

m j`

X

� 2R �
m

z`

`

� q
�

� 1
� � 1

=
X

` � 1

z`

`

X

� 2R `

� q
�

� 1
� � 1

:

In the coe�cien t of z` one recognizesthe decomposition into simple elements of the corre-
sponding coe�cien t in

f � (q; z) =
X

` � 1

z`

q` � 1
:

�

By meansof the Hadamard product, the \decomposition into simple elements" just proved for
the fundamental solution can be extended to the generalsolution f g of (1.1) :

Pr oposition A2.1. Let g 2 zC[[z]] and q 2 C� n R. The solution f g(q; : ) can be written as
the sum in C[[z]] of the series

X

� 2R

� q
�

� 1
� � 1

g � L m (�) :

Pr oof. The identities
g = g � � ; f g = g � f �

are evident. On the other hand, for any summablefamily (f j ) j 2 J de C[[z]], the family (g� f j ) j 2 J is
summable(becausethe Hadamard product with a formal seriesg doesnot decreasethe valuation),
and

g �
X

j 2 J

f j =
X

j 2 J

g � f j :

The result follows then from Lemma A2.1. �

Lemma A2.2. Let

S =
�

q = e2� ix j x 2 R n Q; lim sup
k !1

logmk+1

mk
= + 1

	
:

where (nk =mk )k � 1 is the sequence of the convergents to x (see Appendix A.3 for its de�nition and
properties). For each q 2 S the fundamental solution f � (q; z) =

P
n � 1

zn

qn � 1 diverges. The set S is a



Quasianalytic monogenicsolutions of a cohomologicalequation 61

G� -densesubsetof S1 of measure zero. On the contrary, if q = e2� ix and lim supk !1
log m k +1

m k
� M ,

then f � (q; z) convergesin the disk jzj < e� M .

Pr oof. The divergenceof f � when q 2 S is well-known ([HL], [Sim]), together with the
convergencestatement. S is a G� -densein S1, since it is immediate to check that

S =
\

j � 0

[

n=m

�
q = e2� ix j jx � n=mj <

e� j m

m

	
:

This also shows that S has measurezero. �

A.3. Some arithmetical results. Con tin ued fractions

We gather here a few facts on continued fractions that we use in Chapters 2, 3 and
AppendicesA.2, A.4. We refer the reader to [HW], [Khi] and [MMY] for more details.

A.3.1. Let [x] denote the usual integer part of a real number x, f xg its fractional part :
f xg = x � [x].

To each x 2 R n Q we associate its continued fraction expansionas follows. Let

x0 = x � [x]; a0 = [x];

then one obviously has x = a0 + x0, a0 2 Z, x0 2 ]0; 1[. We consider the iteration of the Gauss
map A : ]0; 1[ ! [0; 1[, A(x) = f x � 1g, and we de�ne inductiv ely

xk+1 =
�

1
xk

�
; ak+1 =

�
1

xk

�
:

This can be done for all k � 0 sincex is irrational, thus

x � 1
k = ak+1 + xk+1 ; xk+1 2 ]0; 1[; ak+1 2 N� ;

and we have

x = a0 + x0 = a0 +
1

a1 + x1
= : : : = a0 +

1

a1 +
1

a2 +
. . . +

1
ak + xk

:

We will write
x = [a0; a1; : : : ; ak ; : : : ]:

The integersa0; a1; : : : ; ak ; : : : are called the partial quotients of x. The kth convergent is de�ned
by

nk

mk
= [a0; a1; : : : ; ak ] = a0 +

1

a1 +
1

a2 +
. . . +

1
ak

and n k
m k

! x as k ! 1 . It is immediate to check that the numerators nk and denominators mk

are recursively determined by

(A3:0)
n� 2 = 0; n� 1 = 1; nk = ak nk � 1 + nk � 2;

m� 2 = 1; m� 1 = 0; mk = ak mk � 1 + mk � 2;
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for k � 0. Observe that xk = [0; ak+1 ; ak+2 ; : : : ]. Moreover

x =
nk + nk � 1xk

mk + mk � 1xk
(A3:1)

xk = �
mk x � nk

mk � 1x � nk � 1
(A3:2)

mk nk � 1 � nk mk � 1 = (� 1)k :(A3:3)

Let
� k = � k

i =0 x i = (� 1)k (mk x � nk ) for k � 0; and � � 1 = 1:

Then

xk =
� k

� k � 1

� k � 2 = ak � k � 1 + � k :

A.3.2. From the de�nitions given above, one easily provesby induction the following propo-
sition (we refer, for example, to [MMY] for its proof) :

Pr oposition A3.1. For all x 2 R n Q and for all k � 0 one has
(i) mk+2 > mk+1 > 0 ;

(ii) nk > 0 when x > 0 and nk < 0 when x < 0 ;
(iii) jmk x � nk j = 1

mk+1 + mk xk+1
, so that 1

2 < � k mk+1 < 1 ;

(iv) � k � gk , where g =
p

5� 1
2 .

Remark A3.1. Note that from (iii) and (iv) one gets mk � 1
2Gk � 1 with G = g� 1 =

p
5+1
2 .

Remark A3.2. From (iii) one gets

(A3:4)
1

2mk mk+1
<

1
mk (mk + mk+1 )

<

�
�
�
�x �

nk

mk

�
�
�
� <

1
mk mk+1

Note also that (iv) remains valid for x 2 Q : in this casethere exists j � 0 such that x j = 0 and
the xk with k � j are unde�ned ; we set � k = 0 for all k � j .

A partial converseof (iii) , Proposition A3.1, is provided by the following very usefulProposition
(see[HW], Theorem 184, p. 153) :

Pr oposition A3.2. Let x 2 R n Q. If
�
� n

m � x
�
� < 1

2m 2 then n
m is a convergent of x.

The bound (iii) , Proposition A3.1, on the approximation provided by the convergents implies
that mk jmk x � nk j < a� 1

k+1 . One can also prove the following ([HW], Theorem 193, p. 164)

Pr oposition A3.3. For each x 2 R nQ, there exist in�nitely many rational numbers n
m such

that
�
� n

m � x
�
� < 1p

5 m 2 .

The following property will be usedin Appendix A.4.1 :

Lemma A3.1. For all k � 1,

m2
k

�
�
�
�x �

nk

mk

�
�
�
� =

1
x0

k + yk

with x0
k = [ak+1 ; ak+2 ; : : : ] and yk = m k � 1

m k
.
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Pr oof. Rewrite the identit y in (iii) , Proposition A3.1, using x0
k = ak+1 + xk+1 and

mk+1 � ak+1 mk = mk � 1. �

Among all rational approximations the convergents are the most accurate in a very precise
sense:

Pr oposition A3.4 (The law of best approximation) . If k � 1 and n, m are integers
such that 1 � m � mk but (n; m) 6= (nk ; mk ), then jmx � nj > jmk x � nk j. Moreover, if
(n; m) 6= (nk � 1; mk � 1) and k > 1, then jmx � nj > jmk � 1x � nk � 1j.

For a proof see[HW], Theorem 182, p. 151{52.

A.3.3. According to De�nition 3.5, x is Diophantine with exponent 2, i.e. x 2 DC2, i� the
quantities m2

�
� n

m � x
�
� are bounded from below. In view of Proposition A3.2, it is su�cien t to

require this property for the convergents (since m2
�
� n

m � x
�
� � 1

2 when n
m is not a convergent).

From the inequalities (A3:4), it follows easily that

x 2 DC2 ,
mk+1

mk
bounded:

Constant-t ype numbers are usually de�ned as the numbers whose partial quotients are
bounded. If M = supf ak g < 1 ,

(A3:5) 8k � 0;
mk+1

mk
=

ak mk + mk � 1

mk
< ak + 1 � M + 1:

Conversely ak < m k +1

m k
, hence

mk+1

mk
bounded , x has constant type:

Notice that, in that situation, mk � 2 � 1
M +1 mk � 1 (with k � 2) implies that mk = ak mk � 1+ mk � 2 �

mk � 1 + 1
M +1 mk � 1, that is

(A3:6) 8k � 2;
mk

mk � 1
� 1 +

1
M + 1

:

A particular caseof constant-t ype number is obtained when the continued fraction expansionis
eventually periodic, i.e. when there exist L � 0 and K � 1 such that ak+ K = ak for all k � L . Such
numbers are characterized by the celebratedLagrange'stheorem ([HW], Theorems176 and 177) :

Theorem A3.1. The number x is algebraic of degree 2 i� its continued fraction expansion is
eventually periodic.

A.4. Pro of of Lemma 3.3

A.4.1. Let � 2 ]0; 1[ be a quadratic irrational number. Recall that N� � Z hasbeenpartitioned
into

E� = f (D ; N ) 2 N� � Z j N=D < � g and E+ = f (D ; N ) 2 N� � Z j N=D > � g:

Our aim is to �nd numbers � + ; � � ; � 0
+ ; � 0

� with � 0
� > � � , and decompositions

E+ = F + [ E+
� [ A + ; E� = F � [ E�

� [ A � ;

with F � �nite, satisfying speci�c properties about the quantities D 2
�
� N

D � �
�
� corresponding to the

members of E�
� and A � : it is required that D 2

�
� N

D � �
�
� � � 0

� for all (N ; D) 2 E�
� , whereasA �
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should consist of an in�nite sequencef (D �
p ; N �

p )g for which D 2
�
� N

D � �
�
� = � � + O(D � 2). Lastly,

f D �
p g is required to be increasing,with D �

p+1 =D�
p bounded and

P
(D �

p ) � 1=2 convergent.
Notice that the above properties will imply

� � = lim inf
(D ;N )2E �

D 2

�
�
�
�
N
D

� �

�
�
�
� ;

i.e. � � = � � (e2� i� ) with the notation of De�nition 3.6. Henceall the conclusionsof Lemma 3.3
will hold if we choose� 0

� = (� 0
� )1=2.

We will construct A � by extracting appropriate subsequencesfrom the sequencef n k
m k

g of the
convergents of � . Convergents are good candidatesfor the elements of A � because

(A4:1) 8k � 0; m2
k

�
�
�
�

nk

mk
� �

�
�
�
� < 1

by virtue of (A3:4), and they fall alternately in E� and E+ according to the parit y of k because
of (A3:2). Then we will have to de�ne � 0

� and to distribute the rational numbers other than the
convergents betweenF � and E�

� .
Let P(X ) be the polynomial of de�nition of � :

P(X ) = aX 2 + bX + c = a(X � � )(X � � ); a; b;c 2 Z; a � 1;

� =
� b+ "

p
�

2a
; � =

� b� "
p

�
2a

; " 2 f� 1; +1g; � = b2 � 4ac � 2:

For all (D ; N ) 2 N� � Z the expression

F (N ; D) = aN 2 + bND + cD2 = a
�

N
D

� �
� �

N
D

� �
�

D 2

can assumeonly nonzerointegral valuesand will allow us to control the quantit y
�
� N

D � �
�
� D 2 when

it is small.

A.4.2. By Lagrange'stheorem, the continued fraction expansionof � is eventually periodic ;
we denote it by

� = [a0; a1; : : : ; aL � 1; aL ; : : : ; aL + K � 1];
where K � 1 is the period, L 2 N, and the line above a �nite sequenceof coe�cien ts indicates its
repetition in the continued fraction. The periodicit y of the continued fraction expansionof � will
re
ect somehow on the polynomial F (X ; Y ) = Y 2P( X

Y ) when evaluated on the convergents :

Lemma A4.1. For all k � L ,

F (nk ; mk ) = (� 1)K F (nK + k ; mK + k ):

Pr oof. Let us �rst treat the casewhere L = 0. We recall that

(n� 2; m� 2) = (0; 1); (n� 1; m� 1) = (1; 0);

8k � 0; (nk ; mk ) = ak (nk � 1; mk � 1) + (nk � 2; mk � 2):

On the one hand the periodicit y property ak+ K = ak allows one to check easily (by induction
on k) the following relationship between(nk+ K ; mk+ K ) and (nk ; mk ) :

(A4:2) 8k � � 2; (nK + k ; mK + k ) = nk (nK � 1; mK � 1) + mk (nK � 2; mK � 2):

On the other hand, still by virtue of the periodicit y of the continued fraction,

� = [a0; a1; : : : ; aK � 1; � ] =
� nK � 1 + nK � 2

� mK � 1 + mK � 2
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(the last equality follows from (A3:1) with xK � 1 = 1
� ). Hencethe polynomial

P1(X ) = mK � 1X 2 + (mK � 2 � nK � 1)X � nK � 2

vanishesat X = � , i.e. belongsto the ideal of Q[X ] generatedby P(X ) :

P1(X ) =
mK � 1

a
P(X ):

We can thus content ourselveswith checking that

8k � 0; F1(nK + k ; mK + k ) = (� 1)K F1(nk ; mk );

where F1(X ; Y ) = Y 2P1( X
Y ) = mK � 1X 2 + (mK � 2 � nK � 1)X Y � nK � 2Y 2.

This is a simple computation : for k � � 2, using (A4:2),

F1(nK + k ; mK + k ) = mK � 1(nk nK � 1 + mk nK � 2)2

+ (mK � 2 � nK � 1)(nk nK � 1 + mk nK � 2)(nk mK � 1 + mk mK � 2)

� nK � 2(nk mK � 1 + mk mK � 2)2

= An 2
k + B nk mk + Cm2

k ;

with A = mK � 1(nK � 1mK � 2 � mK � 1nK � 2) = (� 1)K mK � 1;

B = (mK � 2 � nK � 1)(nK � 1mK � 2 � mK � 1nK � 2) = (� 1)K (mK � 2 � nK � 1);

C = nK � 2(mK � 1nK � 2 � nK � 1mK � 2) = (� 1)K � 1nK � 2

(thanks to (A3:3)). This endsthe proof of Lemma A4.4 in the caseL = 0.

We now proceedby induction on L . We supposethat

� = [a0; a1; : : : ; aL � 1; aL ; : : : ; aL + K � 1]

with L � 1, and that the convergents f n0
k =m0

k g of

� 0 = [a1; a2; : : : ; aL � 1; aL ; : : : ; aL + K � 1]

satisfy
8k � L � 1; G(n0

k ; m0
k ) = (� 1)K G(n0

K + k ; m0
K + k );

where G(X ; Y ) = Y 2Q( X
Y ) and Q(X ) is the polynomial of de�nition of � 0.

The identit y

� = [a0; � 0] = a0 +
1
� 0

shows that the polynomial

P1(X ) = (X � a0)2Q
� 1

X � a0

�
2 Z[X ]

vanishesat X = � , thus P1(X ) is a rational multiple of the polynomial of de�nition of � and we
can content ourselveswith checking that

8k � L; F1(nK + k ; mK + k ) = (� 1)K F1(nk ; mk );

where F1(X ; Y ) = Y 2P1( X
Y ) = (X � a0Y)2Q

�
Y

X � a0 Y

�
= G(Y; X � a0Y).

Let us expressthe convergents of � in terms of those of � 0 : if k � 1,

nk

mk
= [a0; a1; : : : ; ak ] = a0 +

1
[a1; a2; : : : ; ak ]

= a0 +
m0

k � 1

n0
k � 1

;
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thus nk = a0n0
k � 1 + m0

k � 1, mk = n0
k � 1 and nk � a0mk = m0

k � 1. Hence

8k � 1; F1(nk ; mk ) = G(n0
k � 1; m0

k � 1);

and by the inductiv e hypothesis

8k � L; F1(nK + k ; mK + k ) = (� 1)K F1(nk ; mk ):

�

A.4.3. We recall that (� 1)k (x � n k
m k

) > 0, thus

(mk ; nk ) 2 E+ if k is odd; (mk ; nk ) 2 E� if k is even:

As a consequenceof the previous lemma, the sets R + = f jF (nk ; mk )j; k odd � L g and R � =
f jF (nk ; mk )j; k even � L g are �nite. We de�ne

r + = min R + ; r � = min R � :

If moreover R � is not reducedto a single element, we de�ne r �
� = min R � n f r � g. Since

(A4:3) jF (nk ; mk )j = a

�
�
�
�

nk

mk
� �

�
�
�
�

�
�
�
�

nk

mk
� �

�
�
�
� m2

k

and a
�
�
� n k

m k
� �

�
�
� tends to the limit a j� � � j =

p
� as k ! 1 , the inequality (A4:1) implies that

R + and R � are bounded by that limit. We de�ne

� � =
r �
p

�
� 1:

Let k0 > L be large enoughso that

(A4:4) 8k � k0;

�
�
�
�

nk

mk
� �

�
�
�
� � C;

where the positive number C will be speci�ed later, in Formula (A4:7). We de�ne

A + = f (mk ; nk ); k > k0 odd such that jF (nk ; mk )j = r + g;

A � = f (mk ; nk ); k > k0 even such that jF (nk ; mk )j = r � g:

The members of A � can be enumerated as

A � = f (D �
p ; N �

p ); p � 0g; (D �
p ; N �

p ) = (mk � (p) ; nk � (p) );

with an increasingsequencek � (p) of odd/even integerslarger than k0. Lemma A4.1 then ensures
that, whenever (mk ; nk ) 2 A � , we have also (mk+2 K ; nk+2 K ) 2 A � , hence

k� (p + 1) � k � (p) + 2K

(in the previous sentence, 2K can be replaced by K if K is even; we only need to avoid a jump
from one of the setsE+ ; E� to the other).
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A.4.4. Let (D ; N ) 2 A � . SinceC will not exceed j � � � j
9 (seeFormula (A4:7) below), the reals

N
D � � and � � � have samesign and, using (A4:3), we can easily compute the discrepancybetween

D 2
�
� N

D � �
�
� =

r �

a
�
� N

D � �
�
� and � � = r �

aj � � � j :

D 2

�
�
�
�
N
D

� �

�
�
�
� � � � =

r �

aj� � � j
�

�
� � � N

D

�
�

�
� N

D � �
�
� =

1
j� � � j

 
r �

a
�
� N

D � �
�
�

! 2
1

D 2 = O(D � 2):

The convergenceof the series
P

(D �
p ) � 1=2 is guaranteed by Remark A3.1 : its terms are part

of the series
P

m� 1=2
k which is convergent.

Let us check that the sequencesD +
p+1 =D+

p and D �
p+1 =D�

p are bounded. We intro duce

(A4:5) M = maxf ak g � 1

(recall that there are only a �nite number of quotients ak , by Lagrange's theorem) and we recall
that the numbers m k +1

m k
are bounded by M + 1 according to (A3:5). The conclusion follows from

the remark on the sequencesk+ (p) and k � (p) at the end of Paragraph A.4.3 :

D �
p+1

D �
p

=
mk � (p+1)

mk � (p)
�

mk � (p)+2 K

mk � (p)
< (M + 1)2K :

A.4.5. There remains only to �nd � 0
� , F � , E�

� with the required properties. Let C0 = 1
M +1 ;

we de�ne � 0
+ and � 0

� by

(A4:6) � 0
� = min

�
r � + r �

�

2
p

�
; 1 + C2

0 ;
1 + 2C0

1 + C0
;
�

1 +
C0

4

�
� �

�
:

Of course,it is understood that if R + or R � is reducedto a singleelement, in which caser +
� or r �

�
is not de�ned, the above minimum is taken only over the last three numbersof the right-hand side.
Since0 < C0 � 1

2 , � � = r �
p

�
� 1 and r �

� > r � when it is de�ned, we always have � 0
� > � � .

We also de�ne now the number C upon which k0 dependsthrough (A4:4) :

(A4:7) C = j� � � j � min
n 1

1 + 4
C0

;
r +

� � r +

r +
� + r +

;
r �

� � r �

r �
� + r �

o

(with the sameconvention as previously if r +
� or r �

� is unde�ned), and the �nite setsF + and F � :

F � =
n

(D ; N ) 2 E� j D � mk0 and � D �
� 0

�

D
< N < � D +

� 0
+

D

o

(where [ : ] denotesthe integer part of a real number).
We observe that each member (D ; N ) of the complement set E�

� = E� n(A � [ F � ) necessarily
falls in one of three distinct categories:

(i) either D � mk0 , and N � � D +
� 0

+

D (`+' case)or N � � D �
� 0

�

D (`� ' case);
(ii) or (D ; N ) = (mk ; nk ) with k > k0 and jF (nk ; mk )j � r �

� ;
(iii) or D > mk0 and N=D is not one of the convergents of � .

The inequality

(A4:8) D 2

�
�
�
�
N
D

� �

�
�
�
� � � 0

�
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is obvious in the �rst case. In the secondcaseit follows from (A4:3), which implies

m2
k

�
�
�
�

nk

mk
� �

�
�
�
� �

r �
�p
�

�
j� � � j�

�
� n k

m k
� �

�
�
�
;

and from the inequality

r �
� j� � � j �

r �
� + r �

2

�
�
�
�

nk

mk
� �

�
�
�
�

which is a consequenceof (A4:4) and of the condition C � r �
� � r �

r �
� + r � j� � � j imposedby (A4:7) in

that case.The next two paragraphsare devoted to the proof of (A4:8) in the third case.

A.4.6. We are left with the caseof an element (D ; N ) of E� such that N=D is not a convergent
of � and D > mk0 . Let k > k0 be the unique integer such that mk � 1 � D < mk . We will suppose
k odd for the sake of clarit y, just to have n k � 1

m k � 1
; n k +1

m k +1
; � ; n k

m k
in that order on the real line (we leave

it to the reader to adapt the following arguments to the caseof even k).
Let I k denote the closed interval

� n k � 1

m k � 1
; n k

m k

�
, whose length is exactly 1

m k � 1 m k
(because

of (A3:3)). Sincemk � 1N � nk � 1D is a nonzerointeger,
�
�
�
�
N
D

�
nk � 1

mk � 1

�
�
�
� �

1
mk � 1D

> length(I k );

thus N
D is either to the left or to the right of I k .

In the �rst case,necessarily(D ; N ) 2 E� and
�
�
�
�
N
D

� �

�
�
�
� >

�
�
�
�
N
D

�
nk � 1

mk � 1

�
�
�
� +

�
�
�
�

nk � 1

mk � 1
�

nk+1

mk+1

�
�
�
�

�
1

mk � 1D
+

1
mk � 1mk+1

�
1 + C2

0

D 2 ;

using mk � 1 � D , mk+1 � (M + 1)2D (which follows from (A3:5)) and C0 = 1
M +1 . The obtained

inequality yields (A4:8) since1 + C2
0 � � 0

� .
Let us assumewe are in the secondcase: N

D > n k
m k

. In particular (D ; N ) 2 E+ . We will
distinguish two subcases,according to the value of the positive integer mk � 1N � nk � 1D. If this
number is not 1,

N
D

� � >
N
D

�
nk

mk
=

�
N
D

�
nk � 1

mk � 1

�
�

�
nk

mk
�

nk � 1

mk � 1

�

�
2

mk � 1D
�

1
mk � 1mk

=
�

D 2 :

We can write � asa polynomial function of degree2 of a real variable � = D
m k � 1

ranging between1
and � = m k

m k � 1
:

� = �( � ) = �
�

2 �
�
�

�
:

Since d�
d� is decreasing, we have �( � ) � minf �(1) ; �(�) g. But �(1) = 1+2 C0

1+ C0
� � 0

+ , and
�(�) = � � 1 + C0 by (A3:6), which is also � � 0

+ . Hence(A4:8) is true in the �rst subcase.

A.4.7. There remainsonly to prove (A4:8) in the last subcase: N
D lies to the right of � and is

not a convergent, mk � 1 � D < mk and mk � 1N � nk � 1D = 1, where k is odd and greater than k0.
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Lemma A4.2. With thesehypotheses,

(A4:9) D 2
�

N
D

� �
�

�
�

1 +
C0

2

�
� m2

k

�
nk

mk
� �

�
:

Pr oof. Thanks to (A3:3), we can write

D = mk � r mk � 1; N = nk � r nk � 1;

for someinteger r � 1. Let
yk =

mk � 1

mk
:

Since m k � 1

m k
� D

m k
, we get yk � 1 � r yk , thus

(A4:10) 1 � r �
1
yk

� 1:

Notice also that yk � 1
1+ r � 1

2 .
Let us compute the left-hand side of (A4:9) in terms of mk ; nk ; yk and r : using (A3:3) we

have � nk � 1 = 1
m k

� yk nk , thus

N = nk (1 � r yk ) +
r

mk
;

and D = mk (1 � r yk ), therefore

D(N � D � ) = mk (nk � mk � )(1 � r yk )2 + r (1 � r yk ):

Using the notations of Lemma A3.1, we have mk (nk � mk � ) = 1
x 0

k + yk
with

x0
k = ak+1 +

1

ak+2 +
1

ak+3 +
. . .

� 1 + C0

(the inequality follows from ak+1 ; ak+3 � 1 and ak+2 � M ). Hence

D(N � D � ) =
(1 � r yk )(1 + r x0

k )
x0

k + yk
= mk (nk � mk � )	 ; 	 = (1 � r yk )(1 + r x0

k ):

To conclude,we needonly to check that 	 � 1 + C0
2 .

But 	 may be viewed asa polynomial function of degree2 of a real variable r , whoseminimum
over the range (A4:10) must be attained at one extremity of this range (becausethe derivative is
decreasing). When r = 1, 	 = (1 � yk )(1 + x0

k ) � (1 + x0
k )=2 � 1 + C0

2 . And when r = 1
yk

� 1,

	 = yk (1 + x 0
k

yk
� x0

k ) = 1 + (x0
k � 1)(1 � yk ) � 1 + C0

2 . Thus 	 is always bounded from below as
required in that range. �

Inequality (A4:8) (with a `+' sign) follows from (A4:9). We have indeed, by (A4:3),

(A4:11) m2
k

�
nk

mk
� �

�
�

r +

a
�
�
� n k

m k
� �

�
�
�

= � +
j� � � j�

�
� n k

m k
� �

�
�
�
:

But (A4:4) with C �
C0
4

1 + C0
4

j� � � j yields

�
�
�
�

nk

mk
� �

�
�
�
� �

1 + C0
2

1 + C0
4

j� � � j;
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thus the right-hand side in (A4:11), when multiplied by 1 + C0
2 , yields a result not smaller than

(1 + C0
4 )� + � � 0

+ .

A.5. Reminder about Borel-Laplace summation

A.5.1. General notations and prop erties. Let B a Banach algebra. When dealing with
formal series

P
an Qn 2 B [[Q]], it is convenient for us to usethe variable x = Q� 1 ; we �rst de�ne

the formal Borel transform (or formal inverse Laplace transform) of formal serieswithout constant
term :

~L � 1 :

8
<

:

x � 1B [[x � 1]] ! B [[� ]]

~� =
X

n � 0

an x � n � 1 7! �̂ =
X

n � 0

an
� n

n!
:

Clearly, the Borel transform hasnonzeroradius of convergenceif and only if we start with a formal
Gevrey-1 series: ~� 2 x � 1B [[x � 1]]1 , ~L � 1 ~� 2 B f � g. And starting with a convergent power-series
we would obtain an entire function of exponential type in all directions.

The multiplication of Gevrey-1 formal seriesis tranformed into convolution of holomorphic
germs:

~L � 1( ~� 1
~� 2) = �̂ 1 � �̂ 2; �̂ i = ~L � 1 ~� i ; �̂ 1 � �̂ 2(� ) =

Z �

0
�̂ 1(� 1)�̂ 2(� � � 1) d� 1:

By extending the formal Borel transform to the constant series1, we intro duce a unit � 0 for the
convolution :

~L � 1 : ~� =
X

n � 0

an x � n 2 B [[x � 1]]1 7! a0� 0 + �̂ 2 B � 0 � B f � g; �̂ =
X

n � 0

an +1
� n

n!
:

We will often refer to the plane of the complex variable � as to the Borel plane, and to B f � g
or B � 0 � B f � g as to the convolutiv e model in contrast with the formal model B [[x]]1.

The counterpart of @= d
dx in the convolutiv e model is the multiplication by � � :

~L � 1(@~� ) = @̂( ~L � 1 ~� ); @̂:

(
B � 0 � B f � g ! B f � g

a0� 0 + �̂ 7!  ̂ ;  ̂ (� ) = � � �̂ (� );

while multiplication by x of a serieswithout constant term amounts essentially to di�eren tiation
with respect to � : if ~� 2 x � 1B [[x � 1]]1 and �̂ = ~L � 1 ~� ,

~L � 1(x ~� ) = �̂ (0)� 0 +
d�̂
d�

:

A.5.2. Borel-Laplace summation. Let � 2 [0; 2� [. Among all Gevrey-1formal series,some
of them have a Borel transform a0� 0 + �̂ with a holomorphic germ �̂ which extends analytically
along the half-line [0; ei� 1 [ with at most exponential growth. In such a caseone can perform the
Laplace transform of direction � :

L̂ � : a0� 0 + �̂ 7! � � ; � � (x) = a0 +
Z ei� 1

0
�̂ (� ) e� x� d� :

The resulting function � � is holomorphic at least in a half-plane bisectedby the conjugatedirection
(at least the half-plane <e(x ei� ) > � if we assumee� � j � j k�̂ (� )k bounded).

If �̂ extends analytically with at most exponential growth in a sector f � 1 � arg � � � 2g, by
moving the direction of integration and using the Cauchy Theorem we get a function analytic
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in a sectorial neighborhood of in�nit y of aperture � + � 2 � � 1. But, according to Nevanlinna's
Theorem, analyticit y and exponential growth in a half-strip f dist(� ; [0; ei� 1 [ ) < � g are su�cien t
to ensure that the initial formal series ~� is the Gevrey-1 asymptotic expansion at in�nit y in a
half-plane of � � .

The interest of this processis that L̂ � � ~L � 1 preserves multiplication, di�eren tiation, etc.,
thus starting with the formal solution ~� of someequation, studying the analytic continuation of �̂
and performing L̂ � for some direction � may lead to an analytic solution of the equation (and
even to distinct solutions with the sameasymptotics, if analytic continuation is possiblein several
directions of the Borel plane with singularities in between).

A.5.3. E�ect of some changes of variable. Let ~� 2 B [[x � 1]]1 and ~L � 1 ~� = a0� 0 + �̂ . Let
us expressthe formal Borel transform of ~ (x) = ~� (f (x)) in terms of that of ~� for someelementary
changesof variable f .

{ For ~ (x) = ~� (�x ) with some� 2 C� ,

~L � 1 ~ = a0� 0 +  ̂ ;  ̂ (� ) = � � 1 �̂ (� � 1� ):

{ For ~ (x) = ~� (x + b) with someb 2 C,

~L � 1 ~ = a0� 0 +  ̂ ;  ̂ (� ) = e� b� �̂ (� ):

{ For ~ (x) = ~� (x + ~L(x)) with some ~L 2 x � 1C[[x � 1]]1 and L̂ = ~L � 1 ~L, the Taylor formula yields

~L � 1 ~ = a0� 0 +  ̂ ;  ̂ = �̂ +
X

r � 1

L̂ � r �
@̂r �̂
r !

; L̂ � r = L̂ � � � � � L̂| {z }
r times

:

The above series is uniformly convergent in any closed disk which is contained in the disks of
convergenceof �̂ and L̂ . We say that  ̂ is obtained from �̂ by composition-convolution, the
counterpart of postcomposition by Id + L , an operation which may look more complicated but is
in fact more regularizing than postcomposition itself.

A.5.4. Simple resurgen t functions. In �Ecalle's theory [E1], the holomorphic germ �̂ is
called the minor of ~� . The formal series ~� is said to be a simple resurgent function if its minor
satis�es the following properties :
(i) on any broken line issuing from the origin, there is a �nite set of points such that �̂ may

be continued analytically along any path that closely follows the broken line in the forward
direction, while circumventing (to the left or to the right) those singular points ;

(ii) any determination of �̂ in the vicinit y of a singular point ! has the form

�̂ (! + � ) =
c

2� i�
+  ̂ (� )

log �
2� i

+ R̂(� ); c 2 B ;  ̂ ; R̂ 2 B f � g:

A non-trivial fact is the stabilit y under convolution of this requirement : the set of simple
resurgent functions is a subalgebra of B [[x � 1]]1. We met in Section 4.2 an example of simple
resurgent function where the minor extended to a meromorphic function with simple poles only,
thus a uniform (i.e. single-valued) function. But since Resurgencetheory is intended to deal
with nonlinear problems, and since convolution usually createsrami�cation, it is important that
condition (i) authorise rami�ed and not only uniform analytic continuation.8

8For us the source of rami�cation was only the composition-con volution induced by somechange of variable ; but
the fact that, when using the appropriate variable, the minor was meromorphic was related to the linear character
of the problem under study.



72 S. Marmi and D. Sauzin

It is essential to be able to analyze the singularities which appear in the convolutiv e model,
since they are responsible for the divergencein the formal model. This can be done by means
of alien calculus, which relies on a family of new derivations. For each ! 2 C� , there is a linear
operator � ! of the algebra of simple resurgent functions which satis�es the Leibniz rule and
measuresthe singular behaviour of the analytic continuation at ! of the minor of the function on
which it is evaluated.

For instance, if the minor �̂ is meromorphic, � !
~� = 2� i Res(�̂; ! ). If the minor is not

meromorphic but analytic on [0; ! [ (the singular point ! is \view ed" from the origin, and not
hidden by other singular points), � !

~� = c + ~L  ̂ with notations as in (ii). The general formula is
of the samekind but takes into account the singularities at ! of the various determinations of �̂
associated to paths which follow the segment [0; ! [ while circumventing the intermediary singular
points.

This operator � ! is calledalien derivation of index ! by contrast with the natural derivation @.
There is a relation

� ! � @= (@� ! ) � � ! ;
but no relation between the alien derivations themselves : they generatea free Lie algebra. The
point of view on Resurgencetheory that we have indicated is rather restrictiv e and we refer the
interested reader to [E1], [E2], [E3], [CNP] for further properties and more generalde�nitions.
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