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Abstract

We prove that the solutions of a cohomologicalequation of complex dimensionone and in the
analytic category have a monogenicdependenceon the parameter, and we investigate the question
of their quasianalyticity. This cohomologicalequationis the standard linearized conjugacyequation
for germsof holomorphic mapsin a neighborhood of a xed point. The parameteris the eigervalue
of the linear part, denoted by q.

Borel's theory of non-analytic monogenicfunctions has been rst investigated by Arnold and
Herman in the related context of the problem of linearization of analytic di eomorphisms of the
circle closeto a rotation. Herman raised the question whether the solutions of the cohomological
equation had a quasianalytic dependenceon the parameterq. Indeedthey are analytic for q2 CnSt,
the unit circle S' appearsas a natural boundary (becauseof resonancesj.e. roots of unity), but
the solutions are still de ned at points of St which lie \far enoughfrom resonances".We adapt to
our caseHerman's construction of an increasingsequenceof compactswhich avoid resonancesand
prove that the solutions of our equation belongto the assaiated spaceof monogenicfunctions;
somegeneralproperties of thesemonogenicfunctions and particular properties of the solutions are
then studied.

For instance the solutions are de ned and admit asymptotic expansionsat the points of St
which satisfy somearithmetical condition, and the classicalCarleman Theorem allows us to answer
negatively to the question of quasianalyticity at these points. But resonanceqroots of unity) also
lead to asymptotic expansions for which quasianalyticity is obtained asa particular caseof Ecalle's
theory of resurger functions. And at constart-t ype points, where no quasianalytic Carleman class
contains the solutions, one can still recover the solutions from their asymptotic expansionsand
obtain a special kind of quasianalyticity.

Our results are obtained by reducing the problem, by meansof Hadamard's product, to the
study of a fundamental solution (which turns out to be the so-called g-logarithm or \quantum
logarithm™). We deduceas a corollary of our work the proof of a conjecture of Gammel on the
monogenicand quasianalytic properties of a certain number-theoretical Borel-Wol -Denjo y series.
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1. Intro duction

1.1. Let g a complex number, g(z) a germ of holomorphic function which vanishesat 0, and
considerthe one-dimensional cohomola@ical equation

(1.1) f(a2) f(2)=9(2);

where the unknown function f is required to vanish at 0. If jgj 6 1 there is a unique solution,
which can be obtained directly by iterating the equation forwards or badkwards :
X
f(z) =14 (q2) = gd"z); jg<1
m 0
X
f(2)=fg(q2) = a(q "z);  jg> L
m 1
Thesetwo seriesare uniformly cornvergert in eady compactsubsetof D D, or E D, respectively,
where the factor D, denotesthe disk of corvergenceof g and the rst factor corresponds to the
parameter g, with
D=fq2Cjjg<1lg E=fq2Cj jg> 1g
Thus we get two holomorphic functions of g and z. We will be particularly interested in their
dependenceon g, and specically in the relationship between these two functions of q : Is it
possibleto crossthe unit circle which separatesone domain of analyticity from the gther ?
At a formal level, we obviously obtain from the Taylor expansionof g(z) = rlﬁl ohz" a
unique power seriessatisfying (1.1) :
X Zn
(12) (@=fa2=  wg

n

which, asa seriesof functions of g and z, convergestowardsfg inD D, andtowardsfg+ inE D,.
The casewherejg = 1 givesrise to the simplest non-trivial small divisor problem. Each root of
the unity appearsindeedasa \resonance", i.e. a pole for someterms of this series,and it is easyto
de ne by an appropriate arithmetical condition a subsetof full measureof S* = fj gj = 1g for which
the seriescorverges. Our purposewill be to investigate the behaviour of f in the neighborhood
of this set but also near the roots of unity, from the point of view of regularity and asymptotic
expansions.

1.2. Equation (1.1) arises naturally in the study of the existence of analytic conjugacies
of germs of holomorphic di eomorphisms of (C;0) with their linear part z 7! gz; it is called
cohomological becauseit is the linearization of the conjugacy equation. The study of the ¢-
dependenceis neededto investigate the dependenceon parameters of Fatou componerts (more
speci cally Siegeldisks) in the dynamics of families of rational maps on the Riemann sphere|[Ris].
The conformal change of variablesz = €2 W, q= € ™ transforms (1.1) into

(1.3) F(w+ h) F(w)= Gw);

where the given function G(w) = g(e? V) is 1-periodic, analytic in the innite semi-cylinder
=mw > for some 2 R and tendsto zeroat in nit y, and the unknown function F is required
to have the same properties. In this form, but under the assumption that G be 1-periodic and
analytic in the complexstrip j=mwj < , the cohomologicalequation hasbeenstudied in detail by
many authors, especially Wintner [Wi], Arnold [Ar] and Herman [He], sinceit is the linearization
of the conjugacy equation of an analytic circle di eomorphism to the rotation w 7! w+ h. When h
is real a small divisor problem occurs once again.
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1.3. Let usreturn to the solutions of (1.1). We will call fundamental solution the function

X ZN
f (g2 =
n 1 qn 1

which is obtained in the particular casewhere g(z) = (z) = %;. In view of (1.2), we recover
the general solution f4 by using the Hadamard proguct with respect tyz: fg=1 g. Here,

the Hadalmard product of two formal seriesA = A,z" and B = B,z" is de ned to be
A B= A,B,z" (seeAppendix A.1). The formula

Fl@g= fg(a:)=Ff (a:) 9(2)

de nes a mapping F from D[ E to somespaceof linear operators. For all r > 0 we denote by
H! (D,) the Banach algebraof the functions which are holomorphic and boundedin D, = fjzj < rg
(equipped with the norm of the suprenmum over D, ), and we considerthe subspaceB, = zH! (D,)
of the functions which vanish at the origin. We can considerF asa mapping

(14) F = FI’1;I‘2 : D[ E ! L(Brl;Brz)

forry > 0andr, 2 ]0;r,[. This allows oneto describe in a compact way all the solutions of (1.1)
and to reduce most of the questionsto the study of the fundamertal solution.

1.4. Toinvestigatethe behaviour of the solutions for g nearthe unit circle, we introduce a few
notations in connectionwith the roots of unity which appear assimple polesin (1.2). Form 2 N ,
wesetR, =f 2 Cj ™ = 1g (roots of unity of order m) andR,,, = f =& ™™ ; (njm) = 1g
(primitiv e roots of order m). We will denote by

[ G
R = Rm = R
m 1 m 1
the setof all roots of unity. Toeadhh 2 R we assaiateits orderm() = minfm2N j 2 Rnyg

sothat 2 R, . Consideredas an analytic function in (D[ E) D, the fundamertal solution
satis es the following easybut important identity :

X
(1.5) f (q2)= q—Lm() (2); with 8m 1, Ln(2) = %Iog(l z™)
2R

(seeAppendix A.2, Lemma A2.1). This formula, which may be viewed as a \decomposition into
simple elemernts", is in fact an example of Borel-Wol -Denjoy series (see Section 2.2). By using
the Hadamard product we immediately obtain an analogousformula for the general solution f g,
or more globally for the mapping F, ., .

Sudh a formula suggestsan analogy with meromorphic functions. Indeed, for eahh 2 R, we
will seethat (g ) f (g;z) tendsto Ly () asqtendsto non-tangertially with respectto the
unit circle (uniformly in z), i.e. f behavesas a function with a simple pole at . There is even
a \Laurent series"at : an asymptotic expansionwhich is valid near , inside or outside the
unit circle. But this asymptotic seriesmust be divergert, since there are singularities in nitely
closeto : the unit circle is a natural boundary of analyticity for f (:;z), and the sameis true
for Froxr,.

1.5. On the other hand, we already mertioned that f or F,,.., are de ned whenq liesin a
special subsetof St. There too, restricting ourselvesto Diophantine points, we will nd asymptotic
expansions.We will study the Gevrey properties of thosevarious series,and discussthe question of
quasianalyticity in the senseof Hadamard at the corresponding base-pints : we say that a spaceF
of functions is quasianalytic at a point ¢ if all its members admit an asymptotic expansionat g
and if any two functions in F with the sameasymptotic expansionat gg coincide (i.e. the functions
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of F are determined by their asymptotics at ¢p). The question of quasianalyticity is a classicalone
for the Carleman classes but other spacesof functions are conceiable.

We wish also to investigate the regularity of f or F,, ., in closedsets which intersect the
unit circle. This naturally leadsto study monogenic functions in domains which avoid the roots
of unity : in spite of the natural boundary fj gy = 1g, we try to connectthe function in D and the
function in E by somemonogeniccortinuation which would replace analytic cortinuation.

Notice that, when we say that we wish to connectthesetwo functions, our concernis not a
relationship like f (g;z) + fg (g %;2) = 9(2) (easyconsequencef the de nition of f4 ) which is
not \lo cal" with respectto g.

1.6. Section 2 deals with the de nition and properties of monogenic functions; it gives a
framework in which the solutions of the cohomologicalequationsfall, as shovn in Section 2.4.
Section 3 is concernedwith asymptotic expansionsat those points of the unit circle which
satisfy Diophantine inequalities. The question of quasianalyticity is answered negatively as far as
one choosesa Diophantine base-mint assciated to a quadratic irrational and considersonly the
classical Carleman classes. This is in agreemen with M. Herman's commert \The (solution of
the) linearized equation doesnot seemto belongto any quasianalytic class" [He, p. 82].
Section 4 proposesa constructive way to recover any solution from its asymptotic expansion
at someparticular points : roots of unity (resonances)but also constart-type points display suc
a quasianalyticity property. The resumgent structure which appears at resonancesallows one to
elucidate completely the local behaviour of the solutions and to passdirectly from the Laurent
seriesat a given root of the unity to the whole Borel-Wol -Denjo y series(1.5). At constart-type
points we usethe Hadamard product to de ne a quasianalytic spacewhich cortains the solutions.
Section 5 discussessomeapplications and generalizationsof our work.

1.7. To concludethis introduction, let us add that the fundamertal solution f is known as
g-logarithmic series ([Du]) but is perhaps more popular under the name of \quantum logarithm" .
It is alsorelated to the Weierstrasszeta function. The identities

X X m Y
f (qz) = z2"g" = % = z—@log 1 zd™)if q2 D;
n 1m O m qu @ m 0
X X m Y
t*(g2) = z"q ™ = 1Zqim: 2Py @ zq™)if q2 E
n 1m 1 m 1 Zq @ m 1

show that the fundamertal solution is related to the logarithmic derivative of Jacobi's in nite
product ([HL], [Tr]). For xed q2 Dnf0Og, f is meromorphic over C with respect to z, with
only simple polesat z=q ™;m 0. For xed q2 E, f* is meromorphic over C with respect
to z, with only simple polesat z= q™;m 1. On the other hand if g lies on the unit circle and
satis es some arithmetical condition, fjzj = 1g is a natural boundary of analyticity as one can
immediately ched directly using (1.1) and the fact that the r.h.s. hasa pole at z = 1 (see[Sim]
for more details).

From the relation with Jacobi'sin nite product it immediately followsthat the Weierstrasszeta
function relativeto the lattice Z hZ canbe expressedn terms off , f* and the corresponding
Eisenstein series X

€ 2
e = (n+ mh) =
(n;m )222nf (0;0)g

P
wherethe symbol  ° denotesEisenstein summation (terms corresponding to opposite indices are
grouped in order to ensurecorvergence seeParagraph 4.3.3and [We, p. 14]). Indeed, if g= e '
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andz= e W,
X e 1

(w):v—lv+ezw+ =ew i+2if (gz2)+f"(q Lz M

w+ !
12Z hz

where the last equality holds for jgj < jzj < jgj ! ([We, p. 21]and [La, p. 248)).
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The authors are grateful to J.-C. Yoccoz for his interest and some useful discussions,and to
C. G. Moreira for an improvemert of Lemma 3.3. The results of this study have beenannounced
in various conferencesbetween 1998 and 2000 (Bressanone,La Rochelle, Cetraro, Aussois, Pisa,
IHES and IMPA), whoseorganizerswe wish to thank.
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2. Monogenic Properties of the Solutions of the Cohomological Equation

The importance of Borel's monogenic functions in parameter-dependert small divisor problems
was emphasizedby Kolmogorov [Ko]. In his addressto the 1954 International Congress of
Mathematicians (the same where he rst stated the theorem on invariant tori in the analytic
case)he considersparameter-dependent vector elds on the two-dimensionaltorus and comments :
\It is possiblethat the dependence::: on the parameter ::: is related to the classof functions of
the type of monogenicBorel functions :::"

In his work [Ar] on the local linearization problem of analytic di eomorphisms of the circle,
Arnold discussedn detail this issue; he complexi ed the rotation number but hedid not prove that
the dependenceof the conjugacyon it is monogenic. This point wasdealt with by M. Herman [He].
Later, Risler [Ris] extendedconsiderablysomeparts of Herman's work shawing that the parameter-
dependenceis Whitney-smooth alsoif one assumedessrestrictiv e arithmetical conditions (i.e. the
Brjuno condition used by Yoccozin [Y1, Y2, Y3]). Howewver he did not investigate monogenic
properties. One should also mertion that Whitney smooth dependenceon parameters has been
establishedalsoin the more generalframework of KAM theory by Pestel [Po] who did not however
considercomplex frequencies.

Borel [Bo] wanted to extend the notion of holomorphic function so as to allow, in certain
situations, analytic cortinuation through what is consideredas a natural boundary of analyticity
in Weierstrass'theory. One of his goalswas apparertly to determine, with the help of Cauchy's
formula, not too restrictiv e conditions which would have ensureduniquenessof the cortin uation,
i.e. a quasianalyticity property (see[Th]).

Extending the preseration givenin [He, I11.16], we recall in Section 2.1 someproperties of C!
(and C' )-holomorphic mappings on a compact subsetK of C with valuesin an arbitrary complex
Banach spaceB. These are C' maps in the senseof Whitney [Wh] which satisfy the Cauchy-
Riemann condition. Being the uniform limits of B -valued rational functions with polesoutside K,
Ct-holomorphic mapson K sharemany properties of holomorphic functions. In particular Cauchy's
Theorem and Cauchy's Formula hold, and they are automatically C* -holomorphic on a subdomain
of K.

Following Borel's memoir [Bo], we de ne in Section 2.2 the space of B-valued monogenic
functions assaiated to an increasing sequenceof compact subsetsof C as the projective limit of
the corresponding sequencef spacesof Ct-holomorphic functions. Borel's quasianalyticity theorem
for monogenicfunctions is then recalled, in a re ned form extracted from [WK].

In Section 2.3 we construct an increasing sequenceK; of compact sets whose union has a
full-measureintersection with the unit circle. We prove in Section 2.4 that the map q 7! F;,..,(0)
belongsto the assaiated spaceof monogenicfunctions. This implies that there exists an increasing
sequenceof smaller compact setsK ,; on which our map is C! -holomorphic (Section 2.5).

Unfortunately the assumptionsof Borel's quasianalyticity theorem are too restrictive to be
applied to F,,.,. This is not too surprising since Borel's result is much more generaland includes
also monogenicfunctions with singularities which are densein an open subsetof C. The problem
of the quasianalyticity of q 7! F,,.r,(0) is addressedin Sections3 and 4.

2.1. Ct-holomorphic and C! -holomorphic functions

2.1.1. Let (B;k k) be a complex Banach space. The following de nition is taken from [He]
and makes use of the generalization of the notion of smoothnessof a function to a closedset due
to Whitney ([St], [Wh]).
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Definition 2.1. Let C a closedsubsetof C. A continuous function f : C! B is saidto be
C-holomorphic if there exists a continuousmap f @ : C! B such that

822C;8">0;, 9 >0= 82,;2,2C; jzz zj< ;jz2 Zj<
) kf(z2) f(z) fW(z)z2 z)k "jzn 2z
Notice that f @ in the above de nition is a complexderivative: @ = 0,@ = f® andf is

holomorphic in the interior of C.
If C is compactthen Ct, (C;B) will denotethe Banach spaceobtained by taking asnorm

kf (z2) f(z1) f@(z)(z2 z1)k
sup n -
21;222C;2,62; 121 23

(see[ALG], Remark I11.4 and Proposition [11.8 : in their terminology our functions de ne W-
Taylorian 1- elds ; seealso[Gl], pp. 65{66).

Let K be a compact non-empty subsetof C and let C(K;B) denote the uniform algebra
of continuous B -valued functions on K. Let R(K;B) denote the uniform algebra of corntinuous
functions from K to B which are uniformly approximated by rational functions with all the poles
outsideK . Let O(K; B) denotethe uniform algebraof functions of C(K ; B) which are holomorphic
in the interior of K. Notice that f belongsto one of these uniform algebrasif and only if = f
belongsto the corresponding C-valued algebrafor all * 2 B .

The inclusions

R(K;B) O(K;B) dK;B)
are in generalproper; it is not too di cult to construct examples(\swiss cheeses")of compactsK
with empty interior such that R(K;C) 6 O(K;B) = C(K;C) (see[Ga] and the construction of
monogenicfunctions below for more details).

Propositon 2.1. G, (K;B) R(K;B).

Proof. Letf 2 G, (K;B). By Whitney's extensiontheorem ([Wh], Theorem I, seealso
[ALG], Theorem111.5) f admits a contin uously di eren tiable extensionF to a neighborhood of K .
But according to Theorem 1.1 of [Ga], for all © 2 B , the function g = °~ f which admits a
continuously di eren tiable extensionto a neighborhood of K and satises @ 0 on K necessarily
belongsto R(K; C). Hencef 2 R(K;B).

Remark 2.1. As noticed by Herman, functions in G, (K ; B) sharesomeof the properties of
holomorphic functions. Let (U-)- ; be the gpnnectedcomponerts of C nK and assumethat ead
@)J- is a piecewisesmooth Jordan curve. If .  length(@J)-) < +1 , Caudhy's theorem holds :

Z
f(z)dz= 0:
o1 @
Indeed, sincef 2 R(K;B), one can approximate f by a sequence(rg)kan Of B-valued rational

functions with poleso K. Cauchy's theorem appliesto theserational functions and one can pass
to the limit sincethe corvergenceis uniform. Moreover, if z 2 K satis es

Z L.
x jd j

: <+1;
o @ 2
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Cauchy's formula also holds :

x Z f
f(z) = Q) d:
210 o @ z
Howewer to de ne higher l5;rder|:\deriva.tiv.es by means of Cauchy's formula one needs further
assumptionson z (namely ~1:1 @ % < +1 to obtain a derivative of order n).

2.1.2. The following de nition, which generalizesWhitney C! -smoothnessto the complex
case,is taken from [RIi].

Definiton ~ 2.2. Let C a closedsubsetof C. A function f : C ! B is said to be C! -
holomorphic if there exist an in nite  sequenceof continuous functions (f (M),,n : C ! B sud
that f © = f and, for all n;m 0, the function R(™™) de ned by

xn f(n+ h)(zl)

f (M (zp) = h

(zz2 z2)"+ R"™)(z1:25); 21,222 C;
h=0

satis es the following property :
822C;8'>0,9 >0=
821,222 C; jz1 Zzj< jzz Zi< ) kRUM(zi;z)k  jz o 2™

Clearly C* -holomorphic B -valued functions on a compactsetform a Frechet space. Onceagain
the derivativesare taken in a complex sensethus @ (™ = 0 for all n 2 N. The functions f (") are
somegeneralized\w eak derivativesfor f " ; clearly f must be analytic in the interior of C and

8n;m2N; 8z2int(C); f("M(z)=@fM(z):

Whitney's extensiontheorem appliesagain: any f 2 G, (C;B) admits an in nitely di eren tiable
extensionF to C' R2. Moreover for any n 2 N, @F extendsf ("), but of courseF is not unique
and @ neednot vanish outside C.

2.2. Borel's monogenic functions

Definiton  2.3. Let B a complex Banadh spaceand (K;)j2n an increasing sequenceof
compact subsetsof C. The assaiated spaceof B-valued monogenic functions is de ned to be
the projective limit

M ((K{);B) = lim Gl (K| ; B):

The restrictions G, (Kj+1;B) ! Gk, (K;;B) are cortinuouslinear operators betweenBanach
spacesthus M ((K;); B) is a Fredet spacewnh seminormsk : kcé (K, B)-

The above de nition is inspired by the work of Borel [Bo] (see also [He], p. 81). Borel
consideredthe caseB = C and wanted to extend the notions of holomorphic function and
analytic cortinuation. In the usual processof analytic continuation (de ned by meansof couples
([f1; D(zo;r)) where [f] is the germ at zy of a function analytic in the open disk D(zp;r)), the
domain of holomorphy of a function is necessarilyopen and one cannot distinguish between the
points on a natural boundary of analyticity (seethe discussionin [Re], Chapter V, for a nice
elemerary introduction, which is alsorelated to Borel-Wol -Denjo y seriesde ned below). Borel's
ideawas to allow monogeniccortinuation through natural boundaries of analyticity! by selecting

IM. Herman pointed out to us that Poincare himself investigated the possibility of generalizing Weierstrass'
processof analytic contin uation so as to consider functions whose singular points are dense on an open set or a
Jordan curve [P1, P2].
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points at which the function is C'-holomorphic. If the function is moreover C' -holomorphic at
such a point, the question of quasianalyticity may be raised : Is the function determined by its
Taylor series? Such a uniquenessproperty could depend on the choice of the sequencegK ;) which
de nes the monogenicclass(and not only on the union of the K 's), and the Caucdhy formula could
help to establishit.

In the rest of Section 2.2, we illustrate the previous de nition by a construction due to Borel
of a special sequencgK ;) which is adaptedto the caseof Borel-Wol -Denjoy series[Gou, Bo, Wo,
De, Si]. They are the most studied examplesof monogenicfunctions, and quasianalyticity can be
proved in their caseunder suitable assumptions.

Let! = (I ) 1 aboundedsequenceof pointsin C and = fl g. We will exclude smaller
and smaller disks around these points ; the open disk of certer ! and radius will be denoted
by D(! ; ). Let G be an open bounded Jordan domain which contains . We x a sequence
(r) 2y 2 YR*) and de ne

_ [

(2.1) Ki=Gn D( ;2!r); C= K;:
Notice the inclusions

which are in general proper.
For eath eath sequencea= (a ) 12 “*(B), we cande ne a function

3
@:a7 @@=
:1q )

which is holomorphic in Cn . We get a linear operator ; : “}(B) ! O(Cn ;B) which is
generally not injective (see[Wo] for someexamples). But we have also the following

Lemma 2.1. The operator , inducesan injective operator from the space
B)y=fa=(a) 12'B)j8 Lkak<rg
into M ((Kj);B).

Pr oof. Sincefor all g2 K; and 1,j9 'j 21r 2 Tka k¥, it is easyto chedk
that | (a)jk, 2 G (K;;B) forallj 1.
To prove injectivity we make use of a residue computation. Let f; =, (a)jk;. Let

J-( ) = @¢(' ;2 1r ) with positive orientation and let ]( ) denote the curve obtained from j( )

replacing those parts which are covered by disks D(! ;2 ir ) with 6 by the corresponding

arcsof circles @ (! ;2 Ir ) which are contained in K;. Clearly J( ) is a courtable union of arcs
of circle, all positively oriented, and the length of J( ) is bounded by 2 1 1:1 r.|If Gj( ) denotes
the domain of C enclosedby J( )

1 X

27  fi(a)dg= o a
The sequence (; j)=inff 2N j! 2 GJ-( b1 81 gtendsto innit yasj ! 1 ,thus

1 4 X
k— ()fj(q)dq ak kak! 0 asj! 1:

20 )
j (i)

This implies injectivit .
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Of course, if none of the coe cients a vanishes, | (a) is not analytic at any point of C
which is an accunulation point of the sequence! . Borel's example ([Bo], p. 144)is B = C,
fl g= f%; 1 r;s ny(r;n)=1L(s;n)=1g,a = exp( exp(n?)) andG=fq2C j0O<
<eq< 1;0< =mqg< 1g.

A remarkable result of Borel and Winkler is the following (seealso [Tj])

Theorem 2.1. We still use the notations (2.1) and assumefurthermore that r < 1 for all
2N and
X 1 1
(2.2) log = <+ 1:
=1

Let
g L g
Ki=Gn D! ;2 log#+ ; C = K. :
=1 j=1
C isincludedin C andif f 2 M ((K;);B), the restriction ijj is C' -holomorphic for all j 1.
Moreover, if there existgp 2 C andj 2 N suchthat
(i) there existsa straight line s suchthat gp 2 s\ G K,
(i) f(M(qp)=0foraln O
the function f vanishesidentically on K .

In particular, accordingto the de nition of quasianalyticity givenin Section1.5, M ((K;);B)
is quasianalytic at all points of C which satisfy the condition (i) . We refer to [WK] for a proof of
Theorem 2.1 (in the casewhere B = C, but this restriction is not essetial).

Remark 2.2. Borel (without using Whitney's extensiontheorem) also provesthat Cauchy's
formula holds: let asimple positively oriented closedcurve bounding a simply connectedregion D
of G. Let ; denotethe curve obtained from by replacing those parts of which are covered by
disks D(! ;2 Ir ) by the corresponding parts of the circles @ (! ;2 'r ) which are cortained
in Kj \ D (see[WK] and [Ar], Section7, for more details). Let ; denotethe union of those parts
of the circles@(! ;2 'r ) which are contained in K; \ D and not part of ;. Then

z
n! f(w f(w

f(n)(q):F Jﬁdw ide; q2K;\ D;n2N:

Remark 2.3. The previoustheoremwasproved by Winkler under lessrestrictive assumptions
than those originally required by Borel, using Carleman's Theorem (see [Ca] and Theorem 3.1
below). Note that it holds without any further assumption on the distribution of the singular
points (! ) 1, while for the problem we are interested in roots of unity will play a role in the
sequel. The quasianalyticity properties of Borel-Wol -Denjo y seriesare studied alsoin [Bel], [Be2]
and [Si] (which focusin fact on the broader question of the injectivity of ).

Remark 2.4. Unfortunately one cannot apply the previous theorem to the solutions of
cohomological equations since the condition (2.2) is too restrictive for that situation. Let
0< < 1,B = L(B,;B,) and considerthe mapping (1.4). Ordering the primitiv e roots
of unity by increasingorder (i.e. following the Farey ordering of rational numbers), one can write
it asa Borel-Wol -Denjo y series

b3
(2.3) F(@ = r(a)(9 =

Lm() R=1f 1 2iiig
=1
setting a = Lm¢) . Sincethe number of terms in the Farey seriesof order m is approx-

imately 3’“22 ([HW], Theorem 331, p. 268) one has m( ) ' p_gp_. On the other hand, one
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cheds easily that ka k' ﬁ(—i)m( ). The requiremert (a ) 2 }(B) leadsto a lower bound
m( )=4

r C1 Gy and the condition (2.2) is violated.

2.3. Domains of monogenic regularit y : The sequence (Kj)

The goal of this section is to specify a sequenceof compact sets (K;)j2n SO as to be able
to prove (in Section 2.4) that M ((K);B) contains the solutions of the cohomologicalequation.
In the de nitions of the domainsC ;,4 and W” ; given below (De nitions 2.4 and 2.6), we will
follow a construction given by M. Herman [He] for Diophantine numbers (seealso[Ris] for a similar
construction for Brjuno numbers). We adapt it slightly soasto deal with more generalirrational
numbers.

2.3.1. The conformal change of variable g = €> * maps C biholomorphically on C=Z, the
circlefigj= lgonR=Z andR,, onf2X jm2N;0 n m 1 (n;m)= 1g. We will use
the notations of Appendix A.3 for continued fractions : if x 2 RnQ (mod Z), we will denote by

[0; a1(x); ax(x); :::] its cortin ued fraction expansionand by (2 () ) the corresponding sequence
me(x) 'k o

of cornvergerts, omitting sometimesthe dependenceon x. Note that ng=mg = 0=1.

Definition  2.4. We call an approximation function any decreasingfunction on N sud
that
X1 1
2 (my<1 and 8m 1; 0< (m) ——:
m=1 2m

We assaiate with it a subsetof RnQ(mod2Z) :

n o]
1
2.4 C = x2RnQ(mod2Z)j 8k 0; mg+1 (X _
(2.4) Q(modZ) | 1 (0~
and somesubsetsof C=Z whosetraceson R=Z are C
[
C. = x2C=Zjj=mx j<e(t Wj: C.a =C,;\ j=mxj d;

y2C

for 21]0;1[and d > 0, wherex and y denote somelifts in C of x and y (seeFigure 2).

Notice that C consistsof points which are \far enoughfrom the rationals", asmeasuredby
namely, accordingto (A 3:4) and Proposition A3.2,

\ . n. (m) \ . n. (m)
(2.5) fxjjx H] Tg C fxjjx EJ>Wg.

n=m n=m

The most interesting case for our purposeswill be (m) = e ™ with xed > 0 and

210;inf(%-; 92—1)[.SThe classical Diophantine condition of exponert > 2 (see Section 3.2)
would correspndto ~ C ., where . (m) = m? and the union is taken over those > 0
such that . is an approximation function (i.e. denoting by the Riemann zeta
function).

The Diophantine exponert = 2 (which is assciated to constart-type points) was not
consideredhere, only becausethe corresponding functions ., do not satisfy the condition of
summability in De nition 2.4. This condition is usedin the next lemmato ensurepositive measure
for C , and indeed the set of constart-t ype points has measurezero.

1
2( 1y
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Lemma 2.2. If is an approximation function, C has positive Lekesguemeasure. For all
" > 0 there exists an approximation function  suchthat

jC (mod2)j>1 ™

Pr oof. According to (2.5), the one-dimensionalLebesguemeasureof the complemen (R=Z)n
C islessthan
Rox 1 R
ﬂ 2 (m) < 1:
m=1 n=0 m m=1
Given" > 0, we choose (m) = W to make the previous quartity lessthan ".

2

In order to investigatethe structure of this kind of set, it is usefulto referto a suitable partition
of R=Z obtained by consideringa nite number of iterations of the Gaussmap A (seeAppendix A.3
for the de nition of the Gaussmap; the intervals de ned below are called \in tervals of rank k"
in [Khi]).

Let a;;:::;ax positiveintegers(k 2 N ). We assaiate with them the nite cortinued fractions
[0;ag;::: ;8 1] = r':]kk 11 and [0;ap;:::ak] = r’;—kk and de ne an interval

( N . Nk+tng 1

ms mome oL If Kiseven

I(ag;::: a) = fx = Dk 1Yy 210, 1[g=

mg+m ' . .
KMy ]7£t:nmkkll;,?,—kk if k is odd

(the alternative stemsfrom (A3:3)). Each sud interval is a branch of the k-th iterate A of the

Gaussmap, preciselythe branch which is determined by the fact that all points x 2 1 (a3;::: ;ax)
have f0;a;;::: ;akg as rst k+ 1 partial quotients (seeFormula (A3:1)). For agivenk 1, the
union of all branchesof AX yields a partition of R=Z
[
8k 1, R=Z=Fg][ [ (a1;:::;ak);
arpnag 1

wheré Fy = [0a;:::;a]; 1 ° K; & 1 Q=Z. The previous de nition allows for a
corveniert rephrasing of (2.4) :

\

C = I(ag;:::;a);
k 1
F

where for eadh k 1, denotesthe disjoint union over those (ay;::: ;ax) such that mj.;
1= (m;) fori = 0;:::;k 1 (here, of course,m; is the denominator of [0;a;::: ;a]).

2.3.2. We will indicate somemore properties of the set C assaiated to an approximation
function . As a preliminary, to ead rational number n=m 2 Q=Z we attach an open interval
J (n=m) sud that

(2.6) n=m2J (n=m) (R=Z)nC :
To de ne it we proceedas follows :

2Notice that any rational number n=m 2 ]0;1[ is the endpoint of exactly two branches of the iterated Gauss
map. Indeed n=m can be written in a unique way as n=m = [0;a1;:::;a] for some 1, with az;:::;a 1 1
and a- 2; it is the left (right) endpoint of | (a1;:::;a ) and the right (left) endpoint of I (a;:::;a 1;a 1;1)
if * is even (odd).
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(@) if n=m = 0=1, we set

[ [ -
(2.7) J (0=1):= int I(a1) [ 1(1;a2) ;
a;>1= (1) a+1>1= (1)
(i) if n=m 6 0=1and (n;m) = 1, wewrite n=m = [0;a;:::;ak], with k 1,as;:::;a 1 1
anday 2,wesetn =m = [0;a;;:::;a 1] (if kK 2;otherwisen =m = 0=1) and
[
(2.8) J (n=m) = int I(a;:::;ak;ak+1) [

ak+ M+m >1= (m)

[
I(a;::r ;e Ll aken) -

(ak+2 ¥1) m m >1= (m)

This de nition is motivated by the relations (A3:0). For instance the points in the rst union
of (2.8) have cortinued fraction expansionssuc that ax+s m+ m = my.; sincemy, 1= m and
myg = m for them, and in the secondone, (ax+2 + 1)m m = My, Ssincemy = m m and
Mg+1 = m (except at one of the boundary-points of eadh interval : my+; = (ak+1 + )M+ m

and mg.2 = (ak+2 + 2)m  m respectively, for these exceptional rational points). We thus
have my,1 > 1= (Mmg) or myse > 1= (my41 ) respectively, henceJ (n=m) is contained in the
complemert of C . To ched that it is an open interval, considerfor instance the caseof odd k :

using (A3:1) one can write the rst union asf i+ yy :0<y 1=Mg, whereM is the minimum

value of g+ (i.e. M = [%(ﬁ m )] + 1), this union is thus a non-empty interval whoseright
endpoint is n=m; similarly the secondunion is a non-empty closedinterval whoseleft endpoint
is n=m. Notice that, in case(i), J (0=1) = int([0; #][ [1 ;1]) mustbeidentied with ] ;+
(where M = [{5]+ 1).

Lemma 2.3. The set C assaiated to any approximation function is totally disconnected,
closel and perfect.

Proof. SinceC \ (Q=Z) = ;, C istotally disconnected.To seethat C is closedobsene
that, if x 2 (R=Z) nC , one can exhibit an open neighborhood of x which is cortained in
the complemen of C . either x 2 Q and J (Xx) is such a neighborhood, or x 2 Q and
Mg+1 (X) > 1= (Mg (x)) for somek 0, hencel (ay(x);::: ;ak+1 (X)) will do.

We now prove that any x 2 C is an accunulation point of C . Foreachhj 2 N wedene a
linear fractional map Ty; mapping any y 2]0; 1] to

nj(x) + nj 1(x)y

Tyi (y) = = [o; conra (X); : ol
X;) (y) mJ (X) + m] 1(X)y [0' al(x)' ’aJ (X)! al(y)1 aZ(Y)- ]
P .
Let ususey = =1 = [0;1;1;:::]. The sequencex(!) = Ty, (y ) convergesto x asj ! 1, and
one can chek that ead xU) 2 C
. i) . .
{1fk |, ;kkgxxm)) = mbd thus miaq (x0)) —yy forallk j land

Mia (X)) = M)+ my a(x) g ()M (x) + My 1(x)
1

= Mjy (X) W

{Ifk j+1,weuse (m) 1=2m:

1

M (00) = M)+ mi () 2m () s
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The intervals J (n=m) de ned above will also help us in the proof of the next proposition
which describesthe connectedcomponerts of (R=Z) nC .

Pr oposition 2.2, Let
Q = 0= [ nmm2Q=Zj n=m6 0=1 and
mj+1 1= (mj)forj =0;:::;k 1

with the usual notations and conventions : the m;'s (0 ] k) are the denominators of the

convements[0;ay;::: ;& ] of n=m = [0;a;;:::;a&], with a 2.

(1) Each connected component of (R=Z) nC contains one and only one point of Q , which is
a convergent of both of its endpints. We denote the connected component of n=m 2 Q by

Xnzm ;xﬂ:m [ R=Z (which must be identi e d to an open subinterval of ]0; 1[ if n=m 6 0=1, or
of ] 1=2;1=2[ if n=m = 0=1).

2) % jx Bj< Zr;—m) if X = Xp=m oOF X2_ .

(3) If r=s2Xp=m ;X [andr=s6 n=m, s > 2m.

1
(m)
Pr oof. Any connectedcomponert of U = (R=Z)nC contains at leastarational r=s. Suppose
this rational doesnot belongto Q and write it asr=s= [0;a;:::;a]with a 2: wemust have
Mg+1 > 1= (my) for somek 0. Choosingk to be minimal, we obtain n=m = [0;as;:::;ax] 2 Q
and r=s 2 J (n=m) (note that n=m = 0=1 if k = 0). Thus the connected componert of r=s
contains J (n=m), and in particular n=m. We notice in passingthat s> 1= (m) 2m.

Let us now supposethat ]x; x9 is the connected componert of n=m 2 Q in U and chedk
that n=m is a corvergert of x and x° We may supposethat n=m 6 0=1. Let us write
n=m = [0;a;:::;ax] with ax 2. Denoting by m the denominator of [0;a;:::;ak 1], we
choosepositive integersa and b such that

am+ m 1= (m); (b+1)m m 1= (m)

(this is possiblesincel= (m) 2m > m+ m ). By the samekind of argumert as at the end of
the proof of Lemma 2.3, one can ched that the points

x* = [0ay;:ia 1aa1t ] and x = [0a5;:00 Ak a1 b1t ]

both belongto C . But if k is even, x < n=m < x*, and the order is reversed otherwise.
Therefore [x; x9 is contained in ]x ;x*[ (or [x*;x [is k is odd), and n=m is a corvergert of all
those points. This implies easily that a connectedcomponert of U cannot contain more that one
point of Q .

The rst inequality in (2) follows from the secondinclusion in (2.5). For the secondinequality,
considerx* and x asde ned above for n=m = [0;a1;:::;a] 2 Q nf0=lg, but this time we
choosea and b maximal :

L m < am+ m i i m< (b+ 1)m m i
(m) (m)y”  (m) (m)’
By virtue of (A3:4), sincemy(x*)=m, Mg+ (X)) = am+m , Mgs1 (X )= mand mysx (X ) =
(b+1)m m ,

o nemix nemj< — (M) 2 (m).
’ m(l m (m)) m
This vyields the desired inequality. If n=m = 0=1, one can use x* = [0;a;1' ] = -1 with

atg

a=[%] 2andg=[0;1' J,andx = 1+[0;1;a 1;1']= x .



16 S. Marmi and D. Sauzin

Figure 1. The sets -, and

y-
(3) was already obsened at the beginning of the proof.

23.3. Wenow x 2]0;1[and d> 0, and study the setsC . and C .4 assaiated to the
approximation function . Proposition 2.2 yields a decomposition of (R=Z) nC into connected
componerts ; this will re ect in a description of the complemert of C .

Lemma 2.4. For eachn=m2 Q , let -, denotethe set
fx2 C=Zj <ex 2Xnzm ;xﬂ:m [j=mxj< min(<ex Xpzm ;xf{:m <ex)g;

which is an open diamond of base [X,=m ?ngm [ and slopes with respect to the real axis (see
Figure 1). We have

G
(2.9) C. =(C=)n n=m ;
n=m 2Q
the setsC ..4 are compact subsetsof C=Z and they have positive measure whend >  (4) :
X
meas C .4 >2d 8 m) 2,
m 1
Pr oof. Let usrephrasethe de nition of C . as
C. =(C=2)n v
y2C
with = x 2 C=Z jj=mx < min(<ex <ey;l+ <ey <ex) (eah  isan open

diamond whosetrace on R=Z haslength 1 and coincideswith the complemen of f yg; seeFigure 1).

Formula (2.9) is now reducedto the identity
G \

n=m2Q y2C

If n=m 2 Q andy 2 C , the fact that y 63xp-m ;X% [ implies that -,
hence the union of the diamonds -, is contained in the intersection of the diamonds
Let x in the intersection of the diamonds . If x 2 R=Z, this meansthat x 62C , thus
X 2 Xn=m ;xﬂ:m [ n=m fOr somen=m 2 Q . If x 62R=Z, the intersection with R=Z of the lines
of slopes  which passthrough x de ne two points x < x*. Necessarilyix ;Xx*] IXnzm ;X% [
for somen=m 2 Q (becausethe existenceofy 2 [x ;x*]\ C would lead to the contradiction
X 62 ), hencex 2 -y . Thusx belongsto the union of diamonds - in both casesand this

yields the reverseinclusion.

y?
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Figure 2. ThesetC .4 .

As a consequencé& . is closedand its intersectionwith astrip j=mxj d iscompact(see
Figure 2). The inequalities

-1
S 2
(which follow from Proposition 2.2 (2) and from (m) 1=2m) vyield the last statemert.

2 2

m JRN—
m m4

81=m2Q ; meas pm (X% Xpmm)?< 8 M

Remark 2.5. Using a suggestionby Herman ([He], Remark at p. 81), one can prove that
O(C ..4;B) = R(C .4 ;B), a result to be compared with the general inclusion which was
indicated in Section2.1. Notice that {he relation

. G
R ,=C [ -
y2C n=m2Q
implies that
G _
intC .4 =fx2C=Zjj=mxj<dgn C [ n=m CnR(mod2):
n=m 2Q

The ideais to apply Milnik ov's theorem [Za, p. 112] which statesthat, if the inner boundary of a
compactsetK is asubs,gtof an analytilg curve, O(K;B) = R(K;B). (The inner boundary of K is
dened as@K = @& n @ -, where - is the decomposition of C nK into disjoint connected
componerts. Here@C .4 = C R=Z.)

Remark 2.6. Onecanchek that C ..4 hasa nite number of connectedcomponerts and is
locally connected; it is connectedas scon asd > (2). Alsoint(C ..4 ) hasa nite number of
connectedcomponerts.

2.3.4. Finally we de ne the sequenceof compact subsetsK; of C which will be usedin the
sequel.

Definition  2.5. Let x us a decreasingsequence( j)j o wich tends to 0 and numbers
2]0;1[, d; > 0. Weassume ; < inf(%5; eTl;l) forallj 0. Wede ne

m

. [
foorm 1, Kj=fg=¢e%;x2C ;g0 C= Kj:
i2N

j(m)=je

Obsene that ea K; is cortained in the annulus fe 2 ¢ jg € 9g and that its measure
tends to the measureof this annulus, while the measureof K; \ S! tends to the measureof the
circle,asj ! 1.
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Remark 2.7. SinceC\ S'= [j,nfe€® * jx 2 C | g, by Lemma2.3it is a courtable union of
nowhere denseclosedsets. Proposition 2.2 then shaws that its complemert in S is a denseG -set
with zero s-dimensional Hausdor measurefor all s > 0.

Lemma 2.5. There exists a positive numbker , which degendsonly on , suchthat

8 2N; 8q2K:8 2R; |j i >
j q2 K; ja ] m0)

Proof. Letj 2 Nandq2 Kj. Since% %for allm 1, wemay supposethat dist(qg; St)
be lessthan somearbitrary constart ; thus we assume

q=¢€%; x2C,, (modz); j=mxj L
We also choosey 2 C | (mod Z) such that j=mxj j<ex y)j-

Let 2 R. Wechoosen=m 2 Q such that = € ™™ andj<e(x 2Z)j 3. According
to (25),jy nj> L™ andonecanched easilythat jx Ij oy Djwith o= (1+ 2) =2

Thusz=x = satises

j<ezj j=mzj 1 jzj> o

1 j(m).
2’ 2m -
Hencejq j=je? ? 1j canbe boundedfrom below asrequired.

2.4. Monogenic regularit y of the solutions

Let B a Banadh space. We now consider the spaceof B-valued monogenicfunctions which
corresponds to the sequenceg(K;) of De nition 2.5. We will seethat the general solution of the
cohomologicalequation as encaded by the mapping F,,.., of Section 1.3 belongsto this space|
recall its de nition (1.4) and the notation B, = zH?! (D;); of courseB = L(B,,;B;,) in that
case.

More generally, we will show that the Borel-Wol -Denjo y seriesof the form

X a
(2.10) r(@:97 r(a) (0=
2R q

(not necessarilywith the same coe cien ts as those of (2.3) in Remark 2.4) are monogenic; we
simply restrict ourselvesto

(2.11) S(r;B)= a=fa g oz sequenceof B sud that
crm@

9c> 0=8 2 R;ka k 16

for somer 2]0;e ° [.

Theorem 2.2. For all r 2]0;e 3 [ the Borel-Wol -Denjoy series of the form g (a), a 2
S(r;B), belongto M ((K;);B). In particular, this the case for the geneal solution F, ., if
B=L(B,;B;,)and0<ry<rje 3.

Pr oof. According to De nition 2.3 we must ched that
f = r(a)2Gy(Kj;B)

for every a2 S(r;B) andj 2 N. It is natural to de ne the function
X a

m=1 2R (q ) ?

m

0=
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whoserestriction to int(K;) is just the ordinary derivative of f .
According to Lemma 2.5,

(2.12) 892Ki:8 2R: jq | e "0

Thus, for k= 0or 1, and for g2 Kj,

X crm b3
C( ]_) k 1 mk+1(re(k+1) )m < +1:

m=1

kf () (q)k
ik+1
m=1 2R 19 em
Note that f and f ) are cortinuous sincethe corvergenceis uniform and K; is compact. To prove
C'-smoothness,we considerthe remainder

(@ @ (op- * X G

R(Gd) = q d ma or (@ O )2

a .

Becausegf (2.12) and the assumptionr < e * , we have kR(g;q)k  ¢jg dj, with ¢ =
o )2 L_, m3re® )M In particular De nition 2.1is satis ed.
The statemert about F,,.., is a particular caseof what we just proved : choosinga =

Lm( andr= [z, weuseLemmaAl.landseethat ka ki_(s,, s Kbm() ke, ' miyr™0 -

ra)

As for the fundamertal solution, notice that f 2 M ((K;);B;) assoonas0<r<e 3 .

2.5. Whitney smoothness of monogenic functions

As already mentioned in Remark 2.4, we cannot apply Borel's Theorem to conclude that
functions in M ((K;)j2n;B) are Ct -holomorphic in some subsetsof the Kj's. But this can be
shown directly.

Let cp(R) denotethe classicalBanach spaceof real sequences = (Sk)k o sud that sy ! Oas
k! +1 ,endovedwith the norm ksk = supjskj. A subsetA of ¢o(R) is closel and totally bounded
if and only if the following two conditions are satis ed :

(i) 9C > 0=8s2 A; ksk C:
(i) 8" >0; 9kg2 N=8s2 A; 8k Ko; jskj "-

Definition 2.6. To 2]0;1] and A, totally bounded closedsubsetof cy(R), we assaiate
WA = fx 2 RnQ(modZ) j 9s 2 A sudc that 8k 2 N; my.1 (X) legsmk(X) g:
If moreover 21]0;1[ and d> O, we de ne
WA = [ fx2C=Z| j<e(¢ ¥ j=mx dg;
y2WA
where x and y denote somelifts in C of x and y.

One can study the setsW# and WA, with the samekind of argumerts asin Section 2.3.
For instance one can easily ched that they are closedand perfect. Notice that W# is non-empty

assoon as A cortains a sequences sud that sy 2G°z" for all k (indeed g 2 WA in that case).
Moreover, if x 2 RnQ (mod Z) satis es the condition

logMics () _

(2.13) k1 Mg (X)

0;
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andif > 0Ois given, there exist 2]0;1[and s 2 co(R) sud that x 2 W% and ksk

Theorem 2.3. Let ; 2]0;1[, d > 0, an approximation function of the form (m) =
e™ and K = fg= €& %; x 2 C .40 LetA a totally boundel closa subsetof co(R)
such that 8s 2 A, ksk ,and K = fg= € ™; x 2 WS..._,9. Then K K and
11 (K;B) G, (K ;B) for any Banach space B.

Proof. It isimmediate to chek that W C = fx j 8k 2 N; myqq (X) lem«(Xg:
thus K K.

Let f 2 G, (K;B). We will use Remark 2.1. Obsene that, in view of Lemma 2.4, the
connectedcomponerts of (C=Z) nC ..4 are of the form -, with n=m 2 Q , exceptfor oneor
two of them : the componerts ofi1 and il may bereducedto the half-planesf =mx > dg, or
elsethey both coincide with the union of @esehalf-planesand a nite number of diamonds =, -
From that we deducethe decomposition . , U- of CnK into connectedcomponerts|the index
= 1 (resp.” = 1 and 2) will correspond to the exceptional componert (resp. componerts), the
next onesbeing numberedasU- = exp(2 i ,.=m.) With a non-decreasingsequencgm-).

Moreover, for each n=m 2 Q , we recall that accordingto Proposition 2.2,

n 2
— m H — 0 .
X P <rn=m—me if X = Xp=m OF Xpory 5

P
hence@ .- haslength lessthan 4r -, P 1+ 2. The series length(@J) is thus convergert.
Let j 2 N. We will now ched that the series
z -
X jd j

2.14 —
( ) .- @J«J q]J+1

is uniformly corvergert for g2 K . This will allow usto set
TR

(2.15) t@= o~ w (T
—

Lemma 2.7. There exists a positive number (which degendsonly on ) suchthat, whenever
n=mz2Q ,
8 2 o, dist(e? ' ;K )> %e m .
For eachj 2 N, there exists a positive integer M (which degendsonly on , andj) suchthat,
whenevern=m2 Q andm M,

(2.16) 8 2 o dist(€® ' ;K )> %e T

We end the proof of Theorem 2.3 before proving Lemma 2.7. According to the rst part of
Lemma 2.7, ead term in the series(2.14) is well de ned whenqg 2 K . For ° large enough (say
L), U = exp(2 i po=zm.) wWith nn=m 2 Q andm- M, thus we can use (2.16) for eat
g2 K :

jd j m m -
w # 2 &4¢ > €7 length(@ 1. =m.)
8 e2 dp1+ 2 | m -
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The series(2.14) is thus corvergert, and we can use(2.15) with j = 0 or 1 to represen f or f @
inK . Forj 2,wedenef()inK by (2.15), andthe previouscomputation shows the existence

of C > 0 such that
Z

f . m o
8 L;8q2K ; k (7).dk Cme 7z
aw (9t
(and for * < L this expressionis cortinuousin q) ; hence,by uniform corvergencef () is continuous
in K .
Let us considerthe Taylor remainders

RINGA = 0@ 1109 g
ueo U
forj;v. 0andq g2 K . Remark 2.5 applies alsoto Wg*;;d: ,»andthusto K : thesesetshave
a nite number of connectedcomponerts and are locally connected. In fact, for q;q°2 K close
enough(say jg o ), onecande ne apath ( g;q% which joins qto q®inside K and which is
the image by x 7! € * of the union of 1, 2 or 3 segmetts of slopes ; the length of ( ¢; 9 is
lessthan jo° qj, where dependsonly on
We now concludethe proof of Theorem 2.3 by cheding that there exists C > 0 such that

(2.17) 82K ; jg o ) KRIM(GPk Cj® q'*t:

We can write Z
. j! X
ROV (g = o—

ROM(g;g% )f()d ;
i, e

where RUV)(g; g% ) is the Taylor remainder at order v for the function °7! (% | 1, i.e.

(rve® @

@a.) I (qay ( gDV
From this identity and from Lemma 2.7 applied with j replacedby j + v+ 1, one can deducethe
existenceof a positive integer L such that, if 2 @J- with ©~ L,

KRUV(q % )k constm! V2 ez jg o'*?;

whereasfor ~ < L, kRUY)(g;q% )k constjqg ¢J'*'. Therefore, the validity of (2.17) follows
from the inequalities length(@)-) <™te ™

Proof of Lemma 2.7. We must show that jqg €*'j > const% for g 2 K and

2  .-m. Notice that % e % since is an approximation function, and
j=m j (X(r)1=m Xn=m ) < . Therefore we can assume

q= €™ with x2W§' 4 ; j=mxj 2:

Moreover wecanconsiderthat j<ezj 1, wherez=x ,andsincejq € 'j e * jl e 2]
it will be enoughto bound from below jzj itself (z lies indeedin a domain wherej(e 2 7 1)=7
is bounded from below). The samereasoningholds for the proof of (2.16) provided that we take
m M 2(+1).

In fact we will prove the inequalities
n 4

(2.18) 8n=m2Q ;8y2W2; vy =
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and the existence,for eadh j 2 N, of a positive integer M sudc that

(2.19) Bn=m2Q :8y2W,: m M ) y 1 Loty
m m
This is enoughto bound jzj = jx j from below as required since for any x 2 WBA;;d there
existsy 2 W§' suchthat j=mxj  j<e(x y)j, butthenjx j (1+ 2) ¥2dist y;[Xn=m ;X2 ]
forall 2 -, and
dist Y;Dnem X0l 0y &1 max X0, Biiem & <y & He ™:
Lety 2 Wg' . Let s 2 A such that mysa (y) 5~ €*™<). According to (A3:4),
nk(y) 4 sk my ( 4
8k O > e SkMk(y) 7o mk(y):
Y mdy) T my) mi(y)

Let n=m 2 Q . Either & = r':]kk(({,)) for somek 0 and (2.18) is proved. Or - is not a corvergert

ofy;then my 1(y) m < mg(y) for somek 1 and Proposition A3.4 applies:

n Nk 1(y) sk 1Mk 1( .

n — >m _~ N\ 4ek1k1y) 4em_
Y om < 10) Y Mk 1(y)

Therefore (2.18) is true in all cases.

As for (2.19), givenj 2 N we rst chooseky 0 such that jsgj for all k kg

and s 2 A. We then chooseM 1 sud that o
8y 2 Wg'; My (y) < M:
(Forally 2 W§, mo(y) = Lthusmy(y) e = Mg ma(y) £eM: = My : take
M > My,+1 .) According to (A3:4), we have now
8y2 WS, 8k ko, vy :]i(();)) > mf(y) e T<ik+1()y):
Lety2 WS andn=m2 Q with m M. We are facedwith the samealternativ e as above,
but we know moreover that if & = % or mg 1(y) m < mg(y), necessarilyk ko + 1.

Therefore we obtain the re ned inequality (2.19) in all cases.

Definition ~ 2.7. For any closedtotally bounded subset A of ¢o(R) and any integer j, we
de ne _
Kaj =fa=€ ™ x2 WéA,;;dz »0
provided that ksk for all s2 A, with the samenotations asin De nition 2.5.

According to Theorem 2.3, K ; K; and G, (K;;B) nol (K 3B).  In particular,
according to Theorem 2.2, the solutions of the cohomological equation are C* -holomorphic in
eah K, .

Obsene that any point of the form = e? * with x satisfying (2.13) lies in K
chosenand j large enough.

tsgj fOr s well
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3. Carleman Classesat Diophantine Points

In this section, we addressthe following question (directly inspired by [He], Questionat p. 82) :
Do the solutions of the cohomologicalequation belongto any quasianalytic Carleman class? We
will treat separatelysomeparticular points of St amongthoseat which Theorem 2.3yields Whitney
smoothness,and study asymptotic expansionsin disks tangert to S at eac of these points.

As a preliminary, in Section 3.1, we de ne the Carleman classesC (; fMng;B) which we
think are the most relevant for the problem at hand®. We recall a well-known criterium of
guasianalyticity due to Carleman, and we also intro duce spacesof functions which admit Gevrey
asymptotic expansions. Our presenration is somewhat in uenced by the works of Ramis and
Malgrange on divergen series(seefor instance [Ra], [Ma]).

In Section3.2we prove that all functions monogenicin the compactsK; of De nition 2.5admit
Gevrey- asymptotic expansionsat Diophantine points of exponert 2. On the other hand, in
the caseof the fundamertal solution, we prove in Section 3.3 the sharpnessof the index = 2in
Gevrey asymptotics for those Diophantine points which correspond to quadratic irrationals, and
concludethat no quasianalytic Carleman classat those points corntains the fundamertal solution.

3.1. Carleman and Gevrey classes

3.1.1. Let B be a complex Banach space,whosenorm we denoteby k:k, and 2 S!. Let us
X somesequencd Mg, o of positive numbers.

Definition  3.1. We de ne the CarlemanclassC (; fM,g;B) to be the vector spaceof all
B -valued functi(';gns f for which there exist an open disk D tangert to S* at (seeFigure 3),
a formal series | ,a,Q" 2 B[[Q]] and positive numbers ¢, and c; sud that the function f is
holomorphicin  and

X
8N 0:8q2 ; kf(g an(q )"k cc Myjg ]
On N 1

The mapping X
J :f2C(;fMngB) 7 anQ" 2 B[[Q]]

n 0
which assaiatesto a function of C (; fMg; B) its asymptotic expansionat is well de ned. In
fact the functions of C (; fM,g;B) are C* -holomorphic in the senseof De nition 2.2:

Lemma 3.1. If f 2 C (; fM,g;B) and S D is a boundal sector of vertex and small
enoughradius, there exist positive numkers ¢ and ¢; suchthat
{ the function f is C' -holomorphic in the closure S of the sector,
{ for all n Oa>1£1dq2 S, k&f (M (gk coc] My,

1
{ andJ (f)= mf<">( )Q".
n o
Conversely, if a function f is C* -holomorphic in a closal disk D tangentto St at  and
satis es inequalities of the form kLf (M (gk coc] My in , then it belongsto C (; fMng;B).

Here, by \b ounded sector" we mean the intersection of an open in nite sector and of someopen
disk centered at its vertex, and we call \radius" of the sector the radius of that disk.

SCarleman classesare usually dened as spacesof functions which are dened and C! (in the real sense)
on some|p ossibly innitelin  terval | of R and whose derivativ es satisfy some uniform bounds (see [Th]) ; the
relationship between such classeswith | = R* and the spacesC (; fMng;B) dened below is indicated in [Ca].
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o)

Figure 3

We leave the proof of Lemma 3.1 to the reader (one can usethe Taylor-Lagrange formula).
As a consequencethe asymptotic expansionJ (f) ofanyf 2 C (; fM,g;B) belongsto the
spaceB[[Q]lim, 4 de ned as

a,Q" 2 B[[Q]]j 9¢co; 1 > Osuch that (8n  0)kank cocf My
n 0

By de nition, the spaceC (; fMug;B) is quasianalytic at if and only if the mapping J is
injective.

Analogously we de ne the spaceC’ (; fMg;B) by usingdisks contained in E instead of D,
and the corresponding mapping

J* 1 C(; fMagB) ! BI[[Qllm,q:

The change of variable g 7! ?=q induces an isomorphism between the spacesC (; fM,g;B)
and C" (; fM,g;B).
We can now state Carleman's criterium of quasianalyticity [Ca] :

Theorem 3.1 (Carleman's Criterium) . ;I(’he spce C (; fMnyg;B) is quasianalyticat (i.e.
J s injective on that space) if and only if —=+1 wher ,= inff Mnl(fnog.
n% n

n1 "

Remark 3.1. The criterium is usually stated for spacesof scalar functions, but it is also
valid for spacesof B-valued functions (as soon as B 6 fOg of course). The quasianalyticity
of C (; fM,g;B) is indeed equivalent to that of C (; fM,g;C) becauseof the existence
of non-trivial corntinuous linear functionals on any normed linear space: if f is a function
in C (; fMng;B), any continuouslinear functional * on B inducesa function = f which belongs
toC (; fM,g;C),andd (C f)="J (f) (letting ~ act termwisein B[[Q]] in order to de ne
the right-hand side). The point is that for a function f to be identically zero, it is necessaryand
su cien t that all the functions ™ f vanishidentically (givenany Banach spaceB its dual separates
points on B).

Let C(; fM,g;B) be the spaceof all B-valued functions for which there exist disks D
and * E tangert to St at  sud that f; 2C(;fMngB), f; + 2 C(; fMyg;B) and
J (f; ) = J"(fj +). We will denote by J (f) simply the asymptotic expansionat of a
function f of C(; fM,g;B). Asa cons&quence)f Theorem 3.1, C(; fMg;B) is quasianalytic at
any point of D[ f g[ E if and only if i:+1.

n

3.1.2. As aspecial casewe will considerGevrey classesi.e. spacesof functions with Gevrey-
asymptotic expansionfor some 0.

Definiton 3.2. If B is a Banadh space, 2 S' and 2 R*, we de ne the Gevrey classes

G (;B);, G(;B);, G(;B)
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respectively asthe Carleman classes
C (; fMqgB); C(; fMngB); C(; fMng;B)

with the sequencefM, = (1 + n )g. We also set B[[Q]] = BJ[[Q]lfm,q With the same
sequence M g.

We warn the readerthat not all the authors follow this convertion for indexing Gevrey classes.
For us, = 0 correspondsto the analytic class: B[[Q]]o is the spaceBf Qg of cornvergen series,
andJ andJ* areisomorphismsin that case. Thus G, (; B) and G( ; B) canall be identi ed
to the spaceof all germs of B -valued holomorphic functions at

We retain that, by Carleman's Theorem, the spaceG (; B) is quasianalytic at if and only
if 1; and the sameis true for G (; B). Onecanched that, if B is a Banach algebra,G (; B)
and G (; B) arein fact algebras: they are stable by multiplication [Ma].

3.1.3. Wewill now focuson the = 1 caseand the relationship with the Laplace transform.
We supposemoreover that B is a Banach algebra.

Wedenoteby N (B) the spaceof all B-valued functions " for which there exist somepositive
numbers °< and somereal number such that " is holomorphic in the open \half-strip"

H =f 2Cjdist(;R )< ¢

and 7! e | J'k’\( )k is bounded in the closed half-strip H ,. The spaceN (B) is stable by

&omolution, the convolution of two holomorphic functions ’\1 and "2 being de ned as Al Az( )=
o 10 1) ( 1)d 1.

We alsointroduce a symbol ¢ which one may think of asthe Dirac distribution at the origin :
identifying any pair (ap; ") 2 B N (B) with the symbolic sumag o+ “2B o, N (B) and
extending the convolution to the spaceB o N (B) by treating o asa unit, we get an algebra.
The following theorem is due to Nevanlinna [Ma] :

Theorem 3.2 (Nevanlinna's Theorem). The Laplace transform
Z
L :ago+ " 7' f suchthatf ( (1+1)=a+

AN

(e “d

de nes an isomorphism between the algebasB N (B) and G, (; B).

Remark 3.2. Again we mertion that the replacemen of scalar functions by B-valued
functions, with respect to the usual statement, is innocuous. Notice that Nevanlinna's Theorem
implies that G, (; B) is a di erentiable algebra: it is stable by derivation (seeAppendix A.5 for
a description of the counterpart in the convolutive model N' (B) of such elemenary operations
as di erentiation). Also, with respect to the notations of De nition 3.1, we have incorporated in
our statemert the change of in nitesimal variable Q = ¢ 7 t= 1Q in order to deal with
Laplace integrals on R only (the cournterpart in N of such homotheties and of more general
changesof variable is described in Appendix A.5).

Theorem 3.2 shaws that the quasianalyticity of G, (; B) is in some senseconstructive, the
reciprocal operator of J  being described in terms of Borel-Laplacee resummation ;

Definition 3.3, If f7= P an Q" 2 B[[Q]]1, we de ne a formal series ~(t) = P nt" 2 B[t
by ~(t) = f{ t), and its formal Borel transformby ¢ o+ " where
X n X n
()= n+l — = n+1an+1m2Bf g

n!
n 0 n 0

AN
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the seriesf~belongsto J G, (; B) if and only if " can be analytically cortinued to an elemen

of N' (B), and its preimageis then equalto L (ag o+ A) . it is called the Borel-Laplac sum of f~
(in the direction of R ).

The reader is referred to Appendix A.5 for more details on the Borel-Laplace summation
process.

Definition 3.4. Let N(B)= N (B)\ N*(B). Wedene L inB o N(B) by gluing L
and L* : we obtain an isomorphismbetweenB , N (B) and G,(; B).

3.2. Gevrey asymptotics at Diophan tine points for monogenic functions

Let B a Banad space. According to Theorem 2.3, the monogenic functions belonging
to M ((Kj);B) are Ct -holomorphic in the compactsK ,; , with the notations of De nitions 2.5
and 2.7. In particular, any suc function admits as asymptotic expansionits Taylor seriesat any
point of K 5, \ S'. Among those points, someof them have further arithmetic properties which
will yield Gevrey asymptotic expansions.

Definition 3.5. Let > O, 2. Wede ne DC( ; ) to bethe setof all irrational nhumbersy
which satisfy Diophantine inequalities of constart  and exponert , i.e.

8n=m2Q; jy n=mj m
S .
WealsosetDC = _,DC( ; )andDC =f =¢€*V;y2DC g.

It is well-known that DC hasfull measureassoonas > 2 andthat DC, (which hasmeasure
zero) coincideswith the set of constart-type irrationals (irrationals with bounded quotients|see
the appendix, Paragraph A.3.3). For any y 2 DC( ; ), the property

8k 0 mya(y)< Tmi(y) *

(obvious consequenceof Remark A3.2 in the appendix) allows oneto nd A and © suc

that y belongsto W% (e.g. A = fsg with s, = my(y) for some 2]0;1[, and © =
min, ,fmg(y)? exp(mk(y)? )g). In particular, eac point of DC is corntained in somekK ,;

Theorem 3.3. Let 2. If 2 DC , monagenic functions of M ((K;);B) admit Gevrey-
asymptotic expansions at
M ((Kj);B) G (; B):

In particular, according to Theorem 2.2, the solution F;,., of the cohomological equation
belongsto G (; L(B:,;By,)) assoon as0 < ry < ry (using the fact that the positive number
which erters into the de nition of the sequence(K;) can be chosenarbitrarily small). Similarly
f 2G(;By)ifO<r<1.

The proof of Theorem 3.3 is somewhat analogousto that of Theorem 2.3. We rst state a
lemmaabout the relation betweenDiophantine points and the geometry of the compactsK ; , which
parallels Lemma 2.7.

Lemma 3.2. Let 2and 2 DC . Thereexist > 0,j 1 and two open disks D
and * E tangentto S* at  such that the set [ f g[ ¥ is contained in K; and, for
everyn=m2Q  and 2 ,.,thepoint =€*' satises

(3.2) distt ;[ *) | 2 andj | m
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Proof. Let > 0andy2 DC( ; )sucthat = e? V. Wechoosej large enoughto ensure

i % min  ,fm! e™ g. According to De nition 3.5,

gn=m2Q; jy n=mj ;e = M,

m m

hencey 2 C , (modZ) and 2 K; by (2.5).
Let us de ne the function f(X) = 2 j exp( cjXj ¥ ), with c = (3)* . We can use
Lemma 2.4 and Proposition 2.2 to show that

Ki=f 2Cjj=mj f(<e( y)g C,; ;

where C . denotesthe lift of C ;. in C. Indeed,if 2 CnC ,, , there existsn=m 2 Q sudc
that 2 .-, (ModZ); accordingto Proposition 2.2 (2),

j<e(  n=m)j<2;¢ " and j=mj i (xO Xp=m)< 2 ;e ™;

n=m

but X = <e( y)satisesjXj jy n=mj j<e( n=m)j % m , hencej=m j< f(X).

SinceK; hasa cortact of in nite order with R at y, we obtain [ © exp2iC )by
taking the radius of these disks small enough. Reducing this radius if necessarywe make them
cortained in the annulusfe 2 ¢4 jg € 9gandthusin K;.

Finally, by compactness,it is sucient to prove (3.2) for = €' closeto . On the one

hand, the estimate
2

dist( ; [ ") . constj j
follows from the fact that, for all 2 Cnexp(2 iKs),j j= 1+ Y ), where the function f{X)
is exponertially small for small jXj. On the other hand, | j  constj yj constm
if 2 .-m,accordingto the previous computation.

Remark 3.3. The exponert 2 in the right-hand sideof the rst inequality of (3.2) corresponds
to the order of contact of the disks in which we ask for asymptotic expansions.But the proof
of Theorem 3.3 which follows would be valid with any other exponert as well. This meansthat
a monogenicfunction of M ((K;); B) admits a Gevrey- asymptotic expansionat in compacts
with arbitrarily high order of cortact at , not only disks.

Pr oof of Theorem 3.3. Let 2, 2DC andf 2 M ((Kj);B). Let ,j, asin
Lemma 3.2. We proceedasin the proof of Theorem 2.3 : the connectedcomponerts of CnK; are
of the form U- = exp(2 i .=m.) With n-=m- 2 Q ,, exceptfor " = 1or " = 1;2. We recall that

length( ,-m) const& mm . Formula (2.15) leadsus to de ne the coe cien ts

Z
fO() 1 X f()
a = = — —=—d; k O
k kl 2 i - @ ( )k+1
Caudy's formula (extended to monogenicfunctions) appliesfor q 2 [ *:
Z
1 X f
=5
C @ q
Using the identit y
1 _ X' @ ) @ M

g, C TN 9
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we nd that 7
K 1 1 X f N
(@ &l )=, e
k=0 1 @ q
We now use(3.2) to bound one by onethe contributions of the componerts U- = exp(2 i .=m.),
noticing that, by compactness, suc inequalities hold for the exceptional componerts as well

provided that is small enough: if 2 @, j o] i j2andj j m. (extending
the de nition of m- by the value 1 for the exceptional componerts), hence
X1 constX e M- + const
33) k(@ ad Nk S ———m™P S (N 2) )
m
k=0 1
P
with ( X)=, ;mXe ™. Comparing the sum ( X) and the integral
Z +1
m‘e ™ dm= X 1(X+ 1,
0
we obtain ( X) X I(( X+ 1)+ 2 X*e X)andthe Stirling formula yields the result.

3.3. Borel transform at quadratic irrationals for the fundamen tal solution

If 2 DC for some 2, according to Theorem 3.3 the solutions of the cohomological
equation are cortained in the corresponding Gevrey class, which is not quasianalytic at . But
would it be possiblefor them to be contained in somesmaller, quasianalytic Carleman class? We
now show that the answer is negativeif = 2and belongsto a subsetQI of DC,.

Definiton  3.6. Forany point = e® ' in DC, (say with 21]0;1[), we de ne the Lagrange
spectral constants () > 0 by
1 N 1 1 N 1

— = liminf D 2 — : = limsup D 2 —
) (D:N)2N  Z D +() (D;N)2NpZ D

We will usethe notation ()= ( ( ))'™ too.
The previous de nition is clearer when intro ducing the sets(which depend on )
E =f(D;N)2N ZjN=D< g and E" =f(D;N)2N ZjN=D> g;
sincewe can write N
(= (F= fmpr 0 5
Definiton ~ 3.7. We de ne QI to be the subsetof DC, consisting of all = €? i with
guadratic irrational, i.e. 2 RnQ algebraic of degree2.

The Lagrange spectrum can be de ned as the set of all nhumbers of the form () =
minf  (); +( )gfor some 2 DC, (i.e. it is the set of the numbers ( ) = liminf D? %

for 2 DC,), but herewe needan asymmetric version of it becausewe will separatethe rational
approximations of by the left from its rational approximations by the right. The inclusion
QI DC, (which is tacitly assumedin De nition 3.7) follows e.g.from Lagrange'stheorem which
is recalled in the appendix (Theorem A3.1). We will need the restriction 2 QI becauseof
the following lemma, which is an arithmetical result about the way the quartities D ? %
approacdh (), and for which we do not know of any analoguewhen 2 DC, nQl.
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Lemma 3.3. Let = €21 with 2]0;1[irrational and algebaic of degree 2. For each of the
alove setsE* and E , there exist a partition

E=F [E[A

andanumker ° > () suchthat :
{ thesetF s nite ;

{ forall (D;N)2E ,D?2 § ( ©)?%;
{ the setA can be written
A =1([D,;N,);p 0g
with D, g increasing sequene@ of N, (D, )? g—z = ()+ O((Di)z) and P (Dy) < 1.
Moreover the sequene fD,,, =D, g is bounded.
In the caseof the golden mean = 1+2pg, onemay che«k that ()= ()= pl—g But
for = 3, one nds ()= pl—§ > ()= Epl—g In both examplesone can take the even

comergerts for the sequencef N'i g and the odd convergerts for the sequencef g—pg. In general
P

f g is a subsequencef the sequenceof odd/even convergerts of
The proof of Lemma 3.3 is givenin Appendix A.4, sinceit is purely arithmetical. It is the only
place where we usethe hypothesis 2 Ql.

Theorem 3.4 (Non-quasianalyticity and sharpnessof Gevrey-2 asymptotics for quadratic
irrationals). Let 2 Ql andr 2]0;1[. We know by Theorem 3.3that f 2 G(; B;), thus we may
consider its asymptotic expmnsion at

X
=3 (f )= FaQ" 2 B/[[Qllz;
n 0
and the formal Borel transform of Q'=2f{Q) with respect to Q172 :

2n

X
FA= Ry

n

2 Cf ;zg:

(a) The holomorphic germ F extendsanalytically to the setf( ;z) 2 C D, j 2 REC (2)g
wher, for eachz 2 D;, the rectangle REC (z) is de ned as the set of the complexnumbers such
that
- 1 -
<ei )™ < ,()log= and =m 2 i) ¥ < log —
i) ()log i) ()gjzJ
(see Figure 4).

(b) For eachz 2 D,;, @REC (2)) is a natural boundary for the analytic function 7! F( ;z).
(c) Supmsethat f Mg is a non-decreasing seguen@ of positive numkbers such that

f 2C (;fMpgB;) or f 2C(; fM,g;B;):
Necessarily C (; fM,g;B;) is not quasianalytic at

The assumptionthat f M , g be non-decreasingseemsonly technical, but we werenot ableto get
rid of it. With that restriction the spacesof solutions ffy; g2 B,og with r®> r and a fortiori the
spacesof monogenicfunctions M (f C; g; Bo) are cortained in none of the quasianalytic Carleman
classesat that we have de ned in Section 3.1.
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Figure 4

Note that this theorem holds for the fundamertal solution of the cohomological equation,
becauseof its very speci ¢ features, but we claim no suc result for a general Borel-Wol -Denjo y
serieswith polesin R nor for any classof monogenicfunctions.

We will obtain that theorem itself as a consequencef a more preciseresult. In the statement
of this result, we will make use of the variablesh = % log ¢ and s = logz rather than Q = g
and z. Since we are dealing with functions of B,, the variable s will move in the half-plane
f <es < logr < 0g and thesefunctions decreaseat least like e*©S when <es tendsto 1

Theorem 3.5 (Borel transform of order 2 at quadratic irrationals). Let 2 Ql andr 2]0; 1[.
One can give a decomposition of the fundamental solution

F(@Me)=1 (et i+ (9

satisfying the following properties :

(a) the function is analytic for <es< logr andh 2 CnR , with
VANEY

*(h;s) = h'?2 Miige M
2.,

1=2

(i =h=2 " (;9e " d;
0

the Borel transform " being analytic in

f(;s)j<es<lograndj<e j< +( )( <es)g for N

f(;s)j<es<lograndj=m j< ()( <es)gfor " ;
and, for each s, evenwith respect to  and bounded in any substrip of the form

+

fj<e j constg for ™*: or fj=m j constg for "

3

where const denotessome number < () <es);

(b) for each s, the Borel transform 7! " ( ;s) hasa denseset of singular points on the boundary
of its strip of de nition ; more precisely, if one de nes the points

L= L() st2ik +D) ;GG =i () s+2ik +1);  kl2Z
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Imz
{zL.(s)}%
k() |Re's }}jl(/s/)}
ffffffffffffffffffff F-----------4------- Rez
rec (z)
K IRes|
Figure 5

the real part of the function ™ ( ;s) tendsto 1 when tends to one of the points k1 (S),
horizontally from the left for ", vertically from kelowfor * (.e. = . (s)+ , ! 0, with
2R for ™ and 2iR for " ; ses Figure5).

(c) for eachreal s < logr there existsa positive integer j o and a non-decreasing sequene of positive
numbersf jg; j, suchthat
X

() ¥<+1 and 8 jo g 19 ()TN
i o
with the following notation for the Taylor seriesof "~ = ™ + "
X 2n

(3.4) (:9)= o n+1(3)m3

Remark 3.4. The function 7! " ( ;s) is in fact the integral Borel transform of h 7!
h 172 (h;s) with respectto h'=2, whereasits Taylor seriesat = 0 s the formal Borel transform
with respect to h'=? of the asymptotic expansionof h *2  at h = 0. In the formulas of Part (a)
which indicate how to recover from " by Laplace transform, there is an implicit choice of
determination of h'2 : for * onechooseshe determination which is holomorphicin CnR* and has
always positive imaginary part, while for one choosesthe determination which is holomorphic
in CnR and has always positive real part (in order to ensurethe decreaseof je " 1:21.); see
Figure 6.

One could make the opposite choice as well : since " is even with respect to , one

would simply have to compute the Laplace integral along the opposite ray. Besides, Parts (a)
of Theorem 3.4 or 3.5do not require 2 QI but only 2 DC,.

3.4. Deduction of Theorem 3.4 from Theorem 3.5

3.4.1. Parts (a) and (b) are an exercise of application of the general theory of which
Appendix A.5 givesa brief accourt. We will relate F( ) and

(3.5) "O="0+" 0
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(from now on the variable z = €5 will be understood). Part (a) of Theorem 3.5 implies that " is
analytic in the rectanglerec (z) de ned by

j<e j< +()( <es)andj=m j< ()( <es):

Let Q; = Q"2 and F(Q1) = Q:f(Q?) : F( ) is the formal Borel transform of F" with respect
to Q1, which we will indicate by the notation

F=10 q)F

in order to be able to deal with changesof variables in the formal model. By de nition of 7, we
have the asymptotic expansionf ( + Q?) QllF”(Ql), thus

f(+Q) FO+ L1 o)(@F):

On the other hand we can introduce h; = h'*?. According to Part (a) of Theorem 3.5,
f ey f()+thilny " =f )+ nyG 7). Wededucethat F(0) = f (),
and setting

(3.6) =5 N

we have the identity (| o,)(@F) = L 1 n,)G1 under the change of variable

h= slogl+ Q%) =@ i) P+ Q)

This changeof variable is the composition of the dilatation h; 7! Q, = (2 i )'*2h; and of the
transformation Q; 7! Q, = log(l+ 1Q%) 2 The dilatation is responsible for the passage
from &, analytic for 2 rec (z) to a function

3.7) Ga(2)= (1) PG 1) )
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analytic for , 2 REC (z) = (2 i )*?rec (z) and sud that
o hl)él = Lo Qz)éz:

According to Part (b) of Theorem 3.4, @REC (z) is a natural boundary for G,.

Finally
F=F0O)+1 G
where the function &( ) is determined from G, by composition-convolution : indeed

I:( ! Ql)é = I:( 2! Qz)é'2
under a change of variable

Ql=Q +L1(Q1) . Qit=Qut+ Lau(Qa); L12(X);L21(X) 2 XCfXg;
hence

X X
38) 6=6+" Il 86 G=06+ (Cw)' OO

r 1 r 1

where @denotesthe multiplication by or ,, Borel counterpart of di erentiation with respect
to X = Qll or X, = Q, 1 Here '1, and (5, are ertire functions and REC (2) is star-shaped
with respect to the origin, hencethe above seriesare uniformly corvergert in any compact subset
of REC (z). Therefore& is holomorphicin REC (z), andif GREC (z) werenot a natural boundary
for G, neither would it be for G,. This provesthe statemerts of Parts (a) and (b) of Theorem 3.4.

3.4.2. As for Part (c), we now supposethat f 2 C (; fM,g;B;) for somenon-decreasing
sequenceof positive numbers fM,g. In particular = J (f ) 2 B([[Q]lfm,q. Let us x areal
number s < logr at which all the subsequeh s-dependert functions will be ewvaluated. For
instance F, will denote the value at sq of the function s 7! F,(e°), and we have

8n 1, jFhj coCiM,

for somecy;c; > 0.
Part (c) of Theorem 3.5 yields a sequencef ;g which allows us to bound from below half of
the coe cien ts of X
~(h) = nh";
n 0

where we use the convertion of (3.4) for denoting the Taylor coecients of " and we set
o= 2 if () for corveniency We have

X .
f(+Q MQ= FQ and (&™) Lny
n 0
therefore ~(h) = 2 if{ (€ ™ 1)) andin particular, for all n 1,
X 1

hd
- \n+1 r o - .
n=1(21) b onFr with b = 7n1! g

r=1 ni+ +n;=n;n; 1
Sinceb., < r"=n! and f Mg is non-decreasingwe deducethat

nn+1

i i G2 )" My (maxf 1;¢;,9)";

n!
and for n large enough,M,,  ¢j ,j with somec, > 0.
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We are now in a position to apply Theorem3.1: let | = ionf f Mj?”og. For j large enough,
n n

My My 1 & ()7 5
thus, for j large enough,
1 1 L _ I _

Mg o T(j)? & const(;)** and My 1 ¢y const()**

Sincethe sequenced g is non-decreasing,
2y const()¥% 5 1 const(j)¥4
P 1

thus <+l

3.5. Pro of of Theorem 3.5

351. Let =€ 2Qlwith 2]0;1[. We rst give a formula closeto a \decomposition
into simple elemens" of f with respect to the variable h = % log 4.
Lemma 3.4.
: 1 X h 2zP N
ih . — . + — 1 s . P -
f(eMz2)=1(;2 5 z hZD,W|ch 5
D2N ;N2Z

Obsene that in the above formula we have not tried to group the various terms corresponding
to the sameZ. Doing so, we would arrive to a formula which looks more like a decomposition into
simple elemerts and is more reminiscert of the decomposition (1.5) :

F(@M=f( 2+ -1 X g b (2):
’ ’ 2] h z D@
z2 +Q

where D (Z) denotesthe denominator of Z +

Pr oof of Lemma 3.4. We start with the decomposition which is relative to the variable g
and which can be written

X ZD X q 1
f (g2)= — — :
@2=" = 1
D 1 2R p
Th
us ; X X ZD f N 1
f ( e2 Ih;Z) - s e2 i(h+ o) 1 :

D 10 N D 1
We now usethe identity

d 2 ix 1_ 1 1.
d—x(e 1 —ﬁMZZd—X(x M)
which yields
Syenmgy=" 12X 4, N:MD
dh D 10 N D 12 | D MZZdh D
1 X X b d o N 1
T2 D dh D
D 1IN2Zz )
B 1 X X ZD dh 1 h |
T2 D dh h z°
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hencethe result by integration.

+

Using the notations of Lemma 3.3, we intro duce functions and de ned by

X h eDs
fQ) — 1 c .
(hrs) - Z h Z D [}
(D;N)2E
still with Z = g— . Thus, accordingto Lemma 3.4,

(@M=t (9t 9+ ()
with the changeof variable z = €°. Each term

h eDs
nhs) =2t —— ——;
@) (i9) > o
being analytic at the origin with respect to h'=2, may be written asthe Laplace integral in any
direction of its Borel transform ; we nd it conveniert to let a factor h=? outside the integral :
z 1

o) (h;s) = h1™2 "ony(i9)e
0

h 1=2

d:

One computeseasily

gbs X | 2n

N . — 2
. = Z AL —
©n)(55) D, (2n)!

which is ertire and of exponertial type in any direction : accordingto the sign of Z we obtain a
hyperbolic or a trigonometric cosine.

3.5.2. Part (a) of Theorem 3.5will thus derive from the study of the corvergenceof the series

X ebs
(3.11) M(s) = Z 2coshz 2 o
(D;N)2E*
and
X gDs
(3.12) " (is)= Z %cosjzj 2 5
(D;N)2E

Let us consider ™* for instance. It is of coursethe even part (with respectto ) of
(3.13) (is)= X D 1z 2¢ " +Ds
(D;N)2E*
Let >0and o< +( ): weobtain the uniform convergenceof this seriesfor
<e + g<es

by observingthat . ( ) = liminfp.y)2e+ DZ2. Indeed for almost all (D;N) 2 E* (i.e. all of
them excepta nite number), DZ2  , therefore<e(Z 72 + Ds) o D ; and for eath
D 1, X X
Z 2=D? (N D) ?2
N2Z;(D;N)2E+ N>D

D? dist( D;Z) 2+ (2) constD*
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hence X
i "(:s)j const D%e
D 1
in that domain. In particular, * is analytic and boundedin

1
o D

f(;s)j<es<logrand<e < o <es) g

forall > Oand o < (), and this is enoughto establish the analyticity of “*( ;s) =
30 7Ci9)+ *( 39)in
f(;s)j<es<lograndj<e j< +( ) <es)g

The sameanalysis can be performedon ”*  which is the even part of
X _
(3.14) (;s)= D 1z 2gl 2] i +Ds.
(D;N)2E

but the factor i in front of in the exponertials is responsible for a rotation of =2 of the whole
picture.

3.5.3. Lemma 3.3 will be usefulin the proof of Part (b) of Theorem 3.5. The partition of E*
yields a decomposition of * :

X -
t= Lo+ Lo+ Lo owith (9= D 1z 2¢Z ' *Ds;
(DN )2B

Becauseof the properties of F* and E* , the function ; + E is analytic in a domain

f(:s)j<es<logrand<e < ?( <es)g

which is larger than the domain of analyticity that we just obtained for *, asonecan seeby the
sameargumerts as above.
Let us x s2 C with <es< logr and let us considera point I:;l(s). When tendsto ;;, (s),

the function ;. + ; tends to its value at ( . (s);s), thus its real part remains nite and we

now focus on the third term,

+
A

x + 1=2 +
A (9= g(Dg)Pe®) TR
p O

. . According to Lemma 3.3, we can write

with Zg = g’i and ¢, = (Zg) 2(D;) 4. Moreover we can study the asymptotic behaviour
P

with respect to p of these quartities :
+ + + 2
Zp - ( + ( ) + p )(Dp )

and lim ’,; = 0,thuslimc, = +( ) 2, Let usintroduce

_ 1
p=(Z3) 2 L) Dy 5 .() D;

We know that lim , = 0, and we can de ne a function
X .
"X )= gDp)XPrer
p 0

sud that )
ne(59)= Terl) sy
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According to the de nition of ;;, (s), when tends to k+;| (s) horizontally by the left, the new
variable X = e+() ' *s tends to € ik *) =k gjong the ray ]0; X[ Moreover, since

dist(k D,’; ;Z) tends to 0 as p tends to in nit y, we have lim kby = 1. We arein a position
to apply the following elemenary result :

Lemma 3.5. Let ( X; )= P p oCpdse» X %. Assumethat the , and ¢, are real numters,
with limp;  p = 0 and ¢, bounded from above and from below by some positive constants, and
that fdyg is an increasing sequen@ of integers such that limpi; kdp = 1. Let K be a compact
subsetof C.

{ The serieswhich de nes convemgesuniformly in Ko K for any compact subsetK, of D.
{ The function <e ( X; ) tendsto +1 as X tendsto X alongthe ray ]0; X[, uniformly with
resgct to 2 K.

Pr oof of Lemma 3.5. The cornvergenceof the seriesis obvious. Let M > 0. The quartity
er» Kkd tendsto 1 asp tends to in nit y uniformly with respectto , thus we can chosep, large
enoughsothat, for all 2 K,

Yo
<e cdier K 2M and 8p po; <eler %)
p=0

Let > 0, small enoughsothat, forall 2 K and X 2 C,
Yo

X K cpdier (X% Kby M:
p=0

We seethat, if 2 K and X 2]0; X[ with jX %

Ro Xo
<e(X;)=<e gdier (X® Khy+<e cdier b
=0 =0
p p X
+<e cdier X® < M+2M
pP>p o

(the third term is positive sinceX =t ¥ with t 2]0;1[and <e(e » k%) > 0).

+

Let us cortin ue the proof of Theorem 3.5. We have obtained that <e . andthus<e * tend
to 1 as tendsto If;,(s) horizontally by the left. This allows usto reach the desiredconclusion

for ™. The previous work is easily adapted to the caseof ", with the introduction of

X 1=2;
n (9= gDy)%e B
p o
(with real numbersc, and , assaiated to A ) and

X
(X; )= &Dp)°*Xrer;
p O

but this time the correspondenceis , (;s)= (e () 1 *s; i ). This endsthe proof of
Part (b) of Theorem 3.5.
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3.5.4. We now cometo Part (c). Let us x s< logr and z = €° (thus z 2]0; 1[). We recall
the notation X o

= + = . n+1(S)W:

Our aim is to bound from below half of the coe cien ts of that series. According to the
formulas (3.11)X(3.12),

X X
8n O n+1(S) = 2°D 'z "2+ ()" z°D tjzj " %
(D;N)2E* (D;N)2E
with the usual notation Z = g— . Let us choose" 2 f+; g sothat () «( ). When

we restrict ourselvesto even n, only positive quartities appear in the right-hand side of the above
equation, thus we obtain a lower bound for the left-hand side by retaining only the terms which
correspondto (D;N) 2 E' :

X . .

8§ L g 1(s)> z0¢(Dp) Yz, ¥
p O
According to Lemma 3.3,]25] =(()+ ;)(D;) 2 and p tends to 0 as p tends to in nit v,

thus we can x pg large enoughand ¢ = % «( ) sothat
o(D,)

8p  po; JZp]
Forj D, =4, wedene
E] = DTail(j f ng:
Thus E; 4j, and sinceE; 2 f D','J; P  poQg, we can chooseto retain only the corresponding

cortribution in the previous sum:
2 1(s) > ZzEic 2 Ej4J' 19 (c 122)2j Ej4j 2;
and for j large enough,
i 97> = Je 2B
The seguencd ;g that we just (?De ned is obviously non-decreasingand there remains only to

ched that | ** < +1  iethat E; *?<+1.Weobsenethat Ej = Fy with

8m D, szDTaépog;

i.e.
Fo; =Fp; +1 =:111= FD;;0+1 1= Dpgs
Fo, . =Fp, ., =:=Fp; . 15 Dpss
and soon. Hence,for P > pg,
D;X1 ! 32> »x Wy 3=, " D'rl>+1 X "y 1=2
Fm =2 — (Dp) = (Dp+1 Dp) 1+ SUpT (Dp) -
m=D" P=po PR

Po

. P 3=2 P 3=2
and the series  Fm™ " and converge.
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4. Resummation at Resonancesand Constant-T ype Points

For a class of monogenic functions (to which the solutions of the cohomological equation
belong), we have obtained asymptotic expansionsat Diophantine points of the unit circle. Now,
restricting oursehesto the subspaceof Borel-Wol -Denjo y serieswith polesat resonancesye will
study asymptotic behaviour at resonances.

Then, we will addressthe question: Is it possibleto recover any solution in a constructive
way from its asymptotic expansionat a particular point of S ? We will provide re ned results on
Gevrey-1asymptotics at resonancesand Gevrey-2 asymptotics at constart-t ype points which shav
that the answer is positive for ead of thesepoints. In the latter casethere is no cortradiction with
the non-quasianalyticity of G(; B) nor with Part (c) of Theorem 3.4, sincethe question amounts
to working in a smaller quasianalytic subspacewithout demandingit to be a Carleman class.

At resonancesa rigid structure appears, which is an elemenary caseof resugene [E1] in
the caseof the fundamertal solution f . The Borel transform of a given solution f = f g at
a resonance o can be completely described, the appropriate Laplace transform then yields the
function inside or outside the unit disk, and one can evenrecover all the other residues L,y @
from the singularities of the Borel transform at o by computing the Stokesphenomenon In
somesense this meanspassingfrom local information (one particular singular point ) to global
information (the whole set of \p oles").

For constant-type points, although it is likely that no quasianalytic Carleman classcontains
the solutions (as is the casefor quadratic irrationals), one can still de ne a quasianalytic space
which contains them and in which an adaptation of Borel-Laplace summation processprovides
constructive quasianalytic cortinuation, like for resonances.

4.1. Asymptotic expansions at resonances

Recall the formulas (2.10) and (2.11) which, by Theorem 2.2, dene g : S(r;B) !
M ((K;);B).

Theorem 4.1. Let r 2]0;1[, B a Banach space and ¢ 2 R. If a 2 S(r;B), the
function q 7! (q 0) r(a) (q) belongsto G( o;B) and the constant term in its asymptotic
exmnsion J , (q 0) r(a) isegualto a ,. In particular, if 0 < ry < ry, the solution F, .,
belongsto (@ o) Gi( o;L(Br,;Br,)) andtheconstantterminJ , (9  o)Fr,r, IS obm( o)

Therefore the Borel-Wol -Denjo y seriesof g S(r;B) or the solutions of the cohomological
equation are contained in quasianalytic spaces(q 0) 1Gi( o;B). Moreover Nevanlinna's
Theorem ensuresthe possibility of following the quasianalytic continuation of any such Borel-
Wol -Denjo y seriesf acrossS! \through " : the Borel transform of J , (q o)f necessarily
belongsto N (B), and the appropriate Laplace transform restoresthe function on one side or the
other of St. But much more can be said about the Borel transform in the caseof the solutions, as
will be showvn in Section4.2.

Unfortunately nothing indicates that sudh a quasianalytic property could be sharedby all the
monogenicfunctions of M ((K;);B) or G, ((Ka; );B).

Pr oof of Theorem 4.1. Let a2 S(r;B) and

X a a
F(g = = (@) (9
2R ; 6 q i q

0

0

It issucient to provethat F 2 G( o;B).
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Wehave o= € with, 8n=m2 Qnf g,j n=mj 1=(m( o)jmj), and one cheds easily
the existenceof a positive constart ; such that

(4.1) 8 2Rnf o0; | o i -~ :

Therefore the series
a

I’l+l;
R 6 0( o )

Ap=( 1" n2N;

are absolutely corvergert in B. In fact there existsc > 0 such that, 8n 0, KAk c¢' (n+ 1),
where the function ' is de ned by

X rm()
m()

8n 0O; '(n)=
2R; 6 o

J o ]

Lemma 4.1. Let K be a compact subsetof C which intersects S at ¢ only, with nite order
of contact > 0 (i.e. 9¢c> O suchthat 82 K, 89°2 S, jg df & o of ). There exists
Co > 0 suchthat

X
8N 0; 892 K: kF(g An(@ o)k cojg oMU (N#+ )
On N 1

Pr oof of Lemma 4.1. One computeseasily the identity

X X (o ) N
F(a) Av@ o"=( DY@ )" a ———:

0On N 1 2R; 6 o

Butforg2Kand 2R,jg | ¢ o j » whereaska k const 'r:(()) .

We will usethis lemmato nish the proof of Theorem4.1. Let us check the existenceof c; > 0
sud that

8n 0, '(n) cnt

Using Inequality (4.1) we obtain

X
8n 0; '(n) " mtrm:
m 1
, P .
we set r = e % with s > 0 and compare the sum [ ;m"e ™ and the integral

'mhe mdm=s" Inl, weobtain m"e ™ s" i((n+1)+2sn"e "); the Stir-

ling formula yields the desiredinequality. o
We now choosE)for K a closeddisk cortained in D or E, then = 2andF; 2 G ( 0;B)

with 3 (F; )= A.Q".

Notice that, according to the proof of Theorem 3.5, if a 2 S(r;B) the Borel-Wol -Denjo y
series g (a) admits a Gevrey-1asymptotic expansionat ¢ in compact subsetsK with arbitrarily
high order of contact at .
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4.2. Resurgence of the fundamen tal solution at resonances

4.2.1. We x in this section a resonan point ¢ 2 R with mg = m( (). We denote by ng
the integer such that

o= € MNo=Mo- 0 ng mg 1; (nojmg) = 1:

We know by Theorem 4.1 that the function (q  o)f belongsto G;( o;By) for all r 2]0; 1[, with

an asymptotic expansion
X
J, (@ of = anQ"; a = olm,; (8n 0)a, 2 B;:
n 0

According to Theorem 3.2 and De nitions 3.3 and 3.4, the Borel transform

n
A
()= 8+1 an+1 —
n!
n 0

belongsto N (B,) for all r 2]0;1[, and f can be recovered from " by the formula (q of =
oLm, + L ," , which can be rephrasedas

z 1

foo@+t) =t 'Lm+ o't ' () (t) =
0

We may consider * as a holomorphic function of two variables as well, by setting " ( ;z) =
" ( )(2). Our goal is now to study the analytic cortinuation with respect to  of this Borel
transform.

Definition 4.1. Fora2 Z and b2 Z, we de ne the moving singular point

2 a 2b
z2D 7! p(z2) = — ilogz+ — 2 C;
a,b( ) Mo g Mo
where D = D nf0Og and we have chosensome determination of the logarithm once for all (see
Figure 7). We also attach to it a complex number :

1 iabn 0=
Ca;b — il e2 |abn0—mo;

Mo
where n8 + moZ is the multiplicativ e inverseof no + mpZ in the ring Z=myZ.

Theorem 4.2 (Resurgenceat resonances) For eachz 2 D , thefunction 7! " ( ;z) extends
analytically to the universal covering* of Cnf ,4,(2); a2 Z ; b2 Zg; near a moving singular
point I = 44(2) on the main sheet of this Riemann surface, one can write

2
" (:2)= oCap +Ci( !)log( ') + regular function,

where [, is an entire function. Moreover, for any z2 D and for any line  of C passingthrough
the origin and avoiding the singular points 4(z), the function " ( ;z) has at most expnential
growth for 2

4This simply meansthat for * ( ;z) viewed as an analytic germ in at the origin, analytic contin uation can
be followed along any path issuing from the origin and lying in Cnf 5,(z)g. We obtain a Riemann surface by
considering homotopy classesof such pathes; its main sheet corresponds to rectilinear paths and can be identi ed
to the holomorphic star of our germ.
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Figure 7. The points 5., (2) lie at the intersection of two family
of lines parametrizedby a2 Z orb2 Z.

It is even possibleto compute the ertire functions [, : they are the Borel transforms of the
corvergert seriesL; (t) = e '*2+ 1+ tL(t) e ' = O(t), where

L()= logl+1t) ' t 1:%+-oay

This theorem will appear as a consequencef Theorem 4.3 below.

In the terminology of resurgence,(q o)f (g) would be called a simple resurgent function
(seeAppendix A.5). Theorem 4.2 shaws that the index 1 in the Gevrey asymptotics provided by
Theorem 4.1 is optimal, sincethe Borel transform " has nite radius of convergencewith respect

to for ead nonzeroz.

Remark 4.1. There is someanalogy betweenthe rst line of moving singular points 1.4(z)
and the points ,(s) of Theorem 3.5 (b). Both casesdeal with the Borel transform of some
Gevrey- asymptotic expansionat a point of DC ,at = €* ' 2 Ql in Section3.3( = 2) and at

o= € Mo=Mo 2 R here( = 1;indeed (4.1) leadsusto setDC, = R). We have s = logz, but
in Section 3.3 we were expanding with respectto h de ned by q= € " (and then computing a
Borel transform with respectto h'= ) instead of t = 9—, and this is responsible for a scaling by a
factor 2 i betweenthe variables and for the Borel transforms. The special singular points ., (s)
can be de ned by '
s+ =20k +1); kil 2 Z;

where = () is the largest number sud that j% I (g) forall 'g— >  excepta nite

number of them (recall that = 2 in that case). In the resonart casewe can set = m% . this
is the largest number suc that j§- ;—%j 5 forall 6 ( = 1in this caseand we need
not distinguish left and right rational approximations of np=mgp). The rst line of moving singular
points appearsto be de ned by
1 . b
+ — : = 21— b2z,
S 5 1:6(2) Imo

but the group f m—bo; b2 Zg=f k;—% + 1; k;1 2 Zg is discrete, thus the singular points are
isolated (hencethe resurgenceproperty), whereasf k + I; k;|1 2 Zg was densein R, hencethe

natural boundary for ™ ( ;s).
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Remark 4.2. If afunction g 2 B, is given, for somer; > 0, one can deduceresults for the
corresponding solution f = f  g: weknow by Theorem4.1that (g o)f 2 G( o;Br,) andthe
functon "9=B J , oLm, g+(q o)f belongsto N'(B,,) forall ry 210;rs[. In fact, for
eah 2C,"9="  gand the singularities with respectto of "9 depend on the singularities
(with respect to z) of g. More precisely the location of the moving singular points of * shows
that " is holomorphicin f( ;2)jz2 D; j=m j< 2 In J%jg: fjzj < exp( jzzLj)g; thus "9
is holomorphic in f jzj < ryexp( =™1) g, which meansthat for each z 2 D;,, "9 is holomorphic

with respectto in a horizontal strip of width 4 rIn J%J (But "9 may have a natural boundary

with respectto if this is the casefor g with respectto z.)

4.2.2. Sofar we were dealing with Borel transforms with respectto t = 4 =, but in fact the
variable = log(g= o) is more corveniert. Thus we considerthe function

79()= f(oe)

still for a generalsolution f = f g : it admits a Gevrey-1 asymptotic expansion
g X g p
()= b
p 0

for tending to zeroby the left or by the right, whoseconstart termis § =L, g, andweare
interestedin the Borel transforms

ng X . n A X n
- n+l *|1 n+1

n o0 n: n o0
Theorem 4.3 (Borel transform at resonances) When viewel as a holomorphic function of

two variables, "9 can be written

el 1 me X ixah o I
()= — 2 9 $2) ——— o( bzer®) g( §2)
mog 2 2 ia

k=0 k=0 a2z
for j=m j and jzj small enough. In particular, for each z 2 D , the function 7! " ( ;2)
is meromorphic with simple poles only, located at the points 4(2), with C,p, as correspnding
residues. Moreover, for any z 2 D and for any line of C passing through the origin and
avoiding the poles ,(z), the function (1 + j j) 1% (:Zz) is bounded for 2

Remark 4.3. The knowledgeof the residuesof * with respectto allows usto compute the
\residues" of f with respect to g, i.e. to determine the sequenceg(a ) such that f = g ((a)).
In other words the complete asymptotic expansionof f at oneresonancecortains the information
on the leading term in the asymptotics at all other resonances.

Indeed let us x = e "M 2 R, with o> e for corveniency (and asalways m 2 N,
m 2 Z, (njm) = 1), and z 2 D, s = logz (the dependenceon z of the various functions below will

be usually omitted). We will ched directly from Theorem 4.3 that f (q; z) qa— = q—Lm(z)
for q tending non-tangertially w.r.t. St to , which is obviously equivalert to

f (M2 PRI iL(E(Z)l)

for h tending non-tangertially w.rt. Rto =
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Figure 8

Let us choosea direction in ]JO; [ sud that arg( 1.0(z)) < < arg( 1. 1(z)) (seeFigure 8).
By Caucdhy theorem, we can comparethe two Laplace transforms
z +1
()= f(o&)=Lm,+ “()e *d for <e >0
0

and
z e 1

()= “()e Td for <e(e')>0
0

If <e >0and<e( e ' )> 0,i.e. belongsto the intersection of the two half-planes,

X
f(oe)=Lm,+ ()+2i Cape 7
a 1b 0
We are interested in  tending to 2 (- ;1—%) from the right. The term () is regular there

and will yield no contribution in the singular behaviour that we want to analyze. On the cortrary,
for eadh a 1, the sum of the geometric series

X 2 . 2 ias
) . i emo

21 Ca;be ab = —_— 2 ia (n0+g
b 0 mo 1 emo 0" mg

de nes a function which is meromorphic w.r.t. 1= . Translating this in the variable h = r’;—‘; +
(h tends to n=m with =mh < 0), we obtain

27

as
n . 1 X emoh no .
(h =2 (& ")= — = + regular function,
m . n0h+m0
0 0, 1 1 e2 ia 50r—g

where we have introducedm§ 2 Z de ned by mem$ + non$ = 1.
0 0
The image of I by the linear fractional map h 7! ”mOOhh”;g is M-, where N = ndn + mJm,
M = mgn nem and (NjM) = 1. The only terms cortributing to the singularity at h = I
correspond thusto a= jM,j 1, and an easycomputation allows oneto concludethat
1 M 1 X dms
2i mgm h jm

No i
(h m—o)f ™)

n
m ] 1
hencelim(h 2)f (2 M) = Ly (2).

4.3. Pro of of Theorems 4.2 and 4.3

4.3.1. Theorem 4.3 implies Theorem 4.2. This is an exerciseof application of the general
theory of which Appendix A.5 givesa brief accourt. We will relate * () and " () (from now on
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we will omit the dependenceon the variable z), and rst provethat " extendsanalytically to the
universal covering C of Cnf 5,9 with at most exponertial growth at in nit y just because” ()
hasthat property.

In the vicinity of the resonan point o, we have two local variablest and

q= o(l+t)= oe;

and correspondingly two represertations of f asa Laplace transform :

AN

f =Lme*t o'bcrn” i f =Lme*tLler )

We retain that, under the changeof variablet=e 1, = log(1+ t),
Livg” = otb(lme+ o@+ L)Ly " ;
(4.2) 1 1
L(t) log(1 + t) t t= > + O(t):

Now we canwrite L, " = L¢, y*, i.e. we can interpret the change of variable in the
Borel plane, by de ning ~( ) asfollows:

X Ny @(e :2/\).

"O=e 2N ()4 —;

r 1

where () is the Borel transform of *(t) = %+ L (t) and is thus an entire function of exponertial
type. (This is because ' = t '+ 1+ () : the translation by 1=2 is responsible for
the multiplication by e =2, and we are then left with composition-convolution as described in
Appendix A.5. The notation @simply means multiplication by , the Borel courterpart of
di erentiation w.r.t. t 1))

We obsene that " extendsanalytically to Cwith at most exponertial growth at in nit y, thus
this is also the casefor

" = 0 m Lmo + M+ M N 1
where the ertire function M is simply the Borel transform of tL (t) (thus M = %+ 1 ’)

We must now compute the singularity of * at a point ! = ab. For that purposewe can use

Ecalle's formalism of alien calculus: in our particular case,the result to be chedked is equivalent
to the formula

@1y =210 oCaple '+ Li(1);
whereasthe indications of Theorem 4.3 on the polesof * amourt to
(o) = 2 iCap:

The operator (1, y is the alien derivation of index ! relative to the variable t ; it is de ned so
to measurethe singular behaviour at ! of the Borel transform w.r.t. t of the function on which it
is evaluated. For instance it vanisheson tL (t) sincethe corresponding Borel transform is ertire.
The result to be chedked is a consequenceof the relation (4.2) and of the fact that (, ) isa
derivation and e 't g1y =e' ! (1 ) under the change of variable =t >+ L(t).
Indeed, when applied to (4.2), theserules imply that

et iy = o+tL(t)e ' LMD jC,y;

while precisely (1 + tL (t))e 't = e =2+ L, (1).
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AN

43.2. Formal part of the proof of Theorem 4.3. Since "9 = gandg(z) =
(z) o9(z) forall 2 C,itissucient to considerthe casewhereg= . From now on we will
omit the superscript . We also replacethe variable z by s = logz (and still keepthe samenames

for someof our functions), so that

( ;9= f (o0e;€) T ;9 as ! 0,

and our goal is to study the Borel transform { :s) of that asymptotic seriesT ;s).
From the cohomologicalequation satis ed by f , we deducean equation which admits as
solution (and thus ~ asformal solution) :

(4.3) (st + ) ( 319= "(9);
where
. No e
=2 |—: ! = —
[ 6= 1=
In fact, at this level, one can retain this sole equation and forget everything else.
Lemma 4.2. Equation (4.3) admits a unique formal solution
X
(9= P p(s)
p O

with coe cients analytic in z = €° and vanishing for z = 0. This solution is explicitly given by
formulas (4.6), (4.4) and (4.5) below; in particular, o(S) = Lm,(€°) = m% log(1 eMes).

Pr oof. Keeping in mind that the solution is required to be 2 i-periodic in s, we introduce
the following linear combinations of the -translations of

m¢ 1 kr

f(:s) = - kl(:s) forr=0/1:::;mg 1
k=0 0

K :s)= ( ;s+k) fork=0;1;:::;mg 1.

The identities
™ok 1 ifk=0
=0 Mo © 0 ifk=1:me 1
yield the inverseformulas
g 1
Kl :s) = ki (:s) fork=0;1:::;mp 1
r=0

By combining the -translations of Equation (4.3), we obtain the system of equations

(r) Tr(sst ) (58 mer(9)

where
mg 1 kr X r

(4.4) "moir (8) = "(st k) = "(s+log );
k=o MO 2R m,
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forr = 0,1,:::, mg 1. The left-hand side of Equation ( ;) may be viewed as a \di eren tial
operator of in nite order" ( "e @ 1d) acting on . Let usintroduce someelemerary functions
which are analytic at the origin :

X X ] _
(4.5) a(X) = X 1 p(@XP for a2 C:

p 0

Note that o(a)= 0if a6 1,but (1) = 1 andin fact

_ X X | X 2!
1(X)=1 > ( DBIW
1
where the coe cien ts B, are the Bernoulli numbers.
The functions 4 allow us to solve explicitly the system:
X
( r) ) r = @l ’( @)I mo;r — 0( r)@lI moyr T P p( r)@ b Mmo;r
p 1
forr = 0;1;:::;mg 1, with the notation @ * for the unique primitiv e with respect to s which

vanisheswhen z = €° vanishes.
Thus, we obtain only one possibleformal solution of (4.3) :
1")Q ! 1 X ln)Q ! r
(4.6) = @ (@) mo;r — @ ' mo;0 t p@ p( )’ mo;r
r=0 p 1 r=0
Since
@" (s)= logl ¢€);
we recognizethe function L, in the constart term :

o= @" meo(9= —log (1 &)
0 k=0

—_ 1 MoSy -
= moIog(l emne®):

The formal series™ that we just de ned is indeed a solution of Equation (4.3) : for any k = 1,

2, mg 1, the formal series
1

=K 59) = K (s9)
r=0
is actually equal to the translation T ;s+ k) of 7 sincefor eah r the series , is obtained
from ' m,+ by applying an operator which commutes with the translations, and

kr mor (S) = ' mox(s+ k) :

This remark endsthe proof of the lemma.
Remark 4.4. The formula that we obtained is reminiscert of the Euler-MacLaurin formula,

one of the early sourcesof divergert asymptotic series. We will analyze it by using the formal
Borel transform.®

5In [CCD] too Borel transform is used in relation with the Euler-MacLaurin formula, but not with respect to
the same variable ; our problem pertains rather to parametric resurgence according to Ecalle's terminology .
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4.3.3. Analytic part of the pro of of Theorem 4.3. The above work will now allow usto
compute the Borel transform w.r.t. of = o- The starting point is the following decomposition
of the functions + which appear in Formula (4.6) :

X X X
r = — + _
X) 2 X+ '
221 Z
P
wherethe symbol ¢ denotesEisensteinsummation [We]: terms corresponding to opposite indices
are grouped in order to ensurecornvergence,i.e.

X e ) XL
= lim
L! +1

127 1= L

This decomposition results from the identity

X X+r
r(X) = — coth 1
X) =5 >
and from the classicaldecomposition
X 1
cothX =
Xl
12z
It implies that, forr = 0,1, :::, mg 1,
X X o X
prn ( XPE = IX (1) PAXP
p 0 22iz po
80 if r=0
S0 X ¥
p e
p+1(’—(@;) = 1 ( r) W ta.
p O P: 22i z
60 if r=0
According to Formula (4.6) and becauseof the Taylor formula, the Borel transform of ~ o can
thus be written
A ™ 1 X e 1 1
(;9)= 5 mor (S)+ ( r) mor (S+ ( r) )
r=0 22i z
80 if r=0
= 19
X e me ol ke
@il r) Y(s+k +@il r) '):
Mo

12Z;0 r mo 1 k=0
(l;r)80

This is an equality betweenformal seriesof powers of , the right-hand side being considered
as a formal Taylor expansion (Eisenstein summation ensuresthat ead of its coe cien ts is well
de ned). But we can now identify the right-hand side with a seriesof meromorphic functions,
which is easily seento be corvergert since' and ' © are bounded in any domain of C obtained
by removing small disks around their poles. So we can concludethat " convergesat the origin
and extends to a meromorphic function. The convergencecan be made more obvious and the
expressionof * more conveniert ; we will give these details now.
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The value of " at = 0is already known from (4.6) :

mg 1 mg 1 1
- ryr —_ 1 .
1= 1( ) mo;r — 2 mo;0 1—r Mo;r s
r=0 r=1

sowe have now two expressionsfor it :
1 ™ 1 1 ™ 1 kr
me 2 1

"08) = 1(9) =

4.7)
@il r) (s+k):

12Z;0 r mo 1 k=0
(I;r)80

Substracting it from ", we can write a uniformly corvergert sum

"9 als) =
X m¢ 1 kr
@i r) Y'(s+k +@il r) ') '"(s+k)
0r me 1 ko MO
12Z; (I;r)60
without using Eisenstein summation.
Wehave = 2 ing=mg with mem$ + nonJ = 1 for someintegersmg; n3. The application
(
Z f0;:::;mg 1g ! Z
(I;r) 7! a=1Img rng

is a bijection, the inverseof which is given by

l=amd cny; r= and cmg
where c is the integer part of an3=mg. Thus, we can useit asa changeof indices: 2 il r =
2 ia=mg, and K" = ¢ *aMmo pecauserng a(mod mg), sowe end up with the formula
X ™t m
(4.8) 1 9= 19 —— e kamo gk + 2y ' (s+ k)
2 ia 2 ia
a2z k=0

Here is an argumert for proving that this seriescorvergesuniformly and de nes a function which
is meromorphic with respectto for <es< 0: it is su cient to ched, for any positive constart
the uniform cornvergencein the set

E = (;5)2C Cj <es and 8a2 Z ;8b2 Z;j ab(S)] jaj

(working in E  meansremoving a small disk around ead singularity in the -plane). Let us x
and de ne the set

D =fs2Cj8l2Z;js 2ilj mg=2 g
soto have the following relation betweenE and D

<es ;
(;9)2E m
s+k +5322D for0O k mg landa? Z ;
note that <es implies that the points s+ k belongto D too. The function' is2 i-periodic

and its derivative is boundedin D ; there existsc > 0 such that any two points s and s®in D
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can be joined inside D by a path of length lessthan ¢ js s followed by an integer number of
2 i-translations, hence

85;s°2D; (9 '(s)j Mijs s§ with M =c supfj 4s)j; s2D g
This implies the uniform corvergenceof our series,with an explicit bound

: o . X me2M
8(:9)2E ; T :9j | a(9)i+]] 40271311'2

a2z

which shows the slow growth of ™ with respectto . Note that the function ; is boundedin D
(since' is boundedin D ).

The function ' is meromorphic with only simple poles, located at the points 2 il for |1 2 Z;
the corresponding residueis 1. Thus, for xed s, the function ' (s+ k + g“;a) is meromorphic

with respectto , with only simple poleslocated at the points

2 ia 2 i
_ + = .
Mo S Mo (Img  kno) ab(s)

with b= Img + kng ; the corresponding residueis 2 ia=mg and k bn8(mod my), hencethe

value of the residueof ™ at ,p(S).
We let the reader ched that

K|
(4.9) 1(s) = me 2 (s+k) :
from the identity (4.7).

Remark 4.5. Using again a decomposition formula, but this time for '

1 1 Xe 1
! =1+ —— = — + [
() e 1 27 s
221 Z
one nds the formula
X 1 1
/( ;8) = 1(s)+ Can +
a2z ;b2z an(S)  an(s)

with uniform corvergencein any compact subsetof E .

Remark 4.6. One canwrite adierent proof of Theorem 4.3 by starting from the decomposi-
tion of f asa sum of simple poles. We preferedto usea method which reliesonly on Equation (4.3)
becauseit can be adapted in somenonlinear problems (seeSection 5.3).

4.4. A prop erty of quasianalyticit y at constan t-t yp e points

441, Letusx =€ 2Stwith 2 [0;1] and a Banach spaceB. We now introduce
spacesof functions which admit Gevrey asymptotics inside cardioids with cusp at

Definiton 4.2. Forany > 0,wedene G*(; B) to bethe spaceof all B -valued functions f
sudhthat u 7! f( (1 (u 1)?) de nes a function of G' (1;B). Analogously, we de ne G> (; B)
to be the spaceof all B-valued functions f suc that u 7! f( (1+ (u 1)?)) de nes a function
of G" (1;B).
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[EY

| (1-u-1§) in D | (1+u-1j)in D uin D

Figure 9

Equivalently, G (; B) or G (; B) is the set of the functions f which are analytic in some
open set whoseboundary is a cardioid ~ or ~ with its cuspat and its axis tangert to St at

oriented accordingto Figure 9 (such a cardioid ‘s nothing ppt the image of somedisk by
u7' (1 (u 1)), and for which there exist a formal series , ,a,Q" 2 B[[Q]] and positive
numbers cp; ¢; suc that

> X
8N 0,892 ; kf(q an(@ )"k cc (L +2N)jg N
On N 1
Thus such a function admits Gevrey-2 asymptotics inside the cardioid. In particular, for = 1,
we obsene that G; (; B) and G (; B) are quasianalytic spaceswhosemembers admit Gevrey-2
asymptotics at

Definition  4.3. We de ne two mappings <; ~ : "}R;B) ! O(D[ E;B) by the

formulas
a

“(a)(g) = if a=(a) o,k 2 }R;B);

2R\ S
whereS® = fe? X; x2] 1=2; [gandS =fe? X;x2]; + 1=2[g.

This way, we obtain a decomposition of any Borel-Wol -Denjo y serieswith polesin R : if
2R, r= <+ 7 (if 2R, oneshouldadd the contributions of and ). This is quite
reminiscert of the decomposition of the fundamertal solution at the beginning of the proof of
Theorem 3.5, except that the starting point there was Lemma 3.4 which decomposesthe function
accordingto its poleswith respectto h = % log ¢ rather than with respect to q.

Lemma 4.3. Letr 2]0;1[. If 2 DC with = 1or 2, the inclusions = S(r;B)
G_,(;B)and ~ S(r;B) G_,(; B) hold.

Pr oof. Follow the lines of the proof of Theorem 4.1, in particular adapt Lemma 4.1 and
choosefor K a compact set bounded by a cardioid ( = 3=2).

For our purposethe previous lemma will not be of any particular interest for = 1, i.e.
for resonant points, whereasfor = 2 it has the advantage of letting appear the quasianalytic
spacesGI( ; B) in connection with constart-type points. But of course,for a given Borel-Wol -
Denjoy seriesf = g (a), instead of dealingwith f itself that result only tells that two series < (a)
and ~(a), whosesumis f, belongto G (; B) or G (; B), and adding functions belonging to
di erent quasianalytic classeds known to be a delicate matter (cf. Mandelbrojt's theorem quoted
in [Th] or [E3], but also[P2]). In fact, in our situation, the relevant question is to know whether
we can recover the series < (a) and ~ (a) directly from f .

4.4.2. A rst answer is provided by the
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Figure 10

Lemma 4.4. Assume 2 DC with
write

2. Letr 2]0;1[, a2 S(r;B) and g2 D[ E. One can

Z z
< 1 r (8)(cn) > 1 R (8)(cn)

a = — —————"daq; a = — —————"daq;

@@= 57 | g g W @@= = da
if  <(q|r esp. ~(q))| is a simple loop with anticlockwise orientation, intersecting S' at
and only, transversaly, and enclosing the point g and the set S” |r esp. the set S°|(se e
Figure 10).

The proof of Lemma 4.4 is left to the reader.

But the formulas above are \global" with respect to g, in the sensethat ( = (a)(Q))(z)
and ( = (a)(0))(z) depend there on the numbers( g (a)(c))(z). It would be more interesting to

have formulas which are local in g and global in z. This turns out to be possiblewhen restricting
to solutions of the cohomol@ical equation.

Lemma 4.5. Let 2 S!'nR and de ne the coe cients

1 X \ 1 X .
()= D)= © n Ln 1 0
2R ,\ §° 2R ,\ S
(recall that R, = f 2 Cj

"= 1g) andletr 2]0;1[. For eachq2 D, , the formulas

2 X E: :
(@ :z7 n () 2"

T 0n T+l

de ne two memters < (q) and ~(q) of B,

holomorphic functions in D;-, which satisfy

zH! (D;). The functions < and > are B,-valued

892 Dio;  S(+ ()=
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Lemma 4.6. Let us supmsethat 2 DC with 2,0<rpy<ryandr 2 [ro=ry;1. Let
g2 B, and consider the correspnding solution f = f4, written asf = g (a) wherea2 S(r;By,) :
for all g2 Dy, nS,

@@= (@ r@E@D @@= () r@E):

Pr oof of Lemma 4.5. Letn 1and0 ~ n 1. We have obviously j i;\( )j 1land
<)+ () ( 1 if =0,
~ + ~ =
" " 0if1 ° n 1L
. P > N . 2 . .
The Taylor series - (., -, n ()g 2" canbewritten zE~ (qz;z) with a series

2 X 2 :
E (X; Z) = T+1+ r;‘( )X Zn
T 0r 0
which is corvergert for (x;z) 2 D D. Thus we get functions which are holomorphic for

(9,2) 2 D4y Dy, and for eah g 2 D;-, we get functions <(q) and ~ (q) which belongto B,
and whosesum is constart and equal to

Pr oof of Lemma 4.6. It is sucient to the considerthe caseof the fundamertal solution,

i.e. to prove thoseidentities for a= . In that case, r(a)=f and
z X X n
(a) = qil-m() (2= Ay (@z%
2R\ § "t
with Taylor coe cien ts which can written
: 1 X
An; (q) = ﬁ . P
2R\ S
X 2N
(becausel  (2) = —). The identities to be proved amourt to
n m st mjn n
s 1 X1 .
B L Ay @F 57w ()

which is easyto ched.

Definition 4.4. For > Oandr > 0,wedene G (; B;) to bethe subspaceof G, (; By)
consisting of all the functions f sud that f < extendsto a function of G°(; B;) and f >
extendsto a function of G (; By).

Putting things together we obtain

Theorem 4.4 (Quasianalyticity at constart-type points). Let 2 DC with 2. For each
r 20;1[, the fundamental solution f belongsto G _,(; B;), whichis quasianalyticat if = 2.
Thus, if 0< rp < ry and g2 By, the correspnding solution f4 belongsto the space G _,(; By,),
which is quasianalyticat if = 2

This meansin particular that a solution f canbe recoveredfrom its asymptotic expansionf~at
aconstart-typepoint by computing and \resumming" independertly the seriesf~ < andf™ ~.
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5. Conclusionsand Applications

In this nal chapter we rst describe an unexpected connection of our work with a conjecture
by Gammel. Then we apply the results of Section 3.2 to the problem of linearization of analytic
di eomorphisms of the circle and we brie y sketch how the results of Section4.2 can be generalized
to a nonlinear small divisor problem.

5.1. Gammel's series

In a paper [Gam] published in 1974 Gammel studied the cornvergenceof Pade approximants
to quasianalytic functions beyond natural boundaries (seealso[GN]). In particular he considered
the Borel-Wol -Denjo y series

x X e m

(5.1) G(q) =

m=2 2R . q

As we have seenin our discussionin Section 2.2 this de nes two complex-valued holomorphic
functions, one in D and the other in E, which have the unit circle as a natural boundary of
analyticity. Gammel asked whether the function de ned in D could be cortinued to the one
de ned in E through the natural boundary, as his numerical results suggested®

Here we want to shawv how our results give an armativ e answer to this question, but we
leave untouched the quetion of the connection between corvergenceof Pade approximants and
quasianalyticity.’

Theorem 5.1. There existr > 1 and g 2 B, suchthat the function (g;z) = q *(f4(q;2)
f4(0;1)) satises (g;1) = G(qg) for all g2 D[ E. As a consgjuene,
i) for all o 2 R, Gammel's series G helongs to the space (q 0) Gi( 0;C), which is
guasianalyticat o ;
i) for all 2 DC, and r® 2]L;r[, the function  belongsto the space G, (; Bo), which is
guasianalytic at

All the results on the Whithey smoothnessand monogenicdependencewith respectto q proved
in the previous sectionsapply to the function , thusto Gammel's seriesG.

As for quasianalyticity, Part i) shows that the function G in E can be recovered from the
knowledge of Gjp : one can choose any resonance o and use Borel-Laplace summation of the
asymptotic expansionat . Part ii) yields another possibility, using the asymptotic expansionat
any constart-type point , but for (q; z) rather than for G itself : the dependenceon z is essetial
for that kind of quasianalyticity.

Proof. Let A1 = 0, A, = e ™ for m 2. Denoting by ' Euler's totient function,
' (m) = cardR,, we have
X 1 X
——=q ' (m)+ —
R, U 2R q

6More precisely, Gammel asked whether the series (5.1) belongs to some quasianalytic space of Borel-W ol -
Denjoy series, and he showed numerically that the Pade approximants [N=N + 1] of G at g = 0 compute the value
of G at g = 2 within numerical accuracy. Since the Pade approximants depend only on the Taylor series of G
at q= 0, this suggestedthat one could contin ue quasianalytically G byond its natural boundary S!.

“Gammel's numerical results showing convergence of Pade approximants of G beyond its circle of convergence

could probably be{ysti ed by adapting [GN] (whic h dealswith the classical quasianalytic classof Borel-W ol -Denjo y
seriesof the form = '_; ; Aq , with dense on the unit circle but jA | Ce ' for some" > 0, which is not
true for G(q) which hasjA | exp( P ).
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thus % X A
G(d) = g (F(d) F(0)); with F(q)= :

m 1 2R, q
n 10nZ" sudh that

In view of Proposition A2.1, we only needto nd g(z) =

X gmj
(5.2) An=(0 Lm)z = —; m L
[ M

P
Since mjAnLj < 1, we can useMeobius inversionformula ([HW], Theorem 270, p. 237) : we set

X .
Gh=n ()Ay; n 1
i1

where the Mobius function (j) isdened by 1if j = 1, ( 1)" if j is the product of r distinct
Brimes, and 0 if j has a squared factor. This yields a solution of (5.2), becauseof the relation
din (d=1ifn=1and0if n 2. We obsene that the radius of convergenceof g(z) is > 1.

We have F(q) = fq(q; 1), thusweset = q *(fg(qsz) F(0)) and we can apply Theorems4.1
and 4.4.

In the previous example, one can chedk moreover that g(z) has a radius of convergenceequal
to e and that it de nes a meromorphic function :

X ) e |
2tz g —Zenz
i1

gz)= e!

The constart  (0; 1) involved in the description of G(q) is

e ™' (m) = 0:311413131378555402046127705506

m=2
As is easily seenfrom the above proof, the statemernt of Theorem 5.1 holds for any series

R X A
G(a) = =

m=2 2R q
with lim supj,pAmjlzm < 1. But Gammel studies also in his paper the example corresponding
to Am = e ™ for which quasianalyticity seemsto fgil as well as the cornvergenceof Pade
approximants. Indeed, in that case,or more generallyif =~ mjAn,j < 1 but lim supjA,j*™™ = 1,
our argumerts do not apply any longer : there is a seriesg(z) such that G(q) = q (f4(q; 1)
f4(0;1)), but it hasa radius of corvergenceequal to 1, which preveris us to taker > 1 and thus
to concludeanything for those series.

5.2. An application to the problem of linearization
of analytic di eomorphisms of the circle

As already mentioned in the introduction, the problem of the local conjugacy of analytic
di eomorphisms of the circle leadsto the linearized equation (1.3). Here we showv how one can use
the results of Section 3.2 on the existenceat Diophantine points of Gevrey asymptotic expansions
of monogenicfunctions in order to make a recert result of E. Risler [Ris] more precise.
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Let >0,">0, 2C, 2C. Following [Ris] we de ne :

B =fz2Cjj=mzj< g;
B ()=fz2C|]j <=mz< +=m if =m 0;
+=m < =mz< if =m 0g;

D() =fG:B ! C analytic and commuting with integer translations g;
D( ; )=fG:B ()! C analytic and commuting with integer translations g;
D() =fG2D() | Ol(G(Z) z)dz= g;
D'() =fG2D () j swjG(z) z j<"g

[ z2B
D'() = DO ;

2¢C

Zl
D(;)=fG2D( ;)j (G 2zdz= g
0
D'(;)=fG2D ( ; )j sup jG(z) z j<"g
[ z2B ()
D'(;)= D(;)

2C

We will denotewith D" ( ; ) the setof mapsin D" ( ; ) which areinjectiveon B ( ).
Let >0, >0,d>0and > 0.We considerthe approximation function
m

(5.3) (m)= exp W

and the assaiated domain C ..4 asin De nition 2.4. We retain from Theorem 4, p. 12 of [Ris],
the following slightly weaker result :

Theorem 5.2 (Local conjugacy of analytic di eomorphisms of the circle with real or complex
rotation numbers). For all > > 0 there exist" > 0 and a continuous map

(5.4) (;F)2C;a D'() "((;Fxhe)2C DM ( ;)

suchthat for all ( ;F)2C .4 D'() andforallz2B one has

(5.5) (iF)+F(he (@) =he (z+ )

Moreover the map (5.4) is analytic on int(C .4 ) D"() and,for all F 2 D"() , the function
(5.6) e 2C.q TV (;F)2C

is Ct -holomorphic.

Theorem 5.2 is indeed a generalization of Yoccoz'stheorem [Y1,Y2,Y3] on the linearization of
analytic di eomorphisms of the circle closeto rotations (inasmuch asrotation numbersare allowed
to be complex) and of Herman's theorem ([He] ; seealsoArnold [Ar]) sincethe required arithmetical
condition is weaker (in [He] the real rotation numbers are assumedto be Diophantine of exponert

2 [0;1]). The statemert in [Ris] is slightly more general than Theorem 5.2 since, instead of
using an approximation function, the real rotation numbersbelongto any xed relatively compact
subset of the set of Brjuno numbers (w.r.t. a topology, ner than the topology induced by the
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usual one of R, induced by the embedding of the Brjuno numbersinto the space'! of summable
sequences see[Ris, pp. 6{9] for details).
The choice of the two positive constarts and in the de nition of the approximation
function (5.3) is arbitrary. Let ; denote the approximation function obtained choosing = ;,
= j where( j)j2n and ( j);2n are two positive decreasingsequencesvhich tend to 0. From
the previous theorem it follows that

F2M((Kj)i2n;C); Kj=C

We de ne the Gevrey classesG (y;C) for > 0andy 2 R simply by substituting the unit circle S
with the real line in De nitions 3.1 and 3.2.

Theorem 5.3. Lety 2 DC . The function "¢ belongsto the space G o(y; C) for all °>

Pr oof. This is a minor adaptation of Theorem 3.3. Following Section 3.2 very closely it is
immediate to adapt the rst part of the proof of Lemma 3.2 in order to seethat y 2 C ;.,4 ; in
fact the whole statement of Lemma 3.2 holds becauseagainthe points -, lie betweentwo curves
with an in nite order of tangency to the real axis.

We then follow the proof of Theorem 3.3 and obtain inequalities which are analogousto (3.3)
but involve j(m-) instead of conste ™ ". In order to concludewe only needto show that, for
all j large enoughand for all °> , there exist two positive constarts co;c; sud that

%
8N 1 m (N*2 5 (m) o) (AN +2))

m=1
But this is an easyconsequencef the fact that for all * > 0 one has

lim exp(m* ") j(m)=0
m! +1

and, using the integral
Z +1
" 1 N+ 2)+"
x (N*2) exp( x* ")dx T ( T ) :
1

one can therefore bound the above series.

5.3. An application to a nonlinear small divisor problem (semi-standard map)

In Section 4.2 we have studied the behaviour of the solution f (g; z) of the linear equation

f(gagz) f(az)=9(2)

for q closeto a resonance o = € "o Mo For q inside or outside the unit circle St, the solution
could be recovered from its asymptotic seriesvia Borel-Laplace summation :
z 1
tf( o(l+1);2)=g Lm,+ 1 2e *d;
0

and the analytic cortinuation of the Borel transform " w.r.t.  was carefully investigated.

We now indicate briey that the sametechniques can be adapted to a particular nonlinear
equation. The reader is referred to a forthcoming paper for the proof of what follows. As for the
motivation, the readeris referred to [BMS] where the connection betweenthis nonlinear equation
and the invariant circles of the Semi-StandardMap is explained.
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We restrict oursehesto ¢ = 1 and inquire about the behaviour near that \resonance" of the
solution F(q; z) of the equation

(5.7) F(gaz) 2F(q2)+F(gq '2)= ze (@)

There is an analytic solution F which, for each q2 D[ E, is analytic for z closeto the origin and
which is characterized by F(q; 0) = 0. It is shavn in [BMS] that, asq tends non-tangertially to 1,
F(g;(q 1)%z) tendsto 2log(1+ z=2) (in that paper the non-tangertial limit is computed for the
other resonancesaswell). We now claim that this limit is nothing but the beginning of a Gevrey-1
asymptotic expansionand give someindications about the corresponding Borel transform.

We de ne the moving singular half-lines to be the half-lines  p(z)[1;+1 [ for b2 Z, with

p(z) =2 ( ilogz+ilog2+ + 2 b):

Theorem 5.4. There is an analytic function F( ;z) which, for each z 2 D,, is holomorphic
for in the complementof the half-lines  (z)[1;+ 1 [ and has at most expnential growth on the
lines passingthroughthe origin and avoiding the points (z), suchthat

z 1
F(+ t;t?z) = 2log(1l+ z=2) + F(:;2)e Td:
0

In particular F 2 G(1;zH?* (D;)) for 0< r < 2.

The main di erence with respect to the linear caseis the necessiy of rescalingthe variable z
when g approadiesl, instead of simply multiplying f (q; z) by someregularizing factor liket = q 1,
and this is precisely due to the nonlinear character of (5.7). The analysis is of course more
complicated, one needsto iterate a work which is analogousto that of Section 4.2, and this is
why we restricted ourselvesto the rst resonance( o = 1) and to the holomorphic star of F with
respectto . The caseof the other resonanceshould be tractable. We suspect that F (1+ t; t2z) is
resurgen with respectto t, i.e.that F( ;z) canbe analytically cortinuedwith isolated singularities
only, but this is probably much more di cult to prove.
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App endix

A.1l. Hadamard's pro duct

Definition  Al1.1. The Hadamard product of two formal series
X , X .
A(z) = azZ; B(z2)= b2
i o i o
is the formal series X _
(A B)2z) = abhz:
i o

If A and B are corvergert power serieswith radii of corvergencer, and rg then A B
convergeson the disk of radius rarg.

We refer to [Be] for a detailed study of Hadamard algebras,i.e. algebrasof formal power series
in onevariable with the product given by the Hadamard product.

The topological comlplex vector spaceCfzg with the product is a commutative complex

algebrawith unit (z) = j1:0 Zl . The Hadamard product is a corvolution : if A; B 2 Cfzg and
is a simple contin uous curve around the origin, cortained in the corvergencedomain of A and B,
onehas d

1 z dw
(A B)X?)= 55 AWB
for jzj small enough. The celebrated Hadamard Multiplication Theorem statesthat A B has
in all sheetsof its Riemann surface singularities at most at points lying over , where is a
non-regular point of A and is a non-regular point of B, and possibly at points lying over the
origin [Sc]. A lessgeneralbut more precisestatemert can be given as follows.

Let be an open subsetof C and let O() denote the topological complex vector spaceof
all functions which are holomorphic on  with the usual locally convex topology given by uniform
convergenceon compact subsetsof .

Let 3, 2 denotetwo open subsetof C suchthat 02 ;\ 5 andde ne

1 2=Cnfz2Cjz=2z212;z 2 ;i= 1,20
Then Hadamard's Theorem can be stated as follows ([Mu]) :

Theorem Al1.1. Let ;, ,bheasalove,andletL 2 O( ;). There existsa unique continuous
linear mapping H_ from O( ;) into O( ; 2) suchthat, for all ' 2 O( ;) and for all z with
su ciently small modulus, one has

(H')(2)= (L " )2):
In fact, we usemostly the caseof functions analytic and boundedin disks, for which we have
the following easyresult (with the notation B, = zH! (D) for all r > 0) :

Lemma Al.l. LetO< %< andL 2 B ... The Hadamard product de nes a bounded
operator ' 2B 7!'L ' 2B o, whoseoperator norm is  KLkg ,_ .

A.2. Some elementary prop erties of the fundamen tal solution

In this appendix we collect the statemert and the proof of someelemenary properties of the
fundamertal solution already usedin the Introduction.
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Lemma A2.1. Let =z(1 z) % If g2 C nR, the series
X 1
L R
2R
convemgesto f (q; ;) in C[[z]].

We recall that if J is a countable setand if (f;)j2; is a family of formal series,this fﬁmily is
summableif for all integerm, the setfj 2 Jj f; 2 O(z™)gis nite. In this casethe series ,; f;
is called corvergert in C[[z]] and its sum is a formal seriesindepender on the choice of an ordering
on J. (This is the well-known notion of corvergenceassaiated to the z-adic valuation).

Pr oof. The valuation of L,y is m() and for ead m the set R, is nite. The seriesf
mertioned in the above lemma cornvergesthus formally, and it can be rewritten as
X X X 4m 1 X X jm 1
f = z_ 89 1 7= z_ 89 4 7
m 1 2R | 1] (mj)2N N Zle
By reordering the terms of the summablefamily indexedby N N , one nds
X X X )
= Z‘_ E 1
*1mj 2R Tl 2R -

m

1 X 7 X g 1

f 1

In the coecient of z one recognizesthe decomposition into simple elemeris of the corre-
sponding coe cient in

X 7
f (q2)= —_—
c,9 1

By meansof the Hadamard product, the \decomposition into simple elemens" just proved for
the fundamertal solution can be extendedto the generalsolution f 4 of (1.1) :

Pr oposition A2.1. Letg2 zC[[z]] and g2 C nR. The solution f4(q; :) can be written as
the sumin C[[z]] of the series
1
ﬂ 1 g Lm() .
2R

Pr oof. The identities
g=9g ; fg=9g f
areevidert. On the other hand, for any summablefamily (f;);.; deC[[z]], the family (g fj)j2; is

summable (becausethe Hadamard product with a formal seriesg doesnot decreasehe valuation),
and X X
g fj = g fj .
j2Jd j23d
The result follows then from Lemma A2.1.

Lemma A2.2. Let
logmy.1
My

S= gq=¢€& Xjx2RnQ; Iimlsup = +1

wher (ng=my)x 1 is the segquene of the convergentsto x (see éppendix A.3 for its de nition and

properties). For eachq 2 S the fundamentalsolutionf (o, z) = | ; qnz—nl diverges. The setS is a
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G -densesubsetof S* of measure ze. On the contrary, if q= € * andlim sup,;, LMt M,
then f (qg; z) convergesin the disk jzj < e M.

Pr oof. The divergenceof f when q 2 S is well-known ([HL], [Sim]), together with the
convergencestatemert. S is a G -densein S!, sinceit is immediate to ched that

\ [ i jm
S= q= € X jjx n=mj<e

j On=m

This also shows that S has measurezero.

A.3. Some arithmetical results. Contin ued fractions

We gather here a few facts on corntinued fractions that we use in Chapters 2, 3 and
AppendicesA.2, A.4. We refer the readerto [HW], [Khi] and [MMY] for more detalils.

A.3.1. Let [x] denote the usual integer part of a real number x, fxg its fractional part :
fxg=x [x].
To ead x 2 RnQ we assaiate its cortinued fraction expansionas follows. Let

Xo=Xx [x]; ap=[x];

then one obviously has x = ag + Xg, ag 2 Z, Xg 2]0;1[. We considerthe iteration of the Gauss
map A :]0;1[! [0;1[, A(x) = fx 1g, and we de ne inductively
- 1 _ 1
k+l = Xe A+l = Xe

This can be donefor all k 0 sincex is irrational, thus

Xk1 = ak+1 t Xk+1 ) Xk+1 2]0;1]; a 2N ;
and we have
X = + Xp = + - = + 1
=at Xo= al+xl—...—a0 T
a; +
. 1
a+ .+
ax T Xy
We will write
X = [ag;a1;:i:;ak; ]
The integersaop; as;::: ;ax;::: are called the partial quotients of x. The kth convergentis de ned
by
Nk 1
— = [ag;ag; ] = ap + .
my
a; +
a+ .+ i
2 "

and r?]_i I xask! 1. It isimmediate to chedk that the numerators ny and denominators my
are recursively determined by

n,=0 ni:=1 Nk = axnNg 1+ Nk 2;

(A3:0)
m ,=1; m 1 =0 Mg = agMyg 1+ Mg 2,
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for k 0. Obserethat xx = [0; ax+1 ;ak+2 ;:::]. Moreover

(A3:1) X = Nk + Nk 1Xk
) mg + My 1 Xk
mgX Nk
A3:2 Xk= —
(A3:2) “Tome X kg
(A3:3) MMk 1 Nkmye 1= ( 1)k3
Let
k= foxi=( D¥(mx ny) fork 0, and ;=1
Then
Xk = K
k 1

k 2= & k 1+t «k:

A.3.2. From the de nitions given above, one easily provesby induction the following propo-
sition (we refer, for example,to [MMY] for its proof) :

Pr oposition A3.1. For all x 2 RnQ and for all k 0 one has

(i) Mg+2 > Myyq > 0;

(i) ng > 0 whenx > 0 and ngy < O whenx < 0;
(|||) jka nkj = W, so that % < kM < 1;
(iv) ko wheeg= 31

p_
Remark A3.1. Note that from (iii) and (iv) one getsm %Gk Lwith G=g 1= 31,

Remark A3.2. From (iii) onegets
1 1 Nk 1
< < X _— < —
2mgMgsr Mi(My + M) Mg MMk

(A3:4)
Note alsothat (iv) remainsvalid for x 2 Q : in this casethere existsj 0 such that x; = 0 and
the xix with k j areundened ; weset y = Oforallk j.

A partial converseof (iii) , Proposition A3.1, is provided by the following very useful Proposition
(see[HW], Theorem 184, p. 153):

Proposition A3.2. Letx2RnQ.If X x < 2n112 then = is a convergent of x.

The bound (iii) , Proposition A3.1, on the approximation provided by the corvergens implies
that my jmgx  ngj < akfl . One can also prove the following ([HW], Theorem 193, p. 164)

Pr oposition A3.3. For eachx 2 RnQ, there exist in nitely many rational numkers - such
that & x < pg—.

The following property will be usedin Appendix A.4.1 :
Lemma A3.1. For all k 1,

my 1

with X? = [as1 ;@2 ;10:] and yy = Tt
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Proof. Rewrite the identity in (iii) , Proposition A3.1, using x? = ax« + Xk« and
Mg+1 A+ Mg = My 1.

Among all rational approximations the corvergerts are the most accurate in a very precise
sense:

Pr oposition A3.4 (The law of best approximation). If k 1 and n, m are integers
such that 1 m my but (n;m) 6 (ny;my), then jmx nj > jmyx ngj. Moreover, if
(n;m) 6 (nk 1;mg 1) andk> 1, thenjmx nj> jmyg X nNg 1j.

For a proof see[HW], Theorem 182, p. 151{52.

A.3.3. According to De nition 3.5, x is Diophantine with exponert 2, i.e. x 2 DC,, i the

quartities m? = x are bounded from below. In view of Proposition A3.2, it is sucient to

require this property for the corvergerts (since m? & X % when I- is not a corvergert).

From the inequalities (A 3:4), it follows easily that

x 2 DC, mnk]ﬂ bounded
k

Constart-type numbers are usually de ned as the numbers whose partial quotients are
bounded. If M = supfaxg< 1,

Mk+1 amg + Mg 1

(A3:5) 8k O = <a+l M+1
Mg Mg
Converselya, < T, hence
m
rrk1+1 bounded , x hasconstart type:
k

Notice that, in that situation, my » —=—my 1 (with k  2)impliesthat m, = acm, 1+ M »

1 M +1
Mg 1+ g Mk 1, that is

Mg 1 1

A3:6 8k 2; + :
( ) omg 1 M+ 1

A particular caseof constart-t ype number is obtained whenthe cortin ued fraction expansionis
evertually periodic, i.e. whenthereexistL 0OandK 1lsudthat ax.x = ax forallk L. Such
numbers are characterized by the celebratedLagrange'stheorem ([HW], Theorems176and 177):

Theorem A3.1. The numkber x is algebaic of degree 2 i its continued fraction expnsion is
eventualy periodic.

A.4. Proof of Lemma 3.3

A.4.1. Let 2]0;1[beaquadratic irrational number. Recallthat N  Z hasbeenpartitioned
into

E =f(D:N)2N ZjN=D< g and E' =f(D:N)2N ZjN=D> g
Our aimisto nd numbers .; ; ¢; % with ®> | and decompositions
EF=F*[E'[A*; E =F [E [ A :

with F  nite, satisfying speci c properties about the quartities D 2 B— corresponding to the
membersof E and A : it is required that D2 ¥ O for all (N;D) 2 E , whereasA
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should consist of an in nite  sequencef (D, ;N,, )g for which D? F% = + O(D ?). Lastly,
fD, g is required to be increasing,with D,,; =D, boundedand (D) 1=2 corvergert.
Notice that the above properties will imply
N
= liminf D? — :
(DI;N )I2E D
ie. = (e ') with the notation of De nition 3.6. Henceall the conclusionsof Lemma 3.3
will hold if we choose ° = ( 2)172,
We will construct A by extracting appropriate subsequence$rom the sequencef ;—kkg of the
corvergerts of . Convergens are good candidatesfor the elemens of A because
(A41) g 0 m < <1
Mg
by virtue of (A3:4), and they fall alternately in E and E* accordingto the parity of k because
of (A3:2). Then we will haveto dene © and to distribute the rational numbers other than the
cornvergerts betweenF andE .
Let P(X) bethe polynomial of de nition of

P(X)=aX2+bX+c=aX )X ) a;b;c2 z; a 1

b+ P b P
= —; = ——— "2f 1+ig; = 4dac 2
2a 2a g
Forall (D;N)2 N  Z the expression
N N
F(N;D)=aN?+bND + cD?=a — — — D?
D D
can assumeonly nonzerointegral valuesand will allow usto cortrol the quartit y 'S— D? when

it is small.

A.4.2. By Lagrange'stheorem, the cortinued fraction expansionof is eventually periodic;
we denoteit by
= [agsau;iiisal pas s aiek b
whereK  1is the period, L 2 N, and the line above a nite sequenceof coe cien ts indicates its
repetition in the cortinued fraction. The periodicity of the cortinued fraction expansionof  will
re ect somehav on the polynomial F(X;Y) = YZP(é—) when evaluated on the convergerts :

Lemma A4.1. Forallk L,
F(niomi) = ( DX F(Nk s Mk + k)
Pr oof. Let us rst treat the casewhereL = 0. We recall that
(N 2;m 2)=(0;1); (n 1;m 1) = (3;0);
8k 0, (Ni;mi) = a(nk 1;mk 1)+ (Nk 2;Mk 2):
On the one hand the periodicity property ax+x = ax allows oneto ched easily (by induction
on k) the following relationship between (ny. g ; Mg+ ) and (ng; my) :
(A4:2) 8k 2, (Nk+ksMi+k) = Nk(Nk 1Mk 1) + Me(Nk 2; Mg 2):
On the other hand, still by virtue of the periodicity of the cortinued fraction,
Nk 1+ Nk 2

= laga;iiiia 1y ]2 —————
Mg 1+ Mk 2
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(the last equality follows from (A3:1) with xx 1 = 1). Hencethe polynomial

Pi(X)=mg 1X2+(mk 2 ngk 1)X ng 2

vanishesat X = , i.e. belongsto the ideal of Q[X ] generatedby P (X) :
m
Py(X) = = —P(X):

We can thus content ourseheswith cheding that
8k 0 Fi(nk+i;Mi+k) = ( 1N Fi(ng;my);
where F1(X;Y) = Y2Py(¥) = mk 1 X2+ (mk 2 nk )XY ng 2Y2
This is a simple computation : for k 2, using (A4:2),
Fi(Nk+ Mk k) = M 1(MkNk 1+ Mg 2)?
+ (Mg 2 Nk )(MkNk 1+ MgNk 2)(NkMk 1+ MMk 2)
Nk 2(NkMk 1+ Memg 2)?

— 2 2.
= Ang + Bngumy + Cmy;

with A=mg 1(nk 1Mk 2 Mk 1Nk 2) = ( D<mg g
B=(mk 2 nk 1)(Nk 1Mk 2 Mk 1Nk 2)= ( D(mk 2 nk 1);
C=nk 2(mk 1Nk 2 Nk 1Mk 2)=( 1 *ng
(thanks to (A3:3)). This endsthe proof of Lemma A4.4 in the caseL = 0.
We now proceedby induction on L. We supposethat
= [agjar;iital pan T aleKk 1)
with L 1, and that the corvergerts fnd=m{g of
0= la;a:it a0 AT ALK 1)
satisfy
8k L L G(niimy) = ( 1NG(NR . iimy+i);

where G(X;Y) = Y2Q(%-) and Q(X) is the polynomial of de nition of °.

The identit y
1
= [ao; V= a0+ =

shows that the polynomial
1
— 2
PLX) = (X 20)°Q o 22IX]

vanishesat X = , thus P1(X) is a rational multiple of the polynomial of de nition of and we
can content ourseheswith cheding that

8k L; Fi(nk+k;mMk+k)= ( 1FFa(ng;my);

where F1(X;Y) = Y2P1($) = (X &Y)?Q %+ = G(Y;X apY).
Let us expressthe corvergerts of in terms of thoseof ©:if k 1,

Ny 1 mE 1

— = [ap;a1;:::;a]=ap+ ———————— = a + :

my [0} 24 «] EE nd
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thusng = an? ;+md ;, m¢=nd ;andny amy = m? ;. Hence
8k 1 Fi(nk;mi) = G(ng 1;my y);

and by the inductiv e hypothesis

8k L; Fi(nk+i:Mk+i) = ( DR Fi(ne; my):

A4.3. Werecallthat ( 1)“(x 7<) > 0, thus
(mg;nk) 2 E" if kisodd; (mg;ng) 2 E if k is even:

As a consequenceof the previous lemma, the setsR* = fjF(nx;my)j; kodd LgandR =
f jF(nk;my)j; k even L gare nite. Wedene

r* =mnR*: r =minR
If moreover R is not reducedto a single elemen, wedener = minR nfr g. Since

Nk

. ; M yi— 4 Mk — Mk 2
(A4:3) JIF(nicmy)j = a ~ e mi
and a r’T‘]—kk — tends to the limit aj = P— ask ! 1, the inequality (A4:1) implies that
R* and R are boundedby that limit. We de ne

r
=p= L

Let ko > L be large enoughso that
(A4:4) 8k ko k. o

. OJ mk L

where the positive number C will be speci ed later, in Formula (A4:7). We de ne

A" = f (my;nk); k> ko odd sud that jF (ng;my)j=r*g;
A = f(mg;ng); k> ko evensuch that jF(ng;mg)j=r 0:

The membersof A can be enumerated as
A =f(DpiNy)ip 0g (DpiNy)= (M (5)iNk (p));

with an increasingsequencek (p) of odd/even integerslarger than ko. Lemma A4.1 then ensures
that, whenewer (my;ng) 2 A , we have also (Mk+2k ;Nk+2k ) 2 A , hence

k (p+1) k (p)+ 2K

(in the previous sertence, 2K can be replacedby K if K is even; we only needto avoid a jump
from one of the setsE* ;E to the other).



Quasianalytic monogenicsolutions of a cohomologicalequation 67

A4.4. Let(D;N)2 A . SinceC will not exceedjTj (seeFormula (A4:7) below), the reals

% —and — have samesign and, using (A 4:3), we can easily compute the discrepancybetween
r
2 N — — .
D
|
N r N 1 0
D? — = — . D= . — =0(D ?):
D aJ—J%—J_JaB——Dz()

P
The corvergenceof the series (D) 122 js guaranteed by Remark A3.1 : its terms are part

of the series m, 2 which is convergert.

Let us ched that the sequence® ;+1 =D, and Dy =D, are bounded. We introduce

(A45) M = maxfaxg 1

(recall that there are only a nite number of quotients ax, by Lagrange'stheorem) and we recall
that the numbers ”‘nﬁ—kl are boundedby M + 1 accordingto (A3:5). The conclusionfollows from

the remark on the sequencek* (p) and k (p) at the end of Paragraph A.4.3 :

Dpra _ Mk ey Mk (pr2k

< (M + 1)
Dp My (p) My (p)

A.45. Thereremainsonlyto nd °,F ,E with the required properties. Let Cy = ﬁ;
wedene 2 and © by

it 4, S
1+ Co 4

(A4:6) 0 = min r_ZE_L;u c

Of course,it is understood that if R* or R is reducedto a singleelemen, in which caser* orr
is not de ned, the above minimum is taken only over the last three numbers of the right-hand side.

Since0< Cq % =$— 1landr >r whenit isdened, we always have ° >

We also de ne now the number C upon which kg dependsthrough (A4:4) :

n + + [0}
. . . 1 r r r r

A4 C= ~] min ; ;

(A4:7) J J 1+ % r*+r+’r +r

(with the sameconvertion aspreviously if r* orr isunde ned), and the nite setsF* andF

n 0 00
F = (D;N)2E jD my, and D E<N< D+5+

(where [:] denotesthe integer part of a real number).
We obsene that ead member (D; N) of the complemen setE = E n(A [ F ) necessarily
falls in one of three distinct categorieso: ,
(i) eitherD my,, and N D+ 5 (+' case)or N D 5 ( 'case)
(i) or (D;N) = (mg;ng) with k> kg and jF(ng;my)j r ;
(i) or D > my, and N=D is not one of the corvergerts of
The inequality

N
. 2 0
(A4:8) D? 5
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is obvious in the rst case.In the secondcaseit follows from (A4:3), which implies

2 Nk r j i,
mi — p= —;
K Mg e —
mg
and from the inequality
o . +r ne
J I me

which is a consequenceof (A4:4) and of the condition C : +i ] ~j imposedby (A4:7) in

that case.The next two paragraphsare devoted to the proof of (A4:8) in the third case.

A.4.6. Weareleft with the caseof anelemer (D;N) of E sud that N=D is not a corvergert
of andD > my,. Let k > ko be the unique integer such that my ;1 D < my. We will suppose

k odd for the sake of clarity, just to have r';kk 11 ; r';kkll D %—*k in that order on the real line (we leave

it to the readerto adapt the following argumerts to the caseof even k).

Let ¢ denote the closed interval %;—i , whose length is exactly ﬁ (because

of (A3:3)). Sincemy N nyg ;D is a nonzerointeger,

N Nk 1 1
— > length(ly);
D mc: me.D gth(lx)

thus §- is either to the left or to the right of I.
In the rst case,necessarily(D;N) 2 E and

N N n n n
N > N k1o, Mk k+1
D D mg Mg 1 Mg+
1, 1 1+ C2.
Mg 1D Mg 1Mg+ D2

usingmg 1 D, My (M + 1)?D (which follows from (A3:5)) and Cp = M1+1 . The obtained
inequality yields (A4:8) sincel+ CZ  ©.

Let us assumewe are in the secondcase: % > r':]—kk In particular (D;N) 2 E*. We will
distinguish two subcases,according to the value of the positive integer m, 1N ny 1D. If this

number is not 1,

Nk 1 N Nk 1
My 1 me Mg 1

oz
\%

oz
|

oz

my 1D My 1Mk - D2’

Wecanwrite  asa polynomial function of degree2 of a real variable = —2— ranging between1

Nk 1
= K
and me 1 -

:(): -

Since 4~ is decreasing, we have ( ) minf (1) ; () g But (1) = 2o 9 and

() = 1+ Co by (A3:6), whichisalso 2. Hence(A4:8) is true in the rst subcase.

A.4.7. There remainsonly to prove (A4:8) in the last subcase: % liesto the right of andis
not a corvergert, my ;1 D < mg andmyg 1N ng 1D = 1, wherek is odd and greater than K.
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Lemma A4.2. With thesehypotheses,

N C n
. 2 + 20 2 Tk
(A4:9) D? 3 1+ mi o

Pr oof. Thanks to (A3:3), we can write
D=mgy rmg 1; N =ng rng g;

for someintegerr 1. Let

_ My 1
Yk = -
Since Tt D, wegetyx 1 ryk, thus
1
(A4:10) 1 r — L
Yk
Notice alsothat yx = 3.

Let us compute the left-hand side of (A4:9) in terms of my;ny;yx and r : using (A3:3) we

have ng 1= ﬁ ykNi, thus

r
N = 1 —;
k(1 ryw) + —
and D = my(1 ryk), therefore
DN D )=me(nk mg )L ry)?+r@d ry):

Using the notations of Lemma A3.1, we have my(ny mg ) = ﬁ with
k
0 1
Xg = a1 + T 1+ Co
A+ t
Az t

(the inequality follows from a4+ ;ax+3 landax., M). Hence

(L ryd@+rxd) _

me(nk  m : =1 ry )@+ rx9):
X2+ i k(Nk kK ) ( Y )( k)

DN D )=

To conclude,we needonly to ched that 1+ %
But may beviewed asa polynomial function of degree2 of a real variable r, whoseminimum
over the range (A4:10) must be attained at one extremity of this range (becausethe derivative is

decreasing). Whenr = 1, = (1 y)(@+x)) (@+x%)=2 1+ . And whenr = yik 1,

= yw(l+ )X/—E x) =1+ (x) 1)1 y) 1+ . Thus is always boundedfrom below as

required in that range.

Inequality (A4:8) (with a "+ sign) follows from (A4:9). We have indeed, by (A4:3),

5 Nk r*
(A4:11 mg — = :
My a Mk — ng  —

—
—

Co

i . 2 ..
But (A4:4) with C s CZTDJ j yields

=
+

Nk

Co
2
Co
my 1+ 5
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thus the right-hand side in (A4:11), when multiplied by 1+ % yields a result not smaller than
1+ %) 2.

A.5. Reminder about Borel-Laplace summation
A.5.1. neral notations and prop erties. Let B a Banad algebra. When dealing with

formal series a,Q" 2 B[[Q]], it is conveniert for usto usethe variable x = Q *; we rst de ne
the formal Borel transform (or formal inverse Laplace transform) of formal serieswithout constart

term : 38
< x *Blx ]I ! BI[ 1
ot X . A X n
- T= apx " 7! = anm:
n 0 n 0

Clearly, the Borel transform hasnonzeroradius of corvergenceif and only if we start with a formal
Gevrey-lseries: 2 x !B[[x !]];, L 172 Bf g And starting with a corvergert power-series
we would obtain an ertire function of exponertial type in all directions.
The multiplication of Gevrey-1 formal seriesis tranformed into corvolution of holomorphic
germs:
z

Sl =N Y N=cts N ()= M0 oda
0

By extending the formal Borel transform to the constart seriesl, we introduce a unit ¢ for the

corvolution :
X X n

Dl "= ax "2B[x Y, 7! ao+ 2B, Bfg; "= A

n 0 n o0 n:

We will often refer to the plane of the complex variable asto the Borel plane, and to Bf g

orB o Bf gasto the convolutive model in cortrast with the formal model B [[x]];.

The counterpart of @= dix in the corvolutive model is the multiplication by

(
Bo Bfg! Bfg
Y@ =ar ') @
2o+ 7 ()= ()

while multiplication by x of a serieswithout constart term amounts essetially to di eren tiation
with respectto :if “2 x 'B[x ], and "= !~
N
d_.

A.5.2. Borel-Laplace summation. Let 2 [0;2 [. Among all Gevrey-1formal series,some
of them have a Borel transform ag o + " with a holomorphic germ " which extends analytically

along the half-line [0;€ 1 [ with at most exponertial growth. In sud a caseone can perform the
Laplace transform of direction

o

= (x) = "(0) o+

Zg,
D ag o+ T T (x) = ap + “()e* d:
0
The resulting function  is holomorphic at leastin a half-plane bisectedby the conjugate direction
(at leastthe half-plane <e(x e ) > if we assumee | 'k”( )k bounded).
If * extends analytically with at most exponertial growth in a sectorf ; arg 20, by
moving the direction of integration and using the Cauchy Theorem we get a function analytic
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in a sectorial neighborhood of innit y of aperture + , ;. But, accordingto Nevanlinna's
Theorem, analyticity and exponertial growth in a half-strip f dist( ;[0;e' 1 [) < garesucient
to ensurethat the initial formal series ~ is the Gevrey-1 asymptotic expansionat innit y in a
half-plane of

The interest of this processis that I [~ ! preseres multiplication, di eren tiation, etc.,
thus starting with the formal solution ~ of someequation, studying the analytic cortinuation of "
and performing I” for somedirection may lead to an analytic solution of the equation (and
even to distinct solutions with the sameasymptotics, if analytic cortinuation is possiblein seweral
directions of the Borel plane with singularities in between).

A5.3. Eect of some changes of variable. Let 2 B[[x [ andT 1~ = ag o+ " Let
us expressthe formal Borel transform of 7(x) = ~(f (x)) in terms of that of ~for someelemenary
changesof variable f .

{ For 7(x) = 7(x ) with some 2 C ,
Cim=ao+ N "(O)= C )
{ For 7(x) = ~(x + b) with someb2 C,
Ctm=a o+ s N()=e® ()
{ For (x) = ~(x + C(x)) with someC 2 x 'C[[x ]}, and [ = I 'L, the Taylor formula yields

X e
~ 1~_ N, N_ N r . ro— .
o 7=aot ="+ L P c -F_{z_@-

r 1 r times

The above seriesis uniformly corvergent in any closeddisk which is contained in the disks of

N AN . N .y .
convergenceof " and [. We sa that is obtained from = by composition-convolution, the
courterpart of postcomposition by Id +L, an operation which may look more complicated but is
in fact more regularizing than postcomposition itself.

A.5.4. Simple resurgent functions. In Ecalle's theory [E1], the holomorphic germ "is
called the minor of ~. The formal series ~ is said to be a simple resugent function if its minor
satis es the following properties :

(i) on any broken line issuing from the origin, there is a nite set of points suc that " may
be continued analytically along any path that closely follows the broken line in the forward
direction, while circumventing (to the left or to the right) those singular points ;

(i) any determination of " in the vicinity of a singular point ! hasthe form

Mo y= =S rO)!%9 LRy, c2B: “R2Bf g
21 21

A non-trivial fact is the stability under corvolution of this requiremert : the set of simple
resurgert functions is a subalgebraof B[[x !]],. We met in Section 4.2 an example of simple
resurgen function where the minor extendedto a meromorphic function with simple poles only,
thus a uniform (i.e. single-walued) function. But since Resurgencetheory is intended to deal
with nonlinear problems, and since corvolution usually createsrami cation, it is important that
condition (i) authorise rami ed and not only uniform analytic cortinuation.®

8For us the source of rami cation wasonly the composition-convolution induced by some change of variable ; but
the fact that, when using the appropriate variable, the minor was meromorphic was related to the linear character
of the problem under study.
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It is essetial to be able to analyze the singularities which appear in the convolutive model,
since they are responsible for the divergencein the formal model. This can be done by means
of alien calculus, which relies on a family of new derivations. For eadh ! 2 C , there is a linear
operator , of the algebra of simple resurgert functions which satis es the Leibniz rule and
measuresthe singular behaviour of the analytic continuation at ! of the minor of the function on
which it is evaluated.

For instance, if the minor " is meromorphic, | ~ = 2 iReq” !). If the minor is not
meromorphic but analytic on [0;! [ (the singular point ! is \viewed" from the origin, and not
hidden by other singular points), |, ~= c+ =" with notations asin (ii). The generalformula is

of the samekind but takesinto accourt the singularities at ! of the various determinations of "
assaiated to paths which follow the segmen [0;! [ while circumventing the intermediary singular
points.

This operator , is calledalien derivation of index! by cortrast with the natural derivation @
There is a relation

@ (@ ') 1

but no relation betweenthe alien derivations themselwes: they generatea free Lie algebra. The
point of view on Resurgencetheory that we have indicated is rather restrictive and we refer the
interested readerto [E1], [E2], [E3], [CNP] for further properties and more generalde nitions.
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