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Abstra ct. We study the so-calledGeneralizedArnold Model (a weakly

hyperbolic near-integrable Hamiltonian system), with d + 1 degreesof

freedom (d ≥ 2), in the casewhere the perturbativ e term doesnot a�ect

a �xed invariant d-dimensional torus. This torus is thus independent of

the two perturbation parameters which are denoted ε (ε > 0) and µ.

We describe its stable and unstable manifolds by solutions of the

Hamilton-Jacobi equation for which we obtain a large enough domain

of analyticit y. The splitting of the manifolds is measuredby the partial

derivativ es of the di�erence � S of the solutions, for which we obtain

upper bounds which are exponentially small with respect to ε.

A crucial tool of the method is a characteristic vector field, which is

de�ned on a part of the con�guration space,which acts by zero on the

function � S and which has constant coe�cien ts in well-chosen coordi-

nates.

It is in the case where |µ| is bounded by some positive power of ε

that the most precise results are obtained. In a particular case with

three degreesof freedom, the method leads also to lower bounds for the

splitting.
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1. Presentation of the problem

1.1. In tro duction. The present paper is devoted to the exposition of a new

method for studying the phenomenon of “exponentially small splitting”. It

is concerned with the stable and unstable manifolds of a partially hyper-

bolic invariant torus (a “whiskered torus”) of a near-integrable Hamiltonian

system. We restrict our attention to systems for which the invariant torus

is given right from the beginning: it is not affected by changes of the per-

turbation parameters, thus we can refrain from resorting to KAM theory to

find an invariant torus; in our opinion this helps to isolate the mechanism

which produces exponential smallness.

We shall illustrate the method on the case of the following Hamiltonian

function:

H ";� (q; '; p; I ) = ! :I +
1

2
� I 2 +

1

2
p2 + "(cos q � 1) + �"F (q; ' ) (1.1)

with d + 1 degrees of freedom (d � 2), the conjugate variables being:

(p; I ) 2 R � Rd and (q; ' ) 2 T � Td; with T = R=2� Z;

and the various parameters being: a vector ! 2 Rd, a real diagonal ma-

trix � = diag(� 1; : : : ; � d) (the notation � I 2 means
P

� j I 2
j ), two small real

parameters " > 0 and � , and a function F real-analytic on T � Td.

Let d(pdq+ I d' ) be the usual symplectic two-form. The corresponding

Hamiltonian system is integrable for � = 0, since it decouples then as the

product of a simple pendulum and d independent rotators. We shall refer

to that situation as to the “unperturbed” one.

Let us use the notation

Th = f � 2 C=2� Z; j =m � j < h g for h > 0:

We shall require two assumptions on F :

(A1) for all ' 2 Td, F (0; ' ) = 0 and @qF (0; ' ) = 0;

(A2) there exists h0 > 0 such that F extends analytically to (C=2� Z)� Td
h0

.

The first hypothesis amounts to saying that F vanishes at order 2 on

f q = 0 g. As a result, the d-dimensional torus

T = f (0; '; 0; 0); ' 2 Tdg

is invariant by the Hamiltonian vector field

q̇ = p ˙' j = ! j + � j I j

ṗ = " sin q � �"@qF İ j = � �"@' j F
(1.2)
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independently of the parameters " and � . The restriction of its flow to T is

quasiperiodic with ! as frequency-vector. We shall see that T is partially

hyperbolic:1 it admits (d + 1)-dimensional stable and unstable manifolds,

denoted by W +
";� and W �

";� , the first one being the union of all the orbits

which are positively asymptotic to T , and the second one the union of all

the orbits which are negatively asymptotic to T . These manifolds depend

analytically on � and coincide for � = 0. In general there is no reason

why they should coincide for nonzero � , but it turns out that they are

exponentially close one to the other with respect to " as " tends to zero.

This is the exponentially small phenomenon that we want to study. In the

sequel we shall omit the indices "; � when referring to the manifolds W +

and W � . Their intersection consists of orbits, which are called homoclinic

(or biasymptotic) orbits; we shall see that this intersection is not empty.

In the particular case of an even perturbation, i.e. when

8(q; ' ) 2 T � Td; F (� q; � ' ) = F (q; ' );

one checks easily that the symmetry (q; '; p; I ) 7! (2� � q; � '; p; I ) sends

any orbit onto an orbit and reverses the time-parametrisation on it, thus

this symmetry exchanges W + and W � . In that situation, one obtains a

homoclinic orbit by considering the intersection of W + with the (d + 1)-

plane f q = � ; ' = 0 g.

Note also that the assumptions (A1) and (A2) are met if for instance F

is of the form

F (q; ' ) = (1 � cos q)m(' )

where the function m is analytic on Td
h0

.

1.2. Historical remarks. 2 The Hamiltonian function (1.1) is a natural gen-

eralization of the example considered by V.I. Arnold in his famous note [Ar64].

This system was introduced in [Loc90] (see also [Loc92]) with the pur-

pose of studying the speed of Arnold diffusion. It is sometimes referred

to as the “generalized Arnold model”. This model was designed to em-

body the main features of a near-integrable Hamiltonian in the vicinity

of a simple resonance; indeed, if ! is non-resonant, the integrable Hamil-

tonian which is obtained when " vanishes displays a simple resonance at

1The reader is referred to [Br89], [Gr74] and [Tre91, Tre94] for results on partially

hyperbolic tori.
2We con�ne ourselves to the cased ≥ 2, but of course a number of referencesshould

be quoted for the two-degree-of-freedomcase.
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(p; I ) = (0; 0). In fact only the case where the perturbation has the special

form F (q; ' ) = (1 � cos q)m(' ) was considered in [Loc90], but the emphasis

was already put on the importance of including arbitrarily high harmonics in

the perturbation and the Poincaré-Melnikov approximation of the splitting

was discussed (see below).

In [Gal94], among other things a “rotator-pendulum model” is studied,

with an even trigonometric polynomial of (q; ' ) for the perturbation F ,

but without the assumption (A1). The existence of an invariant hyperbolic

torus is proved and “quasiflat” upper bounds are obtained for the splitting

of its whiskers by direct perturbative methods. The proof is rather involved

and we must say that unfortunately we were not able to follow it in all

details. In [GGM99], still for a polynomial perturbation but with a number

of harmonics tending to infinity as " decreases, it is claimed that the same

methods lead to results of the kind we are interested in.

The case where � = 0 is considered in [Simó94] and then in [DGJS97];

it may be called the isochronous or linear case. In that case we can forget

about the variables I j and consider the Hamiltonian vector field associated

to (1.1) as a quasi-periodic perturbation of a a simple pendulum. More

precisely, if � = 0, one can associate to the hamiltonian vector field (1.2) a

reduced vector �eld
q̇ = p

ṗ = " sin q � �"@qF (q; ' )

˙' j = ! j

(1.3)

(the original vector field was invariant under the translations (q; '; p; I ) 7!

(q; '; p; I + constant), and (1.3) is indeed its reduction under that group of

transformations), or a non-autonomous quasi-periodic second-order differ-

ential equation

q̈ = " sin q � �"@qF (q; ! 1t; : : : ; ! dt):

Every solution of (1.2) projects onto a solution of (1.3). Note that the

invariant tori which we are interested in project onto normally hyperbolic

invariant tori for (1.3). However, even if assumptions (A1) and (A2) are

satisfied, not all the homoclinic orbits of the reduced vector field are the

projection of some homoclinic orbit of the original system. But it is legiti-

mate in that case to concentrate on the reduced system and to consider (1.2)

as an auxiliary system, a mere way of putting (1.3) into Hamiltonian form.

In [Simó94] a general Averaging Theorem is proved and applied, among

other things, to a specific example which can be written in the form (1.1)
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with d = 2, � = 0, ! = (1; 1+
p

5
2 ), � = " � 1, and @qF even trigonometric

polynomial in ' which does not depend on q. The splitting of the invariant

manifolds is studied (for the reduced system) and shown to be exponen-

tially small. After a change of variables (one step of averaging), a Poincaré-

Melnikov approximation is derived and bounded from above and from below;

numerical evidence are then produced which indicate that the size of the

whole splitting is correctly predicted by that first-order approximation.

The model which is studied in [DGJS97] corresponds to d = 2, � = 0,

! = (1; 1+
p

5
2 ), � = "p (p > 3=2), and F (q; ' ) = m(' ) cos q where the func-

tion m is analytic in a “strip” Tr 1 � Tr 2 but cannot be analytically continued

to a larger strip because of some hypothesis on its high harmonics. The torus

f q = 0; p = 0; ' 2 T2 g is invariant for the corresponding system (1.2), and

the splitting of its invariant manifolds is shown to be correctly predicted by

the Poincaré-Melnikov approximation whose asymptotics is precisely com-

puted (see Section 4 below).

In [RW98] strong results are stated for the anisochronous case, with an

even perturbation, but unfortunately an error has been discovered in that

article (a correction is expected).

The present article is strongly related to a joint work with P. Lochak and

J.-P. Marco [LMS99], to which the reader is referred for further bibliograph-

ical notes.

1.3. The metho d. It is not so easy to compare the existing methods and

results, in particular because each author has his own way of parametrising

the invariant manifolds and then of measuring the distance between them.

As for us, we shall use particular solutions of the Hamilton-Jacobi equation

in order to describe these manifolds, as in the article [Sau95] which was itself

inspired by [Poin93].

1.3.1. Let us consider the Hamiltonian system associated to (1.1), under

the assumptions (A1) and (A2) of p. 3. For � = 0, the stable and unstable

manifolds of the invariant torus T = f (0; '; 0; 0); ' 2 Tdg coincide and are

given by the separatrix of the pendulum; we find it convenient to write them

as

W �
j � =0 = f (q; '; p; I ) j q 2 ] � 2� ; 2� [; ' 2 Td; p = 2"1=2 sin

q
2

; I = 0 g;

W +
j � =0 = f (q; '; p; I ) j q 2 ]0; 4� [; ' 2 Td; p = 2"1=2 sin

q
2

; I = 0 g;

distinguishing them quite arbitrarily only by their domain of definition. We

should give different names to the tori f 0g � Td � f 0g � f 0g and f 2� g �
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Td � f 0g� f 0g as well, but we shall not do it; from now on we shall consider

that the phase space is R � Td � R � Rd, which we identify with the cotan-

gent bundle of the con�gur ation space R � Td where the variables (q; ' ) live

(the cotangent bundle being endowed with its canonical exact symplectic

structure). Thus, above a point of the configuration space, covectors are

identified with vectors of R � Rd. Each of the unperturbed invariant man-

ifolds is an exact Lagrangian graph, i.e. the graph of the differential of a

function defined on a part of R � Td:

W �
j � =0 = Gr (dS0) = f (q; '; @qS0(q; ' ); @' S0(q; ' ) g

with S0(q; ' ) = S0(q) = 4"1=2(cos q
2 � 1) considered as a function either on

] � 2� ; 2� [� Td or on ]0; 4� [� Td. We shall represent the perturbed invariant

manifolds too as graphs over this space (at least parts of them which do not

lie too far from the torus T , i.e. local or “semi-local” stable and unstable

manifolds):

W � = Gr (dS� ); W + = Gr (dS+);

where S� and S+ are functions on some parts of the configuration space,

which depend on ("; � ) and which will be uniquely determined (up to an

additive constant) as the solutions of the Hamilton-Jacobi equation

H ";� (q; '; @qS(q; ' ); @' S(q; ' )) = 0 (1.4)

such that Gr (dS� ) contains the torus T . (The right-hand side of (1.4) must

vanish since T itself has zero energy.)
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Prop osition 1.1. For any q0 2 ]0; 2� [, there exists a positive constant � 0

suchthat the Hamilton-Jacobi equation (1.4) admits a unique solution S� =

S� (q; ' ; "; � ) real-analytic with respect to all its argumentsfor

q 2 ] � q0; q0[; ' 2 Td; " > 0; j� j < � 0;

and such that S�
j � =0 coincides with S0 and S� � S0 vanishesat order 2 on

f q = 0 g; and a unique solution S+(q; ' ; "; � ) real-analytic with respect to



8 DAVID SAUZIN

all its argumentsfor

q 2 ]2� � q0; 2� + q0[; ' 2 Td; " > 0; j� j < � 0;

and such that S�
j � =0 coincides with S0 and S+ � S0 vanishesat order 2 on

f q = 2� g.

Corollary 1.1. The invariant torus T admits stableand unstablemanifolds

which are locally the graphsof the di�er entials of the previous functions S+

and S� (di�er entials with respect to the variables q and ' ):

W � = Gr (dS� ):

Let us de�ne the function

∆S = S+ � S� ; for q 2 ]2� � q0; q0[ (q0 > � ); ' 2 Td; " > 0; j� j < � 0:

The di�er ential of ∆S is related to the distance between W � and W +: above

a point Q = (q; ' ), the vector between (Q; dS� (Q)) and (Q; dS+(Q)) can be

identi�e d with d(∆S)(Q). The critic al points of ∆S are thus projections of

homoclinic intersections.3

In fact, the Hessian matrix of ∆S at a critical point can be taken as a

measure of the splitting of the manifolds at the corresponding homoclinic

point. For that reason it is interesting to estimate the first and second-order

partial derivatives of the function ∆S (still with respect to the variables q

and ' ). The function ∆S itself is a difference of Lagrangian actions, which

contains an arbitrary additive constant (constant with respect to q and '

but function of " and � ).

We stated the corollary apart just in order to emphasize the fact that,

since the invariant manifolds are represented by functions on the configura-

tion space, our problem is reduced to the study of the function ∆S.

3We may call W− = Gr(dS−) semi-local unstable manifold in opposition to the local

unstable manifold W−loc and to the global unstable manifold. The local manifold is de�ned

by the useof somesmall enough neighbourhood V of T (we can assumein particular that

V is contained in T ∗(] − q0 , q0 [×Td )); it consists of all the points in V whose tra jectories

are negatively asymptotic to T . The global manifold is the union of the tra jectories of

the points of W−loc , i.e. {φt
H (M ); M ∈ W−loc , t ∈ R } if we denote by φt

H the time- t map

of the Hamiltonian 
o w, whereas

W− = {φt
H (M ); M ∈ W−loc , t ∈ R such that φt

H (M ) ∈ T ∗(] − q0 , q0 [×Td ) }.

Analogously we may call W+ semi-local stable manifold. For that reason the homoclinic

points obtained as intersections of W− and W+ may be called \primary" homoclinic

points.
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The proposition and its corollary wil l be a consequence of Proposition 3.1

and Theorem 3.1 below (we shall even obtain information on the complex

extension of the domain of analyticity of S� and S+: for instance S� will

be proved to be analytic for complex q; '; "; � , with " belonging to some

sector and j� j small enough). Perhaps we should say that we expected the

invariant manifolds to be graphs because of their being close (for small j� j)

to W �
j � =0 which is a graph, and to be Lagrangian because of their being

asymptotic to T which is an isotropic submanifold of the phase space (see

Remark 5.1 on p. 62).

Note that in the isochronous case (� = 0), it is not true that all the

partial derivatives of ∆S necessarily vanish at a point corresponding to a

homoclinic orbit of the reduced system (1.3): the only condition is that @q∆S

should vanish at such a point, since only @qS� is needed for the description

of the stable or unstable manifold of the reduced system (but, due to the

conservation of the energy, there is a priori a relation between the other

partial derivatives of ∆S at such a point — see the next paragraph).

1.3.2. The geometrical tool of our method is a vector field of the con-

figuration space which acts by zero on the function ∆S. We call it the

characteristic vector �eld of the pair (S� ; S+).

Prop osition 1.2. Fix any q0 2 ]� ; 2� [ and consider the functions S� and S+

of Proposition 1.1. The vector �eld

D =
1

2
@q(S+ + S� )

@
@q

+ (! +
1

2
� @' (S+ + S� )):

@
@'

is de�ned and analytic for q 2 ]2� � q0; q0[; ' 2 Td; " > 0; j� j < � 0, and the

function ∆S = S+ � S� satis�es

D :∆S = 0:

Proof. We present this property in Section 2.1 in a slightly more general

context, but it follows from the Hamilton-Jacobi equation by a straightfor-

ward computation — take the difference between equation (1.4) for S+ and

equation (1.4) for S� :

0 = ! :@' S+ +
1

2
� (@' S+)2 +

1

2
(@qS+)2 + "(cos q � 1) + �"F

0 = ! :@' S� +
1

2
� (@' S� )2 +

1

2
(@qS� )2 + "(cos q � 1) + �"F :
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Note that for � = 0 this vector field reduces to the characteristic vector

field of the unperturbed invariant manifold:

D j � =0 =
dS0

dq
@
@q

+ ! :
@

@'
:

The invariance of the function ∆S under the flow of the vector field D

is a simple manifestation of the conservation of energy and of the exact

symplectic features of the problem that we have tried to take into account

as much as possible. This fact has important consequences for us, since our

goal is to study ∆S and we discover now that this function is determined

by its restriction to any global section of the configuration space which is

transversal to D , and such a section is a torus of dimension d. (All this

seems very related to the approach of [DG98], where a “splitting potential”

is introduced which is a also function on Td, but we have not yet completely

elucidated the connection between that recent method and ours.) However

we do not want to fix once for all a particular section, since there is no

privileged choice — except maybe in the case of an even perturbation, where

D is conjugate to its opposite by the symmetry (q; ' ) 7! (2� � q; ' ) and the

section f q = � g may look more natural since (� ; 0) is a critical point of ∆S.

Proposition 1.2 (together with a detail from Theorem 3.1 about the de-

pendence of S� on " and � ) allows us to obtain very easily the following

geometrical result, which is a particular case of a theorem by L. H. Elias-

son ([Eli94], [DG98]):

Corollary 1.2. There exist a positive constant � 0
0 such that, for " > 0 and

j� j � � 0
0, the Hamiltonian system associated to H ";� admits at least d + 1

distinct homoclinic orbits.

Proof. Let us choose q0 2 ]� ; 2� [ and � 0 so that Proposition 1.1 applies and

let us pick any q� 2 ]2� � q0; q0[. We shall use the notation S = f (q� ; ' ); ' 2

Td g: this set is a global section of the configuration space and is isomorphic

to the torus Td.

The characteristic vector field D depends analytically on � and is transver-

sal to the section S for � = 0; thus it is still transversal to that section for �

small enough, as long as the function 1
2@q(S+ + S� ) does not vanish on S.

One can ensure that to be case for j� j � � 0
0 with a positive number � 0

0

which does not depend on " , since Theorem 3.1 provides bounds for the

partial derivatives of " � 1=2(S� � S0) = O(� ) which do not depend on " .

Now, for " > 0 and j� j � � 0
0, if we denote by � the restriction to S of

the function ∆S, we observe that any critical point of � is necessarily a
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critical point of ∆S (because of the equation D:∆S = 0, viewed as a rela-

tionship between the partial derivatives of ∆S). And � , being a real-analytic

function on a torus of dimension d, admits at least d + 1 critical points ac-

cording to a theorem by Ljusternik and Schnirelman [Bott82]. According to

Corollary 1.1, those critical points yield homoclinic orbits.

The Ljusternik-Schnirelman Theorem was already used in [Eli94] to prove

the existence of homoclinic orbits, but in a more general context and in a

slightly different manner (see also [DG98]).

1.3.3. The analytical tool of our method is already present in [DGJS97]

and consists in a lemma (Lemma 2.1 on p. 19) from which we deduce that, in

order to obtain an exponentially small upper bound for ∆S and its deriva-

tives, it is sufficient to study the analytic continuation of the flow of D .

More precisely, it is sufficient to straighten the vector field D , i.e. to conju-

gate it to its unperturbed form D j � =0 which has constant coefficients in a

proper set of coordinates, namely the coordinates (u; ' ) which are defined

according to the formula (1.7) below.

The straightening of D will be achieved in Proposition 3.3. As a re-

sult there exist coordinates (v; � ) of the configuration space, which depend

on ("; � ) and differ from the coordinates (u; ' ) only by O(� ), such that ∆S

can be written in these coordinates as a function � (v; � ; "; � ) which is peri-

odic in the angles � j and satisfies (@v + " � 1=2! :@� )� = 0. Lemma 2.1 then

implies that its Fourier coefficients satisfy, for 0 < � < �
2 and 0 < h < h0,

the inequalities

j� k(v; "; � )j � const "
1
2 j� j exp(� �" � 1=2jk:! j � hjkj)

for k 2 Zd nf 0g, v 2 R, " > 0, � 2 [� � 0; � 0]. The constant a("; � ) is nothing

but the mean value of � , which does not depend on v.

In these inequalities, the traditional “small divisors” jk:! j do not appear

as divisors but as coefficients of � " � 1=2 in the argument of an exponential,

hence a difficulty which we call the problem of “small exponents” and which

we explain in Section 2.2, p. 20. In order to overcome it, we shall impose a

Diophantine condition on ! .

1.3.4. An advantage of this method is the fact that it deals as much as

possible with functions on the configuration space which has dimension d+1.

For instance the straightening of the vector field D consists in finding a kind

of flow-box coordinates in that space; we need not study the Hamiltonian

flow in the (2d+2)-dimensional phase space outside the invariant manifolds.
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We have restricted ourselves to the case where d � 2 (at least two fast

frequencies) although the present method would apply as well in the case

where d = 1. In fact, if there is only one fast frequency, the problem is

simpler because there are no “small exponents”, and for some technical

reasons it is easier to solve the Hamilton-Jacobi equation, but the results

would require a slightly different presentation in that case (and it would be

worthwhile to compare them with the results obtained in [DS92], [DS97],

or [Gel97] — this will be the subject of some other article).

1.4. General results. The proofs of the statements below are spread over

sections 2, 3, 5 and 6.

1.4.1. The first result claims that the invariant manifolds W � and W +

are exponentially close one to the other: it provides an upper bound for

the partial derivatives of ∆S of order 1 or 2. We shall use the notation

jkj = jk1j + � � � + jkdj if k 2 Zd.

Theorem 1.1. Consider the Hamiltonian system (1.1) with F satisfying

the assumptions (A1) and (A2) of p. 3 and ! satisfying the Diophantine

condition

8k 2 Zd n f 0g; jk:! j � 
 jkj1� � (1.5)

for some�xed positive numbers 
 and � (� � d). Denote by ∆S the di�er-

ence S+ � S� of the two functions determined in Proposition 1.1 and by w�

the number

w� =
�
1 + (� � 1)� 1

��
(� � 1)
 h� � 1

0
�
2

� 1=� :

For any w 2 ]0; w� [ and for any closed subinterval [q1; q2] of ]0; 2� [, there

exist positive numbers � 0 and C such that the inequalities

jd(∆S)j; jd2(∆S)j � C"
1
2 j� j exp(� w " � 1

2� ) (1.6)

hold for

q 2 [q1; q2]; ' 2 Td; " > 0; � 2 [� � 0; � 0]:

Of course the inequalities (1.6) mean that each of the first and second-

order derivatives with respect to the variables q or ' j of ∆S is bounded

by the right-hand side. Note that all the variables are required to be real

for that exponentially small bound to hold. To quote the words of [Loc90],

we could say that “the most important feature in the formula (1.6) is the

exponent � 1=2� of "”. Indeed, in the case where � = d, this exponent coin-

cides with the one which is involved in the lower bound for the exponentially
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long time of stability for trajectories starting in the vicinity of a simply reso-

nant surface (see [Loc93] for this version of Nekhoroshev Theorem with local

exponents of stability).

In order of importance, the coefficient w inside the exponential of the

formula (1.6) comes after the exponent � 1=2� of " . We shall see how to let

it reach the value w� in order to obtain a smaller upper bound.

Remark 1.1. In view of Corollary 1.1, what we are interested in is really

d(∆S) and d2(∆S). But the function ∆S itself is exponentially close to a

constant: under the hypotheses of Theorem 1.1, there exists a real-analytic

function a("; � ) such that, for all w 2 ]0; w� [ and for all closed subinter-

val [q1; q2] of ]0; 2� [,

9� 0; C > 0 = 8(q; '; "; � ) 2 [q1; q2] � Td � R� + � [� � 0; � 0];

j∆S(q; ' ; "; � ) � �a ("; � )j � C"
1
2 j� j exp(� w " � 1

2� ):

1.4.2. In order to go farther and to obtain a better information on the

asymptotics of ∆S with respect to " , it is natural to try to isolate the first-

order approximation ∆S1 with respect to � of that function, which is usually

called the Poincaré-Melnikov approximation.

De�nition 1.1. The Poincar�e-Melnikov approximation of ∆S is the func-

tion

∆S1(q; ' ; ") = @� (∆S)(q; ' ; "; 0):

Thus we can write ∆S(q; ' ; "; � ) = � ∆S1(q; ' ; ") + O(� 2), and our goal is

to study that remainder “O(� 2)”: is it smaller than the Poincaré-Melnikov

approximation itself? Of course, in order to provide a true answer to that

question, we would need to know how large ∆S1 is exactly, and this turns

out to be a difficult problem. Proposition 1.3 below shows that ∆S1 can be

expressed directly as an integral involving the perturbation function F and

bounded from above by an exponentially small quantity depending on F ,

but in the general situation we do not know how to obtain a lower bound

for ∆S1 (the problem is more tractable when d = 2; see Section 4). We

shall thus content ourselves with proving that the remainder ∆S � � ∆S1 is

smaller than a quantity which can be compared to the known upper bound

of ∆S1, although this is not completely satisfactory.

Let us define the change of variable

q = q0(u) = 4 arctan eu : (1.7)
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The variable u is nothing but the time along the separatrix of the pendulum

and it will prove very useful in the sequel. In particular, it will be essential

to see it as a complex variable, and to try to obtain the largest possible

domains of analyticity with respect to it for all the functions defined on the

configuration space. We shall put a tilda over the symbol denoting such a

function in order to indicate that we have performed the change of variable

q = q0(u).

The function q0(u) extends analytically to the universal covering of C n

( i�
2 + i� Z) with logarithmic singularities only, and it defines a (uniform)

analytic 2� i -periodic function4 in

C = C n ([
i�
2

;
3i�
2

] + 2i� Z):

For 0 < � < � =2, we shall denote by C� a subset of C which contains R:

C� = f u 2 C j dist(u; [
i�
2

;
3i�
2

] + 2i� Z) � � g: (1.8)

Because of the assumptions (A1) and (A2), the function

F̃ (u; ' ) = F (q0(u); ' )

is analytic in C� Td
h0

and for all � ; � > 0 (with � < � =2 and � < h0), there

exists a number

A = A(� ; � ) � 1

such that

8(u; ' ) 2 C� � T
d
h0 � � ; jF̃ (u; ' )j � A e� 2j < euj (1.9)

(we have used the notation Th = f � 2 C=2� Z; j =m � j � h g if h > 0). We

shall consider this function A(: ; :) as a datum of the problem in the same

way as the function F itself; it is in fact a manner of measuring the size

of F , or the strength of the singularities of F̃ on the imaginary axis for the

variable u and on the boundary of T
d
h0

for the variable ' . One may keep in

mind the typical example of a function like A(� ; � ) = const � � n � � m , with

n; m 2 N� , which would correspond to polar singularities (cf. the notion of

order of the perturbation along the separatrix in [DS97]).

4The image of C by q0 is the vertical strip { q ∈ C | − π < <e q < 3π } except

for the points 0 and 2π which are obtained only at the limit when <e u tends to −∞
or +∞ respectively (the singular points iπ/2 and 3iπ/2 correspond to =mq = +∞ and

=mq = −∞ respectively, and the left and right sides of the cut ] i�
2 ,

3i�
2 [ correspond to

the vertical boundaries <e q = −π and <e q = 3π respectively).
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Here is an example taken from [DGJS97]: if

F (q; ' ) = (1 � cos q)
cos ' 1

cosh h0 � cos ' 1
� � �

cos ' d

cosh h0 � cos ' d
;

one chooses A(� ; � ) = const � � 2� � d (observe that 1 � cos q0(u) = 2 cosh� 2 u

has a second-order pole).

Prop osition 1.3. The Poincar�e-Melnikov approximation can be expressed

in the variable u as

∆S̃1(u; ' ; ") = "1=2

Z +1

�1
F (q0(u + � ); ' + " � 1=2� ! ) d� :

Assumethat ! satis�es the Diophantine condition (1.5) and usethe notation

w� =
�
1 + (� � 1)� 1

��
(� � 1)
 h� � 1

0
�
2

� 1=� :

For any closed subinterval [q1; q2] of ]0; 2� [, there exist positive constants " 0

and b such that, for (r 0; r ) 2 N � Nd with 1 � r 0 + jr j � 3,

j(@q)r 0 (@' )r ∆S1j � bA("
1

2� ; "
1

2� )" � r 0 + |r |+ d−�
2� exp(� w� " � 1

2� ) (1.10)

whenever

(q; ' ) 2 [q1; q2] � Td and " 2 ]0; "0]:

Of course, (@' )r means (@' 1 )r 1 � � � (@' d )r d and jr j means r 1 + � � �+r d. This

Proposition may be viewed as a refined version of the result which appears

already in [Loc90]. Observe that the analyticity width h0 enters into the up-

per bound (1.10) through w� ; in fact, if F is a trigonometric polynomial (and

thus any h0 is allowed), one can obtain a much smaller bound, with � 1=2

in place of � 1=2� as an exponent for " inside the exponential.

Theorem 1.2. Under the hypothesesand notations of Theorem 1.1, for any

closed subinterval [q1; q2] of ]0; 2� [ there exist positive constants" 0 and b such

that, for (r 0; r ) 2 N � Nd with r 0 + jr j = 1 or 2,

j(@q)r 0 (@' )r (∆S � � ∆S1)(q; ' ; "; � )j

� bj� j2A("
1

2� ; "
1

2� )2" � r 0 + |r |+3 d+3 −�
2� exp(� w� " � 1

2� ) (1.11)

whenever

(q; ' ) 2 [q1; q2] � Td; " 2 ]0; "0]; � 2 [� � 0("); � 0(")];

with

� 0(") = b� 1A("
1

2� ; "
1

2� )� 1"
d+2
2� :
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Remark 1.2. As for the case (r 0; r ) = (0; 0), there exists a real-analytic

function a("; � ) such that ∆S � � ∆S1 � � 2a satisfies the same kind of an

inequality:

j(∆S � � ∆S1)(q; ' ; "; � ) � � 2a("; � )j

� bj� j2A("
1

2� ; "
1

2� )2" � 3d+4 −�
2� exp(� w� " � 1

2� ):

As we said before, what is not satisfactory is the fact that in general ∆S1

does not admit a lower bound which would be of the same kind as the up-

per bound (1.10) and thus comparable to the upper bound (1.11) for the

remainder ∆S � � ∆S1. We must insist on this point: Theorem 1.2 does not

solve the question of the preponderance of the Poincar�e-Melnikov approxi-

mation over the remainder. But in some sense the problem is reduced to the

estimation of ∆S1, because the method that we use is quite adaptable: if an

argument is given for obtaining a better upper bound of ∆S1, one can also

try to incorporate it to the method in order to bound the remainder. This

is done in Section 4 in a particular case with d = 2, where the coefficient w�

is replaced by an oscillating function of " .

In the inequalities (1.10) or (1.11) we focused on the exponent of " and

the coefficient inside the exponential, but we did not pay much attention

to the prefactor (the quantity in front of the exponential) which could be

slightly decreased easily.

1.4.3. We believe that our method can be applied to Hamiltonian systems

more general than (1.1). The first generalization that we envisage would

consist in taking a perturbation F which depends on (q; '; p; I ) (and also "

and � ) and not only on (q; ' ), but which still satisfies assumptions analogous

to (A1) and (A2). The characteristic vector field would still be defined

according to Section 2.1, but the technical details (especially the proof of

the analyticity of S� ) would need to be rewritten. One could also consider

the case where the invariant torus T depends on " and � , i.e. the case where

(A1) is no longer satisfied and some KAM-type result5 is needed at the

beginning to find an invariant hyperbolic torus before to study its whiskers.

5This kind of result usually requires non-degeneratetorsion, i.e. αj 6= 0 for j = 1, . . . , d.

But [Loc98] shows how to deal with the casewhere α1 = · · · = αm = 0 (m ≤ d) and F

depends only on (q, ϕ, p, Im +1 , . . . , Id ). The case where α = 0 and F does not depend

on I is the easiestone, since the normal hyperbolicit y which is then present in the reduced

system (1.3) provides an invariant torus for (1.3) (without any KAM technique) which

can be lifted in an invariant torus for (1.2).
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In fact, one would demand from such a KAM Theorem the largest possible

domain of analyticity for the parametrisation of the torus, and in order to go

on with the method, one would put the torus at the origin by a symplectic

change of coordinates (or one would exploit its isotropy and look for its

invariant manifolds as (non exact) Lagrangian graphs — the characteristic

vector field is still defined because the default of exactness is the same for

both manifolds [LMS99]). Finally it would be interesting to investigate more

general models, e.g. including a coupling term between the variables p and I

like for a general simple resonance [DG98].

2. Characteristic vector fields

2.1. Geometrical aspect. In all the Section 2.1 we suppose that M is a

differentiable manifold of dimension n (configuration space), T � M its cotan-

gent bundle (phase space) and H : T � M ! R a Hamiltonian function.

Let � : T � M ! M be the natural projection. The canonical exact

symplectic structure of T � M is induced by the Liouville form � , which is

defined as follows: for � 2 T � M , � (� ) = � � T� � where � is considered as a

linear map from T� (� )M to R and T� � denotes the linear tangent map to �

(from T� (T � M ) to T� (� )M ). A local system of coordinates (Q1; : : : ; Qn)

of M induces a local system of coordinates (Q1; : : : ; Qn ; P1; : : : ; Pn) of T � M

in which � takes the usual form P1dQ1 + � � � + PndQn .

The Hamiltonian vector field X H associated to H is characterized by

the property dH = � �X H d� . For a Lagrangian submanifold of T � M to be

invariant by X H , it is necessary and sufficient that some constant-energy

hypersurface contains it.6

If � is a one-form of M , we denote by im � its image in T � M (wiewing �

as a section of � ):

im � = f � (x); x 2 M g � T � M :

It is a submanifold of T � M and � induces a diffeomorphism between im �

and M , by which � j im � can be identified to � itself (this property character-

izes the Liouville form). Thus im � is Lagrangian if and only if � is closed,

6A submanifold W is said to be Lagrangian if the restriction to W of the symplectic

2-form dλ vanishes identically and if the dimension of W is n (maximal dimension for

the previous property): at each point of W, the tangent spaceis equal to its symplectic

orthogonal. And if H is constant on W, at each point of W the Hamiltonian vector �eld

belongsto the symplectic orthogonal of the tangent spaceto W, thus to the tangent space

itself, and conversely.
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and exact Lagrangian if and only � is exact.7 We are particularly concerned

with the latter case; what we have denoted Gr (dS) previously should be

written im dS in this intrinsic formulation.

In the case where � is closed, im � is invariant by the Hamiltonian vector

field X H if and only if H is constant on it, i.e. if and only if the function H � �

is constant on M : this is the Hamilton-Jacobi equation. In that situation

the characteristic vector �eld of im � is usually defined to be the vector field

of M which corresponds via � to the restriction of the Hamiltonian vector

field to im � . It may be written T� � X H � � .

We propose the following generalization of that construction:

De�nition 2.1. Given any pair (� 0; � 1) of 1-forms of M , we call charac-

teristic vector �eld of (� 0; � 1) the vector field of M obtained as

D =

Z 1

0
D t dt where 8t 2 [0; 1]; D t = T� � X H �

�
� 0 + t(� 1 � � 0)

�
:

In the exact case, i.e. � 0 = dS0, � 1 = dS1, with S0, S1 functions on the

configuration space, D will be called characteristic vector �eld of (S0; S1) as

well.

Thus, if we consider a point x of the configuration space, the fiber T �
x M

intersects the manifolds im � 0 and im � 1 at the points � 0(x) and � 1(x),

this determines a “vertical” segment Σ(x) between both manifolds above x:

Σ(x) = f � 0(x) + t(� 1 � � 0)(x); t 2 [0; 1]g, and the characteristic vector

field at x is nothing but the projection onto the configuration space of the

Hamiltonian vector field averaged along Σ(x).

In a local system of coordinates (Q1; : : : ; Qn) of M we can write

D =
X

1� j � n

D j
@

@Qj
; D j (Q) =

Z 1

0

@H
@Pj

�
� t (Q)

�
dt;

setting � t = (1 � t)� 0 + t� 1 for t 2 [0; 1] and using the induced canoni-

cal system of coordinates (Q; P) of T � M . If the Hamiltonian function is

quadratic in the momenta P1; : : : ; Pn , the vector field is merely the arith-

metic mean of D0 and D1, the ordinary characteristic vector fields associated

to � 0 and � 1, hence the definition of D in Proposition 1.2 in the case of H ";� ,

� 0 = dS� , � 1 = dS+.

7A submanifold W is said to be exact Lagrangian if its dimension is n and if the

restriction to W of the Liouville form λ is exact.
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Prop osition 2.1. Let D be the characteristic vector �eld of a pair (� 0; � 1)

of 1-forms of M . Its action on the di�er ence � 1 � � 0 may be described as

< � 1 � � 0; D > = H � � 1 � H � � 0:

Proof. Fix x 2 M , denote by H x the restriction of H to T �
x M and consider

the path � t = � 0(x) + t(� 1 � � 0)(x) in T �
x M :

(H � � 1 � H � � 0)(x) =

Z 1

0

d(H x (� t ))

dt
dt =

Z 1

0
< dHx (� t );

d� t

dt
> dt:

But if t 2 [0; 1], using the canonical isomorphism between the vector space T �
x M

and its tangent space T� t (T
�
x M ) at � t (as well as the dual isomorphism),

we can identify d� t
dt 2 T� t (T

�
x M ) with (� 1 � � 0)(x) 2 T �

x M , and dHx (� t ) 2

T �
� t

(T �
x M ) with D t (x) = T� t � :X H (� t ) 2 TxM (the last identification may

be checked in local coordinates).

Corollary 2.1. If S0 and S1 are solutions of the Hamilton-Jacobi equation

associated to the sameenergy (i.e. if Gr (dS0) and Gr (dS1) are both contained

in the same constant-energy hypersurface), their characteristic vector �eld

acts by zero on their di�er ence, i.e.

< d(S1 � S0); D > = 0

with the notations of the previous de�nition.

2.2. Analytical aspect. The linear homogeneous partial differential equa-

tion D:∆S =< d(∆S); D > = 0 obtained in Proposition 1.2 is thus a par-

ticular case of the previous corollary. According to the following lemma,

the knowledge of a large domain of analyticity for ∆S and for the flow of D

will be of importance to us: in the case where all but one of the coordinates

are angular variables and if new coordinates can be found in which D has

constant coefficients, complex extension is sufficient to ensure exponential

smallness with respect to large frequency-vectors.

We shall use the notations ] : ; : [ and [ : ; : ] for open and closed segments

of the complex plane.

Lemma 2.1. Let � (v; � 1; : : : ; � d) be a function 2� -periodic with respect to

the variables � j , analytic in ] � i� 0; i� 0[� Td
h0

for some � 0; h0 > 0. Suppose

that, for someΩ 2 Rd, it satis�es the partial di�er ential equation

(
@
@v

+ Ω:
@
@�

)� = 0:
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Then the function � extendsanalytically to f j =m vj < � 0 g � Td
h0

and its

Fourier coe�cients with respect to the angles� j satisfy the following inequal-

ities, for all positive � < � 0 and h < h0,

8k 2 Zd; 8v 2 R; j� k(v)j � e� hjkj� � jk:Ωj sup
[� i�;i� ]� Td

h

j� j

with the notations � k(v) = (2� )� d
Z

Td
� (v; � ) e� ik :� d� , jkj = jk1j + � � � + jkdj

if k = (k1; : : : ; kd), and Th = f � 2 C=2� Z; j =m � j � h g.

A version of this lemma was already given in [DGJS97]; it is the quasiperi-

odic generalization of a lemma by Lazutkin [Laz84] on the Fourier coefficients

of a periodic function.

Proof. The function

Ψ(� ) = � (0; � )

is analytic and 2� -periodic with respect to the variables � j . Because of the

partial differential equation, we have

� (v; � ) = Ψ(� � vΩ);

hence a relation between the Fourier coefficients:

� k(v) = Ψk e� iv k:Ω: (2.1)

Let us denote by B the supremum of j� j over [� i�; i� ] � T
d
h . The Cauchy

inequalities

8v 2 [� i�; i� ]; j� k(v)j � B e� hjkj ;

when specialized to v = � i� (according to the sign of k:Ω), show that

8k 2 Zd; jΨk j � B e� hjkj� � jk:Ωj :

Thus the equation (2.1) implies that

8k 2 Zd; 8v 2 C; j� k(v)j � B e� hjkj� (� �j = m vj)jk:Ωj

and the Fourier series
P

� k(v) eik :� converges for j =m vj � � and j =m � j j <

h.

In the situation described by the lemma, if moreover Ω = " � 1=2! , each

Fourier coefficient of � of nonzero index is thus exponentially small with

respect to " (as soon as ! is non-resonant). It is natural to try to deduce from

that fact a result of exponential smallness for the whole oscillatory part of

the function � . But we are now faced with a difficulty which is typical of the

case d � 2 and which we could name the problem of small exponents: even
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if ! is non-resonant, the coefficient " � 1=2jk:! j which enters into the argument

of the exponential in the bound of j� k j may reach arbitrary small values as k

varies. Yet if we impose a Diophantine condition on ! , there will be a balance

between the terms " � 1=2jk:! j and hjkj: for the former to be small, the latter

must be large. We shall thus recover some exponential smallness for the

oscillatory part of � . This phenomenon was clearly identified in [Loc90]

or [Loc92], and then in [Simó94], [DGJS97] and [RW98].

Corollary 2.2. Let � (v; � ; ") be analytic for (v; � ) 2 ] � i� 0; i� 0[� Td
h0

and

" > 0. Supposethat there exists ! 2 Rd satisfying the Diophantine condition

8k 2 Zd n f 0g; jk:! j � 
 jkj1� �

for some �xed positive numbers 
 and � (� � d), and such that � is a

solution of the partial di�er ential equation

(
@
@v

+ " � 1=2! :
@
@�

)� = 0:

For all positive � < � 0 and h < h0, we shall use the notations

B (�; h; ") = sup
(v;� )2 [� i�;i� ]� Td

h

j� (v; � ; ")j and � = (1+(� � 1)� 1)((� � 1)
 )1=� :

The function � extendsanalytically to f j =m vj < � 0 g � Td
h0

� f " > 0g, its

mean value on the torus a(") = (2� )� d
R
Td � (v; � ; ") d� does not depend on

the variable v and

i) for all � 2 ]0; � 0[, � 2 ]0; h0
2 [, " > 0, (v; � ) 2 R � Td,

j� (v; � ; ") � a(")j �
c

� d B (� 0 � � ; h0 � � ; ") exp(� w(� ; � ) " � 1
2� )

where w(� ; � ) = � (� 0 � � )
1
� (h0 � 2� )

� −1
� and c > 0 dependsonly on the

dimension d;

ii) there exists a positive number " 0 which dependsonly on � 0 and h0 such

that, for � 0; � 0 2 ]0; 10] and " 2 ]0; " 0], (v; � ) 2 R � Td,

j� (v; � ; ") � a(")j � c0" � d
2� B (� 0 � � 0"

1
2� ; h0 � � 0"

1
2� ; ") exp(� w� " � 1

2� )

where w� = � �
1
�
0 h

� −1
�

0 and c0 > 0 dependsonly on d; � ; 
 ; � 0; h0.

Remark 2.1. Unfortunately this result is not optimal. We focused on the

exponent � 1=2� of " and the coefficient w� inside the exponential, but we

do not know how to improve them under general hypotheses — in Section 4

we shall see how to replace w� by something larger in a particular situation

with d = 2. On the other hand the prefactor c0" � d
2� B (: : :) could be slightly

decreased by an appropriate modification of the proof below.
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Proof. The fact that the function a(") does not depend on v is an obvious

consequence of the partial differential equation.

i) Let � = � 0 � � , h = h0 � � and h1 = h0 � 2� . For each " > 0, we obtain

from Lemma 2.1 the following bounds for the Fourier coefficients of � :

8k 2 Zd; 8v 2 R; j� k(v; ")j � B (�; h; ") e� hjkj� �" −1=2 jk:! j

� B (�; h; ") e� � jkj e� h1 jkj� 
 �" −1=2 jkj1−�

(we have used the Diophantine condition in the second inequality). On one

hand, one checks easily that

8x; y > 0; y + 
 xy1� � � � x
1
� ;

so, if k 2 Zd n f 0g,

h1jkj + �" � 1=2jk:! j � w(� ; � ) " � 1
2� :

On the other hand,
X

k2Zd nf 0g

e� � jkj = � 1 + cothd
� �

2

�
<

c
� d

with a positive constant c depending only on the dimension d.

Thus, if v 2 R, � 2 Td and " > 0,

j� (v; � ; ") � a(")j = j
X

k2Zd nf 0g

� k(v; ") eik :� j

�
c

� d B (�; h; ") exp(� w(� ; � ) " � 1
2� ):

ii) With the choice (� ; � ) = (� 0"
1

2� ; � 0"
1

2� ), we get

w(� ; � ) " � 1
2� � w� " � 1

2� � c00; 0 < " < "0

where "0 depends only on � 0; h0 and c00depends only on � ; � 0; h0 (because

w(� ; � ) = w� + O(� ; � )). It is thus sufficient to take c0 = cec′′ .

Remark 2.2. There is no necessity of confining the variables v and � to the

real domain: we could have worked in a set of the form f j =m vj � � 0g� T
d
h′

with � 0 < � and h0 < h, but then the coefficients w(� ; � ) and w� would have

been smaller, whereas we were interested in the largest possible coefficients

(even if they were not optimal). On the other hand we could have replaced

" � d
2� in front of the upper bound in ii) by a smaller term, but we prefered

a simpler result.
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3. Exponential closeness of the invariant manifolds

3.1. Hamilton-Jacobi algorithm. Let us return to our Hamiltonian (1.1).

The notations will be slightly simplified by a rescaling of time and variables

(the time t being multiplied by " 1=2, and the action-like variables p and I

divided by the same factor): it is equivalent to study the Hamiltonian system

generated by

Hz;� (q; '; p; I ) = z! :I +
1

2
� I 2 +

1

2
p2 + cos q � 1 + �F (q; ' ) (3.1)

with a large frequency-vector z! , where

z = " � 1=2:

The unperturbed solution of the Hamilton-Jacobi equation is now

S0(q; ' ) = S0(q) = 4(cos
q
2

� 1):

After having determined and studied particular solutions of the Hamilton-

Jacobi equation for the system (3.1), we shall have to multiply them by " 1=2

in order to come back to the original system (1.1). Still, we shall use the

same notation S� before and after this rescaling.

Our first task is to prove Proposition 1.1. To begin with we shall see how

the Taylor expansions of S� and S+ with respect to � are determined: we

shall work with formal series in � whose coefficients are functions of (q; ' )

but also on " , but the dependence on " will be understood.

Prop osition 3.1. Fix ! 2 Rd and supposethat the function F satis�es the

assumptions (A1) and (A2) of p. 3. For all z > 0, there exists a unique

sequence S�
1 ; S�

2 ; : : : of real-analytic functions of (q; ' ) de�ned for q close

to 0 and ' 2 Td, vanishing at order 2 on f q = 0 g, and such that

S� = S0(q) +
X

n� 1

� nS�
n (q; ' )

satis�es formal ly the Hamilton-Jacobi equation H z;� (q; '; @qS; @' S) = 0. In

fact, thesefunctions extendto ] � 2� ; 2� [� Td and depend analytically on z =

" � 1=2.

For all z > 0, there exists a unique sequence S+
1 ; S+

2 ; : : : of real-analytic

functions of (q; ' ) de�ned for q closeto 2� and ' 2 Td, vanishing at order 2

on f q = 2� g, and such that

S+ = S0(q) +
X

n� 1

� nS+
n (q; ' )
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satis�es formal ly the Hamilton-Jacobi equation. In fact, these functions

extend to ]0; 4� [� Td and depend analytically on z = " � 1=2.

Proof. Of course the two parts of the proposition are analogous, and we

shall content ourselves with the proof of the first one. Let us denote by B�

the space of all analytic functions vanishing at order 2 at q = 0:

B� = f U(q; ' ) analytic for q close to 0 and ' 2 Td,

with U(0; ' ) = @qU(0; ' ) = 0 g;

and use the notation D0 = dS0
dq

@
@q + z! : @

@' : Let us call

T =
X

n� 0

� nS�
n+1(q; ' )

the formal expansion that we are looking for: S0 + �T is solution of the

Hamilton-Jacobi equation if and only if

D0T = � F (q; ' ) �
1

2
� [� (@' T)2 + (@qT)2]:

We observe that F belongs to B� . Thus, expanding the equation in powers

of � , we can determine inductively the functions S�
n+1 and conclude the

proof by applying a simple lemma (whose proof is left to the reader):

Lemma 3.1. The operator D 0 inducesan automorphismof B� . The change

of variable w = tan q
4 givesto it the form D 0 = w @

@w + z! : @
@' and allows to

expressits inverse E � = (D0jB � )� 1 as

(E � U)(w; ' ) = �
Z �1

0
U(we� ; ' + z� ! ) d� :

Note that, if U depends analytically on z for z > 0, this is also the case

of E � U: indeed if z is allowed to move in a sector which contains R� +, we

still can change the half-line of integration [0; �1 [ into [0; � z� 11 [ in order

to keep z� real and the new formula will provide the analytic continuation

of E � U with respect to z.

Here are the induction formulas that we obtain:

S�
1 = � E � F

S�
n+1 = �

1

2
E � � X

n1+n2=n� 1

�
� @' Sn1+1:@' Sn2+1 + @qSn1+1@qSn2+1

� �
; n � 1:

They define what we call the Hamilton-Jacobi algorithm.
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De�nition 3.1. The vector field (or differential operator) of the configura-

tion space

D0 =
dS0

dq
@
@q

+ z! :
@

@'
will be called the unperturbed characteristic vector �eld . Note that after the

change of variable (1.7) it reduces to

D̃0 =
@

@u
+ z! :

@
@'

:

Proof of Proposition 1.3 of p. 15. It follows from the proof of Proposition 3.1

that S�
1 = � E � F and similarly S+

1 = � E +F , which means

S̃�
1 (u; ' ) = S�

1 (q0(u); ' ) =

Z �1

0
F̃ (u + � ; ' + z� ! ) d�

when one uses the variable u. The difference is the familiar Poincaré-

Melnikov integral, as announced in Proposition 1.3. Let us prove the in-

equalities (1.10) for the function ∆S̃1(u; ' ; ") = S̃+
1 � S̃�

1 .

This function is obviously analytic in f j =m uj < �
2 g � Td

h0
� R� +. Using

the function A to measure the size of F according to the formula (1.9)

of p. 14, we obtain easily the following bounds: if (r 0; r ) 2 N � Nd with

r 0 + jr j � 3,

j(@u)r 0 (@' )r ∆S̃1j � 24A(� =2; � =2)� � r 0 � �j r j

in f j =m uj �
�
2

� � g � T
d
h0 � � � R� +; (3.2)

where (@' )r = (@' 1 )r 1 � � � (@' d )r d , jr j = r 1 + � � � + r d. Since D̃0:(∆S̃1) = 0,

we can apply Corollary 2.2 to the function ∆S̃1 or to its partial derivatives

(because D̃0 has constant coefficients); if we assume 1 � r 0 + jr j, there is no

mean value to substract in the results of exponential smallness we get: the

first part of the corollary yields

j(@u)r 0 (@' )r ∆S̃1j � 24cA(� =2; � =2)� � r 0 � � d�j r j exp(� w " � 1
2� )

in R � Td � R� +; (3.3)

with w = (1 + (� � 1)� 1)((� � 1)
 )
1
� ( �

2 � � )
1
� (h0 � 2� )

� −1
� , and the second

part (with � 0 = � 0 = 2) yields

j(@u)r 0 (@' )r ∆S̃1j � 24c0A("
1

2� ; "
1

2� )" � r 0 + |r |+ d
2� exp(� w� " � 1

2� );

for (u; ' ) 2 R � Td and z = " � 1=2 > 0 large enough, with w� = (1 + (� �

1)� 1)((� � 1)
 h� � 1
0 )

1
�
� �

2

� 1
� . This allows to end the proof of Proposition 1.3,

since the inverse change of variable q 7! u has its derivatives bounded in
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any closed subinterval [q1; q2] of ]0; 2� [. We just have to multiply by " 1=2

because of the rescaling from (3.1) to (1.1).

Remark 3.1. Link with parametric resurgence and Gevrey prop er-

ties. In [Sau95] the operator D̃0 was studied in the case where d = 1 which

is much simpler, and it was shown that its inversion led to divergent series

in the parameter " . More precisely the obtained series were expanded in

powers of "1=2 and were resurgent in z = " � 1=2. Here we can at least show

that Gevrey properties take place in the variable x = z1=� = " � 1=2� , in the

sense that formel Borel transforms with respect to x will be convergent.

Since this remark is a little far from our topic, we shall only give a state-

ment without proving it. We recall that the formal Borel transform with

respect to x is defined by the formula:

� (x) =
X

N

� [N ]x � N 7! �̂ (� ) =
X

N

� [N ] � N � 1

Γ(N )
;

in our situation the index N will run through � N� and � �̂ (� ) will converge to

a regular holomorphic germ in the variable � � , which means that �̂ (� ) will be

analytic with ramification at the origin. Thus we may consider that � 2 C� ,

the Riemann surface of the logarithm. For simplicity we shall consider the

case where the variable u moves only inside disks.

Prop osition 3.2. Let � 0; h0 > 0 and denoteby D� 0 the open disk of centre 0

and radius � 0. Supposethat a function  (u; ' ) is analytic in D� 0 � Td
h0

and

extendscontinuously to the closure of that domain, and supposethat ! 2 Rd

satis�es the diophantine condition

8k 2 Zd n f 0g; jk:! j � 
 jkj1� � :

The partial di�er ential equation D̃0� =  admits a unique formal solution

of the type

� =
X

n� 1

� [n](u; ' )z� n ;

and its formal Borel transform with respect to x = z1=� convergesand de�nes

a function �̂ (u; '; � ) analytic in

E = f (u; '; � ) 2 D� 0 � Td
h0

� C� ; j� j � W (u; ' ) g

with W (u; ' ) = 

1
� (� 0 � juj)

1
� (h0 � maxj j =m ' j j)

� −1
� .



MEASURING THE SPLITTING OF INVARIANT MANIFOLDS 27

In fact the formal Fourier coefficients � k(u; z) of � have a Borel transform

with respect to z which is convergent and can be expressed as � 1
ik :!  k(u �

�
ik :! ), and this leads to parametric resurgence (with respect to z) e.g. if

the data  k are meromorphic functions, but the associated Fourier series

may be divergent (because the singularities in the � -plane may accumu-

late the origin). One could present things using the apparatus of accelero-

summation [Eca93]: the deceleration operator from z to x = z
1
� yields entire

functions �̂ k(u; � ) as individual Fourier coefficients and restores the conver-

gence of the whole Fourier series. Moreover this operator should allow to

express these Borel transforms with respect to x, �̂ k(u; � ), as integrals in-

volving the Borel transforms of the � k with respect to z and some kernel.

This could lead to a better knowledge of the analytic continuation of �̂ with

respect to � .

Thinking of the Hamilton-Jacobi equation and its particular solutions S�

and S+, we suspect the existence of a formal solution (formal power se-

ries in "1=2) to which both S� and S+ are Gevrey asymptotic (Gevrey-1

in the variable x = " � 1=2� ) and which must be considered as resurgent in

the variable z = " � 1=2 (even if the Borel transform with respect to z does

not converge as a Fourier series). This could shed another light on their ex-

ponential proximity. (Notice that a relationship between Gevrey properties

and exponential smallness was recently studied in [Pop99].)

3.2. Analyticit y of the solutions. Let us now define complex domains in

the u-plane, D �
u1 ;� and D+

u1 ;� , in which the Taylor expansions with respect

to � of the solutions S̃� or S̃+ will be proved to converge. For u1 2 R and

0 < � < � =2, we consider all the open sectors

f u = � u1 + � ei� ; � > 0; � 2 ] � � 1; � 1[ g

for � 1 2 ]0; � =2], and select among them the largest one which is contained

in C� : we call D+
u1 ;� this sector; if u1 > � � , its vertex is � u1 and its aperture

2� 1 is determined by the equation

�
2

cos � 1 = � + u1 sin � 1;

but if u1 � � � , it is the open half-plane f< eu > � u1g and � 1 = � =2.

Similarly, D �
u1 ;� is the largest of the sectors

f u = u1 � � ei� ; � > 0; � 2 ] � � 1; � 1[ g; � 1 2 ]0; � =2];
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which is contained in C� ; it is the opposite sector:

D �
u1 ;� = f � u ; u 2 D+

u1 ;� g:

We define also a complex domain for the variable z: for ∆� 2 ]0; � =2[,

with moreover ∆� < arctan �
2u1

if u1 > 0,

Σu1 ;� ;∆� := f z = � ei� ; � > 0; � 2 ] � � 1 + ∆� ; � 1 � ∆� [ g;

where the half-aperture � 1 2 ]0; � =2] of the sectors D �
u1 ;� and D+

u1 ;� is sup-

posed to be strictly larger than ∆� ; this will be the case if � is small enough

with respect to u1 and ∆� .

u 2 D+
u1 ;�

��
��

��
��

��
�

HHHHHHHHHHH

.................................................
........
........

.........
........

................................................

� ��	
i� =2

��	
� i� =2

� u1
.
.............

............. � 1

z 2 Σu1 ;� ;∆�
0
��

��
��

��
���

PPPPPPPPPPP

.

.....................
∆�

.

...........

...........

...........
...........

� 1

Theorem 3.1. For all u1 2 R and ∆� 2 ]0; � =2[ with ∆� < arctan �
2u1

if

u1 > 0, and for all small enough� ; � > 0, there exist positive numbers � 1

and f B@g suchthat the seriesof Proposition 3.1 expressed in the variable u

S̃� = S̃0(u) +
X

n� 1

� n S̃�
n (u; ' ; z)

converges to a function S̃� (u; ' ; z; � ) analytic with respect to all its argu-

ments for

u 2 D �
u1 ;� ; ' 2 Td

h0 � � ; z = " � 1=2 2 Σu1 ;� ;∆� ; j� j < � 1;

satisfying in the closure of that domain the inequalities

j@
�
S̃� � S̃0 � � S̃�

1

�
j � B@j� j2 e� (� 2 < eu);

where @stands for one of the operators (@u)r 0 (@' )r with (r 0; r ) 2 N � Nd,

r 0 + jr j � 2.

More precisely, if � � � , one can take � 1 = b� 1
1 A (� =2; � =2)� 1 � � d+1 and

B@= b1 A (� =2; � =2)2 � � 2� supf 1;r 0 g� � 2d� 1 if jr j = 0;

b1 A (� =2; � =2)2 � � 2� � 2d�j r j if jr j � 1;
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where the positive number b1 dependsonly on u1 and ∆� , and the function A

measures the size of F according to the formula (1.9).

Of course, (@' )r means (@' 1 )r 1 � � � (@' d )r d and jr j = r 1+� � �+r d. The proof of

this theorem is delayed to Section 5, because it involves some technicalities

although it is not difficult: appropriate Banach spaces are defined and the

ordinary fixed-point Theorem is applied. The key-point lies in Lemma 5.2

which asserts the boundedness of the inverse the operator D 0 (this inverse

is E + or E � , depending on whether one studies the stable or the unstable

manifold, with the notation of Lemma 3.1; in other words the “homological”

equation — or rather the linearized equation —, which is D̃0� =  in

the variables (u; ' ), can be solved by � = E �  where E � is a bounded

operator of the suitable Banach space: no small divisor appears because of

the presence of the variable u beside the angular variables ' j ).

Proof of Proposition 1.1 of p. 7 and of its corollary. Proposition 1.1 is

indeed a consequence of what has been done up to now: if we consider S�

for instance, by letting � and u1 vary we see that the variable u can reach

(provided that j� j is kept small enough) any compact subset of

D � =
[

� > 0;u12R
D �

u1 ;� = f u 2 C j <eu < 0 or j =m uj < � =2 g

whose image by q0 is f � � < <eq < 2� g n f 0g; the 2� i -periodicity in u

of S̃� and its exponential decrease for <eu tending to �1 ensure that it

defines a function S� analytic for q belonging to any compact subset of

f � � < <eq < 2� g provided that j� j is small enough. We would obtain

any compact subset of f � 2� < <eq < � g simply by repeating the previous

work with the change of variable q = � 2� +4 arctan e� u instead of q = q0(u).

Now, the manifold W � = Gr (dS� ) is Lagrangian and contained in the

zero-energy level of the Hamiltonian H z;� (since S� satisfies the Hamilton-

Jacobi equation), it is thus invariant by the Hamiltonian flow. This manifold

contains the torus T because dS� vanishes for q = 0 — it is in fact its unsta-

ble manifold; more information on the dynamics on it is given in Section 5.

3.3. Exp onentially small upp er bounds. Theorems 1.1 and 1.2 will de-

rive from the following result. We use here the variable u and we recall that

the solutions of the Hamilton-Jacobi equation for the system (3.1) must be

multiplied by "1=2 in order to yield solutions corresponding to (1.1).



30 DAVID SAUZIN

Theorem 3.2. Consider the Hamiltonian system (3.1) with F satisfying

the assumptions(A1) and (A2) of p. 3, and ! satisfying the Diophantine

condition

8k 2 Zd n f 0g; jk:! j � 
 jkj1� � (3.4)

for some�xed positive numbers 
 and � (� � d). Denote by ∆S̃ the di�er-

ence S̃+ � S̃� of the two functions determined above.

For all u0 > 0 and for all small enough � ; � > 0, there exist a real-

analytic function a("; � ) and positive numbers � 0; f C@g suchthat, if we use

the notation

w = (1 + (� � 1)� 1)((� � 1)
 )
1
� ( �

2 � � )
1
� (h0 � 2� )

� −1
� ; (3.5)

the inequalities

j@
�
(∆S̃ � � ∆S̃1)(u; ' ; " � 1=2; � ) � � 2a("; � )

�
j � C@j� j2 exp(� w " � 1

2� ) (3.6)

hold for

u 2 [� u0; u0]; ' 2 Td; " > 0; � 2 [� � 0; � 0]

and @= (@u)r 0 (@' )r with r 0 + jr j � 2.

If 2� � � , one can take � 0 = b� 1
0 A(� =4; � =4)� 1� 2� d and

C@= b0 A (� =4; � =4)2 � � 3� � 3d� 1 if r 0 + jr j = 0;

b0 A (� =4; � =4)2 � � 2� r 0 � � 3d� 1�j r j if r 0 + jr j = 1 or 2;

where the positive number b0 dependsonly on u0 and the function A measures

the size of F according to the formula (1.9).

Theorem 3.2 implies Theorem 1.1. The number w defined by (3.5) can be

made arbitrarily close to w� by an appropriate choice of � and � . Then the

inequalities (3.6) and (3.3) together with the assumption j� j � � 0 produce

bounds for the partial derivatives of the function ∆S̃, which translate into

the bounds (1.6) for the partial derivatives of ∆S since the change of variable

q 7! u has its derivatives bounded in [q0(� u0); q0(u0)].

Theorem 3.2 implies Theorem 1.2. Fix any u0 > 0 and choose b;� max such

that, for all "; � ; � > 0 satisfying 2� � � � � max, the inequalities (3.6) hold

for u 2 [� u0; u0], ' 2 Td and � 2 [� � 0; � 0], with the numbers � 0 and C@

which are indicated at the end of Theorem 3.2. Let us specialize the result

to the case where � = 4"
1

2� and � = 8"
1

2� , for " small enough (in order to

ensure 2� � � � � max). As noticed earlier (at the end of the proof of the

last statement of Corollary 2.2), we have in that case

w " � 1
2� � w� " � 1

2� � const;
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hence the result in the variables (u; ' ). We transfer it to the variables (q; ' )

by the same argument as above.

Proof of Theorem 3.2.

a) Let us call D the characteristic vector field of (S� ; S+). Since the

dependence on the action-like variables in our Hamiltonian (3.1) is so simple

(it is quadratic), we find

D:(∆S) = 0 with D =
1

2
@q(S+ + S� )

@
@q

+ (z! +
1

2
� @' (S+ + S� )):

@
@'

(so, in our case, D is the characteristic vector field associated to the La-

grangian manifold Gr ( 1
2d(S+ + S� )), i.e. the projection onto the configu-

ration space of the Hamiltonian vector field restricted to this “averaged”

manifold which is in generally not invariant!).

The components of D are real-analytic in the intersection of the domains

of analyticity of S� and S+, and for � = 0 we find the unperturbed charac-

teristic field D0 again. In the same manner that we had at our disposal the

coordinates (u; ' ) in the configuration space to straighten D 0, i.e. to conju-

gate it to a vector field D̃0 with constant coefficients, we shall “straighten” D .

Let us start by writing it in the coordinates (u; ' ):

D̃ :(∆S̃) = 0;

D̃ =
1

2
(
dq0

du
)� 2@u(S̃+ + S̃� )

@
@u

+ (z! +
1

2
� @' (S̃+ + S̃� )):

@
@'

: (3.7)

We shall henceforth use the notation

Du2 ;� = D+
u2 ;� \ D �

u2 ;� :

Du2 ;���
��

��
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Prop osition 3.3. For all u2 > 0, for all ∆� 2 ]0; arctan �
2u2

[ and for all

small enough� ; � > 0, there exist positive numbers � 2 and f M @g, and there

exists a real-analytic changeof coordinates

(u; ' ) = (v; � ) + � U(v; � ; z; � ) , (v; � ) = (u; ' ) + � V(u; ' ; z; � )

satisfying the following properties:

{ it conjugatesD̃ and @
@v + z! : @

@� ;

{ the mapping Id +� U induces a bijection between the domain

v 2 Du2 ;� ; � 2 T
d
h0 � �

and its image for j� j � � 2; z 2 Σu2 ;� ;∆� ; for those values of (v; � ; z; � ),

the components Uj of U are analytic with respect to all their argumentsand

satisfy

j@Uj j � M @;

where @stands for one of the operators (@v)r 0 (@� )r with (r 0; r ) 2 N � Nd,

r 0 + jr j � 2;

{ the mapping Id +� V induces a bijection between the domain

u 2 Du2 ;� ; ' 2 T
d
h0 � �

and its image for j� j � � 2; z 2 Σu2 ;� ;∆� ; for those values of (u; '; z; � ),

the components Vj of V are analytic with respect to all their argumentsand

satisfy

j@Vj j � M @;

where @stands for one of the operators (@u)r 0 (@' )r with (r 0; r ) 2 N � Nd,

r 0 + jr j � 2.

More precisely, if 2� � � , one can take

� 2 = b� 1
2 A(� =4; � =4)� 1� 2� d and M @= b2A(� =4; � =4)� � 1� r 0 � � d�j r j ;

where the positive number b2 dependsonly on u2 and ∆� , and the function A

measures the size of F according to the formula (1.9).

The proof of Proposition 3.3 is delayed to Section 6, but we can already

notice that it claims only the existence of global flow-box coordinates for D

in some complex neighbourhood of [2� � q2; q2] � Td, for � < q2 < 2� and

j� j small enough. This is not surprising, at least in the real domain, since

there exist global transversal sections to D as we have already noticed earlier

(p. 10). At a technical level, only the Banach fixed-point Theorem is needed,

the key-point lying in Lemma 6.2 which provides a bounded inverse to the

right for D̃0.
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b) Let us see now how we can deduce Theorem 3.2 from what has been

done up to now. The idea is simply to apply Corollary 2.2 to the function

� (v; � ; "; � ) = ∆S̃ � (Id +� U) � � ∆S̃1

and to its partial derivatives, and then to transfer the exponentially small

bounds which we shall obtain from the real part of the (v; � )-domain to the

real part of the (u; ' )-domain. We shall end up with exponentially small

bounds for

(∆S̃ � � ∆S̃1)(u; ' ; " � 1=2; � ) = � � (Id +� V) + �
�
∆S̃1 � (Id +� V) � ∆S̃1

�

and its derivatives (but only for real values of " and � since we want realness

to be preserved by the transfer). We only need to write carefully each step

of the process in order to keep track of the dependence of the bounds on �

and � .

We thus suppose that the hypotheses of Theorem 3.2 are fulfilled and that

we are given u0 > 0. We define

u1 =
�

p
3

; u2 =
�

2
p

3
; ∆� = inff arctan �

2u0
; � (u1; �

8 ); � (u2; �
4 ) g;

where we have used the notation � (ui ; � ) for the half-aperture of the sec-

tors D �
u i ;�

and D+
u i ;�

, and

� 0 = 1
2h0; � 0 = 1

2 inff � 0; �
2 cos ∆� � u0 sin ∆� g:

These definitions are quite arbitrary. In particular they are meant to ensure

that, if 0 < � � �
4 , Σu1 ;� =2;∆� , Σu2 ;� ;∆� and Σu0 ;� 0 ;∆� are well-defined sectors

which contain R� + and

[� i�; i� ] � Du2 ;� ; � = �
2 � 2� :

c) Let � and � be positive numbers such that � � �
4 , and small enough

for Theorem 3.1 to apply with (u1; ∆� ; � =2; � =2) and for Proposition 3.3 to

apply with (u2; ∆� ; � ; � ). Let � = �
2 � 2� and define w according to the

formula (3.5).

– Proposition 3.3 provides an analytic vectorial function U whose compo-

nents are bounded by some M = M (u2; ∆� ; � ; � ) in Du2 ;� � T
d
h0 � � � Σu2 ;� ;∆� �

D � 2 , where � 2 = � 2(u2; ∆� ; � ; � ) is some positive number and D � 2 denotes

the closed disk of centre 0 and radius � 2. If (z; � ) 2 R+ � [� � 2; � 2], the image

of Du2 ;� � T
d
h0 � � by Id +� U is contained in D

u2+
|� |M
sin � 2

;� �j � jM
� T

d
h0 � (� �j � jM ),

where � 2 = � (u2; � ). In particular, if

j� j � � 3 := inff � 2; �
2M ; �

2M g;



34 DAVID SAUZIN

this image is contained in Du1 ;� =2 � T
d
h0 � � =2 (since u2 = �

2
p

3
and � � �

4 , we

have sin � 2 �
p

3
4 and u2 + �

2 sin � 2
� u2 + �

2
p

3
= u1). We can summarize by

Id +� U : E2 = Du2 ;� � Td
h0 � � ! E1 = Du1 ;� =2 � Td

h0 � � =2

if we forget about the parameters ("; � ) and focus on the variables.

– The definition of an analytic function

� = ∆S̃ � (Id +� U) � � ∆S̃1 (3.8)

is allowed by Theorem 3.1 which shows that ∆S̃ is analytic in E1� Σu1 ;� =2;∆� �

D � 1 and bounded in the closure of that domain for some � 1 = � 1(u1; ∆� ; � =2; � =2):

∆S̃ : E1 ! R; j∆S̃ � � ∆S̃1j � 2 e2u1 B j� j2 in E1:

Thus the function � is bounded in E2R+ � [� � 4; � 4] where � 4 = inff � 3; � 1 g.

The identity

� = (∆S̃ � � ∆S̃1) � (Id +� U) + �
�
∆S̃1 � (Id +� U) � ∆S̃1

�
(3.9)

shows that j� j is bounded by C0j� j2 in that domain, where

C0 = 2 e2u1 B + M sup
D u 1 ;� =2 � Td

h 0−� =2

jd(∆S̃1)j:

We retain

� : E2 ! R ; j� j � C0j� j2 in E2:

– Since D:(∆S) = 0 and D̃0:(∆S̃1) = 0, the function � defined by the

formula (3.8) satisfies the partial differential equation

(
@
@v

+ z! :
@
@�

)� = 0

and so do all its partial derivatives. Since [� i�; i� ] � Du2 ;� , Corollary 2.2

applies and we find

j� � � 2aj � c� � dC0j� j2 exp(� w " � 1
2� ) in R � Td � R� + � [� � 4; � 4]

where a is an analytic function of z = " � 1=2 and � only which is defined by

the formula

� 2a(z; � ) = (2� )� d
Z

Td
� (v; � ; z; � ) d� :

– In order to come back to the variables (u; ' ) we apply Proposition 3.3

again, but with (u0; ∆� ; � 0; � 0): we get an analytic vectorial function V

whose components are bounded by M 0 = M (u0; ∆� ; � 0; � 0) in Du0 ;� 0 �

T
d
h0 � � 0

� Σu0 ;� 0 ;∆� � D � ′2
, for some � 0

2 = � 2(u0; ∆� ; � 0; � 0). We choose

� 0 = inff � 4; � 0
2 g:
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Since realness is preserved by our change of variables (for real parameters),

we have

Id +� V : [� u0; u0] � Td ! R � Td

and the identity

∆S̃ � � ∆S̃1 = � � (Id +� V) + �
�
∆S̃1 � (Id +� V) � ∆S̃1

�
(3.10)

yields the inequality

j∆S̃ � � ∆S̃1 � � 2aj �
�

c� � dC0 exp(� w " � 1
2� ) + M 0 sup

R� Td
jd(∆S̃1)j

�
j� j2

in [� u0; u0] � Td � R� + � [� � 0; � 0]. And it is clear that bounds of the

type (3.6) may be obtained too, since at each step of the process we could

bound the appropriate partial derivatives too.

d) Let us now suppose that 2� � � � 1 and compute explicit values

that the numbers � 0 and C@may assume. We shall denote by A the num-

ber A(� =4; � =4) (which is larger than 1).

According to the above chain of reasoning, we can take

� 0 = inff � 2;
�

2M
;

�
2M

; � 1; � 0
2 g:

According to Proposition 3.3, we can take

� 2 = � 2(u2; ∆� ; � ; � ) = b� 1
2 A � 1� 2� d; M = M (u2; ∆� ; � ; � ) = b2A� � 1� � d;

where the number b2 depends only on u0, and � 0
2 = � 2(u0; ∆� ; � 0; � 0) de-

pending only on u0. According to Theorem 3.1, we can take

� 1 = � 1(u1; ∆� ; � =2; � =2) = b� 1
1 A � 1� � d+1; b1 depending only on u0.

Hence the choice � 0 = b� 1
0 A � 1� 2� d with a number b0 which depends only u0.

Let us number from 0 to d the coordinates in C � (C=2� Z)d and denote

by @i the operator of partial differentiation with respect to the i -th variable;

@will denote a differential operator @r 0
0 @r 1

1 � � � @r d
d with r 0 + r 1 + � � � + r d � 2.

According to Proposition 3.3, the components of U satisfy

j@Uj j � M @= b2A� � 1� r 0 � � d�j r j in E2 � R+ � [� � 0; � 0]; j = 0; 1; : : : ; d

(the above number M coincides with M Id). And according to Theorem 3.1,

the function Ψ = ∆S̃ � � ∆S̃1 satisfies

j@Ψj � 2 e2u1 B@j� j2 in E1 � R+ � [� � 0; � 0];

with
B@= b1 A2� � 2� supf 1;r 0 g� � 2d� 1 if jr j = 0;

b1 A2� � 2� � 2d�j r j if jr j � 1:
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The formula (3.9) can be rewritten as

� = � 1 + � 2; � 1 = Ψ � (Id +� U); � 2 = � 2Φ � U

with

Φ =

Z 1

0
d(∆S̃1) � (Id +�x U) dx:

The following lemma (whose proof is left to the reader) will help us to

compute numbers C0
@such that

j@� j � C0
@j� j2 in E2 � R+ � D � 0 :

Lemma 3.2. Let E1 and E2 be subsetsof C� (C=2� Z)d, and number from 0

to d the coordinates in that space. Let Ψ be a function analytic in E1 and U

an analytic vectorial function such that the image of E2 by Id +� U is con-

tained in E1. Supposethat Ψ and the componentsof U satisfy the inequalities
8
<

:

j@Ψj � B@ in E1;

j@Uj j � M @ in E2; j = 0; 1; : : : ; d;

for @= @r 0
0 @r 1

1 � � � @r d
d with r 0 + r 1 + � � � + r d � 2. Then the function Ψ �

(Id +� U) satis�es the inequalities

j@
�
Ψ � (Id +� U)

�
j � C@ in E2

with CId = B Id;

C@j = B@j + (d + 1)j� jM @j sup
l

f B@l g;

C@j @k = B@j @k + (d + 1)j� j
�

M @j sup
l

f B@k @l g + M @k sup
l

f B@j @l g+

M @j @k sup
l

f B@l g
�

+ (d + 1)2j� j2M @j M @k sup
l ;l ′

f B@l @l ′ g:

We apply the lemma to � 1 = Ψ � (Id +� U) and to Φx = d(∆S̃1) �

(Id +�x U) (bounds for the functions @@j (∆S̃1) in E1 = E1 are given by

the formula (3.2)). Using the assumption j� j � b� 1
0 A � 1� 2� d, we obtain

C0
@= b0

0 A2� � 3� � 2d� 1 if r 0 + jr j = 0;

b0
0 A2� � 2� r 0 � � 2d� 1�j r j if r 0 + jr j = 1 or 2:

By Corollary 2.2, we deduce that

j@(� � � 2a)j � c� � dC0
@j� j2 exp(� w " � 1

2� ) in R � Td � R+ � [� � 0; � 0];

and the formula (3.10) can be rewritten as

∆S̃ � � ∆S̃1 � � 2a = � �
1 + � �

2; � �
1 = (� � � 2a) � (Id +� V); � �

2 = � 2Φ� : V
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with

Φ� =

Z 1

0
d(∆S̃1) � (Id +�x V) dx:

We apply again Lemma 3.2, but with E1 = E2 = R � Td and V (or xV) in

place of U (its partial derivatives are bounded by a number which depends

only on u0, and we use the bounds for the functions @@j (∆S̃1) in E1 which

are given by the formula (3.3)). We end up with inequalities j@(∆S̃� � ∆S̃1 �

� 2a)j � C@j� j2 exp(� w " � 1
2� ), where we can take for the numbers C@ the

values which were announced in Theorem 3.2.

Remark 3.2. Proposition 3.3 allows to present things slightly differently

and to obtain an interesting intermediary result without any Diophantine

condition on ! .

Let C2 =]q0(� u2); q0(u2)[� Td be the part of the configuration space which

corresponds to the real part of the domain (v; � ) 2 Du2 ;� � Td
h0 � � . The change

of coordinates Id +� U induces a mapping f according to the formula

(u; ' ) = (Id +� U)(v; � ) , (q0(u); ' ) = f (q0(v); � );

which is a diffeomorphism between C2 and some domain C1. We may con-

sider f as a change of coordinates as well, its reciprocal will be denoted g:

(q; ' ) = f (Q; � ) , (Q; � ) = g(q; ' ):

According to the classical construction f admits an exact symplectic lift

defined as

Φf :

8
<

:

T � C2 ! T � C1

� 7! Φf (� ) = t (Tf � � (� )g):� ;

where � denotes the projection T � C2 ! C2.

T � C2 T � C1

C2 C1

? ?
� �

-Φf

-f
�

g

Not only Φf is a lift of f (i.e. � � Φf = f � � ) which preserves the Liouville

form � , but its action on exact Lagrangian graphs is easily described: if S

is a function on C1,

Gr (dS) = Φf �
Gr (dΣ)

�
with Σ = S � f :
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T � C2 T � C1

C2 C1

? ?

� �

-Φf

-
f

R

HHHHjΣ
����� S

-Gr (dΣ)

���dΣ

@@I ..................
........
...

Gr (dS)

@@IdS

���.............................

Thus we have two reciprocal transformations Φf and Φg, that we can

consider as an exact symplectic change of coordinates in T � C1, under which

W � = Gr (dS� ) and W + = Gr (dS+) become the exact Lagrangian graphs

associated to new generating functions defined on C2:

W � = Φf �
Gr (dΣ� )

�
with Σ� = S� � f :

The interest of all this is the possibility of applying Lemma 2.1 to the func-

tion ∆Σ = Σ+ � Σ� (or rather to the functions @(∆Σ̃ � � ∆S̃1)), since f was

chosen precisely in order to yield D 0:∆Σ = 0.

Of course all these transformations depend on " and � , but we notice

that, since f = Id +O(� ), the function � = ∆Σ � � ∆S1 (which is the same

as in the formula (3.8) up to the change of variable Q = q0(v)) is O(� 2).

Using the same inequalities as above we end up with the following result:

Theorem 3.3. Let Q2 2 ]� ; 2� [ and let � ; � be small enoughpositive num-

bers. Let � = �
2 � 2� , h = h0 � � and C2 =]2� � Q2; Q2[� Td. There

exist a subdomain C1 of ]0; 2� [� Td, an exact symplectic di�e omorphism Φ

between T � C2 and T � C1 and functions Σ� and Σ+ on C2 (which depend

analytically on ("; � )) such that

W � = Φ
�
Gr (dΣ� )

�
; Σ+ � Σ� = � ∆S1 + �;

where the Fourier coe�cients � @
k of the partial derivatives @� of the func-

tion � satisfy

j� @
k (Q; "; � )j � C0

@j� j2 e� �" −1=2 jk:! j� hjkj

for

k 2 Zd; Q 2 ]2� � Q2; Q2[; " > 0; � 2 [� � 2; � 2]

and @= (@Q)r 0 (@� )r with r 0 + jr j � 2.

If 2� � � , one can take � 2 = b� 1
2 A(� =4; � =4)� 1� 2� d and

C0
@= b2 A(� =4; � =4)2� � 3� � 2d� 1 if r 0 + jr j = 0;

b2 A(� =4; � =4)2� � 2� r 0 � � 2d� 1�j r j if r 0 + jr j = 1 or 2
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where the positive number b2 dependsonly on Q2.

4. Results for the three-degree-of-freedom case (d = 2)

In this section we restrict ourselves to a very specific case in order to

benefit from some arithmetic results contained in [DGJS97] and to adapt

them to our situation. Our goal here is to obtain in the upper bound of

the splitting an exponential term of the same kind as in [DGJS97], which

will be optimal in some cases. We shall be concerned not only by the func-

tion ∆S and its partial derivatives, but also by its Hessian matrix: we saw in

Proposition 1.2 and its corollary that ∆S is determined by its restriction to

any section f q = q� g of the configuration space and that it admits critical

points. In fact the Hessian (i.e. the determinant of the Hessian matrix) of

such a restriction ∆Sjq=q∗ at a critical point provides a symplectic measure

of the splitting along the corresponding homoclinic orbit [LMS99], whereas

the gradient of ∆S only measures the distance of the invariant manifolds

above a given point of the configuration space. We shall see cases where

lower bounds are available for the gradient of ∆S and the Hessian of its

restrictions.

4.1. Statemen t of the results.

Notations. In this section, � = d = 2 and ! = (1; Γ) with Γ = 1+
p

5
2 . We

denoteby f x g the distance of a real number x to Z:

8x 2 R; f x g = dist(x; Z) 2 [0; 1=2];

and for any �; h > 0 we de�ne a continuous (4 log Γ)-periodic function w�;h

on R by the formula

8X 2 R; w�;h (X ) = C�;h cosh
�n X � X �;h

4 log Γ

o
log Γ

�
;

where

C�;h = 5� 1=4 Γ
p

4�h; X �;h = 2 log
� �

p
5

h

�
:

Theorem 4.1. Consider the Hamiltonian system (1.1) with F satisfying

the assumptions(A1) and (A2) of p. 3, the di�er ence ∆S of the solutions of

the Hamilton-Jacobi equation associated to the stableand unstablemanifolds

and its Poincar�e-Melnikov approximation ∆S1. We shall use the notation

w� = w� =2;h0 :
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Under the abovehypothesesand notations, for any closed subinterval [q1; q2]

of ]0; 2� [ there exist positive constants " 0 and b such that the inequalities

j(@q)r 0 (@' )r ∆S1j � bA("1=4; "1=4)" � r 0 + |r |−2
4 exp(� w� (log ") " � 1=4) (4.1)

and

j(@q)r 0 (@' )r (∆S � � ∆S1)(q; ' ; "; � )j

� bj� j2A("1=4; "1=4)2" � r 0 + |r |+5
4 exp(� w� (log ") " � 1=4) (4.2)

hold for

(q; ' ) 2 [q1; q2] � T2; " 2 ]0; "0]; � 2 [� � 0("); � 0(")];

with r 0 + jr j = 1 or 2 and � 0(") = b� 1A("1=4; "1=4)� 1" .

The improvement with respect to Proposition 1.3 and Theorem 1.2 con-

sists in the replacement of the fixed coefficient previously denoted by w�

by a new coefficient w� (log ") which oscillates between two positive values

(the new coefficient being never smaller than the fixed value it assumed in

Section 1.4). Moreover the upper bound (4.2) may be compared to a lower

bound of ∆S1 which is available when F satisfies further assumptions:

Theorem 4.2 ([DGJS97]). Suppose that K ; a > 0 and

F (q; ' ) = m(' 1; ' 2)(1 � cos q)

with an analytic function m whoseFourier coe�cients satisfy:

- 8k 2 Z2; jmk j � K e� h0 jkj ;

- 8n 2 N� ; jm� k ( n ) j � ae� h0 jk ( n ) j , if wedenoteby k(n) = (�F n ; Fn� 1)

the Fourier numbers which correspond to the Fibonacci sequence

F0 = 1; F1 = 1; Fn = Fn� 1 + Fn� 2 for n � 2.

Then there exists a positive constant b such that

max
' 2T2

n
j(@q)r 0 (@' )r ∆S1(q; ' ; ")j

o
� b� 1 " � r 0 + |r |−1

4 exp(� w� (log ") " � 1=4)

(4.3)

for " > 0 small enoughand r 0 + jr j = 1 or 2.

Note that the left-hand side in the inequality (4.3) does not depend on the

variable q because of the invariance of ∆S1 under D0. The first hypothesis

on the Fourier coefficients of m could be replaced by the condition A(� ; � ) =

const � � 2� � 2 which is slightly weaker.
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Thus the size of the Poincaré-Melnikov approximation is always bounded

as indicated by the inequality (4.1) of Theorem 4.1, and under the assump-

tions of Theorem 4.2 it is not “abnormally small” (i.e. it is not exponentially

small with an exponent which would be smaller than � 1=4 or with a coef-

ficient which would be larger than w� (log ")): in that case one can take

A("1=4; "1=4) = const " � 1 and the inequalities (4.2) and (4.3) indicate as a

range of values of � for which � ∆S1 is the dominant part of ∆S an interval

f � 2 R ; j� j � const " 7=2 g at least.

Theorem 4.1 constitutes a generalization of one of the results of [DGJS97],

inasmuch as that paper was confined to the case where � = 0.

Were the first-order approximation abnormally small (e.g. because the

right harmonics are lacking in F ), we could still try our luck with the second-

order approximation, or look for the first finite-order approximation of ∆S of

the “right” exponentially small size. The Hamilton-Jacobi algorithm above

gives a way of determining the functions S� and S+ at each finite order

with respect to � (there still remains the problem of bounding from below

the partial derivatives of the functions ∆Sn = S+
n � S�

n ), and the method

for proving Theorem 4.1 may be adapted to bound the partial derivatives

of the remainder

∆S � � ∆S1 � : : : � � N ∆SN

at any order N . But perhaps a better solution would be to perform a change

of variables in order to modify the form of the perturbation as in [Simó94].

Let us now introduce some other notations in order to deal with Hessians.

Notations. For any �; h > 0 we de�ne a continuous (4 log Γ)-periodic func-

tion s�;h on R by the formula

8X 2 R; s�;h (X ) = C�;h Γ3=2 cosh
�� 1

2
�

n X � X �;h

4 log Γ

o�
log Γ

�
;

whith the same numbers C�;h and X �;h as above. We set s� = s� =2;h0 and

X � = X � =2;h0 .

For � 2 ]0; 1=4[, we de�ne

L � = f X 2 R j � �
n X � X �

4 log Γ

o
�

1

2
� � g:

Notice that R n L � is the union of the intervals of length 4� log Γ which

are centered on the solutions X of the equations w� (X ) = C� or w� (X ) =

C� cosh log Γ
2 (i.e. the points of minimum or maximum of w� ).
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Notice also that

s�;h (X ) = C�;h

h
cosh

�n X � X �;h

4 log Γ

o
log Γ

�
+cosh

� �
1�

n X � X �;h

4 log Γ

o�
log Γ

� i
;

hence 2w�;h (X ) � s�;h (X ). According to Theorem 4.1, we know that the

Hessian of the restriction of ∆S to any section f q = q� g is exponentially

small with at least a coefficient 2w� (log ") in front of " � 1=4, but we shall see

that under the hypotheses of Theorem 4.2 it can reach s� (log "). But we

exclude some intervals for " by requiring log " 2 L � .

Theorem 4.3. Let q� 2 ]0; 2� [ and � 2 ]0; 1=4[. Under the hypothesesof

Theorem 4.2, for " > 0 small enough and such that log " 2 L � , and for

� 2 R such that j� j � const" 13=4, the function

' 2 T2 7! ∆S(q� ; ' ; �; ")

is a Morse function with exactly four distinct critic al points, at which the

absolutevalue of its Hessian is bounded from above and from below by ex-

pressionsof the form

constj� j2 "1=2 exp(� s� (log ") " � 1=4):

The results for the three-degree-of-freedom case can be generalized to

some extent: in all this section the ratio of the two components of the

frequency-vector ! is kept fixed to the value Γ in order to use the arithmetic

arguments of [DGJS97], but [RW98] provides other arithmetic tools to deal

with the case of any constant-type ratio.

4.2. Pro of of Theorems 4.1 and 4.2. The only difference with the pre-

vious sections lies in what we have called the analytic part of the method

(Section 2.2), which can be improved: the accurate knowledge of the arith-

metic properties of ! = (1; Γ) makes it possible to replace Corollary 2.2 by

a refined result, which we essentially take from [DGJS97] (Lemma 4, p. 50).

Lemma 4.1. Let � 0; h0 > 0. Suppose that a function � (v; � ; ") is real-

analytic for (v; � ) 2 ] � i� 0; i� 0[� Td
h0

and " > 0, and satis�es the partial

di�er ential equation

(
@
@v

+ " � 1=2! :
@
@�

)� = 0:

For all positive � < � 0 and h < h0 we de�ne

B (�; h; ") = sup
(v;� )2 [� i�;i� ]� Td

h

j� (v; � ; ")j:

The function � extendsanalytically to f j =m vj < � 0 g � Td
h0

� f " > 0g, its

mean value a(") = (2� )� 2
R
T2 � (v; � ; ") d� does not depend on v and
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i) there exists c > 0 such that, for " > 0 small enough, (v; � ) 2 R � T2,
1
2 � 0 < � < � 0 and 1

2h0 < h < h0,

j� (v; � ; ") � a(")j � cB (�; h; ") exp(� w�;h (log ") " � 1=4);

ii) for all � 0; � 0 > 0, there exists c0 > 0 such that

8" > 0 small enough; 8(v; � ) 2 R � T2;

j� (v; � ; ")� a(")j � c0B (� 0� � 0"1=4; h0� � 0"1=4; ") exp(� w� 0 ;h0 (log ") " � 1=4);

Proof. i) The proof is given in [DGJS97], p. 50–51. We reproduce it in order

to show where the function w�;h comes from.

We begin like for the proof of Corollary 2.2 (we are in the same position,

but with additional hypotheses) by applying Lemma 2.1 for each " > 0; it

yields the following bounds for the Fourier coefficients of � :

8k 2 Z2; 8v 2 R; j� k(v; ")j � B (�; h; ") e� hjkj� �" −1=2 jk:! j :

Thus, if v 2 R, � 2 T2 and " > 0,

j� (v; � ; ") � a(")j = j
X

k2Z2nf 0g

� k(v; ") eik :� j � B (�; h; ") Σ

with

Σ =
X

k2Z2nf 0g

e� hjkj� �" −1=2 jk:! j :

We decompose this sum according to a partition of Z2 n f 0g:

Σ =
X

jk:! j� 1=2

+
X

jk:! j< 1=2 and jk2 j� "−1=2

+
X

jk:! j< 1=2 and jk2 j<" −1=2

:

Observe that in the last two terms the condition jk:! j = jk1 + Γk2j < 1=2

implies that the index k is determined by its second component k2. Now

one checks easily that each of the first two terms can be bounded by an

expression of the form

const2 e� const1 "−1=2

with const1 = �= 2 for the first term, const1 = h(Γ + 1) for the second one,

and const2 depending only on h0 in both cases. In order to conclude, it is

thus sufficient to show that
X

jk:! j< 1=2 and 0<k 2<" −1=2

e� hjkj� �" −1=2 jk:! j � c exp(� w�;h (log ") " � 1=4); (4.4)

with some c > 0 independent of � and h (the restriction to positive values

of k2 is allowed by parity).
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The left-hand side in (4.4) is a finite sum which contains no more than " � 1=2

terms; let us look for the largest one. The Fibonacci sequence (F n)n� 0 ap-

pears here in relation with the best approximations of Γ. It is recalled

in [DGJS97] that, if jk:! j < 1=2 and k2 � 1, there are only two possibilities:

- either there exists n 2 N� such that k2 = Fn� 1, then necessarily

k = k(n) (i.e. k1 = �F n ) and

jk:! j = Γ� n ; jkj = C(Γn+2 � (� 1)nΓ� n� 2);

with C = 5� 1=2;

- or k2 does not belong to the sequence (F n) and

jk:! j �
Γ C
jkj

:

The second possibility leads immediately to a “very small” contribution:

k2 62f Fn g ) e� hjkj� �" −1=2 jk:! j � exp(� " � 1=4
p

4ΓC�h ); (4.5)

with
p

4ΓC�h >
p

Γ3C�h = maxX 2Rf w�;h (X ) g:

Whereas in the first case we can compute

e� hjkj� �" −1=2 jk:! j = exp
�
� (�" � 1=2 + (� 1)n+1ChΓ� 2)Γ� n � ChΓ2 � Γn �

= exp(� Ax (n))

with
8
><

>:

Ax (n) = 2x1=4 Γ
p

C�h cosh
� 1

4
log x �

1

2
log

� Γ2Ch
�

�
� n log Γ

�
;

x = " � 1
�
1 + (� 1)n +1 Γ−2Ch

� "1=2
� 2;

(4.6)

(by use of the identity at + bt� 1 = 2
p

ab cosh(1
2 log a � 1

2 log b + log t) for

a;b;t > 0).

Observe that x depends slightly on n but takes only two values if " is

fixed, and

x1=4 = " � 1=4
�
1 + O("1=2)

�
; log x = � log " + O(" 1=2): (4.7)

It is thus interesting to study, for a fixed value of x >> 1, the sequence

Ax(n) = x1=4 C�;h cosh
� log x + X �;h

4
� (n + 1) log Γ

�
:

Let nx be the integral part of
log x+X �;h

4 log Γ : the sequence (Ax(n))n<n x is

decreasing and the sequence (Ax(n))n>n x is increasing, thus

min
n� 0

f Ax (n) g =
�

Ax (nx � 1) or Ax (nx)
�

= x1=4 w�;h (� log x); (4.8)
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but apart from these two exceptional terms we get again “very small” con-

tributions: n 62f nx � 1; nx g ) Ax (n) � x1=4 C�;h cosh(log Γ); thus

k2 = Fn� 1 with n 62f nx � 1; nx g )

e� hjkj� �" −1=2 jk:! j � c exp
�
� " � 1=4 C�;h cosh(log Γ)

�
(4.9)

with C�;h cosh(log Γ) > C�;h cosh(1
2 log Γ) = maxX 2Rf w�;h (X ) g; and with

a constant c stemming from the use of (4.7) to replace x1=4 by " � 1=4.

We finally obtain the inequality (4.4) by observing that its left-hand side

is bounded by

c0" � 1=2 exp(� W " � 1=4) + c00exp(� w�;h (log ") " � 1=4);

where W > max w�;h in the first term thanks to (4.5) and (4.9) (with

W � max w�;h bounded from below by some positive number which does

not depend on � and h), and the second term takes into account the two

exceptional indices (in order to replace � log x by log " , one can use the

estimate (4.7) and the fact that the function w�;h is Lipschitzian with a

Lipschitz constant uniform in � , h).

ii) We apply the first part of the lemma with � = � 0 � � 0"1=4 and h =

h0 � � 0"1=4, and we observe that

w�;h (X ) =
C�;h

C� 0 ;h0

w� 0 ;h0 (X + X � 0 ;h0 � X �;h );

C�;h
C� 0 ;h 0

= 1+O("1=4), X � 0 ;h0 � X �;h = O("1=4) and the function w� 0 ;h0 is Lip-

schitzian, thus w�;h (X ) = w� 0 ;h0 (X ) + O("1=4) where the involved constant

depends only on � 0; h0; � 0; � 0.

Proof of Theorem 4.1. In order to prove the inequalities (4.1) it is suffi-

cient to adapt the proof of Proposition 1.3 which was given on p. 25: the

inequalities (3.2) are still valid but one can now use Lemma 4.1 (instead of

Corollary 2.2 which was used there) — we let the reader check the details.

In order to prove the inequalities (4.2) we substitute to Theorem 3.2 the

following assertion:

For all u0 > 0 there exist positive numbers " 0 and b0 such that, for all

small enough� ; � > 0 satisfying 2� � � , the inequalities

j(@u)r 0 (@' )r (∆S̃ � � ∆S̃1)(u; ' ; "; � )j �

b0j� j2A(� =4; � =4)2� � 2� r 0 � � 5�j r j exp(� w�;h (log ") " � 1=4) (4.10)
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hold for

(u; ' ) 2 [� u0; u0] � T2; " 2 ]0; "0]; � 2 [� � 0; � 0];

with r 0+jr j = 1 or 2, and � = �
2 � � , h = h0 � � , � 0 = b� 1

0 A(� =4; � =4)� 1� 2� 2.

Such a result is sufficient to conclude, since the choice (� ; � ) = (4" 1=4; 8"1=4)

yields

w �
2 � � ;h0 � � (X ) = w� (X ) + O("1=4)

as noticed previously. To prove the assertion we proceed as on p. 31–37, but

where Corollary 2.2 was used we apply Lemma 4.1 instead.

Proof of Theorem 4.2. See [DGJS97], p. 41–43, where it is shown that the

chain of reasoning which leads to Lemma 4.1 is optimal in the considered

case. Indeed, if we use the variable u, we can write

∆S̃1(u; ' ; ") = "1=2

Z +1

�1

2

cosh2(u + � )
m(' + " � 1=2� ! ) d�

and the theorem of residues allows to compute each Fourier coefficient of

the function

� @= " � 1=2 @(∆S̃1); @= (@u)r 0 (@' )r :

One finds

� @
k (u; ") = (� 1)r 0 i r 0+jr j 2� (" � 1=2k:! )r 0+1kr

sinh( �
2 " � 1=2k:! )

mk e� i" −1=2uk :! : (4.11)

Since

8k 2 Z2; 8(u; ") 2 R � R� +; j� @
k (u; ")j � max

' 2T2

n
j� @(u; ' ; ")j

o
;

it is sufficient to estimate the size of a well chosen Fourier coefficient. The

largest one was identified in the course of the proof of Lemma 4.1: it cor-

responds to the minimum of the sequence which we had denoted Ax , i.e.

k = k(n) with n = nx or nx � 1 according to the formulas (4.6) and (4.8)

(we have now � = � =2 and h = h0). With that index k,

j� @
k (u; ")j � const (" � 1=2jk:! j)r 0+1jk1jr 1 jk2jr 2 exp(�

�
2

" � 1=2jk:! j � h0jkj)

thanks to the second hypothesis on the Fourier coefficients of m. We recog-

nize in the exponential term exp(� Ax(n)) = x1=4 w� (� log x); we conclude

by observing that jn � log x
4 log Γ j is bounded, thus

jk:! j = Γ� n � const e� log x
4 � const "1=4



MEASURING THE SPLITTING OF INVARIANT MANIFOLDS 47

and, for j = 1 or 2,

jkj j � const Γn � const e
log x

4 � const " � 1=4:

4.3. Pro of of Theorem 4.3. Our goal is to study the critical points of the

function

f ";� = ∆Sjq=q∗ : ' 2 T2 7! f ";� (' ) = ∆S̃(u� ; ' ; "; � )

with u� defined by q� = q0(u� ) (we shall often omit "; � in subscript).

We shall use the same scheme (and the same notations) as in the proof

of Theorem 3.2. In particular we fix some u0 > ju� j, and we work with

� = 2� = 8"1=4 and

� =
�
2

� 8"1=4; h = h0 � 8"1=4:

The subsets E1 and E2 of C � (C=2� Z)d now depend on " and we take

A(� ; � ) = const " � 1.

– The mutually reciprocal transformations Id +� U : E2 ! E1 and Id +� V :

[� u0; u0] � Td ! R � Td provided by Proposition 3.3 allow to define

∆Σ̃ = ∆S̃ � (Id +� U) solution of (@v + " � 1=2! � @� )∆Σ̃ = 0

for " > 0 and � 2 [� � 0("); � 0(")], with � 0(") = const "2. The function ∆Σ̃

is in fact determined by its restriction

g";� = ∆Σ̃jv=0 : � 2 T2 7! g";� (� ) = ∆̃Σ(0; � ; "; � )

according to the rule ∆Σ̃(v; � ) = g(� � " � 1=2v ! ). Thus we can define a

diffeomorphism Θ";� of T2 by

Θ";� (' ) = ' � " � 1=2u� ! + � (V� � " � 1=2Vv ! )(u� ; ' ; "; � )

which satisfies

f ";� = g";� � Θ";� :

As soon as j� j is small enough, independently of " , the Jacobian J acΘ

of Θ";� at any point has a determinant larger than 1=2 (because the definition

of V is required here only in the real domain, we need not bound the partial

derivatives of its components near the complex singularities). Thus, for

� 2 [� � 0("); � 0(")], there is a one-to-one correspondence between the critical

points of f ";� and g";� , any critical point ' 0 of f with Hessian H f (' 0) giving

rise to a critical point � 0 of g with Hessian H g(� 0) = H f (' 0)(J acΘ)� 2(' 0),

and the problem is reduced to the study of the critical points of g";� .



48 DAVID SAUZIN

We shall apply to g";� the following lemma, in which jjdRjj is a notation

for maxT2 f j@� 1 Rj; j@� 2 Rj g and jjd2Rjj for maxT2 f j@2
� 1

Rj; j@� 1 @� 2 Rj; j@2
� 2

Rj g,

and whose proof is left to the reader:

Lemma 4.2. Let A; A0 2 R� , $ ; $ 0 2 R, n 2 N� and k = k(n� 1); k0 = k(n).

Consider the function

� 2 T2 7! P(� ) = A cos(k:� + $ ) + A0cos(k0:� + $ 0)

and a perturbation R : T2 ! R which is a C2 function such that

jjdRjj �
minf jAj; jA0j g

10jk0
1j

; jjd2Rjj �
minf jAj; jA0j g

20jk0
1j2

:

Then the function P +R is a Morse function on T2, which possessesexactly

four distinct critic al points. Furthermore, at each critic al point � 0 of P + R,

the Hessian H P +R(� 0) satis�es

1

3
jAA 0j � jH P +R(� 0)j � 3jAA 0j:

For that purpose, we shall identify inside the Fourier expansion of g";�

the two pairs of largest coefficients (they go in pairs of terms with opposite

indices due to realness) and show that the corresponding indices are of the

form

k" = k(n " � 1); k0
" = k(n " ); n" =

hX � � log "
4 log Γ

i

([ : ] denotes the integral part of a real number). Note that isolating the

dominant pair (with indices say k" and � k" ) would amount to providing a

“monomial” approximation

g";� (� ) � A " sin(k" :� + $ " )

which cannot be a Morse function on T2 for dimensional reasons: we need

at least a “binomial” approximation with independent pairs of indices, as in

Lemma 4.2.

– Let us now state a refined version of Lemma 4.1 which will produce

such approximations. We shall use the notations

8X 2 R; w0
� (X ) = C� cosh

� �
1 �

n X � X �

4 log Γ

o
log Γ

��

and W = C� cosh(log Γ). Observe that s� = w� + w0
� .

Lemma 4.3. Under the same hypothesesand notations as in Lemma 4.1,

there exists c > 0 such that, for " > 0 small enoughsuch that log " 2 L � ,
1
2 � 0 < � < � 0 and 1

2h0 < h < h0, one can write

� (0; � ; ") = Ak" cos(k" :� + $ k" ) + Ak′" cos(k0
" :� + $ k′" ) + R" (� )
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with a perturbation R" which satis�es

jjdR" jj; jjd2R" jj � cB (�; h; ") exp(� W " � 1=4);

and real numbers Ak ; $ k depending on " and de�ned by the Fourier coe�-

cients of � jv=0 as

� k(0; ") = 2Akei$ k :

Moreover the absolutevalue of one of the numbers A k" ; Ak′" is bounded

by cB (�; h; ") exp(� w� (log ") " � 1=4), and the absolute value of the other

is bounded by cB (�; h; ") exp(� w0
� (log ") " � 1=4), depending on whether n"

or n" + 1 is closestto X ∗� log "
4 log Γ .

For the sake of simplicity, we shall assume in the sequel that n" is closer

to X ∗� log "
4 log Γ than n" +1. The proof of Lemma 4.3 follows the same lines as the

proof of Lemma 4.1 and we omit it. We only indicate that the restriction

log " 2 L � is meant to ensure gaps in the hierarchy of Fourier indices, in the

sense that

hjk" j + �" � 1=2jk" :! j � w� (log ") " � 1=4;

hjk0
" j + �" � 1=2jk0

" :! j � w0
� (log ") " � 1=4;

hjk(n)j + �" � 1=2jk(n):! j � W " � 1=4 if n 62f n" � 1; n" g;

max w� < min w0
� < max w0

� < W:

Moreover, when applied to the function ∆S̃1, the chain of reasoning which

leads to Lemma 4.3 yields also bounds from below for the main coefficients:

∆S̃1(0; � ; ") = A(1)
k"

cos(k" :� + $ (1)
k"

) + A(1)
k′"

cos(k0
" :� + $ (1)

k′"
) + R(1)

" (� )

with jjdR(1)
" jj; jjd2R(1)

" jj � const "1=2 e� W "−1=4
: and

jA(1)
k"

j � const "1=4 e� w∗(log " ) "−1=4
; jA(1)

k′"
j � const "1=4 e� w′∗(log " ) "−1=4

;

where he symbol � means that the left-hand side can be bounded from

above and from below by expressions like those in the right-hand side (use

the formula (4.11) and the inequalities (3.2)).

When applied to the function � = ∆Σ̃ � � ∆S̃1, which satisfies

j� j � const " � 3j� j2 in E2;

Lemma 4.3 yields

g";� (� )� � ∆S̃1(0; � ; ") = � 2(A(2)
k"

cos(k" :� +$ (2)
k"

)+A(2)
k′"

cos(k0
" :� +$ (2)

k′"
)+R(2)

";� )

with

jA(2)
k"

j � const " � 3 e� w∗(log " ) "−1=4
; jA(2)

k′"
j � const " � 3 e� w′∗(log " ) "−1=4

;
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and

jjdR(2)
" jj; jjd2R(1)

" jj � const " � 3 e� W "−1=4
:

– We are now in a position to apply Lemma 4.2 to

g";� (� ) = A ";� cos(k" :� + $ ";� ) + A0
";� cos(k0

" :� + $ 0
";� ) + R";� (� )

with

A ";� = �A (1)
k"

+ � 2A(2)
k"

; A0
";� = �A (1)

k′"
+ � 2A(2)

k′"
; R";� = �R (1)

" + � 2R(2)
";� :

This yields the desired information on the number of critical points and the

Hessian at them for g";� , and thus for f ";� .

5. Proof of Theorem 3.1: domain of analyticity for the

solution S�

5.1. Metho d. We shall content ourselves with the case of S̃+. Let us fix

once for all u1; ∆� ; � ; � ; we suppose of course that the half-aperture of the

sector D+
u1 ;� is strictly larger than ∆� .

In the particular cases where d = 1 or � = 0, we could treat directly the

Hamilton-Jacobi equation, but for the general situation we can only propose

an indirect method. The idea is that the Hamilton-Jacobi equation does

not tell much — at least explicitly — about the dynamics on the invariant

manifold under concern, and for that reason we could not rephrase it as a

fixed-point integral equation involving only bounded operators (or perhaps

we should say that all the information is contained in the Hamilton-Jacobi

equation but we do not know how to extract it in an efficient manner).

More specifically, this unboundedness phenomenon takes place with respect

to the angular variables ' j and not u: when we solve the linearized equation

D̃0� =  in the space of the functions decreasing exponentially fast when u

tends to +1 , we find � = E + where E + is a bounded operator of the

suitable Banach space, but beside the operator D̃0 the Hamilton-Jacobi

involves separately the partial derivatives of the unknown function, which

means that we should study the operators @u � E + and @' j � E + too; the

first of them is a bounded operator, but not the others when d � 2, hence

the difficulty (this difficulty does not arise if � = 0). But we shall see that

the operators @' j � E + are no longer involved when the Hamilton-Jacobi

equation is bypassed through dynamical considerations.
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The alternative strategy which we propose consists in finding first a

parametrisation of the invariant manifold

W + :

8
>>>>>><

>>>>>>:

q = q0(u)

p = q̇0(u) + �P (u; � ; z; � )

' = � + � Φ(u; � ; z; � )

I = �J (u; � ; z; � )

(5.1)

which makes use of the plain variable u and of new angular variables � j with

respect to which the pull-back of the restricted Hamiltonian vector field is

straightened, i.e. can be written

u̇ = 1 + O(� )

�̇ = z! :

Requiring moreover that the functions P; Φj ; J j decrease exponentially fast

when u goes to +1 , we shall be able to apply the fixed-point theorem in

some Banach space (the operators @� j � E + won’t appear thanks to the

straightening condition) and to obtain the analytic extension of the solution

to the domain

u 2 D+
u1 ;� ; � 2 Td

h0 � 7�
10

; z 2 Σu1 ;� ;∆� ; j� j < � 0
1;

for some positive � 0
1.

This means that we shall replace the representation of the invariant man-

ifold as a Lagrangian graph by a parametrisation which will carry a better

control of the dynamics on it because it will correspond to the stable folia-

tion:8 by fixing � 2 Td in the formulas (5.1) and letting u vary, one would

obtain the parametrisation of a curve W +
� which is a part of the stable

manifold of the point � = (2� ; � ; 0; 0) 2 T , i.e.

W +
� = f M 2 T � C j dist(� t

H (M ); � t
H (� )) tends to 0 exponentially

fast as t tends to +1 g;

denoting C =]2� � q0; 2� [� Td a part of the configuration space, T � C the

corresponding part of the phase space, and ' t
H the time-t map of the Hamil-

tonian flow associated to H ";� .

Then we shall solve the inversion problem

' = � + � Φ(u; � ; z; � ) , � = ' + � Θ(u; ' ; z; � )

8In fact our method is close to the usual one for proving the stable manifold Theorem

in �nite di�eren tiabilit y (see[Yoc95], [HPS77]), and somewhat easiersince the analyticit y

with respect to θ comesfor free.
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and find functions Θj analytic for

u 2 D+
u1 ;� ; ' 2 Td

h0 � 9�
10

; z 2 Σu1 ;� ;∆� ; j� j < � 0
2;

for some positive � 0
2. For j� j small enough, we shall do the substitution:

W + :

8
>>>>>><

>>>>>>:

q = q0(u)

p = q̇0(u) + �P (u; ' + � Θ(u; ' ; z; � ); z; � )

' = '

I = �J (u; ' + � Θ(u; ' ; z; � ); z; � )

and there will remain only to perform an integration in order to recover the

function S̃+.

5.2. Fixed-p oin t Theorem and various Banac h algebras. We shall

use twice (to find the parametrisation and to solve the inversion problem)

the following classical fixed-point theorem:

Theorem 5.1. Let B be a Banach space and � � ; c0; c00 positive numbers.

Denote by jj : jj the norm of B and suppose that for every complex number �

such that j� j � � � , a mapping F � is de�ned from the ball A = f X 2

B; jjX jj � 2c0g to B, which satis�es

jjF � (0)jj � c0 and 8X ; X 0 2 A; jjF � (X 0) � F � (X )jj � c00j� j jjX 0� X jj:

Then, for j� j � inff � � ; 1
2c′′ g, the mappingF � admits a unique�xed point X �

in A , the sequence of iterates (F m
� (0))m� 0 is well de�ned and converges

to X � in B uniformly with respect to � , and

jjX � jj � 2c0; jjX � � F � (0)jj � 2c0c00j� j:

Let us define the Banach algebras9 which our unknown functions will

belong to. We begin with spaces for their Fourier coefficients. Let B+
0 be the

Banach algebra of all analytic functions in the domain D+
u1 ;� � Σu1 ;� ;∆� which

extend continuously to bounded functions on its closure D
+
u1 ;� � Σu1 ;� ;∆� ,

equipped with the supremum norm. If s 2 N, we shall use the notations

B+
s = f  2 B+

0 ; jj jjs < 1 g;

jj jjs := sup
(u;z)2 D

+
u 1 ;� � Σu 1 ;� ; � �

f esu1+s < eu j (u; z)j g:

9All the Banach algebras that we consider are commutativ e Banach algebras over C in

which the product of two elements ψ, χ satis�es the inequalit y ||ψχ|| ≤ ||ψ||||χ||.
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Since u1 + <eu � 0 for all u in D
+
u1 ;� this defines a decreasing sequence of

Banach algebras B+
s (with weighted norms jj : jjs). We define also the Banach

algebras

B+
s = f  2 B+

0 ; jj jjs < 1 g; jj jjs := jj jjs + jj
@ 
@u

jjs:

If  2 B+
s+1, jj jjs � jj jjs+1; if  2 B+

s and � 2 B+
t ,  � 2 B+

s+t and jj � jjs+t �

jj jjsjj� jjt . And these properties hold also for the sequence (B+
s )s� 0.

The corresponding Banach algebras B+
s (h) and B+

s (h) are defined accord-

ing to the following construction: if B is a Banach algebra (with norm jj : jj)

and h a positive number, we consider the Fourier series in d angular variables

with coefficients in B and introduce the notation

jj jjh =
X

k2Zd

ejkjh jj k jj if  =
X

k2Zd

eik :�  k : (5.2)

Here of course, k:� = k1� 1 + � � � kd� d and jkj = jk1j + � � � + jkdj. It defines a

Banach norm on the algebra

B(h) = f  =
X

k2Zd

eik :�  k with  k 2 B such that jj jjh < 1 g: (5.3)

Any Fourier series  in B(h) converges to a continuous mapping  from T
d
h

to B which satisfies the inequality supTd
h

jj jj � jj jjh. Moreover, if h0 < h, it

satisfies also (see [Pos93])

jj jjh′ � cothd(h� h′
2 ) supTd

h
jj jj: (5.4)

One checks easily the inequality for the product:

8 ; � 2 B(h); jj � jjh � jj jjh jj� jjh ;

and if 0 < h < h� , the Cauchy inequalities:

8 2 B(h� ); 8r 2 Nd; jj(@� )r  jjh � r 1! : : : rd!(h� � h)�j r j jj jjh∗ :

(See Appendix A.)

Such a construction was already used in [Pos93, RW98]. The reason why

we too use this kind of norm for Fourier series will appear in Lemma 5.2.

We shall denote by jj : jjs;h and jj : jjs;h the norms of B+
s (h) and B+

s (h). These

are spaces of functions analytic in the domain D+
u1 ;� � Td

h � Σu1 ;� ;∆� and

bounded in its closure.

For the parametrisation of W + and the inverse change of angular variables

which we described in Section 5.1, we shall obtain

X = (P; J; Φ) 2 B+
1 (h1) � [B+

2 (h1)]d � [B+
2 (h1)]d; Θ 2 [B+

2 (h2)]d;
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with h1 = h0 � 7�
10 , h2 = h0 � 9�

10 (and X and Θ will depend analytically

on � ). When dealing with products of Banach spaces of this kind, we shall

use as a norm the supremum of the norms of the components. Let us give

already two lemmas which will prove useful:

Lemma 5.1. Let B be a Banachalgebra and 0 < h < h� . SupposeG 2 B(h� )

with @� G 2 [B(h� )]d, and let � 2 C and A = f  2 [B(h)]d; jj� jjh � h∗� h
2 g.

The formula

8 2 A ; G( ) = G � (Id + � ) :=
X

r 2Nd

� jr j

r 1! : : : rd!
 r 1

1 : : :  r d
d (@� )r G

de�nes a mapping from A to B(h) which satis�es:

8 ;  0 2 A; jjG( 0) � G( )jjh � 2ddj� j jj@� Gjjh∗ jj 0�  jjh :

(Proof in Appendix A.)

For the second one, we introduce the notation

p0(u) = q̇0(u) =
2

cosh u

and we note that p0(u)� 1 = 1
2eu(1 + e� 2u); thus

8u 2 D
+
u1 ;� ; jp0(u)� 1j � � eu1+< eu and j d(p−1

0 )
du (u)j � � eu1+< eu ;

with � = supf 1; 1
2 cosh u1 g (� depends only on u1).

Lemma 5.2. Let h > 0 and s � 1. The formula

8 2 B+
s (h); (E + )(u; � ; z) = �

Z z−11

0
 (u + � ; � + z� ! ; z) d�

de�nes an operator E + : B+
s (h) � ! B+

s (h) which is an inverse to the right

for D̃0 = @
@u + z! : @

@� (i.e. D̃0 � E + is de�ned and equal to Id). Moreover,

for all  2 B+
s (h),

jjE + jjs;h � � jj jjs;h and jjp� 1
0 E + jjs� 1;h � �� jj jjs;h

with � = 4=sin ∆� (� > 4 and � dependsonly on ∆� ).

Proof. We suppose h > 0, s � 1 and  =
P

k2Zd  k(u; z) eik :� 2 B+
s (h). Let

� 1 the half-aperture of the sector D+
u1 ;� . For k 2 Zd, we define a function � k :

8(u; z) 2 D
+
u1 ;� � Σu1 ;� ;∆� ; � k(u; z) = �

Z z−11

0
 k(u+� ; z) eiz � k:! d� (5.5)

(observe that j arg � j = j arg z� 1j � � 1, thus u + � 2 D
+
u1 ;� ). This integral

converges, since s � 1, j k(u + � ; z)j � e� su1 � s < eu jj k jjs e� s < e� and <e� =
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j� j cos(arg z) with cos(arg z) � sin ∆� (because j arg zj � �
2 � ∆� ). Moreover

the inequalities j� k(u; z)j � e� su1 � s < eu jj k jjs sin� 1 ∆� show that E + =

� =
P

k2Zd � k(u; z) eik :� belongs to B+
s (h) and

jj� jjs;h �
�
4

jj jjs;h

with � = 4 sin� 1 ∆� . Clearly � satisfies the partial differential equation

D̃0� =  

in D+
u1 ;� � Td

h � Σu1 ;� ;∆� .

Let (u; z) 2 D
+
u1 ;� � Σu1 ;� ;∆� . The Cauchy theorem allows us to change

the half-line of integration in (5.5). If k:! > 0, we increase the slope of the

half-line in order to take advantage of the decrease of the exponential eiz � k:! :

� k(u; z) = �
Z +1

0
 k(u + � ei� 1 ) eiz ei� 1 � k:! ei� 1 d� ;

and we obtain a new bound:

jj� k jjs �
1

s cos � 1 + jzjk:! sin(� 1 + arg z)
jj k jjs:

Since 0 < � 1 � �
2 and ∆� � � 1 + arg z � � � ∆� , we end up with

jjzk:! � k jjs �
�
4

jj k jjs:

Similarly, if k:! < 0, we decrease the slope of the half-line of integration,

and the previous inequality holds true in all cases (even if k:! = 0). But

@u � k =  k � iz k:! � k because of the partial differential equation, thus for

all k 2 Zd, jj@u � k jjs � �
2 jj k jjs and

jj@u � jjs;h �
�
2

jj jjs;h :

Lastly, the inequalities (8u 2 D
+
u1 ;� ) jp0(u)� 1j; j d(p−1

0 )
du (u)j � � eu1+< eu

imply that the function p� 1
0 � belongs to B+

s� 1(h) and

jjp� 1
0 � jjs� 1;h � � jj� jjs;h ;

and its derivative @u(p� 1
0 � ) =

d(p−1
0 )

du � + p� 1
0 @u � belongs to B+

s� 1(h) too with

jj@u(p� 1
0 � )jjs� 1;h � � jj� jjs;h + � jj@u � jjs;h ;

since j d(p−1
0 )

du (u)j � � eu1+< eu . Hence

jjp� 1
0 � jjs� 1;h � �

�
2jj� jjs;h + jj@u � jjs;h

�
� �� jj jjs;h :
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5.3. The (u; � )-parametrisation. Let P; J1; : : : ; Jd; Φ1; : : : ; Φd be analytic

functions of (u; � 1; : : : ; � d; z) 2� -periodic in the � j and consider the manifold

W = f (q; '; p; I ) = (q0(u); � + � Φ(u; � ; z); p0(u) + �P (u; � ; z); �J (u; � ; z)) g:

A necessary and sufficient condition for the Hamiltonian vector field

q̇ = p ˙' = z! + � I

ṗ = sin q � �@qF (q; ' ) İ = � �@' F (q; ' )

to leave W invariant and for its pull-back to be of the form

u̇ = 1 + O(� )

�̇ = z!

is that X = (P; J; Φ) satisfy
8
>>><

>>>:

D̃0(p0P) = � @uF̃ (u; � + � Φ(u; � ; z)) � �P @uP

D̃0J = � @' F̃ (u; � + � Φ(u; � ; z)) � �p � 1
0 P@uJ

D̃0Φ = � J � �p � 1
0 P@uΦ:

(5.6)

Prop osition 5.1. Let h1 = h0 � 7�
10 . There exists a positive number � 0

1

suchthat the system(5.6) admits a solution X in B = B+
1 (h1) � [B+

2 (h1)]d �

[B+
2 (h1)]d for j� j � � 0

1. Moreover, the solution X = (P; J; Φ) depends ana-

lytically on � and there exist B1; C1 > 0 such that

jjP jj1;h1 � C1; jjJ jj2;h1 � C1; jjΦjj2;h1 � C1;

jjP + p� 1
0 E +@uF̃ jj1;h1 � B1j� j; jjJ + E +@' F̃ jj2;h1 � B1j� j:

If � � � � � � 2, one can take

� 0
1 = b� 1

1 A � 1� � ; B1 = b1 A2� � 2� � 1; C1 = b1 A� � 1;

where A = � � dA(� =2; � =2) and the positive number b1 depends only on u1

and ∆� .

Proof. Let us define a mapping F � of B in itself by the formulas

F � (P; J; Φ) = (P � ; J � ; Φ� )
8
>>><

>>>:

P � = � p� 1
0 E +(@uF̃ (u; � + � Φ(u; � ; z)) + �P @uP);

J � = � E +(@' F̃ (u; � + � Φ(u; � ; z)) + �p � 1
0 P@uJ );

Φ� = E +(� J � � �p � 1
0 P@uΦ):

Our goal is to apply Theorem 5.1, since a fixed point of F � is a solution

of (5.6). We first note that F � (0) = X (1) = (P (1); J (1); Φ(1)) with

P (1) = � p� 1
0 E +@uF̃ ; J (1) = � E +@' F̃ ; Φ(1) = E +(� J (1)):
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In order to indicate explicit constants in the course of the demonstration,

we shall assume � � � � � � 2 right from the beginning. But it will be

clear that, if this is not the case, there still exist constants which satisfy the

desired inequalities: only the formulas for them may then differ.

Lemma 5.3. Let A = � � dA(� =2; � =2) and h1 = h0 � 7�
10 . There exists a

positive constant c (which depends only on u1) such that, for any j ; j 0 2

f 1; : : : ; dg, the following inequalities hold:

jj@' j F̃ jj2;h1+ �
10

� cA� � 1 and jj@uF̃ jj2;h1+ �
10

� cA� � 1;

jj@' j @' ′j
F̃ jj2;h1+ �

10
� cA� � 2 and jj@u@' j F̃ jj2;h1+ �

10
� cA� � 1� � 1:

(Proof in Appendix B.)

The lemma implies that

jj@uF̃ jj2;h1 � cA� � 1; jj@' F̃ jj2;h1 � cA� � 1 � cA� � 1;

and thus, by virtue of Lemma 5.2,

jjP (1)jj1;h1 � ��cA� � 1; jjJ (1)jj2;h1 � �cA� � 1:

jjΦ(1)jj2;h1 � supf j� 1j; : : : ; j� dj g� 2cA� � 1:

Let b0
1 = �� 2csupf 1; j� 1j; : : : ; j� dj g: this positive number depends only

on u1 and ∆� and allows to bound the first approximation X (1) by

jjX (1)jj � c0
1 = b0

1A� � 1:

By applying Lemma 5.1 to the Banach algebra B+
2 , we see that whenever

j� j � � �
1 =

�
40c0

1

and jjΦjj2;h1 � 2c0
1;

the composition of @uF̃ or @' F̃ with Id + � Φ defines an element of B+
2 (h1),

thus the mapping F � is well defined on

A = f X 2 B; jjX jj � 2c0
1 g

provided that j� j � � �
1.

Let us now compute a constant c00= c00
1 which will satisfy the assump-

tions of Theorem 5.1. Suppose that j� j � � �
1 and X ; X 0 2 A . Let X � =

F � (X ); X 0� = F � (X 0). We must study the components P 0� � P � ; J 0� �

J � ; Φ0� � Φ� of X 0� � X � .

Lemmas 5.1 and 5.3 show that

jj@uF̃ � (Id + � Φ0) � @uF̃ � (Id + � Φ)jj2;h1 � 2ddcA� � 1� � 1j� jjjX 0� X jj (5.7)
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and

jj@' F̃ � (Id + � Φ0) � @' F̃ � (Id + � Φ)jj2;h1 � 2ddcA� � 2j� jjjX 0� X jj: (5.8)

We observe also that the identity P 0@uP0 � P@uP = (P0 � P)@uP0 +

P@u(P0� P) implies

jjP0@uP0� P@uPjj2;h1 � jjP0� P jj1;h1 jjP0jj1;h1 + jjP jj1;h1 jjP0� P jj1;h1

� 4c0
1jjP0� P jj1;h1 ;

hence

jjP0@uP0� P@uPjj2;h1 � 4b0
1A� � 1jjX 0� X jj: (5.9)

And the identity p� 1
0 P0@uJ 0� p� 1

0 P@uJ = p� 1
0 (P0� P)@uJ 0+p� 1

0 P@u(J 0� J )

together with the inequalities jp� 1
0 (u)j � � eu1+< eu (8u 2 D+

u1 ;� ) imply

jjp� 1
0 P0@uJ 0� p� 1

0 P@uJ jj2;h1

� � jjP0� P jj1;h1 jjJ 0jj2;h1 + � jjP jj1;h1 jjJ 0� J jj2;h1 � 4�c 0
1jjX 0� X jj:

Hence

jjp� 1
0 P0@uJ 0� p� 1

0 P@uJ jj2;h1 � 4�b 0
1A� � 1jjX 0� X jj; (5.10)

and similarly,

jjp� 1
0 P0@uΦ0� p� 1

0 P@uΦjj2;h1 � 4�b 0
1A� � 1jjX 0� X jj: (5.11)

Now, in view of the inequalities (5.7) and (5.9), Lemma 5.2 yields

jjP0� � P � jj1;h1 � �� (2ddc+ 4b0
1� )A� � 1� � 1j� jjjX 0� X jj

� � � 1� (2dd� 2c + 4b0
1)A� � 1� � 1j� jjjX 0� X jj:

And, in view of the inequalities (5.8) and (5.10),

jjJ 0� � J � jj2;h1 � � (2ddc� � � 1 + 4�b 0
1� )A� � 1� � 1j� jjjX 0� X jj

� � � 1� (2dd�c + 4b0
1)A� � 1� � 1j� jjjX 0� X jj:

(5.12)

Finally, because of the inequalities (5.12) and (5.11),

jjΦ0� � Φ� jj2;h1 � ��
�
supf j� j j g� � 1� (2dd�c + 4b0

1)

+ 4�b 0
1�

�
A� � 1� � 1j� jjjX 0� X jj

� � 2 supf 1; j� j j g(2dd�c + 8b0
1)A� � 1� � 1j� jjjX 0� X jj;

and jjX 0� � X � jj � b00
1A� � 1� � 1j� jjjX 0� X jj with a positive number

b00
1 = � 2 supf 1; j� 1j; : : : ; j� dj g(2dd� 2c + 8b0

1)

which depends only on u1 and ∆� .
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So, we can take c00
1 = b00

1A� � 1� � 1 and Theorem 5.1 provides a solution

X = (P; J; Φ) in A , analytic in � for

j� j � inff � �
1;

1

2c00
1

g = inff
1

40b0
1

;
1

2b00
1

gA � 1� � :

Moreover,

jjP � P (1)jj1;h1 ; jjJ � J (1)jj2;h1 � jjX � X (1)jj � 2c0
1c00

1 j� j = 2b0
1b00

1A2� � 2� � 1j� j

and

jjP jj1;h1 ; jjJ jj2;h1 ; jjΦjj2;h1 � jjX jj � 2c0
1 = 2b0

1A� � 1;

one can thus easily choose b1 large enough, but depending only on u1 and ∆� ,

so to ensure the three inequalities announced in Proposition 5.1. The uni-

form convergence of the sequence (F m
� (0))m� 0 guarantees the analyticity

with respect to � of the solution.

5.4. Elimination of the variable � . Let us now focus on the functions

Φ1; : : : ; Φd discovered in the previous section. As functions of (u; � ; z) they

belong to B+
2 (h0 � 7�

10 ), but they also depend analytically on � . They are

defined for j� j � � 0
1 and satisfy jjΦjj2;h0 � 7�

10
� C1.

Prop osition 5.2. Let h2 = h0 � 9�
10 . There exist positive numbers � 0

2; C2

such that, for j� j � � 0
2, the close-to-identity changeof angular variables

' = � + � Φ(u; � ; z; � )

admits an inverse

� = ' + � Θ(u; '; z; � )

with Θ belonging to B = [B+
2 (h2)]d, depending analytically on � , and satis-

fying the inequality

jjΘjj2;h2 � C2:

If � � � � � � 2, one can take

� 0
2 = b� 1

2 A � 1� � ; C2 = b2A� � 1;

where A = � � dA(� =2; � =2) and the positive number b2 depends only on u1

and ∆� .

Proof. The equation to be satisfied by Θ can be written

Θ = F � (Θ) := � Φ � (Id + � Θ)

(here of course composition must be understood with respect to the vari-

ables � j only, the rest of the variables (u; z; � ) being considered as a param-

eter).
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We shall assume � � � � � � 2, so that we can take � 0
1 = b1A � 1� � and

C1 = b1A� � 1 with A = � � dA(� =2; � =2). In view of applying our fixed-point

theorem, we first observe that F � (0) = � Φ and

jjΦjj2;h2 � jjΦjj2;h2+ 2�
10

� c0
2 = b1A� � 1;

and that according to Lemma 5.1, F � (Θ) is defined and belongs to B as

soon as jjΘjj2;h2 � 2c0
2 and

j� j � � �
2 = inff

�
40c0

2

; � 0
1 g:

Let us suppose that j� j � � �
2 and jjΘjj2;h2 ; jjΘ0jj2;h2 � 2c0

2. According

to Lemma 5.1,

jjF � (Θ0) � F � (Θ)jj2;h2 � 2ddj� jjj@� Φjj2;h2+ �
10

jjΘ0� Θjj2;h2 ;

but the Cauchy inequalities show that jj@� Φjj2;h2+ �
10

� 10b1A� � 1� � 1: Thus

we can define

c00
2 = 10:2ddb1A� � 1� � 1

and apply Theorem 5.1.

5.5. Substitution and in tegration. Let us suppose � � � � � � 2 and

consider the functions
8
<

:

P(u; '; z; � ) = P(u; ' + � Θ(u; '; z; � ); z; � );

J (u; '; z; � ) = J (u; ' + � Θ(u; '; z; � ); z; � ):

Since jjΘjj1;h0 � 9�
10

� jjΘjj2;h0 � 9�
10

� C2 = b2A� � 1; we can apply Lemma 5.1

with h = h0 � 9�
10 , h� = h0 � 8�

10 , B = B+
1 or B+

2 :

P 2 B+
1 (h0 �

9�
10

); J 2 B+
2 (h0 �

9�
10

) for j� j � inff � 0
1; � 0

2;
�

20C2
g

and these functions depend analytically on � . Moreover,
8
<

:

jjP � P jj1;h0 � 9�
10

� 2ddj� jjj@� Pjj1;h0 � 8�
10

C2;

jjJ � J jj2;h0 � 9�
10

� 2ddj� jjj@� J jj2;h0 � 8�
10

C2:

Using the Cauchy inequalities and Proposition 5.1 with C1 = b1A� � 1, we

find

jj@� Pjj1;h0 � 8�
10

; jj@� J jj2;h0 � 8�
10

� 10� � 1C1;

so:

jjP � P jj1;h0 � 9�
10

; jjJ � J jj2;h0 � 9�
10

� b3A2� � 2� � 1j� j (5.13)

with b3 = 10:2ddb1b2.
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Proposition 5.1 provides also the inequalities

jjP � P (1)jj1;h0 � 7�
10

; jjJ � J (1)jj2;h0 � 7�
10

� b1A2� � 2� � 1j� j:

We thus end up with the inequalities

jjP � P (1)jj1;h0 � 9�
10

; jjJ � J (1)jj2;h0 � 9�
10

� b4A2� � 2� � 1j� j; (5.14)

where we choose b4 � b3 + b1 large enough (depending only on u1 and ∆� )

so that all this holds for

j� j � b� 1
4 A � 1� � :

Prop osition 5.3. The series of Proposition 3.1

S̃+ = S̃0(u) +
X

n� 1

� n S̃+
n (u; '; z)

convergesfor j� j � b� 1
4 A � 1� � to

S̃+(u; '; z; � ) = S̃0(u) � �
Z +1

u
p0(u0)P(u0; '; z; � ) du0

and

@u(S̃+ � S̃0 � � S̃+
1 ) = �p 0(P � P (1)); @' (S̃+ � S̃0 � � S̃+

1 ) = � (J � J (1)):

Theorem 3.1 follows from this proposition: One checks that there exists a

positive number b5 which depends only on u1 such that jjp0jj1 � b5� � 1 and

jjp0
0jj1 � b5� � 2 (see Appendix B), thus the first inequality in (5.14) implies

that for j� j � b� 1
4 A � 1� � ,

8
<

:

jj@u(S̃+ � S̃0 � � S̃+
1 )jj2;h0 � 9�

10
� b4b5A2� � 3� � 1j� j2;

jj@2
u(S̃+ � S̃0 � � S̃+

1 )jj2;h0 � 9�
10

� b4b5A2(1 + � � 1)� � 3� � 1j� j2:
(5.15)

The second one can be rewritten
8
<

:

jj@' (S̃+ � S̃0 � � S̃+
1 )jj2;h0 � 9�

10
� b4A2� � 2� � 1j� j2;

jj@u@' (S̃+ � S̃0 � � S̃+
1 )jj2;h0 � 9�

10
� b4A2� � 2� � 1j� j2:

The Cauchy inequalities yield

jj@2
' (S̃+ � S̃0 � � S̃+

1 )jj2;h0 � � � 10b4A2� � 2� � 2j� j2;

and, by integration, the first inequality in (5.15) implies also

j(S̃+ � S̃0 � � S̃+
1 )(u; ' ; z; � )j �

1

2
b4b5A2� � 3� � 1j� j2e� 2u1 � 2 < eu

for u 2 D
+
u1 ;� , ' 2 T

d
h0 � � and z 2 Σu1 ;� ;∆� .
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Proof of Proposition 5.3. The formal manifold Gr (dS+) may be written

W � :

8
>>>>><

>>>>>:

q = q0(u)

p = p0(u) + �
X

n� 0

� nP �
n(u; '; z)

I = �
X

n� 0

� nJ �
n (u; '; z)

with coefficients P �
n = p� 1

0 @uS̃+
n+1, J �

n = @' S̃+
n+1 exponentially decreasing

at +1 with respect to u, and it is invariant by the Hamiltonian vector field

q̇ = p ˙' = z! + � I

ṗ = sin q � �@qF (q; ' ) İ = � �@' F (q; ' ):

The same is true for the Taylor expansion with respect to � of W :

W :

8
>>>>><

>>>>>:

q = q0(u)

p = p0(u) + �
X

n� 0

� nPn(u; '; z)

I = �
X

n� 0

� nJ n(u; '; z)

with P =
P

� nPn and J =
P

� nJ n .

This means that we have got two formal solutions, (P � ; J � ) and (P; J ),

of the system
8
<

:

D̃0(p0P) = � @uF̃ � � (P@uP + p0� J :@' P)

D̃0J = � @' F̃ � � (p� 1
0 P@uJ + � J :@' J )

which expresses the invariance by the Hamiltonian vector field. But this

system has a unique formal solution whose coefficients decrease exponen-

tially with respect to u at +1 , as is easily checked by using the invertibility

of D̃0.

Therefore, we get for all n � 0 the identities

p� 1
0 @uS̃+

n+1 = Pn ; @' S+
n+1 = J n ;

the first of which can be integrated:

S̃+
n+1(u; '; z) = �

Z +1

u
p0(u0)Pn(u0; '; z) du0:

Remark 5.1. The fact that W is Lagrangian stems from the isotropy of the

torus T . Indeed, the symplectic 2-form is preserved by the flow, but on W ,
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all the trajectories lead to T where it vanishes identically, thus it vanishes

on W too: W is isotropic — and Lagrangian since it has dimension d + 1.

6. Proof of Proposition 3.3: straightening of the

characteristic vector field D

In order to prove Proposition 3.3, we shall apply twice the fixed-point

Theorem 5.1: once to find U and once to invert Id + � U; then we shall

deduce from the Cauchy inequalities bounds for the derivatives of U and V

(each time the domain which we work in will shrink a little). We first define

the appropriate Banach algebras.

6.1. De�nitions and initial bounds. Let D and Σ be open subsets of C.

We denote by BD� Σ the Banach algebra of all analytic functions in D � Σ

which extend continuously to bounded functions on the closure D � Σ of

that domain, equipped with the supremum norm, and by BD� Σ the sub-

algebra of the functions whose partial derivative with respect to the first

variable belongs to BD� Σ too. For h > 0, we define then the Banach al-

gebras BD� Σ(h) and BD� Σ(h) according to the construction of Section 5.2

(see the formulas (5.2) and (5.3)).

Let us fix u2 > 0, ∆� 2 ]0; arctan �
2u2

[ and � ; � > 0. The last two parame-

ters will be supposed small enough with respect to u2 and ∆� , even if we do

not mention it explicitly (for instance the half-aperture of the sectors D �
u2 ;�

and D+
u2 ;� must be larger than ∆� ). We define four domains

D(3) = Du(3) ; 6�
6

� D(2) = Du(2) ; 5�
6

� D(1) = Du(1) ; 4�
6

� D(0) = Du(0) ; 3�
6

by the conditions

D(i ) = Du( i ) ;� ( i ) ; u(i ) = u2 + (3� i )�
6 sin � 2

; � (i ) = 3+i
6 � ; i = 0; 1; 2;

where � 2 denotes the half-aperture of the sectors D �
u2 ;� and D+

u2 ;� , so that

D(3) = Du2 ;� ; f u 2 C j dist(u; D(i )) <
�
6

g � D(i � 1); i = 3; 2; 1;

Since the sectors D �
u( i ) ;�

have the same aperture, there is only one corre-

sponding sector for the variable z:

Σu( i ) ;� ( i ) ;∆� = Σ; i = 0; 1; 2; 3:
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The interest of these definitions is the property that for all u in D (i ), the

disk of centre u and radius � =6 is contained in D (i � 1), which allows us to

benefit from the Cauchy inequalities with respect to u. Observe that, if say

� � 1, the numbers u(0), u(1) and u(2) are bounded by a number u1 which

depends only on u2 (one can take u1 = �
2 cot � , where � is the half-aperture

of the sector D �
u2 ;1).

We shall write B(i ) or B(i ) instead of BD ( i ) � Σ or BD ( i ) � Σ (the norm of B(i ),

resp.B(i ), will be denoted jj : jj(i ), resp. jj : jj(i )) and we shall use four different

values of h:

h(3) = h0 � � < h(2) < h(1) < h(0) = h0 �
�
2

; h(i ) = h0 �
3 + i

6
� :

We shall obtain, for j� j small enough,

U 2 B(1)(h(1)) � [B(1)(h(1))]d; V 2 B(2)(h(2)) � [B(2)(h(2))]d:

When dealing with products of Banach spaces of this kind, we shall use as

a norm the supremum of the norms of the components.

Section 5 provides initial bounds in B(0)(h(0)) for the vector field D that

we want to straighten:

Lemma 6.1. In the coordinates (u; ' ), the characteristic vector �eld D can

be expressed as

D̃ = D̃0 + � (D̃u
@

@u
+ D̃ ' :

@
@'

);

with 8
<

:

D̃u = � � 1(dq0
du )� 2@u(1

2(S̃+ + S̃� ) � S̃0);

D̃ ' = � � 1� @' (1
2(S̃+ + S̃� ) � S̃0):

If ∆� ; � ; � are small enough,there exists a positive number � 0 such that the

functions D̃u ; D̃ ' 1 ; : : : ; D̃ ' d are analytic for

u 2 D(0); ' 2 Td
h(0) ; z 2 Σ; j� j < � 0:
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Moreover these functions and their partial derivatives belong to B(0)(h(0)),

and there exist positive numbers C0; C1 such that

jjD̃u jj(0)

h(0) ; jjD̃ ' j jj(0)

h(0) � C0; jjdD̃u jj(0)

h(0) ; jjdD̃ ' j jj(0)

h(0) � C1; 1 � j � d:

If � � � � 1, one can take

� 0 = b� 1
0 A � 1� � ; C0 = b0A� � 1; C1 = b0A� � 1� � 1;

where A = � � dA(� =4; � =4) and b0 dependsonly on u2 and ∆� .

(Proof in Appendix B.)

6.2. Straigh tening of D by Id +� U. We now prove the first part of Propo-

sition 3.3:

Prop osition 6.1. There exist positive numbers � 1 and M , and there exist

real-analytic functions Uu ; U' 1 ; : : : ; U' d satisfying the following properties:

{ the vector �elds D̃ and D̃0 = @
@v + z! : @

@� are conjugated by the mapping

(u; ' ) = (v; � ) + � U(v; � ; z; � );

with U = (Uu ; U' 1 ; : : : ; U' d ),

{ thesefunctions are analytic with respect to all their arguments; for j� j �

� 1, they belong to B(1)(h(1)) with jjUu jj(1)

h(1) ; jjU' j jj(1)

h(1) � M :

More precisely, if � � � � 1, one can take

� 1 = b� 1
1 A � 1� 2 and M = b1A� � 1

where A = � � dA(� =4; � =4) and b1 dependsonly on u2 and ∆� .

Proof. If we omit the variables z and � , the equations to be solved can be

written 8
<

:

D̃0 Uu = D̃u � (Id +� U);

D̃0 U' j = D̃ ' j � (Id +� U):
(6.1)

In order to apply the fixed-point Theorem 5.1, we shall define an inverse to

the right for the operator D̃0 in B(1)(h(1)).

The domain D(1) is a lozenge whose corners are u(1); i�; � u(1); � i� , where

� = u(1) tan � 2 =
�
2

�
2�

3 cos � 2

(� 2 denotes the half-aperture of the sectors D �
u(1) ;�

and D+
u(1) ;�

).
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Lemma 6.2. Let  =
X

k2Zd

 k(v; z)eik :� 2 B(1)(h(1)): The formulas

8k 2 Zd; � k(v; z) =

8
>>><

>>>:

� e� iz vk:!
Ri�

v eiz � k:!  k(� ; z) d� if k:! > 0,

e� iz vk:!
Rv

� i� eiz � k:!  k(� ; z) d� if k:! < 0,
Rv

0  k(� ; z) d� if k:! = 0,

de�ne a function � =
P

k2Zd � k(v; z)eik :� of B(1)(h(1)) such that D̃0� co-

incides with  . The correspondence  7! � = E �  de�nes an operator

E � : B(1)(h(1)) � ! B(1)(h(1)) which satisi�es a bound

jjE �  jj(1)

h(1) � � jj jj(1)

h(1)

where � dependsonly on u2 and ∆� .

(This lemma is slightly reminiscent of [FS96, Lemma 3.3] which deals with

a difference equation.)

Proof of Lemma 6.2. We note that if v 2 D (1),
8
<

:

[� i�; v] � D(1); jv + i� j2 � � 2 + u2
1;

[v; +i� ] � D(1); jv � i� j2 � � 2 + u2
1;

where the number u1 depends only on u2 and is larger than u(1).

Suppose that k:! > 0, (v; z) 2 D
(1)

� Σ and � 2 [v; +i� ]. We have

je� iz vk:! +iz � k:! j = e� k:! = m(z� � zv) � 1;

since =m(zv) � =m(z� ) � =m(iz � ). Thus j� k(v; z)j � jv � i� jjj k jj(1), and

jj� k jj(1) � (� 2 + u2
1)1=2jj k jj(1):

In fact, the previous inequality holds also if k:! < 0 or k:! = 0. Thus

� 2 B(1)(h(1)) and

jj� jj(1)

h(1) � (� 2 + u2
1)1=2jj jj(1)

h(1) :
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Since for all k 2 Zd, @u � k + iz k:! � k =  k , the function � satisfies the partial

differential equation

D̃0� =  

in D(1) � Td
h(1) � Σ.

But we can derive another bound by using the inequality

=m(zw) � jzwj sin ∆� ;

where w = i� � v, in the case where k:! > 0: if we parametrise the segment

of integration by � = v + � w, � 2 [0; 1], we obtain

j� k(v; z)j � jj k jj(1)jwj
Z 1

0
e� � k:! = m(zw) d� �

jwj
k:! =m(zw)

jj k jj(1);

hence

jjzk:! � k jj(1) �
1

sin ∆�
jj k jj(1):

In the case where k:! < 0, we would obtain the same inequality by using

w = v + i� . Finally, in all cases,

jj@u � k jj(1) � (1 +
1

sin ∆�
)jj k jj(1)

because of the partial differential equation, thus � belongs to B(1)(h(1)) and

we have the desired bound.

Remark 6.1. One checks easily that, if  is real-analytic, � = E �  is real-

analytic too.

End of the proof of Proposition 6.1. The system (6.1) is thus equivalent to

the equation F � (U) = U where the mapping F � is defined by the formulas

F � (U) = U�

8
<

:

U�
u = E � [D̃u � (Id +� U)];

U�
' j

= E � [D̃ ' j � (Id +� U)]; 1 � j � d:

In order to specify its domain of definition and to study that mapping, we

apply the following lemma, which is analogous to Lemma 5.1 but with the

variable v involved as well as the angular variables � j :

Lemma 6.3. Let D and D � be open subsetsof C and h a positive number.

Suppose that for each v in D, the closed disk of centre v and radius �
6 is

contained in D
�
, and let h� = h + �

6 .

SupposeG 2 BD∗� Σ(h� ) with dG 2 [BD∗� Σ(h� )]d+1 and let � 2 C and

A =
�

U = (�;  ) 2 BD� Σ(h) � [BD� Σ(h)]d ; jj� Ujjh � inff
�
12

;
�
12

g
	

:
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The formula

8 U = (�;  ) 2 A; G(U) = G � (Id +� U) :=

X

(r 0 ;r )2N� Nd

� r 0+jr j

r 0!r 1! : : : rd!
� r 0  r 1

1 : : :  r d
d (@v)r 0 (@� )r G

de�nes a mapping from A to BD� Σ(h) which satis�es:

8 U; U0 2 A; jjG(U0) � G(U)jjh � 2d+1(d + 1)j� j jjdGjj �h∗ jjU0� Ujjh :

(Proof in Appendix A.)

From now on we shall assume that � � � � 1 in order to indicate explicit

constants (but it will be clear that, if this is not the case, there still exist

constants which satisfy the desired inequalities). Specializing the previous

lemma with D = D(1) � D � = D(0) and h = h(1) < h� = h(0), we find that

our mapping F � is defined at least for jj� Ujj(1)

h(1) � �
12 (and j� j < � 0).

By virtue of Lemmas 6.1 and 6.2, F � (0) = (E � D̃u ; E � D̃ ' ) satisfies

jjF � (0)jj(1)

h(1) � c0 := �b 0A� � 1:

In view of applying Theorem 5.1 we define the Banach space B(1) = B(1)(h(1))�

[B(1)(h(1))]d, denote by jj : jj(1)

h(1) its norm, and we restrict the domain of defi-

nition of F � to f U 2 B(1) ; jjUjj(1)

h(1) � 2c0g assuming

j� j � � � :=
�
12

:
1

2c0 =
1

24�b 0
A � 1� 2:

We observe now that, for jjUjj(1)

h(1) ; jjU0jj(1)

h(1) � 2c0, the images U� = F � (U)

and U0� = F � (U0) satisfy

jjU0� � U� jj(1)

h(1) � c00j� jjjU0� Ujj(1)

h(1) :

with c00 = 2d+1(d + 1)�C 1 = 2d+1(d + 1)�b 0A� � 1� � 1: We thus obtain a

solution U 2 B(1) which satisfies

jjUjj(1)

h(1) � b1A� � 1 for j� j � � 1 = b� 1
1 A � 1� 2

with a positive number b1 which depends only on u2 and ∆� . And one

checks easily that U is real-analytic thanks to Remark 6.1.

6.3. In version of Id +� U and end of the pro of of Prop osition 3.3.

Prop osition 6.2. There exist positive numbers � 2 and N , with � 2 � � 1,

and there exists a real-analytic vectorial function V = (Vv; V� 1 ; : : : ; V� d )

which satis�es the following properties:

{ the components of V are analytic with respect to (u; '; z; � ); for j� j � � 2,
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they belong to B(2)(h(2)) and jjVv jj(2)

h(2) ; jjV� j jj(2)

h(2) � N ;

{ for u 2 D(2), ' 2 Td
h(2) , z 2 Σ and j� j � � 2, the point (u; ' )+� V(u; '; z; � )

belongsto D
(1)

� T
d
h(1) and its image by Id +� U coincides with (u; ' ).

More precisely, if 2� � � � 1, one can take

� 2 = b� 1
2 A � 1� 2 and N = b2A� � 1

where A = � � dA(� =4; � =4) and b2 dependsonly on u2 and ∆� .

Proof. The equation to be solved is V = F � (V), where

F � (V) := �U � (Id +� V):

We use Lemma 6.3 with a slight adaptation: we define D = D (2) � D � =

D(1) and h = h(2) < h� = h+ �
12 . Since h(1) = h� + �

12 , we can use the Cauchy

inequalities for U in order to obtain bounds in B� := B� (h� ) � [B� (h� )]d:

jj@uUjj �h∗ � jjUjj(1)

h(1) � M ; jj@� Ujj �h∗ � 12� � 1M : (6.2)

We shall suppose � � 1 and we retain that jjdUjj �h∗ � 12� � 1M . According to

Lemma 6.3, F � (V) is defined as soon as V 2 B(2) := B(2)(h(2)) � [B(2)(h(2))]d

and jj� Vjj(2)

h(2) � inff � =12; � =24 g. From now on we shall suppose 2� � � .

Let us check the hypotheses of Theorem 5.1: the first approximation is

F � (0) = �U and

jjF � (0)jj(2)

h(2) � c0 := M = b1A� � 1:

We can restrict F � to the set f V 2 B(2) ; jjVjj(2)

h(2) � 2c0g if we suppose

j� j � � � :=
�
12

:
1

2c0 =
1

24b1
A � 1� 2:

And if jjVjj(2)

h(2) , jjV0jj(2)

h(2) � 2c0, we find

jjF � (V0) � F � (V)jj(2)

h(2) � c00j� jjjV0� Vjj(2)

h(2)

with c00= 2d+1(d+1):12� � 1M = 12:2d+1(d+1)b1A� � 1� � 1. We thus obtain a

solution V 2 B(2) which satisfies jjVjj(2)

h(2) � b2A� � 1 for j� j � � 2 = b� 1
2 A � 1� 2,

with some b2 = b2(u2; ∆� ). Of course V is real-analytic since U is.

According to Proposition 6.2, for z 2 Σ and j� j � � 2, the image of D
(2)

�

T
d
h(2) by Id +� V is contained in D

(1)
� T

d
h(1) and (Id +� U) � (Id +� V) = Id.

Moreover we can ensure the injectivity of Id +� U on D
(2)

� T
d
h(2) by taking

b2 large enough, thanks to the inequalities (6.2). This means that Id + � U

induces a bijection between (D
(2)

� T
d
h(2) ) \ (Id +� U)� 1(D

(2)
� T

d
h(2) ) and

its image, the reciprocal being Id +� V.
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Since jjUjj(1)

h(1) � M and jjVjj(2)

h(2) � N , the sets (Id +� U)� 1(D
(2)

� T
d
h(2) )

and (Id +� U)(D
(2)

� T
d
h(2) ) contain D

(3)
� T

d
h(3) as soon as j� jM � inff �

6 ; �
6 g

and j� jN � inff �
6 ; �

6 g. Thus, for j� j � inff M � 1; N � 1 g� inff �
6 ; �

6 g, we have

by restriction a bijection Id +� U between D
(3)

� T
d
h(3) and its image, and a

bijection Id +� V between D
(3)

� T
d
h(3) and its image. The Cauchy inequalities

provide the desired bounds for their partial derivatives in D
(3)

� T
d
h(3) .

Appendix A. Fourier norms and composition lemmas

Let B be a Banach algebra, denote by jj : jj its norm, and let h > 0.

(B(h); jj : jjh) is a Banach space. Suppose indeed that ( (n))n� 0 is a Cauchy

sequence in B(h). For each k 2 Zd, the sequence ( (n)
k )n� 0 of Fourier coeffi-

cients of index k is a Cauchy sequence in B and admits thus a limit  k . Let

us check that  =
P

k2Zd  keik :� belongs to B(h): if K is fixed in N� , we

can choose n large enough so that
X

jkj� K

jj k �  (n)
k jj ejkjh � 1;

and the partial sum
P

jkj� K jj k jj ejkjh � 1 + jj (n)jjh is thus bounded inde-

pendently of K (An = jj (n)jjh tends to some limit A � 0 since jAn � Am j �

jj (n) �  (m)jjh , thus An is bounded independently of n), and  2 B(h). Let

us check that jj �  (n)jjh tends to zero: let " > 0; we fix N 2 N such that

8n; m � N , jj (n) �  (m)jjh � " , and we fix K 2 N� such that
X

jkj� K

jj (N )
k jj ejkjh � ";

X

jkj� K

jj k jj ejkjh � ":

We observe that for n � N ,
X

jkj� K

jj (n)
k jj ejkjh �

X

jkj� K

jj (N )
k jj ejkjh + jj (n) �  (N )jjh � 2";

and
X

k2Zd

jj k �  (n)
k jj ejkjh �

X

jkj<K

jj k �  (n)
k jj ejkjh +

X

jkj� K

jj k jj ejkjh +
X

jkj� K

jj (n)
k jj ejkjh :

But for n large enough the first sum in the right-hand side is less than " ,

thus jj �  (n)jjh � 4" .
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The inequality for the product jj � jjh � jj jjh jj� jjh is obvious. Let us prove

the Cauchy inequalities:

jj(@� )r  jjh � r 1! : : : rd!(h� � h)�j r j jj jjh∗

if 0 < h < h� ,  2 B(h� ) and r 2 Nd. We have

jj(@� )r  jjh =
X

k2Zd

jjkr 1
1 : : : kr d

d  k jj ejkjh � M 1 : : : M djj jjh∗ ;

with M j = supk j 2Nf kr j
j e� (h∗� h)k j g for j = 1; : : : ; d, and we observe that

M j � (h� � h)� r j sup
t � 0

f t r j e� t g � (h� � h)� r j r r j
j e� r j � (h� � h)� r j r j !:

Proof of Lemma 5.1: We suppose that we are given G 2 B(h� ) and  2

[B(h)]d which satisfy the assumptions of the lemma. We apply the Cauchy

inequalities to G and we observe that

jj
� jr j

r 1! : : : rd!
 r 1

1 : : :  r d
d (@� )r Gjjh � jj� jj jr j

h (h� � h)�j r j jjGjjh∗ � 2�j r j jjGjjh∗ ;

hence the convergence in B(h) of the series which defines G( ), and the

inequality jjG( )jjh � 2djjGjjh∗ .

We suppose now that we are given  and  0 in A . According to what has

just been proved, for each t 2 [0; 1], @� G � (Id +� [t + (1 � t) 0]) is bounded

in B(h) by 2djj@� Gjjh∗ . But

G( 0) � G( ) = � ( 0�  ):
Z 1

0
@� G � (Id +� [t + (1 � t) 0]) dt;

hence the result.

Proof of Lemma 6.3: The proof is the same as for Lemma 5.1, except that

there is one more variable involved. The Cauchy inequalities that we use

are

jj(@v)r 0 (@� )r Gjjh � r 0!r 1! : : : rd!( �
6)� r 0 ( �

6 )�j r j jjGjj �h∗ :
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Appendix B. Initial bounds

We first adopt the notations of Section 5. The numbers u1, � , � and ∆�

are given, with � � � � � � 2.

Proof of Lemma 5.3: According to the inequality (1.9),

8(u; ' ) 2 C�
2

� T
d
h0 � �

2
; jF̃ (u; ' )j � A(� =2; � =2) e� 2j < euj :

The Cauchy inequalities with respect to u show that

8(u; ' ) 2 C� � T
d
h0 � �

2
;

8
<

:

e2u1+2 < eu jF̃ (u; ' )j � e2u1 A(� =2; � =2);

e2u1+2 < eu j@uF̃ (u; ' )j � e2u1+1A(� =2; � =2)
2

�
:

(We have used the fact that � � 1.) Since D+
u1 ;� � C� , the inequalities (5.4)

provide a constant c0 which depends only on the dimension d such that

jjF̃ jj2;h0 � 11
20 � � c0e2u1 A and jj@uF̃ jj2;h0 � 11

20 � � c0e2u1 A� � 1

where A = � � dA(� =2; � =2). The Cauchy inequalities with respect to the

angles now allow to bound jj@' j F̃ jj2;h0 � 6
10 � , jj@uF̃ jj2;h0 � 6

10 � , jj@' j @' ′j
F̃ jj2;h0 � 6

10 �

and jj@u@' j F̃ jj2;h0 � 6
10 � .

Bounds for p0 and p0
0: We can write p0(u) = e� u f (u) where f (u) =

4(1 + e� 2u)� 1 is 2� i -periodic and meromorphic, with simple poles at i� =2

and � i� =2. A compacity argument shows that, if u belongs to the intersec-

tion of C� =2 and the strip f � u1 � <eu � 1 g, f (u) satisfies an inequality

jf (u)j � b� � 1;

where the positive number b depends only on u1. On the other hand, for

<eu � 1, jf (u)j is bounded by j1 � e� 2j � 1. Thus

8u 2 C� =2; <eu � � u1 ) jp0(u)j � b0� � 1 e� < eu ;

where b0 depends only on u1. The Cauchy inequalities allow us to conclude

that

jjp0jj1 � b5� � 1 and jjp0
0jj1 � b5� � 2

for some b5 which depends only on u1.

Proof of Lemma 6.1: We now adopt the notations of Section 6. The first

assertion of Lemma 6.1 is a simple restatement of the formula (3.7). Let us

denote by p0 the function dq0
du . According to Proposition 5.3, we had

@u(S̃+ � S̃0) = �p 0P+ := �p 0P; @' (S̃+ � S̃0) = � J + := � J ;



MEASURING THE SPLITTING OF INVARIANT MANIFOLDS 73

and if we use again the bounds of Section 5 but with (u(0); � =2; � =2) replacing

(u1; � ; � ) , especially the bounds for P � P and J � J in the inequality (5.13)

and the bounds for P and J in Proposition 5.1, we find

jjP +jj(0)

h(0) + �
20

; jjJ +jj(0)

h(0) + �
20

; jj@uP+jj(0)

h(0) + �
20

; jj@uJ +jj(0)

h(0) + �
20

� b0A� � 1

for j� j � � 0 = b0� 1A � 1� � , where A = � � dA(� =4; � =4) and b0 depends only

on u2 and ∆� .

The functions @u(S̃+ � S̃0) = �p 0P � and @' (S̃+ � S̃0) = � J � satisfy the

same kind of inequalities, and we have

D̃u =
1

2
p� 1

0 (P+ + P � ); D̃ ' j =
1

2
� j (J +

j + J �
j ); j = 1; : : : ; d;

where the function p� 1
0 and its derivative are bounded in D(0) by a number

which depends only on u2. We thus obtain

jjD̃u jj(0)

h(0) + �
20

; jjD̃ ' jj(0)

h(0) + �
20

; jj@uD̃u jj(0)

h(0) + �
20

; jj@uD̃ ' jj(0)

h(0) + �
20

� b00A� � 1

with some new b00= b00(u2; ∆� ) and we can conclude by the Cauchy inequal-

ities.
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