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Abstract

Duetoplanetaryperturbations,thereexistsalarge
chaoticzoneforthespinoftheterrestrialplanets(Laskar
andRobutel,1993).Thecrossingofthiszoneinthepast,
canleadVenus'spintoitspresentretrogradecon̄gura-
tionformostinitialconditions,butthroughtwodi®erent
processes(CorreiaandLaskar,2001).Here,wepresentin
fulldetailsthedissipativemodelsusedforthisstudyof
thespinevolutionofVenus.

ThepresentstateofVenusisanequilibriumbetween
gravitationalandthermalatmospherictidaltorques(Gold
andSoter,1969).Wepresentherearevisedmodelforthe
thermalatmospherictideswhichdoesnotsu®erthesin-
gularityatsynchronousstatesarisinginpreviousstudies.
Thisnewmodelshouldthusprovideamorerealisticde-
scriptionofthe¯nalstagesofVenus'evolution.Assuming
thatthepresentspinofVenusisina¯nalstate,wede-
scribetheresultingconstraintsonthevariousdissipative
parameters.Weshowthatthecaptureinthe1:1spinorbit
resonanceduringVenus'historyisunlikelyandbecomes
impossiblewhenthedenseatmosphereispresentasthis
resonancebecomesunstable.Ourstudyispresentedina
verygeneralsetting,andshouldapplytoanyterrestrial
planetwithadenseatmosphere.

KeyWords:Venus;obliquity;spindynamics;reso-
nances;atmospherictides;coremantlefriction.

1Introduction

In1962,bymeansofwaveradarmeasurements,thepe-
culiarspinstateofVenuswasdiscovered(Smith,1963,
Goldstein,1964,Carpenter,1964,1966,1970):aslowret-
rograderotation,withanobliquitycloseto180±anda243
dayperiod.Since,varioushypothesishavebeenstudied
fortheevolutionofVenus'rotation,aimingtoanswerthe
question:wasVenusbornretrogradeornot?

The¯rstsuccesswasthatofGoldandSoter(1969)who
proposedthatthepresentspinwasnearasteadystate
resultingfromabalancebetweenagravitationaltidaldis-
sipationwhichdrivestheplanettowardsynchronousrota-

tionandathermallydrivenatmospherictideswhichdrives
itaway.However,tidale®ectsalonecouldnotexplainhow
topreventVenus'spinaxisfromrollingovertoaprograde
orientation(Dobrovolskis,1978).

GoldreichandPeale(1970)proposedthatfrictionat
acore-mantleboundaryshoulddrivethespinpoletoa
fullydampenedobliquitystatewhichendswithretro-
graderotation.Theonlyrequirementforthisisthatthe
planet'sorientationisalreadyretrogradewhenthecore-
mantlefrictionbecomesimportant.Takingintoaccount
thedissipationoftides(bothgravitationalandthermal)
andcore-mantlefriction,LagoandCazenave(1979),Do-
brovolskis(1980),ShenandZhang(1989),McCueand
Dormand(1993),andYoder(1995a)proposeddi®erent
scenarioswheretheVenusianaxiswastilteddownduring
itspastevolution,butthisstillrequiredhighvaluesofthe
initialobliquity.

LaskarandRobutel(1993)discoveredthatforallter-
restrialplanets,thereisawidesetofpossiblespinstates
forwhichtheobliquityundergoesstrongchaoticvaria-
tionswithlargeamplitudesoverafewmillionyears.This
isduetosomeresonanceoverlapbetweentheprecession
frequencyandcombinationsofsecularfrequenciesofthe
planetaryorbits.ThefutureEarth'spassagethroughthe
chaoticzonewasanalyzedaswell(N¶erondeSurgyand
Laskar,1997),anditwasshownthatourplanet'sspinhas
ahighprobabilitytoreachobliquitiesashighas90±within
afewbillionyears.ThechaoticzoneofVenus(Fig.1)be-
ingcomparabletotheEarth'sone,LaskarandRobutel
(1993)suggestedthatplanetaryperturbationscouldhave
playedanessentialpartinthehistoryoftheVenusian
spin.IfVenuswasbornwithanobliquitylowerthan90±

andinitialrotationperiodfasterthan5days,itsurely
wanderedforawhileinthechaoticzone.Indeed,N¶eron
deSurgy(1996)andYoder(1997)showedthatdissipative
e®ectscombinedwithplanetaryperturbationscouldtilt
thespinaxisto180±startingwithanyinitialobliquity.
Finally,CorreiaandLaskar(2001)con̄rmedthislastre-
sultandfoundthatthepresentspinstateofVenusisthe
mostprobableforalmostanyinitialcondition.Theyalso
showedthatitispossibletoevolvetothepresentcon̄g-
urationthroughadi®erentscenariowhereretrogradero-
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tationisdevelopedwhiletheobliquitygoestowardszero
(suggestedbyKundt,1977).

Althoughtheoutcomesofthedissipativee®ectsaresup-
posedtobewellunderstood,theirprecisemechanismsare
poorlyknown,aswellastheinitialspinstateofVenus.
Thepresentpaperisthecontinuationandpresentation
withfulldetailsoftheworkbyCorreiaandLaskar(2001).
Here,werevisitthetheoryofdissipativee®ects,inpar-
ticularthethermalatmospherictides.Wealsodiscuss
thepossibilitiesforthespinevolutionandtheconstraints
imposedbythepresentobservedspinstate.

Inthenextsectionwegivetheaveragedconservative
equationsinasuitableformforthesimulationsofthe
long-termvariationsofVenus'spin,includingthepreces-
sionmotionwithplanetaryperturbations.Insectionthree
isdēnedamodelfortakingintoaccountthetidale®ects
andthecore-mantlefriction.Sectionfourisdevotedto
dynamicalequations'analysisandtheirimplicationsare
discussedinthelastsection(¯ve).Inacompanionpaper
(CorreiaandLaskar,2002),weperformmassivenumer-
icalintegrations,wheredi®erentmodelsanddissipative
parametersaretestedinordertounderstandthein°u-
enceofeachunknownquantityonthe¯nalevolution.

2ThesecularvariationsofVenus'
spinaxis

2.1TheconservativeHamiltonianofthe
systemwithplanetaryperturbations

Venusisconsideredhereasanhomogeneousrigidbody
withmomentsofinertiaA·B<C.Aspointedby
Yoder(1995a),theaxisofrotationdi®ersfromtheaxis
ofgreatestinertia(theCaxis)byabout0:5±.However,
forlong-termintegrationswecansimplifytheequations
byaveragingthenutationoftheaxis,whichallowsusto
mergethetwoaxis.

TheaveragedHamiltonianofthemotionHcanbewrit-
tenusingcanonicalAndoyer'sactionvariables(L;X)and
theirconjugateangles(`;¡Ã)(Andoyer,1923,Kinoshita,
1977).L=C!istheprojectionoftheangularmomentum
withrotationrate!ontheCaxisandXitsprojection
onthenormaltotheecliptic;`isthehouranglebetween
theequinoxofthedateanda¯xedpointoftheequator
andÃthegeneralprecessionangle.Foraslowprecessing
planet(_Ã¿!),X'Lcos",where"istheobliquity.If
wekeeptheresonanttermwithargument(`¡pM)with
p=§1andMthemeananomaly,wehave(Kinoshita
1977,Laskar1986,N¶erondeSurgyandLaskar,1997):

H=
L2

2C
¡®

X2

2L
¡

®r

2L
(L+pX)

2
cos2(`¡pM)

(1)

+
p

L2¡X2[A(t)sinÃ¡B(t)cosÃ]+2C(t)X:

ThequantitiesA,BandCdependonthesecularmotion
oftheorbitofVenusundergoingplanetaryperturbations
(LaskarandRobutel,1993).

®=
3Gm¯
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!
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3
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Ed(2)

iscalledthe\precessionconstant".G,m¯,a,nande
arerespectivelythegravitationalconstant,thesolarmass,
Venus'semimajoraxis,themeanmotionandtheeccen-
tricity(whichvarieswithtimeduetotheplanetaryper-
turbations).Edisthedynamicalellipticity,whichiscom-
posedoftwodi®erentparts:

Ed=
C¡1

2(A+B)
C

=
kfR

5

3GC
!

2
+±Ed;(3)

whereRistheplanet'sradiusandkfthe°uidLovenum-
ber(pertainingtoaperfectly°uidbodywiththesame
massdistributionastheactualplanet).The¯rstpartof
thisexpressioncorrespondstothe°atteninginhydrostatic
equilibrium(Lambeck,1980),and±Edcorrespondstothe
departurefromthisequilibrium.Atpresentitsvalueis
estimatedtobe1:3£10¡5(Yoder,1995a),butitmay
changeovertime.Finally,thespin-orbitcontributionin
thesynchronousresonanceisgivenby(eg.Goldreichand
Peale,1966):

®r=
3Gm¯

8a3!
B¡A

C
'

3
8

n2

!
B¡A

C
:(4)

Whenj`¡pMjÀ0,themeanvalueofcos(`¡pM)
iszerowhichallowsustoneglectthecontributionof
the1:1resonanceintheaveragedHamiltonian(1).The
meanvalueoftheeccentricityofVenusisabout0:036,
itsmaximalvaluee'0:08(Laskar,1994a)andthe
axiallyasymmetricdistributionofmass(B¡A)=C=
(2:16§0:03)£10¡6(Konoplivetal.,1993).Inthepresent
workwewillneglecttheresonanttermsweakerthanthe
producteB¡A

CandtheonlyresonanceswhereVenuscan
betrappedarethenthesynchronousrotationones.For
moredetailsabouttheresonancesseesection2.4.

2.2Conservativeequationsforthepre-
cessionmotion

SinceAndoyervariables(X,¡Ã)arecanonical,wehave:

dX
dt

=
@H
@Ã

;
dÃ
dt

=¡
@H
@X

;(5)
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thatis,

8
>>
>>
>>
>>
>>
<

>>
>>
>>
>>
>>
:

dX
dt

=L
q

1¡X2

L2[B(t)sinÃ¡A(t)cosÃ]

¡p®rL
¡
1+pX

L

¢2
sin2(`¡pM);

dÃ
dt

=®X
L¡2C(t)+p®r

¡
1+pX

L

¢
cos2(`¡pM)

¡X

L
p

1¡X2

L2

[A(t)sinÃ+B(t)cosÃ]:

(6)
Theprevioussystemofequationshasasingularityfor

sin"=0,thatVenusmayencounterduringitsevolution.
ReplacingÃbythecomplexvariableª=Lsin"eiÃ,we
eliminatethesingularityand(6)becomes:

8
>>
>>
>>
>>
><

>>
>>
>>
>>
>:

dX
dt

=Im(ª)B(t)¡Re(ª)A(t)

¡p®rL
¡
1+pX

L

¢2
sin2(`¡pM);

dª
dt

=i
£
®X

L¡2C(t)
¤

ª+X[A(t)¡iB(t)]

+ip®rª
¡
1+pX

L

¢
cos2(`¡pM):

(7)

Accordingto(2),theprecessionratebecomesin¯nite
for!=0.Thisapparentsingularityresultsfromtheap-
proximationX'Lcos",onlyvalidwhen_Ã¿!.For
analmostzerorotationplanet,weneedtousethecom-
pletesetofAndoyervariables(Andoyer,1923).Thetotal
angularmomentumneverbeingnull,thensetsanupper
limitfortheprecessionrate.

2.3Globalviewofthedynamicsofthe
obliquity

Theevolutionoftheprecessionangleandobliquityisgiven
byanumericalintegrationofthesystemofequations(7),
incombinationwiththeseculartheoryoftheSolarSys-
tem(Laskar1988,1990).Onecanthenobtainaglobal
viewoftherotationaldynamicsbyintegratingmanyini-
tialconditionson®and",usingfrequencymapanalysis
(Laskar1990,1999).Intheconservativeview,thatis,
overashorttimeofafewmillionyears,therotationrate
!oftheplanetcanbeconsideredasaconstant,andso
willbetheprecessionconstant®(Eq.2).Butoveravery
longtimeinterval,ofseveralbillionyears,thevariousdis-
sipativee®ectswillchange!andtherefore,theprecession
constant.Nevertheless,aglobalviewofthedynamics
oftheobliquitycanbeobtainedbyconstructingthefre-
quencymapforawiderangeofthe®parameter.This
wasdoneforalltheplanets(LaskarandRobutel,1993),
andtheresultsfortheplanetVenusaregivenin¯gure1.
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Figure1:Venus'chaoticzone(LaskarandRobutel,1993).
Theregionswiththinlinescorrespondtostabletrajectorieswhere
theobliquityoscillatesmoderatelyaroundameanconstantvalue.In
theregion¯lledwiththickpointsthevariationsarestronglychaotic
duetotheoverlapofresonancesbetweentheprecessionoftheaxis
andthesecularorbitalmotion.Thechaoticdi®usionallowsthe
obliquitytowanderinafewmillionyearsonhorizontallinesinthe
chaoticregion.

2.4Spin-orbitresonances

Aspin-orbitresonanceoccurswhenthereisacommen-
surabilitybetweentherotationrate!andthemeanmo-
tionoftheorbitn,withthesynchronousrotationofthe
Moonasthemostcommonexample.Afterthediscov-
eryofthe3:2spin-orbitresonanceofMercury(Colombo,
1965),thise®ectwasstudiedingreatdetail(Colombo
andShapiro,1966,GoldreichandPeale,1966,Counsel-
manandShapiro,1970).Non-synchronousspin-orbitres-
onancesrequirealargeorbitaleccentricity,whichisnot
thecaseofVenus.Thus,herewewillonlystudythepar-
ticularcaseofthesynchronousresonances,alsoknownas
1:1resonances.Farfromtheresonances,thetermin®r

appearingintheexpressionoftheaveragedHamiltonian
(1)canbeneglected,since(`¡pM)isafastangle.How-
ever,forthe1:1resonancesweobtain

dL
dt

=¡
@H
@̀

=¡®rL
µ

1+p
X
L

¶2

sin2(`¡pM);(8)

thatis,

d!
dt

=¡
3Gm¯

8a3

B¡A
C

(1+pcos")
2

sin2(`¡pM):(9)

Thewidthofthecorrespondingresonance,centeredat
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!=pn,is:

¢!=n(1+pcos")

r

3
B¡A

C
:(10)

2.4.1Captureprobabilities

Duetodissipativetorques(seesection3)themeanro-
tationrateofVenuswillnotremainconstantandmay
crossoneoftheaboveresonanceswhereitmaybecap-
tured.GoldreichandPeale(1966)computeda¯rstes-
timationofthecaptureprobabilityPcap,andsubsequent
moredetailedstudiesprovedtheirexpressiontobeessen-
tiallycorrect(forareview,see(Henrard,1993)).Sincethe
dissipativetorquesactingonVenuscanbedescribedby
meansofthetorquesconsideredbyGoldreichandPeale
(1966),wewilladoptherethesamenotationsbutina
moregeneralformulation.Let

d!
dt

=<T>=¡W¡Zsign(_°)¡K
_°
n

;(11)

where_°=!¡pnandWapositiveandconstanttorque.
KandZarealsoconstanttorques,butnotnecessarily
positive.Thus,with

´=Z+K
¢!
¼n

;(12)

theprobabilityofcaptureintoresonanceisgivenby:

Pcap=

8
>>
><

>>
>:

0if´·0;

2
1+W=´

if0<´<W;

1if´¸W:

(13)

2.4.2Escapeprobabilities

ThetorquesK,WandZ,appearinginequation(11),can
changewithtime.Itispossiblethatforagivendate´
ispositive,butlateronbecomesnegative.Iftheplanet
was¯rstcapturedintheresonance(for´>0),itwill
thenbeforcedtoabandonit(when´<0).However,
therearetwodi®erentpossiblepathsfortherotationrate
inthatsituation:wecanleavetheresonancewitharo-
tationratesmallerthantheresonantrotation(!<pn)
orleaveitwitharotationratelargerthantheresonant
rotation(!>pn).Thisdistinctionisimportant,because
itleadstotwodistinctevolutions:inthe¯rstsituation
theplanetskipstheresonancejustasifithadneverbeen
captured,whereasinthesecondsituationtheplanet'sro-
tationwillincrease.Toestimatetheescapeprobabilities
ofeachsideoftheresonance(P¡andP+respectively),
weusethequantities¢Eand¢E0dēnedbyGoldreich
andPeale(1966).¢Ecanbeunderstoodastheenergy
variationinthesemi-cycleofpositive_°insidethereso-
nanceand¢E0thesamequantitycorrespondingtothe

negativesemi-cycle.Withthesenotations,

P
+

=
¢E

¢E+¢E0;P
¡

=
¢E0

¢E+¢E0:(14)

Usingthegeneralizedtorquesdēnedin(11)wehave:

P
+

=
1
2

µ
1+

W
´

¶
;P

¡
=

1
2

µ
1¡

W
´

¶
:(15)

ForP§>1,wehaveP§=1,andP§=0forP§<0.
Asfor´=0¡,P¡=1,duringthetransitionfrom´>0
to´<0,theplanetalwaysleavestheresonancewitha
rotationratesmallertotheresonantone.

3Dissipativee®ects

IntheglobalvisionofthestabilityofVenus'obliquity
giveninsection2.1,onlyconservativeaspectsareconsid-
ered.Nevertheless,asthedissipativee®ectshavetime
scalesthatareingeneralmuchlongerthantheonesin-
volvedinthechaoticdi®usion,thepreviousstudypro-
videsageneralframeworkwhereallthepossiblescenarios
forthelongtimeevolutionofVenusrotationaxiswill¯t.
Underbillion-yeartimescales,andspeciallywhenconsid-
eringthepastevolutionofVenus,thedissipativee®ects
toconsiderareduetotidaldissipationandcore-mantle
friction.

3.1Tidale®ects

Tidale®ectsarisefromdi®erentialandinelasticdeforma-
tionsoftheplanetduetoaperturbingbody.Among
thesee®ectswecountthegravitationaltidesandthermal
atmospherictidesgeneratedfromthesolarheatingofthe
atmosphere.Theestimationsforthecontributionstothe
spinvariationsarebasedonaverygeneralformulationof
thetidalpotential,initiatedbyGeorgeH.Darwin(1880).
Inbothcases,we¯rstwritethecompletetidalpotential
expression,U,expressedinthecanonicalAndoyer'svari-
ables.Inthisformulation,thecontributionstothespin
areeasilyobtainedas:

dL
dt

=¡m¯
@U
@l

;
dX
dt

=m¯
@U
@Ã

;(16)

wherem¯isthemassoftheinteractingbodywhichis
theSuninthecaseofVenus.Asweareinterestedhere
inthestudyofthelongtermevolutionofthespin,we
willaverage(16)overtheperiodsofmeananomaly,longi-
tudeofnodeandperigeeoftheperturbingbody.Allthis
workisdonewiththehelpofthealgebraicmanipulator
TRIP(Laskar,1989,1994b),whichexpandsthepotential
inFourierseries,asin(Kaula,1964).
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3.1.1Gravitationaltides

Asdiscussedinanytextbookontides,theattractionof
theSunatadistancer¯fromthecenterofmassofVenus
canbeexpressedasthegradientofascalarpotentialwhich
isasumofLegendrepolynomials:

V
g

=
1X

l=2

V
g

l=¡
Gm¯

r¯

1X

l=2

µ
r

r¯

¶l

Pl(cosS);(17)

whereristheradialdistancefromVenus'center,andS
theanglefromtheaxisfromtheSuntotheplanetcenter.
Thedistortionoftheplanetbythispotentialgivesriseto
atidalpotential,

U
g

=
1X

l=2

U
g
l;(18)

whereU
g
l=klV

g
lattheplanet'ssurfaceandklisthe

Lovenumberforpotential.SincethetidalpotentialU
g
lis

anlthdegreeharmonic,exteriortotheplanetitmustbe
proportionaltor¡l¡1(solutionofaDirichletproblem,see
eg.Lambeck,1980).Furthermore,asuponthesurface
r=R¿r¯,wecanretainintheexpansiononlyits¯rst
term,l=2:

U
g

'U
g
2=¡k2

Gm¯

R

µ
R
r¯

¶3µ
R
r

¶3

P2(cosS):(19)

Ingeneral,imperfectelasticitywillcausethephasean-
gleofUgtolagbehindthatofVg(Kaula,1964)byan
angle±g(¾)suchthat:

±
g
(¾)=

¾¢tg(¾)
2

;(20)

¢tg(¾)beingthetimelagassociatedtothetidalfrequency
¾(alinearcombinationoftheinertialrotationrateof
Venus,!,andofthemeanorbitalmotionaroundtheSun,
n).Using(16),wearenowabletowritethecontributions
tothespin

8
>>
><

>>
>:

dL
dt

=¡
Gm

2
¯R

5

a
6

P
¾bg(¾)¤g

¾(X
L;e);

dX
dt

=¡
Gm

2
¯R

5

a
6

P
¾bg(¾)¥g

¾(X
L;e);

(21)

whereeistheeccentricityoftheplanet'sorbitandthe
seriesarein¯nite.However,sincetheeccentricityisvery
small,theseseriescanbetruncated.Themeanandmaxi-
maleccentricityofVenusareabout0.036and0.08respec-
tively(Laskar1994a),sowecanneglectthetermsine2.

Wewritethen:
P

¾b¿(¾)¤¾=b¿(!)3
4

X
2

L2

³
1¡X

2

L2

´

+b¿(!¡2n)3
16

¡
1+X

L

¢2³
1¡X

2

L2

´

+b¿(!+2n)3
16

¡
1¡X

L

¢2³
1¡X

2

L2

´

+b¿(2!)3
8

³
1¡X

2

L2

´2

+b¿(2!¡2n)3
32

¡
1+X

L

¢4

+b¿(2!+2n)3
32

¡
1¡X

L

¢4
+O(e2);

(22)
and

P
¾b¿(¾)¥¾=b¿(!¡2n)3

8

¡
1+X

L

¢2³
1¡X

2

L2

´

¡b¿(!+2n)3
8

¡
1¡X

L

¢2³
1¡X

2

L2

´

¡b¿(2n)9
16

³
1¡X

2

L2

´2

+b¿(2!¡2n)3
32

¡
1+X

L

¢4

¡b¿(2!+2n)3
32

¡
1¡X

L

¢4
+O(e2):

(23)
Expression(22)isthesameasexpression(11)obtained
byDobrovolskis(1980).Dissipationequationsmustbe
invariantunderthechange(!;")by(¡!;¼¡")which
imposesthatb¿(¾)=¡b¿(¡¾),thatis,b¿(¾)isanodd
function.Althoughmathematicallyequivalent,thecou-
ples(!;")and(¡!;¼¡")willcorrespondtoadi®erent
physicalsituation(Fig.5).Forgravitationaltides,thefac-
torbg(¾)isgivenby:

b
g
(¾)=k2sin2±

g
(¾)=k2sin(¾¢t

g
(¾)):(24)

Dissipationofthemechanicalenergyoftidesinthein-
teriorofVenusisresponsibleforthetimedelay¢tg(¾)
betweenthepositionof\maximaltide"andthesubsolar
point.Acommonlyuseddimensionlessmeasureoftidal
dampingisthequalityfactorQ(MunkandMacDonald
1960),dēnedastheinverseofthe\specīc"dissipation
andrelatedtothephaselagsby

Q¾=
2¼E
¢E

=cot2±(¾);(25)

whereEisthetotaltidalenergystoredintheplanet,and
¢Etheenergydissipatedpercycle.Wecanrewrite(24)
as

b
g
(¾)=sign(¾)

k2
p

Q¾
2

+1
'sign(¾)

k2

Q¾
:(26)

Astherheologyofterrestrialplanetsisbadlyknown,the
relationbetweenthefrequencyandthetimelagisoften
subjecttosomeroughapproximations.Di®erentmodels
arecommonlyusedtodealwiththisproblem:

TheconstantQmodel.SinceQfortheEarthchanges
bylessthananorderofmagnitudebetweentheChandler
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wobbleperiodofabout440daysandseismicperiodsofa
fewseconds,itiscommontotreatthespecīcdissipation
asindependentoffrequency.Thus,

b
g
(¾)'sign(¾)

k2

Q
;(27)

whereQistakenconstantwithplausiblevaluesbetween
10and150(GoldreichandSoter,1966).

Theviscousmodel(or\weakfriction"model).In
thismodel,weassumethattheresponsetimedelaytothe
perturbationisindependentofthetidalfrequency,i.e.,the
positionofthe\maximaltide"isshiftedfromthesubsolar
pointbyatimelag¢t.Thismodelcanbemadelinear
(Mignard,1979,1980):

b
g
(¾)=k2sin(¾¢t)'k2¾¢t:(28)

Thislinearapproximationisjusti¯edbecauseweusually
have¾¢t¿1.FortheEarth¢t'638s(Mignard,
1979,N¶erondeSurgyandLaskar,1997)and¾'!=
7:29£10¡5rads

¡1
,andthus¾¢t'0:05.Forslower

rotations(likeVenus)thelinearapproximationiseven
moreaccurate.

Interpolatedmodel.Thechoiceofadissipationmodel
forVenusisnoteasy:duringitsevolutionVenusisbe-
lievedtospinrapidlyatthebeginningwhichcontrasts
withthepresentslowrotation.Mostofthepreviousstud-
iesontherotationofVenususedaconstantQmodel.
However,fornearzerotidalfrequencies(¾'0),which
occursforslowrotationrates(!»n),thedissipation
cannotbeconstantbecauseexpression(27)wouldintro-
duceseveraldiscontinuitiesindynamicalequations(22)
and(23).Aviscousmodelseemsthenmoreappropriate.
Therefore,inourstudy,wehavedecidedtouseaninter-
polatedmodelwhichbehavesliketheviscousmodelfor
smalltidalfrequencies,butwhichreducestotheconstant
oneforthehightidalfrequencies.Wechooseanatural
interpolationfunctionbetweenthosetwomodelsas:

b
g
(¾)=sign(¾)

k2

Q

³
1¡(1¡Q=Qn)

j¾j
n

´
;(29)

whereQisthequalityfactorforthefastrotatingplanet
andQnthesamefactorbutfor¾=n.

3.1.2Thermalatmospherictides

Thedi®erentialabsorptionoftheSolarheatbythe
planet'satmospheregivesrisetolocalvariationsoftem-
peratureandconsequentlytopressuregradients.The
massoftheatmosphereisthenpermanentlyredistributed,
adjustingforanequilibriumposition.Moreprecisely,the
particlesoftheatmospheremovefromthehightempera-
turezone(atthesubsolarpoint)tothelowtemperature

areas.Indeed,observationsonEarthshowthatthepres-
sureredistributionisessentiallyasuperpositionoftwo
pressurewaves(seeChapmanandLindzen,1970):adaily
(ordiurnal)tideofsmallamplitude(thepressureismin-
imalatthesubsolarpointandmaximalattheantipode)
andastronghalf-daily(semidiurnal)tide(thepressureis
minimalatthesubsolarpointandattheantipode).

Thegravitationalpotentialgeneratedbyallofthepar-
ticlesintheatmosphereatagenericpointofthespace~r
isgivenby:

V
a

=¡G
Z

(M)

dM
j~r¡~r0j;(30)

where~r0=(r0;µ0;'0)isthepositionoftheatmosphere
masselementdMwithdensity½a(~r0)and

dM=½a(~r
0
)r

02
sinµ

0
dr

0
dµ

0
d'

0
:(31)

AssumingthattheradiusofVenusisconstantandthat
theheightoftheatmospherecanbeneglected,weapprox-
imateexpression(31)as:

dM=
R

2

g
ps(µ

0
;'

0
;t)sinµ

0
dµ

0
d'

0
;(32)

wheregisthemeansurfacegravityacceleration,andps

thesurfacepressure,whichdependsonthesolarinsola-
tion.Thus,psdependsonS,theanglebetweenthedirec-
tionoftheSunandthenormaltothesurface:

ps(µ
0
;'

0
)=ps(S)=

+1 X

l=0

~plPl(cosS);(33)

wherePlaretheLegendrepolynomialsoforderland~pl

itscoe±cients.Developingalsoj~r¡~r0j¡1inLegendre
polynomialswerewrite(30)as:

V
a

=¡
1
¹½

+1 X

l=0

3
2l+1

~pl

µ
R
r

¶l+1

Pl(cosS);(34)

where¹½isthemeandensityofVenus.Sinceweareonly
interestedinpressureoscillations,wemustsubtractthe
termofconstantpressure(l=0)inordertoobtainthe
tidalpotentialUa.Wealsoeliminatethediurnalterms
(l=1)becausetheycorrespondtoadisplacementofthe
centerofmassoftheatmospherebulgewhichhasnody-
namicalimplications.Thus,sinceweusuallyhaverÀR,
retainingonlythesemidiurnalterms(l=2),wewrite:

U
a

=¡
3
5

±~p
¹½

µ
R
r

¶3

P2(cosS);(35)

where±~p´~p2.Accordingtoexpression(16),thedynam-
icalequationsarethen:

8
>>
><

>>
>:

dL
dt

=¡
3m¯R

3

5¹½a
3

P
¾ba(¾)¤a

¾(X
L;e);

dX
dt

=¡
3m¯R

3

5¹½a
3

P
¾ba(¾)¥a

¾(X
L;e):

(36)
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Here,too,thereisadelaybeforetheresponseofthe
atmospheretotheexcitation.Wenamethisdelay¢ta(¾)
andthecorrespondingphaseangle±a(¾)(Eq.20).The
terms¤a

¾and¥a
¾aredi®erentfromtheiranalogsingrav-

itationaltides,¤g
¾and¥g

¾.Nevertheless,whenneglecting
thetermsine2,theybecomeequal:

(
¤a

¾(e=0)=¤g
¾(e=0)=¤¾;

¥a
¾(e=0)=¥g

¾(e=0)=¥¾:
(37)

Thisallowsustouseforthermalatmospherictidesthe
sameexpressions(22)and(23)whereb¿(¾)isnow:

b
a
(¾)=±~p(¾)sin2±

a
(¾)=±~p(¾)sin(¾¢t

a
(¾)):(38)

Siebert(1961)andChapmanandLindzen(1970)
showedthatwhen

j±~p(¾)j¿~p0;(39)

theamplitudesofthepressurevariationsontheground
aregivenby:

±~p(¾)=i
°
¾

~p0

µ
r¢~v¾¡

°¡1
°

J¾

gH0

¶
;(40)

where°=7=5foraperfectgas,~visthevelocityoftidal
windsandJtheamountofheatabsorbedoremittedby
aunitmassofairperunittime.H0=R¹Ts=¹Mgisthe
scaleheightatthesurface,Rtheuniversalgasconstant,
¹Mthemeanmolecularweightofairand¹Tsthemean

temperatureatsurfacelevel.Wecanwrite(40)as,

±~p(¾)=
°

j¾j
~p0

?
?
?
?r¢~v¾¡

°¡1
°

J¾

gH0

?
?
?
?e

§i¼
2

(41)

=j±~p(¾)je
§i¼

2;

wherethefactore§i¼
2canbeseenasasupplementary

phaselagof§¼=2:

b
a
(¾)=j±~p(¾)jsin2

³
±

a
(¾)§

¼
2

´
=¡j±~p(¾)jsin2±

a
(¾):

(42)
Theminussignabovecausespressurevariationstolead
theSunwhenever±a(¾)<¼=2(ChapmanandLindzen
1970,DobrovolskisandIngersoll1980).Unfortunately,
ourknowledgeoftheatmosphereresponseisnotascom-
pleteaswewishedittobe.Asforthegravitationaltides,
modelsaredevelopedtodealwiththeunknownpart.Do-
brovolskisandIngersoll(1980)useintheirpaperaso
calledmodel,`heatingattheground',wheretheysup-
posethatallthesolar°uxabsorbedbythegroundFsis
immediatelydepositedinathinlayerofatmosphereatthe
surface.Theheatingdistributingmaythenbewrittenas
adelta-functionjustabovetheground:

J(x)=
g
~p0

Fs±(x¡0
+

):(43)

Neglecting~voverthethinheatedlayer,expression(40)
simpli¯es:

±~p(¾)=i
5
16

°¡1
j¾j

Fs

H0
=i

5
16

°
j¾j

gFs

cp¹Ts
;(44)

wherethefactor5=16representsthesecond-degreehar-
moniccomponentoftheinsolationcontribution(Dobro-
volskisandIngersoll,1980)andcpisthespecīcheatat
constantpressure.

Nevertheless,thismodelhasaseriousproblem:accord-
ingto(44),if¾=0,theamplitudeofthepressurevaria-
tions,±~p(¾),becomesin¯nite.Weknowthatthiscannot
betrue,asforatidalfrequencyequaltozero,asteady
distributionisattained,andthus±~p(0)=0.For!=n,
thise®ectisknownassolarequilibriumtide(Chapman
andLindzen,1970).Indeed,expression(40)isnotvalid
when¾'0becausethecondition(39)isnolongersat-
is¯ed.UsingthetypicallyacceptedvaluesfortheVenu-
sianatmosphere,cp'1000Kkg

¡1
s¡1,¹Ts'730Kand

Fs'100Wm
¡2

(Avduevskiietal.,1976)wecompute:

j±~p(¾)j'10
¡4

~p0
n

j¾j
;(45)

whichmeansthatfor¾»n,the`heatingattheground'
modelofDobrovolskisandIngersoll(1980),canstillbeap-
plied.Sinceweareonlyinterestedinlongtermbehaviors
wecanset±~p(¾)=0wheneverj¾j<n=100,andthecom-
mittederrorwillbeverysmall.Moreover,forthosetidal
frequenciesthedissipationlagsin¾¢ta(¾)'¾¢ta(¾)also
goestozero.Inordertominimizeevenmorethiserror,
incomputations,wewilluseaninterpolatingfunctionto
smooththediscontinuities:

j±~p(¾)j=
5
16

°
j¾j

gFs

cp¹Ts

³
1¡e

¡10
3
(

2¾
n)

2´
:(46)

Weexpectthatfurtherstudiesabouttheextrasolar
synchronousplanets'atmospheres,liketheonedoneby
Joshietal.(1997),mayprovideanaccuratesolutionfor
thecase¾'0.

Inpresenceofadenseatmosphere,anotherkindoftides
canarise:theatmospherepressureuponthesurfacegives
risetoadeformation,apressurebulge,thatwillalsobe
a®ectedbythesolartorque.Atthesametime,theat-
mosphereitselfexertsatorqueovertheplanet'sbulges
(gravitationalandpressurebulge).Nevertheless,wedo
notneedtotakethemintoaccountastheirconsequences
uponthedynamicalequationscanbeneglected(Hinderer
etal.,1987,CorreiaandLaskar,2002b).

3.2Core-mantlefriction

Thelaste®ecttoconsideristheelectromagneticandvis-
cousfrictionoccurringatthecore-mantleboundary.Al-
thoughwithoutmagnetic¯eld,Venushasprobablyaliq-
uidoutercore(KonoplivandYoder,1996).Thisassump-
tionisbasedontheEarth'scase,whichshouldnotbevery
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di®erentduetothesimilaritiesofthedensityandthesize
ofthetwoplanets.Wealsomakeheretheassumptionthat
theinternalstructureoftheplanetremainsconstantalong
itsevolution.Thecoreandthemantledonothavethe
samedynamicalellipticitybecauseoftheirdi®erentshapes
anddensities.Sincetheprecessiontorquesexertedbythe
SunonVenus'coreandmantleareproportionaltotheir
dynamicalellipticity,thetwopartstendtoprecessdif-
ferentlyaroundanaxisperpendiculartotheorbitalplane
(thisresultsfromPoincar¶e'sstudy(1910)onthemotionof
aninviscid°uidcontainedinarotatingellipsoidalshell).
Thistendencyismoreorlesscounteractedbydi®erent
interactionsproducedattheinterface.Themaintorques
are:

-thetorque~Nofnon-radialinertialpressureforces
ofthemantleoverthecoreprovokedbythenon-
sphericalshapeoftheirinterface.

-thetorqueoftheviscousfriction(orturbulent)be-
tweenthecoreandthemantle.

-thetorqueoftheelectromagneticfriction,causedby
theinteractionbetweenelectricalcurrentsofthecore
andthebottomofthemagnetizedmantle.

Rochester(1976)showedthatthelasttwotypesoffric-
tionarecollinear.Thus,wecanconsiderthesetwoef-
fectsasasinglee®ectivefrictione®ect~©,whichdepends
onlyononeparameter,·(e®ectivefrictioncouplingcon-
stant).Atpresent,Venusdoesnothaveasignīcantmag-
netic¯eld,maybebecauseitsliquidcorehassolidi¯ed
lately(Arkani-HamedandToksÄoz,1984).Infact,itisbe-
lievedthatVenus'corewascertainlyliquidbeforethelast
greatresurfacingeventsome0:5§0:3Gyrago(Schaber
etal.,1992)andhencecorefriction(viscousandelectro-
magnetic)shouldhavehadamajorin°uenceonVenus'
tidalhistory.Thee®ectofcoreviscosityintheEarth's
casewastreatedbyStewartsonandRoberts(1963)and
RobertsandStewartson(1965)forlowvaluesofviscos-
ity,bylinearizingtheequationsfortheviscousboundary
layer.Busse(1968)furtherstudiedthee®ectofthenon-
linearadvectivetermintheequations.Aspointedoutby
Rochester(1976),fortheEarth,theresultsobtainedfrom
thosestudiesagreecloselywiththoseobtainedassuming
thatthefrictiontorqueonthecorecanbeexpressedas

~©'¡·(~!c¡~!)=¡·~±;(47)

where~!cisthecorespinvector.Sasaoetal(1980)showed
thattheinertialtorquecanbeexpressedby:

~N=~!c£~Lc¡~Pc;(48)

where~Pcistheprecessionaltorqueonthecore,andthe
subscripts(c)and(m)referrespectively,tothecoreandto
themantle.Sincethederivativeoftheangularmomentum

isgivenbythesumofexternaltorques,thecontribution
ofthecore-mantlefriction(CMF)isthesolutionofthe
system:

8
>>
<

>>
:

d~Lm

dt
=~Pm¡~N¡~©=~P¡~!c£~Lc+·~±;

d~Lc

dt
=~Pc+~N+~©=~!c£~Lc¡·~±:

(49)

where~P=~Pm+~Pc.Thecontributionoftheprevious
equationstothesecularvariationoftheobliquityisgiven
by(Rochester,1976,Paisetal,1999):

_"'¡·
®2cos3"sin"

°elCEc
2
!2;(50)

whereEcisthedynamicalellipticityofthecoreand
°el'0:75thecorrectingfactoraccountingfortheelas-
ticdeformationofthemantle.Inaddition,thesystemof
equations(49)alsoimpliesthatthenormalcomponentof
thespinmomentumC!cos"isconserved(neglectingthe
orbitalcontribution).Thus,

d(C!cos")
dt

=
dX
dt

'0:(51)

Wethen¯ndtheequations(N¶erondeSurgyandLaskar,
1997)forthesecularevolutionofthespinofVenus:

8
>>
><

>>
>:

dL
dt

'¡·
9C

3
n

4

4L
3
°el

µ
Ed

Ec

¶2µ
1¡

X
L

¶2
X

2

L
2;

dX
dt

'0:

(52)

Forlaminarboundarylayerorviscousfriction,·isgiven
by(RobertsandStewartson,1965,Busse,1968)

·(lam:)=2:62Ccj!j
p

³e;(53)

where
³e=

º

j!jRc
2(54)

istheEkmannumberofthecore.Thekinematicviscosity
(º)ispoorlyknown.EveninthecaseoftheEarth,itsun-
certaintycoversabout13ordersofmagnitude(Lumband
Aldridge,1991).Itcanbeassmallasº=10¡7m2s¡1

fortheMaxwellianrelaxationtimeandexperimentalval-
uesforliquidmetalsorasbigasº=105m2s¡1forthe
dampingoftheChandlerwobbleorattenuationofshear
waves.Thebestestimatesofaroftheactualvalueofthis
parameterisº'10¡6m2s¡1(Gans,1972,Poirier,1988).
However,whenwetakeintoaccounttheelectromagnetic
friction,ºisreplacedbyane®ectivefriction,whichis
stronger.N¶erondeSurgyandLaskar(1997),inastudy
aboutthecouples(¢t;º)whichgiveanevolutionofthe
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lengthofthedaysimilartotheonesgivenbytheobserva-
tionsoftheEarth'sgroundoverthelasttwobillionyears
(Williams,1989,1993)giveanupperlimitforthee®ective
viscosityº'103m2s¡1.Thisvalueisclosetothelimit
estimatedbyToomre(1974):º<102m2s¡1.

Inaddition,unlikeEarth'scase,frictionbetweenthe
coreandthemantleonVenusmaybecometurbulent.In-
deed,forslowrotationrates,theReynolds'number(Re)
forprecessional°owissolargethatturbulenceatthe
core-mantleboundaryisalmostcertainunlesstheangle
betweenthecoreandthemantlespinvectorsbecomesex-
tremelysmall.TurbulenceusuallysetsinforRe»105to
106andatypicalReis

Re=
sin

2
Â

³e
;(55)

whereÂistheanglebetween~!cand~!givenby:

sinÂ'
®cos"
!Ec

sin":(56)

Anestimateoftheturbulentstresscanbeobtainedus-
ingmixinglengththeory(Goldstein,1965,Yoder,1995a)
inwhichthelaminar,viscousboundarylayerisreplaced
bytwolayers:aninterior,laminarviscoussublayerwith
thicknessDwhichismatchedwithanexteriorturbulent
boundarylayer.Thevelocitypro¯leinthelaminarsub-
layerincreaseslinearlywiththedistancedfromthewall
(~u=~uDd=D)uptoalayerthicknessDandvelocityuD.
Theturbulentcouplingparameteristhen

·(turb:)'
jLj
2

µ
uD

u0

¶2

sinÂ;(57)

where~u0=~±£~Rcisthevelocitylimitingvalueintheouter
boundary.ThevalueuD=u0·1=10fortheexpectedcore
parameters.Fromequations(53),(55)and(57)wehave

µ
uD

u0

¶2

'
5:2

p
Re

£
·(turb:)
·(lam:)

:(58)

Inordertoensurethecontinuitybetweenthe·values
whenwechangefromoneregimetoanother,wewilluse
thetransitionReynolds'numberRTtoevaluateuD=u0.
Forinstance,withRT=106,wehaveuD=u0'1=13:87.

4Dynamicalevolution

Inthissectionweanalyzethedynamicalequationsob-
tainedpreviously.Themaingoalistodescribebothevo-
lutionand¯nalstagesforthespinofVenusinorderto
understandtheresultsofnumericalexperimentspresented
inthecompanionpaper(CorreiaandLaskar,2002).This
analysiswillalsoallowtodetermineplausibledissipation
coe±cientsaswellasplausibleinitialconditionsforVenus.

4.1Obliquitycalculus

Untilnow,wehavebeenexpressingthevariationsofthe
spininAndoyer'svariables.Despitetheirpracticaluse,
thesevariablesdonotgiveaclearviewoftheobliquity
variation.SinceX=Lcos",oneobtains:

dcos"
dt

=
1
L

µ
dX
dt

¡
X
L

dL
dt

¶
:(59)

FortheCMFe®ect,thevariationof"iseasilycomputed
fromthepreviousequation,sincedX=dt'0(Eq.52):

d"
dt

'
1
L

dL
dt

cot":(60)

Fortidale®ects,weexpressd"=dtusingtheeccentricity
seriesfordL=dtanddX=dt(Eq.21):

dcos"
dt

=¡
K¿

!

X

¾

b
¿
(¾)

µ
¥¾¡

X
L

¤¾

¶

=K
¿sin

2
"

!

X

¾

b
¿
(¾)£¾(cos");(61)

whereK¿isaconstant,whosevaluesforeachkindof
tide(¿=gor¿=a)aregivenintable1,aswellasthe
expressionofb¿(¾).Truncatingtheseriesasin(22)and
(23)weobtain:

d"
dt

=¡K
¿sin"

!

8
>>
>>
>>
>>
>>
>>
>>
<

>>
>>
>>
>>
>>
>>
>>
:

b¿(2n)9
16sin

2
"

+b¿(!)3
4cos3"

¡b¿(!¡2n)3
16(1+cos")2(2¡cos")

+b¿(!+2n)3
16(1¡cos")2(2+cos")

+b¿(2!)3
8sin

2
"cos"

¡b¿(2!¡2n)3
32(1+cos")3

+b¿(2!+2n)3
32(1¡cos")3:

(62)
Asimilarexpressionwas¯rstestablishedbyDobrovolskis
(1980).However,thereisamisprintinthesignofthe
secondtermb¿(!)appearinginhisexpression(12).Shen
andZhang(1988)alsoreproducethesameerror.Thisis
notaveryseriousmistake,sincethistermplaysaminor
roleintheevolution.Finally,fortheplanetaryperturba-
tions,wehavefromthesystemofequations(6)andfrom
expression(59):

d"
dt

=A(t)cosÃ¡B(t)sinÃ:(63)

4.2Consequencesoftidale®ects

Wehaveconsideredtwodi®erentkindsoftidale®ects:
gravitationaltides(g)andthermalatmospherictides(a).
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Althoughtheyhavethesamenature(aperiodicresponse
oftheplanettoasolarperturbation),theircontributions
tothedynamicalequationsarequitedi®erent.Forex-
ample,atmospherictidescaneithercontrolthespinevo-
lutionorsimplybeneglected,accordingtothetidalfre-
quency.Themagnitudeofeache®ectdependsuponthe
productoftheconstantK¿appearinginexpression(62)
andtherespectivedissipationtermb¿(¾).Intable1,we
reportedtheirrelativestrength.Themagnitudecomputa-
tionisperformedusingthesameparametersofthestan-
dardmodel(CorreiaandLaskar,2002)anddividingby
themagnitudeofthegravitationaltides.

Tide(¿)K¿b¿(¾)Magn:

g
Gm

2
¯R

5

Ca
6k2sin2±g1

a
3m¯R

3

5C¹½a
3¡j±~pjsin2±a1:92

¡2n
¾

¢

Table1:Tidale®ectscomparison.Thetidale®ects'contribu-
tionstothedynamicalequationsarethesameto¯rstorderine,
onlytheconstantK¿andthedissipationfactorb¿(¾)changefor
eachtidale®ect(¿=gor¿=a).

Inthefollowingsectionswewillanalyzeeachtidalef-
fectseparately.Wewillassumethattherotationrate!
ispositive,butthisasumptionisnotrestrictive,asresults
for!<0canbededucedusingthesymmetryofthedis-
sipationequations(section3):thecouple(¡!;")behaves
identicallytothecouple(!;¼¡").

4.2.1Gravitationaltides

Wewill¯rstlookatthesituation!>2n,wherethe
planetisbelievedtospendmostofitsevolution.Here,
theevolutiontendencyofd!=dtisthesameforanydis-
sipationmodel,becauseallthetermsinexpression(22)
havethesamesign.Thus,inthisregime,gravitational
tidescanonlybraketherotationrate.Onthecontrary,
when0<!<2n,sometermsinexpression(22)be-
comenegativeandwemustconsidererthevariousdissi-
pationmodels.ExceptfortheconstantQmodel,allthe
dissipationmodelsbecomelinearfortheseslowrotation
rates.Infact,theconstantmodelisnotrealisticinthis
situationbecausewhenthetidalfrequenciesbecomesnull
(¾=0),adiscontinuityoccursintheequations.Usinga
linearizeddissipationmodel(Eq.28)inthelimitofslow
rotationrates,onecansimplify(22)as,

d!
dt

=¡»
h
(1+cos

2
")

!
2n

¡cos"
i

+O(e
2
);(64)

with

»=
3Gm2

¯R
5

Ca6

k2

Qn
:(65)

Fromexpression(64)wededuce

d!
dt

·0if!¸
µ

2cos"
1+cos2"

¶
n:(66)

Thus,aslongas!>n,therotationratedecreasesfor
anyvalueoftheobliquity.Conversely,if!<¡n,the
rotationratealwaysincreases.Forinertialrotationrates
valueswithin¡n<!<n,bothbehaviorsarepossible
andwilldependontheobliquity.Foreachobliquityvalue
"thetransitionvalueisanequilibriumpointfortherota-
tionrate:

!e=
µ

2cos"
1+cos2"

¶
n:(67)

When!>!etherotationoftheplanetdecreases,whereas
when!<!eitincreases.Contrarytotherotationrate,
intheexpressionoftheobliquityvariationsfortidalef-
fects(62),di®erentsigntermsarepresentforanyrotation
rate,sotheobliquityvariationswillalwaysbemodelde-
pendent.Usingasbeforethelinearmodel,wehave:

d"
dt

=¡»
sin"

!

³
1¡

!
2n

cos"
´

+O(e
2
);(68)

andforagivenvalueof!,the\equilibrium"obliquity"e,
obtainedassolutionofd"=dt=0,willbe:

½
"e=arccos

¡2n
!

¢
if!>2n;

"e=0if2n¸!>0:
(69)

InthecaseofVenus,theonlypossiblebehaviorofthe
gravitationaltidesaloneisthustoleadtheplanet'sspin
tothesynchronousstate(!=n;"=0),asshownin¯gure
2.Otherresonantstatesexistbutsincetheeccentricityof
Venusanditsnon-axialdeformationareverysmall,cap-
tureinthesestatesisunlikely(seesection2.4).This¯nal
evolutioncanalsobevisualizedintermsofthenormaland
obliquecomponentsofVenus'spin(Dobrovolskis,1980).

4.2.2Thermalatmospherictides

Asforgravitationaltides,sincealltermsinexpression(22)
havethesamesignfor!>2n,theevolutiontendency
ofd!=dtinthisregimeisindependentofthedissipation
model.However,sincethissign(negativeforgravitational
tides)ispositivehere,thermalatmospherictidesacceler-
atetheplanet'srotation(aslongas±a(¾)<¼=2).If
0<!<2n,theanalysisismorecomplicated.Indeed,
duetothesurfacepressurevariationsterm±~p(¾)(Tab.1),
wecannolongerestablishasimpleandgeneralexpression
asforgravitationaltides.Sincethefunction¤¾(22)isa
polynomialofdegreefourincos",allonecansayisthat
thereexistsforeachrotationrateatmostfourrootsof
d!=dt,twocorrespondingtostablepointsandtheother
twotounstablepointsoftherotationrate.Thesame
di±cultyoccursforthestudyoftheobliquityvariations,
whichalwaysdependon±~p(¾).Accordingtoexpression
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!
>
2
n


"=0

"=arccos(2n=!)

"=¼


<0 d!=dt

"=0

"=¼


2
n
>
!
>
0


!¡
!n

Figure2:Generalconsequencesofthegravitationaltides
for(!>0).Theplanet'sspinevolvestotheresonantstate(1:1).
However,duringthetimethattherotationrateissloweddown,the
obliquitytendstoaprovisionalstablepoint,cos"=2n=!.

(40),thesurfacepressurevariationsareinverselypropor-
tionalto¾,soforfastrotationrates(!Àn),d"=dtis
dominatedbythe¯rsttermin(62).Therewillbetwo
obliquityvalueswhered"=dtvanishes,0±and180±,the
¯rstonecorrespondingtoaunstablepositionandthelast
onetoastableequilibriumpositionfortheobliquity.

Asweapproachslowrotationrates(!»n),allthe
termsof(62)becomeimportantandmorecomplexbe-
haviorsareexpected.Nevertheless,sincethefunction
£¾(cos")appearinginexpressions(61)and(62)isapoly-
nomialofdegreethreeincos",d"=dthasatmostthree
zerosintheinterval[0;¼].Theserootscanbecomputed
analytically,butwewillneedtospecifythedissipation
model.Using(44),weobservethatfor!>2n,theinsta-
bilitypointat"=0±willbedisplacedtoanequilibrium
obliquitycloseto"esuchthat

cos"e'¡1+
3!
4n

¡
1
4

r

9
!2

n2¡48
!
n

+96;(70)

whereasthepoint"=0±becomesastableequilibrium
point(Fig.3).When0<!<2nthereareinversionsin
thesignsofthetermsba(¾)andageneralsolutionbecomes
quitecomplicated.

Allatmospherictidaltermsba(¾)areproportionalto
thefactor2n=¾,resultingfromthesurfacepressurevaria-
tionsterm±~p(¾)(Table1).Then,forverylowvaluesof¾,
theirstrengthbecomemuchmoreimportantthangravita-
tionaltides.Ontheotherhand,forinitialrotationrates
wehavetypically¾»100nandthusthecontribution
ofthermalatmospherictidestotherotationratecanbe
neglected.Thisresultisimportantaswedonotknowex-
actlywhenadenseatmospherewasformedintheplanet's
evolution(Walker,1975,Pepin,1991,Hunten,1993).If
weassumeafastoriginalrotation,theformationofthe

!>2n

e

"=0

"" =

"=¼


>0 d!=dt

Figure3:Generalconsequencesofthethermalatmospheric
tidesfor(!>2n).Therotationrateisalwaysacceleratedand
theobliquityisessentiallyreversed.However,forslowrotationrates
theobliquitydecreaseswhenitisinferiortoacriticalvalue"e(70).

atmosphereinthebeginningoftheSolarSystemoronly
afteronebillionyearswillnotdirectlya®ecttheevolu-
tionoftherotationrate.However,thesameisnottrue
fortheobliquityevolution.Duetothepresenceofthe
termba(2n)9

16sin
2

"(¯rstterminexpression62)thereis
aconstantsmallcontributionfromthermalatmospheric
tidesforobliquitiesaround90±.

4.3ConsequencesoftheCMFe®ect

WenowlookattheCMFimplications.Justasin
section4.2,duetothesymmetrybetween(!;")and
(¡!;¼¡"),ouranalysisisrestrictedto(!>0).The
¯rstequationofsystem(52)canberewrittenas:

d!
dt

'¡!K
f
(!;·)cos

2
"sin

2
";(71)

where

K
f
(!;·)=

·
°elC

³n
!

´4µ
3Ed

2Ec

¶2

(72)

ispositive.Thus,foranyobliquityvalue,and!¸0,

d!
dt

·0:(73)

ThecontributionoftheCMFe®ecttod!=dtisnullfor
"=0±;90±and180±.Makinguseof(60)weobtainfrom
(71)foragivenvalueof!:

d"
dt

'¡K
f
(!;·)cos

3
"sin";(74)

whichimpliesthat,foranyrotationrate,theCMFbrings
theequatortotheecliptic(Fig.4),whiled"=dtvanishes
for"=0±and"=180±(stablepositions)and"=90±(un-
stableequilibrium).Thedecreaseoftherotationrateand
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theobliquityvariationsareintimatelycoupled.Indeed,
dX=dt'0(Eq.52)imposesthatforaninitialrotation
rate!iandobliquity"i6=¼=2:

!=
!i

cos"i
cos":(75)

Asequation(74)impliesthatjcos"j!1astimegoeson,
fromthepreviousexpression(75)theequilibriumrotation
rateisattainedfor!e=!i=jcos"ij.

"=0

"=¼


!
>
0


<0 d!=dt

Figure4:GeneralconsequencesoftheCMFe®ectfor(!>
0).Therotationrateiscontinuouslydecreasedatthesametime
thattheequatorisbroughttotheeclipticplane.

4.3.1ComparisonbetweenCMFandtidale®ects

Combiningexpressions(55),(57)and(58)wecanwrite:

·(turb:)'·(lam:)
p

Re=RT¸·(lam:);(76)

thatis,forthesamesetofparameters,thestrengthof
CMFe®ectintheturbulentregimeisalwaysstrongerthan
itsequivalentintheviscousregime.Thisallowsusto
extendtheconclusionsobtainedintheviscousregimeto
theturbulentone.Let¯bedēnedas:

¯=j!j
7=2

K
f
(!;·);(77)

then,combiningexpression(53)and(76)weobtain

¯¸0:5
n4p

º
°elRc

µ
Ed

Ec

¶2

:(78)

Thedynamicalellipticityofthecoreandthemantlealso
changeslightlywiththerotationrate(3).FortheEarth
values,whenthehydrostatictermisdominating(fastro-
tationrates)wehaveEd=Ec'4=3(Rochester,1976),
whileforthenon-hydrostaticterm(slowrotationrates)
Ed=Ec'1=4(Herringetal.,1986).Ifweassumethat

Ed=Ecisconstant,thecoe±cient¯becomesindependent
of!and".Wenowrewriteequations(71)and(74)as:

d!
dt

'¡
!¯

j!j7=2cos
2

"sin
2

";(79)

d"
dt

'¡
¯

j!j7=2cos
3

"sin":(80)

InordertoestimatetherelativemagnitudeofCMFand
tidale®ectswedivided!=dtbythemagnitudeofgravi-
tationaltides,»(Eq.65),asitwasdoneinTable1.We
have

¯j!j¡5=2

»
¸7:1£10

3p
º

µ
n

j!j

¶5
2

;(81)

whereweusedthenon-hydrostaticvalueasaminimales-
timateforEd=Ec.Yoder(1995a)computesatheoretical
valueforthenon-hydrostaticcoreellipticity,±Ec'29±Ed

thatwouldsetasmallerlimit.However,herecognizes
(Yoder,1997)thatthisvalueofthenon-hydrostaticcore
ellipticityisprobablytoolarge(thoughnotphysicallyun-
reasonable).Yodercalculatedthisparameterassuminga
constantQtidalmodelforslowrotationrateswhileour
modelislinear.Ifweuseaconstantmodel,thestrength
ofthethermalatmospherictidesbecomesin¯nitewhen
tidalfrequenciesarezerowhichdoesnotseemtobea
veryrealisticsituation(seesection3.1.2).Thus,weprefer
toassumeaVenusianellipticityclosertotheEarthone,
insteadofusingYoder'sestimation.Inordertosimplify
futurecalculations,wewillintroducenowthedimension-
lessparameter%,dēnedas

%=
¯

»n5=2:(82)

Thisparameter,whichdependsonthedissipationmodels,
willbeusedtoquantifytherelativestrengthoftheCMF
e®ecttothetidalones.From(77)and(81),wehave:

%¸7:1£10
3p

º:(83)

AspointedoutbyDobrovolskis(1980)andYoder
(1995a),theCMFe®ectdisplaysarapidincreasein
strengthasVenusapproachesitspresentspinstate
(Eq.81).More,inthelimitofslowrotationrates,CMF
becomesturbulent,andthus,independentofthee®ective
viscosityº(seesection3.2).Whentheregimetransition
occurs(for!<4n),thestrengthoftheturbulentfriction
becomes,atleast,equivalenttothestrengthoflaminar
frictionwithº'10¡4m2s¡1(Fig.21,CorreiaandLaskar,
2002).Forlowerviscosities,thetransitionofregimeoc-
cursforevenfasterrotationrates.Then,usingthatvis-
cosityasinferiorlimitfor%intheturbulentregime,we
candeduce

%(turb:)¸71:(84)
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4.4Evolution¯nalstates

The¯rstmeasurementsoftherotationofVenus(Smith,
1963,Goldstein,1964,Carpenter,1964,1966)ledtothink
thatitsrotationwasin5:1resonancewiththeEarthor-
bitalmotion(GoldreichandPeale,1966).Thiswasun-
likely,buttheintroductionofthermalatmospherictides
seemedtomakeitpossible(GoldandSoter,1969).How-
ever,moreaccuratemeasurementsfoundanobservedrate
!othatwasnotcloseenoughtotheresonantrate(243.16
d)tomaintainthatcon̄guration(Daviesetal.,1992,
Konoplivetal.,1993).WestilldonotknowifVenus
hasactuallyattainedits¯nalrotationstate,butinthis
sectionwewillassumethatthepresentmeasuredperiod
Pf=243:0185§0:0001d(Daviesetal.,1992)isa¯nal
rotationspinstate.Wewillnotyetconsidertheplanetary
perturbations.

4.4.1Obliquity¯nalstates

Forafastrotationrate(!>>n),thesurfacepressure
term(46)remainssmallandthecontributionofatmo-
spherictidestotherotationratecanbeneglected(see
section4.2.2).SincethegravitationaltidesandtheCMF
frictionbothdeceleratetheplanet'srotation,itsratewill
slowdownuntilitreachestheregimeofslowrotation
(!»n).Onceinthisregime,thethermalatmospheric
tidescancounterbalancethebrakinge®ectandgiverise
tostablepositionsforbothrotationrateandobliquity.

Althoughmanyunknownsremaininthephysicalmod-
elsanddissipativeparameters,itispossibletoshow(Ap-
pendix5)thatintheslowrotationregime,anon-negligible
CMFe®ectcontrolsthegeneralobliquityevolution,and
thatthereareonlytwostablestablepositionsforthe
obliquity,at"=0±,"=180±.Acriticalpointisalso
presentaround"=90±,butintheslowregimethiscrit-
icalpointisunstablefor½>6,whichisalwaystruein
presenceofCMF(seetheprevioussection).

4.4.2Rotation¯nalstates

ForaplanetwithadenseatmospherelikeVenus,when
the¯nalstablepositionsoftheobliquityare"=0±and
"=180±,thereareonlyfourpossibilitiesforitsrotation
rate(CorreiaandLaskar,2001).Indeed,forthesetwo
obliquityvalues,theCMFcontributiontod!=dtvanishes
(71),andthetidalcomponentsbecomeverysimple,with
(atsecondorderintheplanetaryeccentricity)asingle
termoftidalfrequency¾=2!¡2nfor"=0and¾=
2!+2nfor"=¼.As¤2!¡2n(0)=¤2!+2n(¼)=3=2,

d!
dt

¯
¯
¯
¯
0

=¡
3
2

[Kgbg(2!¡2n)+Kaba(2!¡2n)];

d!
dt

¯
¯
¯
¯
¼

=¡
3
2

[Kgbg(2!+2n)+Kaba(2!+2n)];

(85)

whereKgandKaaregiveninTable1.Letf(¾)bedēned
as

f(¾)=
ba(2¾)
bg(2¾)

:(86)

Asb¿(¾)isanoddfunctionof¾(seesection3.1),f(¾)
isanevenfunctionof¾oftheformf(j¾j).Thus,at
equilibrium,withd!=dt=0,weobtainanequilibrium
condition

f(j!¡pnj)=¡
Kg

Ka;(87)

wherep=+1for"=0andp=¡1for"=¼.Moreover,
foralldissipativemodels(GoldandSoter,1969,Lagoand
Cazenave,1979,DobrovolskisandIngersoll,1980,Shen
andZhang,1989,McCueandDormand,1993,Yoder,
1995a,1997),fismonotonicanddecreasingforslowro-
tationrates.Therearethusonlyfourpossiblevaluesfor
the¯nalrotationrate!fofVenus,givenby

j!f¡pnj=f
¡1

µ
¡

Kg

Ka

¶
=!s:(88)

AssumingthatthepresentrotationstateofVenuscorre-
spondstoastableretrograderotation,as!s>0,theonly
possibilitiesforthis¯nalstateare"=0and!o=n¡!s,
or"=¼and!o=!s¡n.Inbothcases,!s=n+j!oj
(!sisthusthesynodicfrequency).With

!o=2¼=243:0185d;n=2¼=224:701d;(89)

wehave
!s=2¼=116:751d:(90)

Wecanthendetermineallfour¯nalstatesforVenus(ta-
ble2).Therearetworetrogradestates(F

¡
0andF¡

¼)
andtwodirectstates(F

+
0andF+

¼).Thetworetrograde
statescorrespondtotheobservedpresentstateofVenus
withperiod243:02days,whilethetwodirectstateshave
arotationperiodof76:83days.Lookingtothepresent
rotationstateoftheplanet,itisimpossibletodistinguish
betweenthetwostateswiththesameangularmomentum
(Fig.5).These¯nalstatesdonotdependontheprecise
dissipativemodel.Indeed,if!

+
fisthe¯nalrotationrate

inadirectstateand!
¡
fthe¯nalrotationrateinaretro-

gradestate,thesetwoquantitiesarerelatedby:

!
+
f=!

¡
f+2pn;(91)

andwhenwereplace!
¡
fbytheobservedvalue!o,we

have:
j!

+
fj=j!oj+2n:(92)

4.4.3Di®erentobserved¯nalrotationrates

Tocomputetherotationrateinthedirect¯nalstate,
weassumedthattheVenusianpresentrotationratehas
reachedits¯nalspinvalue.Ifthatisnotthecase,for
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state"!P(days)Ps(days)

F
+
00±n+!s76:83116:75

F
¡
00±n¡!s¡243:02¡116:75

F+
¼180±¡n¡!s¡76:83116:75

F¡
¼180±¡n+!s243:02¡116:75

Table2:Possible¯nalspinstatesofVenus.Therearetwo
retrogradestates(F

¡
0andF

¡
¼)andtwodirectstates(F

+
0andF

+
¼).

InallcasesthesynodicperiodPsisthesame.

F
+
0F

¡

0

F+
¼
F¡


¼


Figure5:Thefour¯nalstatesofVenus(CorreiaandLaskar,
2001).Therearetworetrogradestates(F

¡
0andF

¡
¼)andtwodirect

states(F
+
0andF

+
¼).Thetworetrogradestatescorrespondtothe

observedpresentstateofVenuswithperiod243:02days,whilethe
twodirectstateshavearotationperiodof76:83days.Atpresentit
isimpossibletodistinguishbetweenthetwostatesofeachgroup.

smallvariationsofthepresentperiodofrotationPowe
candeducefromexpression(92)asimpleformulawhich
givesthevariationsinthedirect¯nalstateP

+
f:

±P
+
f'

Ã
P

+
f

Po

!2

±Po'
±Po

10
:(93)

Avariationof1dayinPogivesrisetoavariationofonly
0.1dayinP

+
f.Wecanthenconcludethat,inabsenceof

planetaryperturbations,the¯nalrotationperiodofthe
directrotation¯nalstateisalwayscloseto76.8days.

4.4.4Consequencestothephaselags

Once!sisdetermined,directlyfromtheobservationsor
theoretically,weobtainsomeconstraintsonthedissipa-
tionphaselags,±gand±a.Indeed,fromequation(88)we
haveforany¯nalstate¾s=2!o¡p2n=§2!s:

sin2±
g
(2!s)=

j±~p(2!s)jKa

k2Kgsin2±
a
(2!s):(94)

Inaddition,sincesin2±a·1,weobtain:

Q
¡1
¾s'sin2±

g
(2!s)·

Ka

k2Kgj±~p(2!s)j:(95)

Usingthe`heatingattheground'model(44)for±~p(¾)
andthepresentobservedvaluesfork2,Ka,Kgand!s,
wecompute:

Q¾s¸45:3:(96)

Inversely,ifweareabletomeasuretheQfactorforgrav-
itationaltides,wecandirectlyestimatetheatmospheric
tidesphaselagsfromexpression(94):

sin2±
a
(2!s)'

k2Kg

j±~p(2!s)jKaQ¾s

:(97)

Forinstance,withQ¾s=50wehave:

±
a
(¾s)=33:8

±
:(98)

4.4.5Anatmospherictidesdissipationmodel

Theexactdependencyofthedissipationtimelagsupon
thetidalfrequencyisunknown.However,expression(87)
combinedwiththeassumptionthatVenusispresentlyin
oneofits¯nalstates(88)providesussomeimportant
informationaboutthepresentratiobetweenthegravita-
tional¢tgandtheatmosphere¢tatimelags.Replacing
(24)and(42)inexpression(87),weobtain

¢ta(2!s)
¢tg(2!s)

'
sin(2!s¢ta(2!s))
sin(2!s¢tg(2!s))

=
k2Kg

j±~p(2!s)jKa:(99)

Assumingthatthisratiodoesnotchangemuchwiththe
tidalfrequency,i.e.,

¢ta(¾)
¢tg(¾)

'
¢ta(2!s)
¢tg(2!s)

'36:5;(100)

wecanestablishadissipationmodelforthermalatmo-
spherictides.Thisassumptionenablesustosimplify
thedynamicalequationswhentheobliquityis"=0±or
"=180±.Infact,equations(85)canberewrittenas

d!
dt

=¡
3
2

K
g
b

g
(2!¡p2n)

µ
1+

Kaba(2!¡p2n)
Kgbg(2!¡p2n)

¶

'¡
3
2

K
g
b

g
(2!¡p2n)

µ
1¡

j±~p(2!¡p2n)j
j±~p(2!s)j

¶
; (101)
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wherep=+1for"=0±andp=¡1for"=180±.Theun-
certaintyremainsnowonlyinthegravitationaltidesdis-
sipation.Forsmallrotationrates,theinterpolatedmodel
canbelinearized,andthusbehaveliketheviscousone
(28).Equation(101)simpli¯esinthatcaselike:

d!
dt

'¡»
³!

n
¡p¡

!s

n
sign(!¡pn)

´
;(102)

where»isgivenbyexpression(65)and!s=n'1:92
(Eq.90).Wecannowplotthecompleteevolutionofthero-
tationratefor"=0±or"=180±(Fig.6).Thesegraphics
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F
¡

0F

+
0

F¡

¼
 F+

¼


I0

I¼


"
=
¼


"=0

Figure6:Variationofd!=dtupon!=nconsideringalldis-
sipativee®ectstogetherat"=0±(a)and"=180±(b).
Asthecentral¯xedpoint(I0orI¼)isunstable,theonlypossible
¯nalevolutionsarethefourstablepointscorrespondingtoF

+
0,F

¡
0,

F
+
¼andF

¡
¼.Venusrotationratebrakesfromfastrotationssowe

alwayscomefromtherighthandsideofthechart.

areveryusefultounderstandthe¯nalevolutionofVenus
becausethe¯nalstatesareequilibriumpoints(d!=dt=0)
thatcorrespondtotheintersectionofthecurvewiththe
horizontalaxis.Asthecentral¯xedpoint(I0orI¼)isun-
stable,theonlypossible¯nalevolutionsarethefourstable

pointscorrespondingtoF
+
0,F

¡
0,F+

¼andF¡
¼.Venusro-

tationratebrakesfromfastrotationssowealwayscome
fromtherighthandsideof¯gure6.If"=0±,theonly
possibilityfor!tostabilizeisobtainedthroughtheF

+
0

state,sinceitisthe¯rststabilitypointtobeencountered.
Forthesamereason,for"=180±theplanetwillstabi-
lizeitsrotationinF¡

¼.However,beforereaching0±or
180±,accordingtoexpression(67),therotationratecan
reachanyvalue!¸¡n.Itisthenpossiblethattherota-
tionratewillbecomprisedbetween¡nandnwhenthe
obliquitystabilizesat"=0±.Inthatsituationtheplanet
evolvestowardsF

¡
0asshownin¯gure6a.

4.4.6RelationbetweenthetidaldissipationQ,
theinitialrotationrate!iandthetime
neededtoreacha¯nalstate¢tf.

TheinitialrotationrateofVenus(!i)isnotknown.Nev-
ertheless,foragiventidaldissipation(quanti¯edbythe
qualityfactorQ),theageoftheSolarSystem(»4.6Ga)
imposesaconstraintonthetime(¢tf)thattheplanet
takestoreachitspresentcon̄guration.Inorderto¯nda
relationbetweenthesethreeparametersweneedtosolve
thedynamicalequationswhichisnoteasyanalytically,
butwecansimplifytheseequations.Forfastrotation
rateswecanusetheconstantQmodel(seesection3.1)
andthecontributionsfromatmospherictidesandCMFto
d!=dtcanbeneglected(seesections4.2and4.3).Thus,
wehavefromequations(21)and(22)with"=0±:

d!
dt

=¡
c
Q

;(103)

wherec=3k2Kg=2.Thisequationisvaliduntiltheplanet
reachestheslowrotationregime(!»n)attimet=tr.
Asweassumethat!iÀn,wehave!r¡!i'¡!i,and
thus

tr¡ti'Q!i=c;(104)

wheretiistheinitialtime.Weconsiderthattheplanet
reachesa¯nalstatewhen¢!=j!¡!fj=n¿1(inour
computations¢!=10¡5).Infact,thetime¢tr=tf¡tr

spentintheslowregimetoreachthe¯nalstateismuch
smallerthanthetotaltime¢tf=tf¡tineededtoreach
the¯nalstate,whichwecanthusestimateas

¢tf'Q!i=c:(105)

Thisexpressionisveryusefulasitallowstoextrapolate
inaeasywaytheresultsobtainedforasetofinitialcon-
ditionstoanotherchoiceoftheparameters.Wecanuse
afasterinitialrotationperiodforVenus,aslongaswe
increasethedissipation(byreducingQ).

4.5E®ectoftheplanetaryperturbations

Insection4.4.1wesawthatduetotheCMFe®ect,the¯-
nalobliquitycaneitherbe0±or180±.However,these¯nal
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statescorrespondtofullydampedobliquitystates.When
planetaryperturbationsaretakenintoaccount,thereisal-
waysaremainingforcedobliquity(Eq.63).Inthissection,
wewillonlybeconcernedwithsmalloscillations,thatis,
withbehaviorsoutsidethechaoticzone(Fig.1).Other-
wise,theobliquityvariationswouldbeverylargeandwe
couldnolongertalkabout¯nalstates(seesection2.3).
Neara¯nalstate,wecanthenwritetheobliquityas

"="e+±";(106)

where"eisthe¯nalobliquityinabsenceofplanetaryper-
turbationsand±"theforcedobliquity.Usually,±"never
exceedafewdegrees(Yoder,1995a,CorreiaandLaskar,
2002),sowecanassume±"¿1(inradians).Theli-
brationamplitudedependsontheCMFstrengthandon
theprecessionconstant(Yoder,1995a,1997).Astrong
CMFe®ecttendstolocktheobliquitywhileaprecession
constantclosetothechaoticzone(Fig.1)increasesitsos-
cillations.Takingintoaccountthecontributionofthis
residualobliquitytotherotationrate,wededucefrom
(79)and(102):

d!
dt

'¡»

"
!
n

¡p¡
!s

n
sign(!¡pn)+sign(!)%

µ
n

j!j

¶5
2

±"
2

#

:

(107)
Wenoticethat!sdoesnotrepresentanymorethesyn-

odicfrequencyina¯nalstate.Thenewrotationrateina
¯nalstateiscomputedfromthepreviousequationwhen
d!=dt=0.Forthedirectstates(F

+
0orF+

¼)wehave:

j!
+
fj=!s+n¡n%

Ã
n

j!
+
fj

!5
2

±"
2
+;(108)

andfortheretrogradestates(F
¡
0orF¡

¼):

j!
¡
fj=!s¡n¡n%

Ã
n

j!
¡
fj

!5
2

±"
2
¡:(109)

The¯nalrotationratesarenolonger¯xedandtheir
oscillations±!followtheforcedobliquityvariationswith

j±!j=n%
µ

n
j!j

¶5
2

±"
2

:(110)

Directrotation¯nalstateF+Asinsection4.4.2
wecanlinkthespinrateofthedirect¯nalstateF+to
thepresentlyobservedvalue!o(92).Withj!

¡
fj=!oin

(109),wecansolvefor!sand(108)willgive,at¯rstorder
in±"2

o;±"2
+:

j!
+
fj=!o+2n+±!f;(111)

where

±!f=n%
µ

n
!o

¶5
2

Ã

±"
2
o¡

µ
!o

!o+2n

¶5
2

±"
2
+

!

:(112)

Thisresultisindependentoftheatmosphereproperties,
butdependsontheCMFe®ectandgravitationaltides
(quanti¯edby%)andontheprecessionconstant(bymeans
of±").Iftheobliquityvariations±"+forF+wereiden-
ticaltotheretrogradecase,thatis,if±"+'±"o,as
(!o=(!o+2n))5=2'0:63,±!fwouldbepositive,and
wewouldexpectaperiodforF+fasterthantheunper-
turbedone(76.8d).However,fortheF+states,the
planetaryperturbationsaremuchlargerthanintheF¡

states,andtheterm±"2
+becomesdominant.±!fisthus

negative,andtheresultingperiodbecomeslargerthanin
theunperturbedcase.Actually,usingthedissipationpa-
rametersofthestandardmodel,weobtainednumerically
P

+
f'135§5d(CorreiaandLaskar,2002).

4.6Formationoftheatmosphere

ThepreciseevolutionofVenus'atmosphereisnotknown.
Nevertheless,itseemsthatthereisanagreementamong
specialiststhattheterrestrialplanets'atmospheresresult
fromanevolutionaryprocesswhichtakesseveralhundred
millionyears(Walker,1975,Hart,1978,MeltonandGi-
ardini,1982,Zahnleetal,1988,Hunten,1993,Pepin,
1991,1994).ThepresentatmosphereofVenusisthen
asecondaryatmospherethatacquireditsmajorproper-
tiesabout1GyraftertheformationoftheSolarSystem
(eg.Hunten,1993,Kasting,1993).

Aswehaveseenintheformersections,thepresenceof
theatmosphereplaysamajorroleinthedynamicalevo-
lutionofVenus.Initsabsence,Venuswouldevolveto
asynchronousornearsynchronousrotationequilibrium
(seesection4.6.1).Aftertheformationoftheatmosphere,
theplanetwillinevitablyleavethepreviouscon̄guration
andevolvetowardoneofthefour¯nalstates.However,
theprobabilityofendingineachofthese¯nalstateswill
bemodi¯ed(CorreiaandLaskar,2002).Thecrucialrole
playedbythedateofformationoftheatmosphereinthe
Venusianspindynamicsisdetailedinthefollowingsec-
tions.

4.6.1Finalstatesinabsenceofanatmosphere

Inabsenceofatmosphereandplanetaryperturbations,we
sawinsection4.2thatthesingleactionofgravitational
tidesleadsVenusintothesynchronous¯nalstate.Here,
wewillshowthatwhenCMFe®ectandplanetaryper-
turbationsareconsidered,thesynchronouscon̄guration
isstillpossible,thoughthereisanothermoreprobable
¯nalevolutionpossibility.Thesameargumentsusedin
section4.4.1tosustainthatonlytwovaluesforthe¯nal
obliquityarepossible,arestillvalidhere,sothe¯nalobliq-
uitycaneitherbe0±or180±.Thiscorrespondstofully
dampedobliquitystatesand,asinsection4.5,wemust
includethecontributionofaforcedobliquity±"inthe
rotationrateequationstotakeintoaccounttheresidual
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CMFe®ectprovokedbyplanetaryperturbations.From
(64)and(79)wewrite:

d!
dt

'¡»
_°
n

¡
!¯

j!j7=2±"
2

=¡»
_°
n

¡
p¯

j_°+pnj
5
2

±"
2

;(113)

where_°=!¡pnandp=+1for"=0±andp=¡1
for"=180±.Theequilibriumwillthenbereachedwhen
d!=dt=0,thatis,when:

_°
n

=¡
p%

j_°=n+pj
5
2

±"
2

:(114)

Sincewealwayshave%±"2¸0,thenj_°=n+pj·1.Asa
consequence,theequilibriumrotationrate!e,solutionof
theprecedingequation(114),mustsatisfythefollowing
condition(forp=§1):

j!ej·n
¡
1¡%±"

2¢
:(115)

Theforcedobliquity±"isnotconstantanditsrangede-
pendsontheCMFstrength(%):thestrongeristheCMF
e®ect,thesmalleraretheforcedobliquitylibrations.This
dependencypreventstheequilibriumrotationrate!eto
becomenegative(when%!+1,±"!0).Roughly,we
canapproximate!eby:

!e'n
¡
1¡%±"

2¢
;(116)

where!eisbelowthesynchronousrotationresonancelim-
its,givenbyexpression(10).Sincetheplanetdespins
fromfastrotationrates,theonlypossibilitytoattainthis
equilibriumistocrossthe1:1resonance.Iftheplanetis
captured,thenthe¯nalrotationwilllibratearound!=n,
i.e.,itwillpresentasynchronousrotation.Otherwise,the
rotationratewilllibratearoundanequilibrium\mean"
value!=¹!e,whichcanbecomputedusingthe\mean"
valueoftheforcedobliquityinexpression(116).

Captureprobabilitiesintheresonance.Aswehave
seeninsection2.4whentheplanetcrossesaresonance
thecaptureprobabilityisgivenbyexpression(13).In
thevicinityoftheresonance_°=n¿1whichallowsusto
rewriteexpression(113)as:

d!
dt

'¡»
_°
n

¡
¯±"2

n5=2

µ
p¡

5
2

_°
n

¶

=¡»
·
p%±"

2
+

µ
1¡

5
2

%±"
2
¶

_°
n

¸
:(117)

Usingherethesamenotationsofequation(11)wehave:

W=p»%±"
2

;K=»
µ

1¡
5
2

%±"
2
¶

;(118)

andsinceZ=0,

´=
2K
¼

r

3
B¡A

C
:(119)

Accordingto(13),thecaptureprobabilityoftheplanet
into1:1resonancewillthusbe

Pcap=

8
><

>:

0if%±"2¸2=5;

2

1+¼
2

£p
3

B¡A
C

¡1
%±"2¡5

2

¢¤¡1if%±"2<2=5:

(120)
Sincetheforcedobliquityvariescontinuously,itispos-

siblethatforagiveninstant±"issmallandtheplanet
canbecapturedintoresonance.However,oncetheforced
obliquityincreasesagain,theplanetwillleavethereso-
nance(seesection2.4).Thecaptureprobabilityshould
thusbeestablishedusingthemaximalvalueoftheforced
obliquityin(120).Weshouldalsostressthatsince
(B¡A)=Cisverysmall,evenwhenthecaptureispossi-
ble,thecaptureprobabilitywillremainsmall.In¯gure7
wehaveplottedseveralexamplesofthecaptureproba-
bility(Eq.120)asafunctionoftheforcedobliquity±"for
di®erentCMF(º)andgravitationaltidal(Qn)e®ects.Ac-
cordingtoYoder(1995a),the\mean"forcedobliquityon
Venusisabout2±.Forthisvalue,weobservethatcapture
intoresonancecanonlyoccurforastrongtidaldissipation
(Qn=20)andaweakCMFviscosity(º<10¡2m2s¡1)
withaprobabilitysmallerthan5%.Henceweconclude
thatthecaptureinthe1:1resonanceishighlyimprobable.

4.6.2Evolutionoftheatmosphere

Accordingtoexpression(35),thecontributionofthether-
malatmospherictidestothedynamicalequationsinpres-
enceofagrowingatmosphereonlydi®ersfromthepresent
contributionsbythesurfacepressurevariationsfactor
±~p(¾),givenbyexpression(40).Thedependencyof±~p(¾)
withthetidalfrequency¾isunknownforaprimordialat-
mosphereandthe`heatingattheground'modelcannotbe
applied.Indeed,thismodelworksatpresentbecausetides
intheupperatmospherearedecoupledfromtheground
bythedisparitybetweentheirrotationrates,butthismay
nothavebeensointhepast.However,wecanmodelize
theunknowncontributionoftheatmospherebythefactor

³(t)=±~p(t)=±~p(tf);(121)

whichrepresentstheratioofthesurfacepressurevaria-
tionsattime(t)overthepresentoneattime(tf).As-
sumingthatthevelocityoftidalwinds~vandthatthe
heatingdistributionJdonotdependmuchonthetidal
frequency,theglobaldynamicalequationfortherotation
ratewillbethesameasinequation(107),butwhere!s

isreplacedby³(t)!s.
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Figure7:Captureprobabilitiesfor±"inthe1:1resonance.
Eachcurvecorrespondstoadi®erentviscosity.Fromlefttoright
wehaveº=100;10¡1;10¡2;10¡3;10¡4;10¡5m2s¡1.The
lastcurveontherightalsorepresentstheprobabilityforº=
10¡6m2s¡1:forthesevaluesofºand±",weareintheturbulent
regime,whereCMFdoesnotdependontheviscosity.Thisisalso
whythesecondcurveontheright(º=10¡4m2s¡1)mergeswith
thelastcurveontheright.Eachchartcorrespondstoadi®erent
tidaldissipation:Qn=20,Qn=50andQn=100.Thelowerare
theviscosityandQn,thehigheristhecaptureprobability.

Excludingplanetaryperturbations.Beforetaking
intoaccountthepresenceoftheatmosphere,thedynam-
icalequationshadtwopossible¯nalstatescorresponding
tothesynchronouscon̄guration:(!=n;"=0)and
(!=¡n;"=¼)(seesection4.2).Immediatelyafterthe
considerationofthefaintatmosphere,eachsynchronous
statesplitsintwo,onewithaperiodslightlyabovethe
synchronousperiodandanotherslightlybelow.Thenum-
berofstableequilibriumpossibilitiesincreasesthenfrom
twotofour.Thestrongeristhee®ectoftheatmosphere
upondynamicalequations,thelargeristhedi®erencebe-
tweenthesetworotationsratesandtheclosertheyareto
thefour¯nalstatesoftable2.

Wecanunderstandthisbifurcationbylookingat¯g-
ure8,whereweplottedd!=dtwith"=0±fordi®erent
stagesoftheformationoftheatmosphere.Inabsenceof
theatmosphere(³=0),thereisasingleequilibriumpoint
where(d!=dt=0),for!e=n,whichcorrespondstoa
stablepositionfortherotationrate(synchronization).Af-
tertheintroductionoftheatmosphere,thisequilibrium
pointbecomesunstable,whiletwootherstableequilib-
riumpointsappear(onewith!e<nandanotherwith
!e>n).For³=0:5n=!s,theybothcorrespondtodirect
rotationstates.If³=n=!s,wehaveacurioussituation,
whereoneofthestablepositionscorrespondstoaplanet
whichdoesnotrotate.Assoonas³>n=!s,thestable
positionwith!<nbecomesretrograde(Fig.6a).

Includingplanetaryperturbations.Justasinthe
caseofabsenceofatmosphere(section4.6.1),whenplane-
taryperturbationsareconsidered,aresidualforcedobliq-
uityresultingfromCMFwillpreventtheplanetfrombe-
ingcapturedinthesynchronousresonance.Indeed,inthe
vicinityoftheresonancewecanusetheapproximationof
(Eq.117),andfor±"¿1equations(79)and(102)give

d!
dt

'¡»
·
%±"

2
¡

³!s

n
sign(_°)+

µ
1¡

5%
2

±"
2
¶

_°
n

¸
:

(122)
Keepingthenotationsofequation(11),thetorquesW
andKaregivenbyexpression(118)whiletheatmospheric
torqueZisnow:

Z=¡»³
!s

n
'¡2»³:(123)

Accordingto(13),thecaptureprobabilitywillbezero
whenever´=Z+K¢!

¼n·0,thatis,fromequations(10),
(118)and(123),when

%±"
2

¸
2
5

Ã

1¡
³¼

p
3(B¡A)=C

!

:(124)

Since%±"2¸0,thepreviousexpressionisalwayssatis̄ed
whentheatmosphereparameter³sati¯es

³¸

p
3(B¡A)=C

¼
:(125)
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Figure8:Bifurcationoftheequilibriumstatesat"=0±for
di®erentstagesoftheatmosphere.Inabsenceoftheatmo-
sphere(³=0),theonlystablepositioncorrespondstothesynchro-
nization(!=n).For³=0:5n=!s,wealreadynoticetwoequi-
libriumpositions,butbothcorrespondingtodirectrotationstates.
If³=n=!s,wehaveacurioussituation,whereoneofthestable
positionscorrespondstoaplanetwhichdoesnotrotate.Assoonas
³>n=!s,oneoftheequilibriumpositionsbecomesretrograde.As
³increases,thetwoequilibriamoveapartuntiltheystabilizeinthe
¯nalstatesof¯gure6a.

ForVenus(B¡A)=C'2:2£10¡6(Konoplivetal.,1993),
andcaptureintoresonancebecomesimpossiblewhenever
³¸8£10¡4,thatis,intheearlystageoftheatmosphere
formation.Therefore,iftheplanetspincomesclosetothe
1:1resonance,aweakCMFe®ect(quanti¯edbyasmall%
value)inpresenceofafaintatmosphereisenoughtoallow
thecrossingoftheresonancewithoutcaptureandtolet
thespinevolve,¯rsttoarotationrate!<n,andlater
intotheretrograde¯nalstateF

¡
0(Fig.6).

Escapeprobabilitiesfromtheresonance.Suppose
now,evenifitisnotveryprobable(seesection4.6.1),
thatVenuswascapturedinthesynchronousrotationbe-
foretheformationoftheatmosphere.Thisrequiresthat
thedissipativetorque´ispositive(12),butastheat-
mospheregrows,theatmospherictorqueZwillnolonger
bezero(123),and´willdecrease.Assoonas´becomes
negative,Venuswillleavethesynchronousstate,withtwo
di®erentpossiblepaths(seesection2.4),oneleadingtoa
direct¯nalstate,withprobabilityP+,andtheotherto
aretrogradeone(Fig.6),withprobabilityP¡=1¡P+,
whereP+andP¡aregivenbyequation(14).Replacing
expressions(118)and(123)in(14)wehave:

P
¡

=
1
2

2

41+
%±"2

2³+
2
p

3(B¡A)=C
¼

¡5
2%±"2¡1

¢

3

5:(126)

Ifweassumethattheplanetwascapturedintheab-
senceoftheatmosphere,then%±"2<2=5(Eq.120)and

P
¡

>
1
2

·
1+

%±"2

2³

¸
:(127)

Whenthethermalatmospherictidesreachtheirpresent
strength(³=1),we¯ndaninferiorlimitforP¡(anda
superiorlimitforP+):

P
+

<
1
2

¡
%±"2

4
;P

¡
>

1
2

+
%±"2

4
:(128)

Asaconsequence,theprobabilityofendinginaretro-
gradestateisalwayslargerthan50%,independentlyofthe
strengthofalltheinvolvede®ects.Moreover,intheearly
stageoftheatmosphereformation,for³·%±"2=2,the
escapeprobabilityintoaretrogradestateisalways100%
(127).Thus,ifweassumeaslowtransitionfrom³(t)=0
to³(t)=1,theevolutionthrougharetrograde¯nalstate
istheonlypossible,i.e.,theplanet'sspinevolvesjustas
ifthecaptureintheresonanceneveroccurred.

5Conclusion

Wehaverevisitedherethetheoryofthermalatmospheric
tides.Wecon̄rmthatthedenseatmosphereofVenus
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playsanessentialroleinthedynamicalhistoryofthis
planet,imposingsomeconstraintsuponthespinmotion
equationswhichlimititspossibleevolutions.Weshow
thatthereareonlyfourpossible¯nalstatesforthespin
ofVenus,andthatgravitationalandatmospherictidal
phaselagsarecorrelatedandcon̄nedwithinsomelimits.
Theexistenceofthefour¯nalstatesisageneralfeature
forthespinevolutionofaplanetwithadenseatmosphere,
thatcanbeappliedtofutureextrasolarplanets.

Wehavediscusseddi®erentdissipationmodels,their
advantagesandtheirapplicabilitytothecaseofVenus.
Weshowthattheconstant`heatingattheground'model
cannotbeappliedtoaslowlyrotationplanet,astheam-
plitudeofthermalatmospherictidesbecomesin¯nitefor
tidalfrequenciesequaltozero.Wehavepresentedanew
dissipationmodelforatmospherictidesthattakesinto
accounttheconstraintsimposedbythepresentobserved
spinofVenus,andhastheparticularityofbeingmore
realisticnearasteadystate.

Wealsoanalyzedtheconsequencesofalateformation
oftheatmosphere.DuetoaresidualCMFe®ectresulting
fromtheforcedobliquitybyplanetaryperturbations,the
planetcan¯rstevolvetowardanearsynchronouscon̄g-
urationwithj!j<n(Eq.115),whilecaptureintoreso-
nanceisunlikely.Assoonastheatmosphereispresent,
captureintothe1:1resonancebecomesimpossibleanda
previouslycapturedplanetwillleavetheresonance.The
crossingofthisresonancechangesthe¯nalevolutionof
Venus:pathsthatwouldnormallyendinadirectrota-
tion¯nalstate,willnowevolveintooneoftheretrograde
rotation¯nalstatescorrespondingtothepresentobserved
spinofVenus.

Thetheoreticalresultsestablishedhereareillustrated
andcon̄rmedbythenumericalexperimentsperformedin
thecompanionpaper(CorreiaandLaskar,2002).There
wetestseveraldissipativemodelsforalargesetofini-
tialconditionsinordertoexploreallpossibleevolution
scenariosfortheplanetlongtermevolution.

Appendix.Obliquity¯nalstates

Herewewillshowthat,intheslowrotationregime,aweak
CMFe®ectissu±cienttocontrolthegeneralobliquity
evolution,withonlytwostablepositionsfortheobliquity,
at"=0±,"=180±.Puttingtogethertheequations(62)
and(80)werewritetheobliquityvariations(for!>0)
as:

d"
dt

=f!(")=¡
¯

!7=2sin"©!(cos");(129)

f
0
!(")=¡

¯
!7=2

£
cos"©!(cos")¡sin

2
"©

0
!(cos")

¤
;

(130)

where©!isgivenby(Eqs.61,62):

©!(x)=x
3

+
!5=2

¯

X

¾

h(¾)£¾(x);(131)

andh(¾)=Kgbg(¾)+Kaba(¾).Sinceweareinaslow
rotationregime,wecanusethelinearmodelforgravi-
tationaltides(seesection4.2.1)andtheapproximation
(100)forthermalatmospherictides.Then,justlikeex-
pression(102),thefunctionh(¾)simpli¯esas:

h(¾)'K
g
b

g
(¾)

µ
1¡

2!s

j¾j

¶
'

»¾
3n

µ
1¡

2!s

j¾j

¶
:(132)

Withthesesimpli¯cations,(131)becomes:

©!(x)=x
3

+
¡!(x)

%
;(133)

where%isgivenby(82)and

¡!(x)=
³!

n

´5
2X

¾

¾
3n

µ
1¡

2!s

j¾j

¶
£¾(x)(134)

isadegree3polynomialinxwhichcanbewrittenas

¡!(x)=a3x
3

+a2x
2

+a1x+a0;(135)

wherethecoe±cientsaiarefunctionsof!.Wehavea
stablecriticalpointfortheobliquity"iff!(")=0and
f0

!(")<0.Anobvioussolutionforf!(")=0isobtained
wheneversin"=0,thatis,for"=0and"=¼.The
criticalpoint"=0correspondstoastablepositionfor
theobliquityif

©!(1)>0,%>¡¡!(1);(136)

and"=¼isstableif

©!(¡1)<0,%>¡!(¡1):(137)

Thetwo¯xedpoints"=0and"=¼arethusbothsta-
blewhen½>max(¡¡!(1);¡!(¡1))(Fig.9).Thevalues
neededtostabilizethecriticalpoint"=¼,arelargerthan
for"=0.Indeed,inabsenceofCMFitisnotpossibleto
¯ndstablepositionsforthisobliquityvalue(Dobrovolskis,
1978).Ontheotherhand,forturbulentfriction,%>70
(Eq.84).Thus,inpresenceofanon-negligibleCMFef-
fecttheequilibriumpointsat"=0and"=¼arealways
stablepositionsofthespinaxis.Theotherpossiblecriti-
calpointsareobtainedfor©!(cos")=0(Eq.129).From
(136)and(137),usingthecontinuityof©!,wearecer-
tainthatthereexistsatleastoneadditionalcriticalvalue
in]0;¼[.Theconditionthatx=cos"correspondstoa
stablecriticalpointcanthenbeexpressedas

g(x)=(a3+½)x
3

+a2x
2

+a1x+a0=0(138)
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(Eq.134)."=0(resp."=¼)isastablecriticalpointwhen
½>¡¡!(1)(resp.½>¡!(¡1)(Eqs.136,137).

g
0
(x)=3(a3+½)x

2
+a2x+a1<0:(139)

When½¡!+1,g(x)'½x3andg0(x)'3½x2,sofor
largevaluesof½,g(x)=0hasasinglerealroot,closeto0,
(i.e."'90±),andasg0(x)>0,thissolutioncorresponds
toanunstableequilibrium.Anecessaryconditionforthis
equilibriumtobecomestable,isthat,forasu±cientlow
valueof½,wehaveg(x)=0;g0(x)=0(thiswillalso
correspondtothebifurcationfromonesinglerealrootof
g(x)=0,tothreerealroots).Wecanthuseliminate
xinthesetworelations,andobtainthelimitcondition
equation

A2½
2

+A1½+A0=0(140)

with

A0=+4a0a3
2¡18a0a1a2a3¡a2

1a2
2+4a3

1a3+27a2
0a2

3
A1=¡18a0a1a2+54a2

0a3+4a3
1

A2=27a2
0

(141)
Thediscriminantofthisseconddegreeequationis

¢=4(27a
2
0a

2
1a

2
2¡9a0a

4
1a2+a

6
1¡27a

3
0a

3
2):(142)

For2<!=n<4:5,as¢<0,therearenosolutions
forthecriticalequation(141),andthus(138)hasasin-
glerealrootwhichcorrespondstoanunstableequilib-
rium.For0<!=n<2,itbecomespossibletohave
astableequilibrium,butitrequiresvaluesof½smaller
thanmax(r1;r2),(Fig.10),thatarenotcompatiblewith
theconstraint½>70,derivedinsection(4.3.1).We
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Figure10:Solutionofthecriticalequation.Thediscriminant
¢ofthecriticalequation(141)isnegativefor(2<!=n<4:5)(a).
For0<!=n<2,thediscriminantispositive,andthetworootsr1
andr2of(141)aregivenin(b).

havethusdemonstratedthatalthoughthereexistsanad-
ditionalequilibriumvaluefortheobliquityaround90±,
thisvaluecorrespondstoanunstableequilibrium,and
theonlypossiblestablecriticalpointsarethus"=0±and
"=180±.
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SymbolDesignationEq.
aVenus'semimajoraxis2
Aminimalmomentofinertia3
Afunctionofthesecularorbitalmotion1

ba(¾)atmospherictidesdissipationfactor38
bg(¾)gravitationaltidesdissipationfactor24

Bmomentofinertia3
Bfunctionofthesecularorbitalmotion1
cpspecīcheatatconstantpressure44
Cprincipalmomentofinertia3
Cfunctionofthesecularorbitalmotion1
eeccentricityofVenus'orbit2

Eccoredynamicalellipticity50
Eddynamicalellipticity3
Fssolar°uxabsorbedbythesurface43
F+directrotation¯nalstate88
F¡retrograderotation¯nalstate88
gmeansurfacegravity32
Ggravitationalconstant2
H0scaleheightatthesurface40
HaveragedHamiltonianofthemotion1
Jheatingdistribution40
k2secondLovenumber19
kf°uidLovenumber3
Kconstanttorque11
Kaatmospherictidesconstant85
Kfcore-mantlefrictionfunction72
Kggravitationaltidesconstant85
`hourangle1
~Langularmomentum1

m¯solarmass2
Mmeananomaly1
Mmassoftheatmosphere30
nmeanmotion2
~Nnon-radialinertialpressuretorque48
~p0meansurfacepressure33
pssurfacepressure32
~Pprecessionaltorque49

Pcapprobabilityofcaptureintoresonance13
P§escapeprobabilityfromresonance14
PlLegendrepolynomials17
Protationperiod93
Qqualityfactor25
~rradialdistancefromVenus'center17

~r¯SundistancefromVenus'center17
RVenus'radius3
ReReynolds'number55
RTtransitionReynolds'number76
Sanglebetweentwodirections17

SymbolDesignationEq.
Tgeneraldissipativetorque11
¹Tsmeansurfacetemperature40
~vvelocityoftidalwinds40

Uathermalatmospherictidespotential35
Uggravitationaltidespotential18
Vapotentialgeneratedbytheatmosphere30
Vggravitationalpotential17
Wpositiveandconstanttorque11
Xprojectionof~Lontheecliptic'snormal1
Zconstanttorque11
®precessionconstant2
®rprecessionconstantforresonances4
¯core-mantlefrictionparameter77
°perfectgasconstant40
_°relativerotationratenearresonance11

°elcorrectingfactorforelasticdeformation50
~±di®erentialcorerotationrate47
±aatmosphericphaselag38
±ggravitationalphaselag20

±Edresidualdynamicalellipticity3
±~p(¾)surfacepressurevariations40

±"forcedobliquity106
¢taatmospherictimelag38
¢tftimeneededtoreacha¯nalstate105
¢tggravitationaltimelag20
¢!widthofthe1:1resonance10
"obliquity9

³(t)ratioofsurfacepressurevariations121
³eEkmannumberofthecore53
´composeddissipativetorque12

£¾tidalcoe±cient61
·e®ectivefrictioncouplingconstant47

¤¾tidalcoe±cient22
ºkinematicviscosity54
»viscousmodelconstant65

¥¾tidalcoe±cient23
¹½Venus'meandensity34

½adensityoftheatmosphere31
%dimensionlessparameter82
¾tidalfrequency20
~©e®ectivefrictiontorque47
Âanglebetweentwospins56
Ãgeneralprecessionangle1
~!rotationrate2
!f¯nalrotationrate88
!iinitialrotationrate104
!oobservedrotationrate89
!ssynodicrotationrate88
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