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Abstract

The presert text is an introduction to Ecalle's theory of resurgert functions and alien
calculus,in connectionwith problems of exponertially small separatrix splitting. An outline
of the resurgert treatment of Abel's equation for resonart dynamicsin one complexvariable
is included. Someproofs and details are omitted. The emphasisis on examplesof nonlinear

di erence equations, as a simple and natural way of intro ducing the concepts.
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1 The algebra of resurgent functions

Our rst purposeis to preser a part of Ecalle'stheory of resurgen functions and alien calculus
in a self-cortained way. Our main sourcesare the seriesof books [Eca8] (mainly the rst
two volumes), a coursetaught by Jean Ecalle at Paris-Sud university (Orsay) in 1996 and the
book [CNP93].

1.1 Formal Borel transform

A resurgert function canbe viewed asa specialkind of power series,the radius of corvergenceof
which is zero, but which can be given an analytical meaningthrough Borel-Laplace summation.
It is corveniert to deal with formal series\at in nit y", i.e. with elemeris of C[[z !]]. We denote
by z C[[z 1] the subsetof formal serieswithout constart term.

De nition 1 The formal Borel transform is the linear operator

X X n
B:'(2)= cz"'2z1Clz'] 7 ()= Cny 2 CI[ 1I: (1)

n 0 n 0

Obsernwe that if '~(z) has nonzeroradius of corvergence,say if '~(z) corvergesfor jz 1j <
then *( ) denes an ertire function, of exponertial type in ewery direction: if > 1 then
i“()j conste!!forall 2C.

De nition 2 For any 2 R, we de ne the Laplace transform in the direction as the linear
operator L ,
Zg1

L "™(2) = . N)e* d: 2

Here, ' is assumel to be a function suchthatr 7! *(re' ) is analytic on R* and jA(r € )j
conste ". The function L " is thus analytic in the half-plane <e(z€' ) > (see Figure 1).

+1 0

Recallthat z " 1= [~ —e ? d for<ez> 0, thus

z" =L — <g(ze ) > 0 (3)

(For that reason,B is sometimescalled \formal inverselLaplacetransform”.) As a consequence,
if M is an entire function of exponertial type in every direction, that is if * = B'~ with '~(z) 2
z Cfz g, we recover '~ from " by applying the Laplace transform: it can be shavn! that
L ""(z) = '<(z) for all zand such that <e(z€' ) is large enough.

Fine Bor el-L aplace summation

Supposenow that B'~= " 2 Cf g but " is not entire, i.e. " has nite radius of corvergence.
The radius of convergenceof '~ is then zero. Still, it may happenthat *( ) extendsanalytically
to a half-strip f 2 Cjdist( ;€ R") g, with exponertial typelessthan a 2 R. In sud
a case,formula (2) makes senseand the formal series'~ appears as the asymptotic expansion

! Here, as sometimesin this text, we omit the details of the proof. Seee.g. [Mal95] for the properties of the
Laplace and Borel transforms.



Figure 1: Laplace integral in the direction givesrise to functions analytic in the half-plane
<e(z€ ) >

of L " in the half-plane f <e(z€ ) > max( ;0)g (as can be deducedfrom (3))2. This is more
or lessthe classical de nition of a \Borel-summable" formal series'~. One can consider the
function L B~ as a \sum" of '~, assaiated with the direction . This summation is called
\ne" when " is only known to extend to a half-strip in the direction , which is su cien t for
recovering '~ as asymptotic expansionof L "*; more often, Borel-Laplace sums are assaiated
with sectors.

Note: From the inversion of the Fourier transform, one can deducea formula for the inte-
gral,Borel transform which allows one to recover () from L "*(z). For instance, *( ) =
L L LONz) €& dzforsmall 0, with suitable > O.

Sectorial sums

Supposethat "*( ) corvergesnear the origin and extends analytically to a sectorf 2 Cj 1<
arg < s>g(where 1; 22 R,j 2 1] < 2 ), with exponertial type lessthan , then we can
move the direction of integration inside] 1; »2[. According to the Caudhy theorem, L A is the
analytic cortinuation of L * whenj © j < , we can thus glue together these holomorphic
functions and obtain a function L1 1> 2['** analytic in the union of the half-planesf <e(z€ ) > g,
which is a sectorial neighbourhood of in nit y cortained in f > =2< argz< 1+ =2¢
(seeFigure 2). Notice howewer that, if , 1> , the resulting function may be multiv alued,
i.e. one must considerthe variable z as moving on the Riemann surface of the logarithm.

A frequent situation is the following: * = B'~ corvergesand extends analytically to seeral
in nite  sectors,with bounded exponertial type, but also has singularities at nite distance (in
particular "* has nite radius of corvergenceand '~ is divergert). Then seeral \Borel-Laplace
sums" are available on various domains, but are not the analytic cortin uations one of the other:
the presenceof singularities, which separatethe sectorsone from the other, prevents one from
applying the Caudy theorem. On the other hand, all these\sums" sharethe sameasymptotic
expansion: the mutual di erences are exponertially small in the intersection of their domains
of de nition (seeFigure 3).

2Seefootnote 1.



Figure 2: Sectorial sums.
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Figure 3: Seeral Borel-Laplace sums,analytic in di erent domains, may be attached to a single
divergen series.



Resurgent functions

It is interesting to \measure" the singularities in the -plane, sincethey can be consideredas
responsible for the divergenceof the common asymptotic expansion'~(z) and for the exponen-
tially small di erences between the various Borel-Laplace sums. The resurgert functions can
be de ned as a classof formal series'~ sudh that the analytic cortinuation of the formal Borel
transform " satis es a certain condition regarding the possible singularities, which makes it
possibleto dewelop a kind of singularity calculus (named \alien calculus™). Thesenotions were
introduced in the late 70s by J. Ecalle, who proved their relevance in a number of analytic
problems[Eca81, Mal85]. We shall not try to expound the theory in its full generality, but shall
rather cortent ourselveswith explaining how it works in the caseof certain di erence equations.

Note: The formal Borel transform of a series'~(z) has positive radius of corvergenceif and
only if '«(z) satis es a \Gevrey-1" condition: () 2 Cf g, '~(z) 2 z C[[z !]];, where by
de nition

P
z ICllz 1, = h oz " 1j9 > Osud that jc,j= O(n! M)

1.2 Linear and nonlinear dierence equations

We shall be interested in formal series'~ solutions of certain equationsinvolving the rst-order
di erence operator '~(z) 7! '<(z+ 1) '—(z) (or second-orderdi erences). This operator is well
de ned in C[[z 1]], e.g. by way of the Taylor formula

“2+1) D)= @)+ 5@+ z@-D+ @

where @= I%% and the seriesis formally convergert becauseof increasingvaluations (we say that

the series r—l, '~ is formally corvergert becausethe right-hand side of (4) is a well-de ned

formal series,ead coe cient of which is given by a nite sum of terms; this is the notion of
sequetial corvergenceassaiated with the so-calledKrull topology).
It is elemertary to compute the courterpart of the di erential and di erence operators by B:

B: @z 7! ), Hz+1)7te M)
When '~(z) is obtained by solving an equation, a natural strategy is thusto study "( ) assolution
of a transformed equation. If a Laplace transform L can be applied to "*, one then recovers
an analytic solution of the original equation, becausel. B commutes with the di erential and
di erence operators.
Two line ar equations
Let usillustrate this on two simple equations:

~(z+ 1) '~<(2) = a(2); a(z) 2 z ?Cfz ‘g given, (5)

(z+1) 27 @)+ (z 1)=bz); bz) 2 z 3Cfz g given. (6)

The corresponding equationsfor the formal Borel transforms are

(e 1)) = a); 4s,inh2E "()y=1):
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Figure 4. Borel-Laplace summation for the di erence equation (5).

Here the power series&( ) and f ) corvergeto ertire functions of bounded exponertial type
in every direction, vanishing at the origin; moreover BO(O) = 0. We thus get in C[[ ]] unique
solutions () = &( )=(e 1) and "( ) = & )= 4sinh?, , which corverge near the origin
and de ne meromorphic functions, the possiblepolesbeinglocatedin 2 iZ .

The original equationsthus admit unique solutions'~= B " and ~= B 1"inz 1C[[z 1]].
For eath of them, Borel-Laplace summation is possibleand we get two natural sums,assciated
with two sectors:

@=L 2 g @=L %2 5%

and similarly A( ) givesriseto *(z) and (2).

The functions ' * and * are solutions of (5) and (6), analytic in a domain of the form
D* = Cnfdist(z;R ) g. The solutions' and are de ned in a symmetric domain D
(seeFigure 4). The intersectionD* \ D hastwo connectedcomponerts, f =mz < g and
f=mz> g In the caseof equation (5) for instance,the exponertially smalldi erence ' *
in the lower componert is related to the singularities of *in 2 iN ; it can be exactly computed
by the resiuduum formula: the singularity at ! = 2 im yields a contribution

Are'?  with Ay = 2ia()

(the modulus of which is jA, j&¢ ™=™2  which is exponertially small for =mz ! 1 ); the

dierence (" * ' )(2)= joi "\( )e # d is simply the sum of these cortributions:
X
) 0 (@)= Are'?  =mz< (7)
122 iN

asis easily seenby deforming the cortour of integration (choose and ©°closeenoughto =2
accordingto the preciselocation of z, and push the contour of integration upwards). Symmetri-
cally, the di erence in the upper componert can be computed from the singularitiesin 2 iN .
Note‘P ' *(2) isthe unique solutioanf (5) which tendsto Owhen<ez! +1 andcanbewritten
as Kk oa(z+ k), and' (z) = | ;a(z k) is the unique solution which tends to 0 when
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<ez! 1 ; the dierence de nes two 1-periodic functions, the Fourier coe cien ts of which
can be expressedin term of the Fourier transform of a( i + z) (take > 0 large enough).
One recoversthe previous formula for the di erence by using the integral represenation for the
Borel transform to compute the numbersa(! ).

Nonline ar equations

In the presern text we shall shov how one can deal with nonlinear di erence equationslike
'(z+1) '(2)=az+'<(2); a(z)2z ?Cfz ggiven, (8)

which is related to Abel's equation and the classi cation of holomorphic germsin one complex
variable, or

(z+1) 27+ (z D=b ;" (z 1); ©)

with certain b(x; y) 2 Cfx; yg, which is related to splitting problemsin two complex variables.

Dealing with nonlinear equationswill require the study of convolution, which is the subject

of sections1.3 and 1.4. The Borel transforms *( ) and A( ) will still be holomorphic at the

origin but no longer meromorphic in C, as will be shown later; their analytic continuations

have more complicated singularities than mere rst- or second-orderpoles. We shall intro duce

alien calculus in Section 2 and a more general version of it in Section 3.3 to deal with these
singularities.

1.3 The Riemann surface R and the analytic contin uation of convolution

The rst nonlinear operation to be studied is the multiplication of formal series.

Lemma 1 Let" and " denotethe formal Borel transformsof '~; ~2 z ICllz Y] and consider
the product series ~= '~~. Then its formal Borel transform is given by the \c onvolution’
Z
- "N N —_ A N .
B()=™ ()= . ()7 1du (10)

]rj ( 1)m n+m+l

R
The above formula must be interpreted termwise: , o *—mr—d 1 = Gemepr (@S canbe
cheded e.g. by induction on n, which is su cien t to prove the lemma).

The problem of analytic continuation

The formula can be given an analytic meaningin the caseof Gevrey-1 formal series: if "; " 2
Cf g, their corvolution is corvergert in the intersection of the discsof corvergenceof * and "
and de nes a new holomorphic germ** " at the origin; formula (10) then holds as a relation
betweenholomorphic functions, but only for j j small enough(smaller than the radii of corver-
genceof * and "). What about the analytic cortinuation of * " when " and " themseles
admit an analytic cortinuation beyond their discsof convergence?What about the casewhen™
and " extend to meromorphic functions for instance?

A preliminary answer isthat * " always admit an analytic cortinuation in the intersection
of the \holomorphic stars" of * and ". We de ne the holomorphic star of a germ asthe union
of all the open setsU cortaining the origin in which it admits analytic cortinuation and which



are star-shaped with respect to the origin (i.e. 8 2 U, [0; ] U). And it is indeed clear that
if "~ and " are holomorphic in such a U, formula (10) makessensefor all 2 U and provides
the analytic corntinuation of " . With a view to further usewe notice that, if i) i
andj"()j (] foral 2U,then

i ") (i) 2 U (11)

The next stepis to study what happenson singular rays, behind singular points. The idea
is that cornvolution of polesgeneratesrami cation (\m ultivaluedness")but is easyto corntinue
analytically. For example, since

z

17()= . *(1)d g

we seethat when "* is a meromorphic function with polesin a set C,1 ™ admits an
analytic continuation along any path issuing from the origin and avoiding ; in other words, it
de nes a function holomorphic on the universal cover® of Cn , with logarithmic singularities
at the polesof "

But corvolution may also create new singular points. For instance, if () = —1,0 and

"()= 2wwith 1 %192 C , onegets

Z Z
" /\()_ 1 dl dl . !:!0_}_!09

o 1 !0 o g 100

We thus have logarithmic singularities at ! “and ! % but alsoa poleat ! , the residuum of which
is an integer multiple of 2 i which dependson the path chosento approac ! . In other words,
" extends meromorphically to the universal cover of Cnf! 1 %, with a pole lying over !
(the residuum of which dependson the sheet of the Riemann surface which is considered;in
particular it vanishesfor the principal sheef if arg! °6 arg! °® which is consistert with what
was previously said on the holomorphic star).

The Riemann surfac e R

With a view to the di erence equationswe are interested in and to the expected behaviour of
the Borel transforms, we de ne a Riemann surfacewhich is obtained by adding a point to the
universalcover of Cn2 iZ.

3 Here it is understood that the base-point is at the origin. If is a closedsubsetof C with Cn  connected
and o2 Cn, the universal cover of Cn with base-pint ( can be de ned asthe set of homotopy classesof
paths issuing from ¢ and lying in Cn (equivalenceclassesfor homotopy with xed extremities). We denote it

(CAn ; 0)- There is a covering map : (CAn ; 0)! Cn, which assaiates with any classc the extremity (1)
of any path :[0;1]! Cn which represerts c, and which allows one to de ne a Riemann surface structure

on (CAn ; o) by pulling back the complex structure of Cn (see[CNP93, pp. 81{89 and 105{112]). For example,

the Riemann surface of the logarithm is (C'ﬁng; 1), the points of which can be written \r € " with r > 0 and
2 R. We often usethe letter for points of a universal cover, and then denoteby = () their projection.
4Again we can take the base-point at the origin to de ne the universal cover of Cn, herewith = f1 %1%,
The word \sheets" usually refers to the various lifts in the cover of an open subsetU of the base spacewhich is
star-shaped with respect to one of its points, i.e. to the various connected componerts of  1(U).

®In the caseof a universal cover (CAn ; 0), the \principal sheet" U is obtained by considering the maximal
open subsetU of Cn  which is star-shaped with respectto ¢ and lifting it by meansof rectilinear segmers: U
is the set of all the classesof segmenis [ o; ], 2 U.



De nition 3 Let R be the set of all homotopy classesof paths issuing from the origin and lying
inside Cn2 iZ (except for their initial point), andlet :R! Cn2 iZ be the covering map,
which assaiates with any classc the extremity (1) of any path :[0;1]! C whichrepresentsc.
We consider R as a Riemann surface by pulling back by the complexstructure of Cn2 iZ .

Obsenethat  1(0) consistsof only one point (the homotopy classof the constart path),
which we may call the origin of R. Let U be the complex plane deprived from the half-lines
+2 i[L;+1[and 2 i[1;+1 [ We dene the \principal sheet" of R as the set of all the
classesof segmetts [0; ], 2 U; equivalently, it is the connectedcomponert of  (U) which
cortains the origin. We de ne the \half-sheets” of R as the various connected componerts
of f<e >0g)orof If<e < 0Og).

A holomorphic function of R can be viewed as a germ of holomorphic function at the origin
of C which admits analytic cortinuation along any path avoiding 2 iZ; we then say that this
germ \extends holomorphically to R". This de nition a priori does not authorize analytic
continuation along a path which leads to the origin, unlessthis path stays in the principal
sheef. More precisely one can prove

Lemma 2 If is holomorphicin R, then its restriction to the principal sheet de nes a holo-
morphic function ' of U which extendsanalytically along any path  issuing from 0 and lying
in Cn2 iZ. The analytic continuation is givenby "' ( (t)) = (( t)), where is the lift of
which starts at the origin of R.

Conversely,given' 2 Cf g, if any c 2 R can be representel by a path of analytic contin-
uation for ' , then the value of ' at the extremity (1) of this path depends only on ¢ and the
formula ( ¢) ="' ( (1)) de nes a holomorphic function of R.

The absenceof singularity at the origin on the principal sheetis the only di erence betweenR
and the universalcover of Cn2 iZ with base-mint at 1. For instance, among the two series

z
i mj ds

Z
X 1 d; X 1 .
1 2im’

e e e
m2z 11 m2z 0

the rst onede nes a function which is holomorphic in the universalcover of Cn2 iZ but not
in R, whereasthe secondone de nes a holomorphic function of R.

Analytic continuation of convolution in R
The main result of this sectionis

Theorem 1 If two germsat the origin extend holomorphially to R, so does their convolution
product.

Idea of the proof. Let * and " be holomorphic germsat the origin of C which admit analytic
continuation along any path avoiding 2 iZ; we denote by the samesymbols the corresponding

5That is, unlessit liesin U= Cn 2 i[l;+1 [. We shall often identify the paths issuing from 0in Cn2 iZ
and their lifts starting at the origin of R. Sometimes, we shall even identify a point of R with its projection by
(the path which leads to this point being understood), which amounts to treating a holomorphic function of R
as a multiv alued function onCn2 iZ.
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holomorphic functions of R. One could be tempted to think that, if a point of R is de ned
by a path , the integral 7

)= N9 9d° (12)

would give the value of the analytic continuation of » " at . Howewer, this formula does
not always make sense,since one must worry about the path © followed by Owhen ©
follows :is " de ned on this path? In fact, evenif Cliesin Cn2 iZ (and thus A( 9 makes
sense),even if %coincideswith , it may happen that this integral does not give the analytic
cortinuation of » " at (usually, the value of this integral doesnot dependonly on but also
on the path ).”

The construction of the desired analytic cortinuation relies on the idea of \symmetrically
cortractile” paths. A path issuing from O is said to be R-symmetric if it liesin Cn2 iZ
(except for its starting point) and is symmetric with respect to its midpoint: the pathst 2
[0;1] 7' (2) () andt 2 [0;1] 7! (1 t) coincide up to reparametrisation. A path is said
to be R-symmetrically contractile if it is R-symmetric and can be cortinuously deformed and
shrunk to fOg within the classof R-symmetric paths. The main point is that any point of R
can be de ned by an R-symmetrically cortractile path. More precisely:

Lemma 3 Let be a path issuing from 0 and lying in Cn2 iZ (except for its starting point).
Then there exists an R-symmetrically contractile path  which is homotopic to . Moreover,
one can construct  so that there is a continuous map (s;t) 7! H(s;t) = Hs(t) satisfying

i) Ho(t) OandH4(t) (1),
i) each Hs is an R-symmetric path with Hg(0) = 0 and Hg(1) = (S).

We shall not try to write a formal proof of this lemma, but it is easyto visualize a way
of constructing H. Let a point = (s) move along (as s varies from 0 to 1) and remain
connectedto O by an extensible thread, with moving nails pointing downwards at ead point
of 2 iZ, while xed nails point upwards at eat point of 2 iZ (imagine for instance that
the rst nails are fastenedto a moving rule and the last onesto a xed rule). As s varies, the
thread is progressiwely stretched but it hasto meanderbetweenthe nails. The path is given
by the thread in its nal form, when hasreaded the extremity of ; the paths H¢ correspond
to the thread at intermediary stage$ (seeFigure 5).

It is now easyto end the proof of Theorem 1. Given”, " asaboveand a path of R along
which we wish to follow the analytic continuation of *» " wetake H asin Lemma 3 and let
the reader corvince himself that %e formula

M= NYC 9ds = s (13)
de nes the analytic continuation ~ of " " along (in this formula, °and %move on the
samepath Hg which avoids 2 iZ, by R-symmetry). See[Eca8], Vol. 1], [CNP93], [GS0] for
more details. 0

" However, if " is ertire, it is true that the integral (12) doesprovide the analytic contin uation of "* ~ along .
8Note that the mere existence of a continuous H satisfying conditions i) and ii) implies that and are
homotopic, asis visually clear (the formula

h)=H +@ )t;ﬁ; 0 1

yields an explicit homotopy).

11
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Figure 5: Construction of an R-symmetrically cortractile path homotopicto .
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Of course,if the path mertioned in the last part of the proof stays in the principal sheet
of R, the analytic cortinuation is simply given by formula (10). In particular, if ** and " have
bounded exponertial type in a direction arg = , 2 5+ Z, it follows from inequality (11)

that * " hasthe sameproperty.

1.4 Formal and convolutiv e models of the algebra of resurgent functions, H
and B(R)

In view of Theorem 1, the convolution of germsinducesan internal law on the spaceof holo-
morphic functions of R, which is comnmutativ e and assaiative (being the counterpart of multi-

plication of formal series,by Lemma 1). In fact, we have a commutativ e algebra(without unit),

which can be viewed as a subalgebraof the corvolution algebra Cf g, and which corresponds
via B to a subalgebra(for the ordinary product of formal series)of z 1C[[z 1]].

De nition 4 The spce W(R) of all holomorphic functions of R, equipped with the convolution
product, is an algeba called the convolutive madel of the algeba of resumgent functions. The
sulalgeba i = B ! B(R) of z IC[[z 1]] is called the multiplicative model of the algeba of
resumgent functions.

The formal seriesin H (most of which have zeroradius of convergence)are called \resurgent
functions". Thesede nitions will in fact be extendedto more general objects in the following
(seeSection 3 on \singularities").

There is no unit for the corvolution in #?(R). Introducing a new symbol = B1, we extend
the formal Borel transform:
X X n
B: 2)=c+ cz"'2C[lz '] 7" N)=c + t72C  CLI
no no )

and also extend corvolution from C[[ ]]to C CII 1] linearly, by treating asa unit (i.e. so
asto keepB a morphism of algebras). This way, C W(R) is an algebrafor the convolution,
which is isomorphic via B to the algebraC H. Obsene that

cfzlg ¢ B Clz Y

Having dealt with multiplication of formal series,we can study composition and its imagein

c HMR):

Prop osition 1 Let ~2 C H. Then composition by z 7! z+ ~(z) de nes a linear opera-
for of C H into itself, and for any ~ 2 H the Borel transform of ~(z) = ~(z+ ~(2)) =
r o r—l, ~(z)~' (2) is given by the series of functions

X 1 A
M) = ﬁ( o)y M) (14)
ol

r

(where = B~ and "=B 7), which is uniformly convementin every compact subsetof R.
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The corvergenceof the seriesstems from the regularizing character of convolution (the
corvergencein the principal sheetof R can be proved by use of (11); see[Eca81, Vol. 1]
or [CNP93] for the corvergencein the whole Riemann surface).

The notation » = "~ ( %+ ~) and the name \comp osition-convolution" are usedin [Mal95],
with a symbol 9= Bz which must be consideredas the derivative of . The symbols and °
will beinterpreted aselemenary singularities in Section 3.

In Proposition 1, the operator of composition by z 7! z+ ~(z) is invertible; in fact, Id + ~
has a well-de ned inversefor composition in Id + C[[z 1]], which turns out to be alsoresurgert:

Prop osition 2 If ~2 C H, the formal transformation Id + ~ hasan inverse (for composition)
of the form Id + '~ with '~2 H.

This can be proven by the sameargumerts as Proposition 1, sincethe Lagrange inversion

formula allows one to write

X 1 k X k 1
= ( kl) @ -¥: hence”= —_nk (15)
k 1 ) k 1

One can thus think of z 7! z+ ~(z) asof a \resurgent change of variable".

Similarly, substitution of a resurgert function without constart term into a corvergert series
is possible:

P
Brop ositon 3 If C(w) =, ,Cyw" 2 Cfwg and ~ 2 H, then the formal seriesC (z) =
0Cn ™(z) belongsto C  H.

n

. . . P
The proof consistsin verifying the corvergenceof the seriesB(C 7)) = | ,Cy Mo
As a consequenceany resurgert function with nonzeroconstart term has a resurgen mul-
tiplicativ e inverse: 1=(c+ ) = o( D"c " 1™ 2 C H. The exponertial of a resurgen
function ~is alsoa resurgern function, the Borel transform of which is the convolutive expnen-
tial

N 1/\ N 1/\ N N

2! 3!
(in this casethe substitution is well-de ned evenif ~(z) hasa constart term).

exp (M) = + + oo

We end this section by remarking that the role of the lattice 2 iZ in the de nition of R is
not essetial in the theory of resurgert functions. SeeSection3.3 for a more generalde nition of
the spaceof resurgert functions (in which the location of singular points is not a priori restricted
to 2 iZ), with a property of stability by convolution asin Theorem 1, and with alien derivations
more generalthan the onesto be de ned in Section2.3.

2 Alien calculus and Ab el's equation

We now turn to the resurgen treatment of the nonlinear rst-order dierence equation (8),
beginning with a few words of motivation.

14



2.1 Abel's equation and tangen t-to-iden tit y holomorphic germs of (C;0)

One of the origins of Ecalle's work on Resurgencetheory is the problem of the classi cation
of holomorphic germs F of (C;0) in the \resonant" case. This is the question, important
for one-dimensionalcomplex dynamics, of describing the conjugacy classesof the group G of
local analytic transformations w 7! F(w) which are locally invertible, i.e. of the form F(w) =
w + O(w?) 2 Cfwgwith 2 C . It iswell-known that, if the multiplier = F0) hasmodulus
6 1, then F is holomorphically linearizable: there existsH 2 Gsuchthat H 1 F H(w)= w.
Resurgencecomesinto play when we considerthe resonart case,i.e. when F 40) is a root of
unity (the so-called\small divisor problems", which appear when F Y0) has modulus 1 but is
not a root of unity, are of di erent nature|see S.Marmi's lecture in this volume).

The referencedor this part of the text are: [Eca81 Vol. 2], [Eca84, [Mal85] (and Example 1
of [Eca05] p. 235). For non-resurgen approades of the same problem, see[MR83], [DH84],
[Shi9g, [Shi0q, [Mil99], [Lor06].

Non-de generate parabolic germs

Here, for simplicity, we limit ourseiesto FY0) = 1, i.e. to germs F which are tangert to
identit y, with the further requiremert that F°f0) 6 0, a condition which is easily seento be
invariant by conjugacy Rescalingthe variable w if necessaryone can supposeF %0) = 2. It
will be more corveniert to work \near in nit y", i.e. to usethe variable z = 1=w.

De nition 5 We call \non-degeneate paratolic germ at the origin" any F (w) 2 Cfwg of the
form
F(w) = w+ w?+ O(wd):

We call \non-degenegrte paralolic germ at in nity” a transformation z 7! f (z) which is conju-
gated by z= 1=w to a non-deggeneate paratolic germ F at the origin:

f(z)= 1= F( 1=2) :
i.e. any f (z) = z+ 1+ a(z) with a(z) 2 z Cfz 1g.

Let G; denote the subgroup of tangert-to-identity germs. One can easily ched that, if
F;G2GiandH 2 G,thenG=H ! F H implies G°%0) = HY0)F°0). In order to work
with non-degenerateparabolic germsonly, we can thus restrict ourselvesto tangen-to-identity
conjugating transformations H, i.e. we can content ourselveswith studying the adjoint action
of G;.

It turns out that formal transformations also play a role. Let G; denote the group (for
composition) of formal seriesof the form H(w) = w+ O(w?) 2 C[[w]]. It may happenthat two
parabolic germsF and G are conjugated by such a formal seriesH,ie. G=H 1 F H in Gy,
without being conjugated by any cornvergern series:the G;-conjugacy classeswe are interested
in form a ner partition than the \formal conjugacy classes".

In fact, the formal conjugacy classesare easyto describe. One can che that, for any two
non-degenerateparabolic germsF (w); G(w) = w + w? + O(w?®), there exists B 2 G1 sud that
G=H ' F H if and only if the coe cien t of w® is the samein F(w) and G(w). In the
following, this coe cien t will usually be denoted
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Let us rephrase the problem at innit y, using the variable z = 1=w, and thus dealing
with transformations belonging to Id +C[[z !]]. The formula h(z) = 1=H( 1=2) puts in
correspondencethe conjugating transformations H of G, or G; and the seriesof the form

h(z) = z+ Kz2); b(z) 2 Cfz 'gorbz) 2 C[[z (16)

Given a non-degenerategparabolic germat innit yf (z) = 1= F( 1=2) ,thecoecient ofw?3
in F(w) shows up in the coe cient of z 1 in f (2):

f(z)= z+ 1+ a(2); a(z)= 1 )z '+0(z ?2cfz g (17)

The coecient = lis called\r esiduiteratif" in Ecalle'swork, or \resiter" for short. Thus
any two germs of the form (17) are conjugated by a formal transformation of the form (16) if
and only if they havethe sameresiter.

The related dier ence equations

The simplest formal conjugacy classis the one corresponding to = 0. Any non-degenerate
parabolic germf or F with vanishing resiter is conjugated by a formal h or H to z 7! fo(2) =
z+ lorw7! Fo(w) = . We can be slightly more speci c:

Prop osition 4 Let f(z) = z+ 1+ a(z) be a non-dggenerte paralolic germ at in nity with
vanishing resiter, i.e. a(z) 2 z 2Cfz 'g. Then there exists a unique '(z) 2 z 1C[[z 1]] such
that the formal transformation & = Id + '~ is solution of

ul f uz=z+=1 (18)

The inverse formal transformation v = & 1 is the unique transformation of the form v =
z+ ~(2), with ~(z) 2 z 1CJ[[z 1]], solution of

vi(z) =v(z)+ 1L (29)

All the other formal solutions of equations (18) and (19) can be deduced from & and v they are
the series
uiz)=z+c+'-(z+c); v(z)=z c+ (2); (20)

whele c is an arbitrary complex numker.
We omit the proof of this proposition, which can be done by substitution of an indeter-

mined seriesu 2 Id +C[[z 1]] in (18). Setting v = u !, the u-equation then translates into
equation (19), asillustrated on the commutativ e diagram

z z+
ullv ullv
Z i It (2) "
_::_ I|||
Z = 1=w _::: I||
w /F (w)
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Notice that, under the change of unknown u(z) = z+ ' (z), the conjugacy equation (18) is
equivalert to the equation
‘()t+a(z+'(2)) =" (z+ 1)

i.e. to the dierence equation (8) with a(z) = f(z) z 1. Equation (19) is called Abel's
equation®.

The formal solutions & and v mentioned in Proposition 4 are generically divergert. It turns
out that they are always resurgert. Before trying to explain this, let us mertion that the case
of a generalresiter can be handled by studying the sameequations (18) and (19): if 6 0,
there is no solution in Id + C[[z 1]], but one nds a unique formal solution of Abel's equation of
the form

wWz) = z+ (2); (2)= logz+ cz ™
n 1
the inverseof which is of the form

X
t(z) = z+ 'H2); ~(2) = logz + Camz "(z logz)™;

nm O
n+m 1

and these series ~ and '~ can be treated by Resurgencealmost as easily as the corresponding
seriesin the case = 0. In Ecalle's work, the formal solution v of Abel's equation is called the
iterator (it erateur, in French) of f and its inversett is called the inverse iterator becauseof their
role in iteration theory (which we shall not dewelop in this text|see however footnote 16).

Resurgence in the case =0

From now on we focus on the case = 0, thus with \formal normal forms" fo(z) = z+ 1 at
innit y or Fo(w) = % at the origin. We do not intend to give the complete resurgert solution

of the classi cation problem, but only to cornvey someof the ideasusedin Ecalle's approad.

Theorem 2 In thecase = 0 (vanishing resiter), the formal series'~(z); ~(z) 2 z *C[[z 1]} in
terms of which the solutions of equations (18) and (19) can be expressé asin (20) haveformal
Borel transforms (') and "( ) which conveme near the origin and extend holomorphially

to R, with at most expnential growth in the directions arg = , 2 5+ Z (for every
02 0,5, there exists > 0 suchthat "* and ® have exmnential type in the sectors
f o+n arg otn g n=20orl).

In other words, Abel's equation givesrise to resurgeri functions and it is possibleto apply
the Borel-Laplace summation processto '~and ~.

Idea of the proof. Equation (19) for v(z) = z+ (z) translates into
z+ 1+ a(z) (2) = a(2): (21)

The proof indicated in [Eca81, Vol. 2] or [Mal85] relies on the expressionof the unique solution
inz 1C[[z YJasaninnite sumofiterated operators appliedto a(z); the formal Borel transform

%In fact, this name usually refersto the equation V. F = V + 1, for V(w) = v( 1=w), which expressesthe
conjugacy by w 7! V(w) = 1=w+ O(w) betweenthe given germ F at the origin and the normal form f, at
innit y.
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then yields a sum of holomorphic functions which is uniformly convergert on every compact
subsetof R. One can prove in this way that " 2 PrP(R) with at most exponertial growth at
in nit y, and then deducefrom Proposition 2 and formula (15) that ** has the sameproperty.

Let us outline an alternative proof, which makes use of equation (18) to prove that '~ 2
rtP(R). As already mentioned, the change of unkwnown u = Id+' leadsto equation (8) with
a(z) 2 z 2Cfz g, which we now treat as a perturbation of equation (5): we write it as

X
'(z+1) (@ =a@+ a2 (2);
r 1

with a, = %@a. The unique formal solution without constart term, '~, has a formal Borel

transform * which thus satis es

X
N=E&+E & " (22)
r 1

whereE( ) = 5 1andélr( = X( )a() a=Ba

The comergenceg ' and its analytic extensionto the principal sheetof R are easily ob-
tained: we have " = | ;" with

X
1 = E Qp; “n=E & "n, s n 2 (23)
nie rren 1
P : : .

(more generallyt(z) = z+ , ;""" is the solution correspnding to f (z) = z+ 1+ "a(z)).
Obsene that this seriesis well-de ned and formally convergert, becausea 2 C[[ ]]and E 2

IC[[ J1imply ", 2 20 D]l ]), and that eah ", is convergert and extends holomorphically
to R (by virtue of Theorem 1, becauseA corvergesto an ertire fLiglction and E is meromorphic
with polesin 2 iZ); we shall ched that the seriesof functions ", is uniformly corvergen
in every compact subsetof the principal sheet. Sincea(z) 2 z 2Cfz g, we can nd positive
constarts C and sud that

ja( )j Cmin Ljj ell; 2 C:

Identifying the principal sheetof R with the cut planeCn 2 i[1;+1 [, we can write it as
the union over ¢ > 0 of the setsRY) = f 2 Cjdist(0; J; 2 i) cg (with c< 2 ). For
eahhc> 0,wecan nd = (c¢) > 0sud that

EQ) 1+t 2 RO:

We deducethat j*1( )] 2C ellin RY, and the fact that R is star-shaped with respect
to the origin allows us to construct majorants by inductiv e use of (11):

I ()] An i e j; 2 R((:O);
with R R X ;
1()=2C; n=2C o ni ne

r 1
ni+ +nr=n 1
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(we also used the fact that j~()j A jj e iandj™ )i B jj & limply j» "()j

(A B)jj ea@bii andthat £ ( A) B A B for 0). The generating series
"= "n” is the formal Borel transform of the solution ~ = "N~, of the equation ~ =
2'Cz'+2°C  z" 17" Weget~=1L8Cz2 2™ by solving this algebraic equation of
degree2, hence ~n(z) = nz "1 with 0< | N (with an explicit > 0 dependingon C ),
and nally "“,( j) ”% Therefore the series ', corvergesin RY and " extendsto

the principal sheetof R with at most exponertial growth.

The analytic cortinuation to the rest of R is more dicult. A natural ideawould be to try
to extend the previous method of majorants to every half-sheetof R, but the problemisto nd
a suitable generalisationof inequality (11). As shown in [GS0] or [OSS03],this can be donein
the union R of the half-sheetswhich are cortiguous to the principal sheet,i.e. the oneswhich
are readhed after crossingthe imaginary axis exactly once;indeed, the symmetrically cortractile
paths constructed in Lemma 3 can be described quite simply for the points belongingto
these half-sheetsand it is possibleto de ne an analogueREl) of REO). But it is not so for the
generalhalf-sheetsof R, becauseof the complexity of the symmetrically cortractile paths which
are needed. The remedy employed in [GS0] and [OSS03]consistsin performing the resurgen
analysis, i.e. describing the action of the alien derivations | to be de ned in Section 2.3,
gradually: the possibility of following the analytic cortinuation of * in R® is sucient to
dene ,'~and 2 i~ which amounts to computing the di erence between the principal
branch of * at a given point and the branch * () of ** obtained by turning oncearound 2 i
and coming badk at ; one then discovers that this dierence ™ () () is proportional
to "\ 2 i) (we shall try to make clear the reasonof this phenomenonin Section 2.4);
is thus a function continuable along paths which crossthe imaginary axis once (as the sum of
such functions), which meansthat ** is cortinuable to a set R de ned by paths which are
authorized to crosstwo times (provided the rst time is between2 i and 4 i or between 2 i
and 4 i). The Riemann surfaceR can then be explored progressiwely, using more and more
alien derivations, 4 jand 5 | » i to reah asetR® | etc. 0

2.2 Sectorial normalisations (Fatou coordinates) and nonlinear Stokes phe-
nomenon (horn maps)

We now apply the Borel-Laplace summation processand immediately get

Corollary 1 With the hypothesisand notations of Theorem 2, for every o2 0; 5 , there exists
> 0 suchthat the Borel-Laplae sums

A 0 0
=L =L % 0 + 0
are analytic in D*, resp.D , where
D* = f<ezd )> ¢ D = | f<e(zd )> q;
0 0 0 + o

and de ne transformations u Id+' andv =1Id+ which satisfy
vi f=vi+1 and u* vi=v® u"=Id onD";

f=v 1 and u Y, ld onD :

+
1
1

u

19



One can considerz* = v (z) = z+ *(z)andz = v (z) = z+ (2) as normalising
coordinates for F; they are sometimescalled \F atou coordinates".*® When expressedin these
coordinates, the germF simply readsz 7! z + 1(seeFigure 7), the complexity of the dynamics
being hidden in the fact that neither v* nor v is de ned in a whole neighbourhood of in nit y
and that thesetransformations do not coincide on the two connectedcomponerts of D* \ D
(except of courseif F and Fqg are analytically conjugated)|see the note at the end of this section
for a more \dynamical" and quicker construction of v

This complexity can be analysed through the changeof chart vi u = Id+ , which is
apriori dened on E= D \ (u ) }D™"); this set has an \upp er" and a \lower" connected
componerts, EY? and E°% (because(u ) 1(D*) is a sectorial neighbourhood of in nit y of
the samekind as D*), and we thus get two analytic functions UY? and '°% (this situation
is reminiscert of the one described in Section 1.2). The conjugacy equations satis ed by u
andv* yield (z+ 1)= (z), henceboth ' and '°% are 1-periodic; moreover, we know that
these functions tend to 0 as=mz ! 1 (faster than any power of z 1, by composition of
asymptotic expansions). We thus get two Fourier series

X .

oWizy= vt u (z2) z= Bme 2™,  =mz< (24)
m, 1
X .

Wiz)y=vt u (z2) z= Bme 2™,  =mz> (25)
m 1

which are corvergen for o > 0 large enough. It turns out that the classi cation problem can
be solved this way: two non-degeneate paralolic germswith vanishing resiter are analytically
conjugate if and only if they de ne the samepair of Fourier series( YP; '°%) up to a changeof
variable z 7! z + c¢; morevover, any pair of Fourier series of the type (24){ (25) can be obtained
this way.!? The numbers B, are said to be \analytic invariants" for the germf or F. The
functions Id + "% and Id + P themsehesare called \norn maps".1?

19 Observethat, when the parabolic germ at the origin F (w) 2 wCfwg extendsto an entire function, the function
U (z2) = 1=u (z) also extendsto an entire function (becausethe domain of analyticity D contains the half-
plane <ez < and the relation U (z+ 1)= F U (z) allows oneto de ne the analytic continuation of U by
U (2)=F" U (z n),with n 1large enoughfor agivenz), which admits 1=t(z) = z ' 1+z '~(z) 2
z C[[z ']] asasymptotic expansionin D . In this case,the formal series'~(z) must be divergert (if not, 1=tt(z)
would be convergert, U would be its sum and this entire function would have to be constant), aswell as ~(z),
and the Fatou coordinates v and v cannot be the analytic contin uation one of the other. We have a similar

situation when F *(w) 2 wCfwg extends to an ertire function, with U* (z) = 1=u* (z) ertire.

' For the rst statement, consider f; and f, satisfying 5 (z) = (z+ c) and 5%(z) = P¥(z+ o
with ¢ 2 C, thusvy; u, = > vi u, in E® and E°%, with (z) = z+c Using (tx ; ' w)
instead of (u1;w), we seethat a formal conjugacy betweenf, and f; is given by tr, 1w its Borel-Laplace
sums uy Y vy and u, ' v; can be glued together and give rise to an analytic conjugacy, since
u, = uj Y'vi u; . Conversely, if there existsh 2 Id + Cfz 'gsuchthat f, h=h f;, weseethat h &
establishesa formal conjugacy betweenf, and z 7! z+ 1, Proposition 4 thus implies the existence of c2 C such
that tp=h & andw= ' w h ! with (z2)=z+c whenceu, =h u, andv, = ' v, h?%
andv; u, = ' vi u, ,asdesired. The proof of the secondstatement is beyond the scope of the presert

text.
2|n fact, this name (which is of A. Douady's coinage) usually refers to the maps Id + '°% expressedin the

coordinate w = e 2% je.w 7l w exp 2 i Bmw™ , and Id+ “? expressedin the coordinate

m 1

2 2

wie = €7 ie.we 70wy exp 2 i B mw! , which are holormophic for jw j < e ° and can be

m 1
viewed asreturn maps; the variablesw are natural coordinates at both endsof \ Ecalle's cylinder". See[MR83],
[DH84], [Mil99], [Shi9g], [Shi0Q], [Lor06].
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Now, consider the relation (24) for instance. In the half-plane 'V = f=mz < 00,
j '°%(2)j is uniformly boundedby a constart which canbe madearbitrarily small by choosing o
large enough. We can usethis to extend analytically ' beyond D , in '°%: we can indeed
write u (z) = ut z+ '%%(z) ifz2 E°%, <ez>0and=mz< o, and the right-hand sidein
this identit y is holomorphicon '°%\ f <ez > 0g (becausethe image of this domain by Id + oW
isincludedin D*). Howewer, this implies' (z) = 'W(z)+'* z+ 'W(z) = 'W(z)+ O(1=2)
for z tending to innit y in  '°%\ f<ez > 0g, thus' (z) is no longer asymptotic to '~ there,
an oscillating term shows up when z moves along any horizontal half-line is+ R*, s> .
Similarly, * (z) = "Y(z)+'™* z+ UYP(z) extendsanalytically to the half-planef =m > g
if ¢ is large enough,with an oscillating asymptotic behaviour determined by UP. This canbe
consideredas a nonlinear analogueof the classicalStokes phenomenon(well-known in the case
of linear ODES).

In the next sections, we shall outline the resurgert approad, which consistsin extracting
information from the singularities of * or " in order to construct a set of analytic invariants
fA> im; m2 Z g, andits relation with fB,; m 2 Z g. Beforeexplaining this, let us mention an
interpretation of the non-coincidenceof v* and v asa \splitting problem", following [Gel9§.

Splitting of the invariant foliation

The dynamical behaviour of Fq is easily visualized: the invariant foliation by horizontal lines
for f givesrise to an invariant foliation by circlesfor Fo, asshown on Figure 6 (notice that, for
a global understanding of the dynamics of Fg, one should let w vary on the Riemann sphere,
including the point at in nit y, which is the image of 1). For the given parabolic germf or F,
we can usethe Fatou coordinates to de ne \stable" and \unstable" foliations: for eat s 2 R,
the line Lg = ft + is; t 2 Rg intersectsD* and D along half-lines L = ft+is; t > Tsg
and L, = ft+is; t < Tsg and we may set ZJ (t) = u*(t + is), Z; (t) = u (t + is) and
W, (t) = 1=Z, (t) fort > Ts, resp.t < Ts. We have

f"Z (1) =Zs(t+n)=t+n+is+ O (t+n) *; FUWs (t) =W (t+n) 1O

The invariant foliation fLsgsor Of Fo is soto say split, giving rise to two foliations fu® (L{)gs2r
and fu (Lg)gs2r Which in general do not coincide but can be compared for jsj > ¢ large
enough (becauseTs is then positive|see Figure 7; one can also use the analytic cortinuation
ofu to ' and U and consideru (Ls) for jsj large enough). It is proven in [Gel9§ that,
if By = =B, 1=0andB, 8 0, for s< ¢ the curvesfu® (L{)gs2r and fu (L )0s2r
intersectalong 2n orbits of f, and that, for ead of theseorbits, the intersection angle (which is
the samefor all the points of the orbit becausd is conformal)is2 njB,je 2 "si+ O(e 2 (n*1)is))
(there is a symmetric result for s> gintermsof B 1;B »;:::).

Note on another construction of the Fatou coordinates

The result expressedn Corollary 1 can be obtained through formulas which are reminiscert of
the Note at the end of Section 1.2, being analogousto the explicit formulas available for the
linear case. Indeed, obsene that, sincef = Id+1 + a with lim;;; ja(z)j=0,f(D*) D
andf XD ) D (provided these sets are de ned using a large enough constart ); one

can thus iterate Abel's equation forward or badkward in thesedomains: settingv = Id+
equation (21) yields
vkt fk= afkin DY foen f ¥=af ®YinD; Kk 0
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Figure 6: Dynamics of w 7! Fo(w) = .
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Figure 7: Stable and unstable foliations for f and F.
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where f " denotesthe n" power of iteration of f for any n 2 Z. The assumption a(z) 2
z 2Cfz 'gimplies the existenceand unicity of solutions which tend to O at in nit y, which can
be expressedas uniformly convergert series

= a fk = a f k (26)

P
(One can check that f" = Id+n+ [_la lf,k by induction on n 1, and similarly, that
f 1=1d 1 a f 1 hencef "=1d n vy @ f K formulas (26) are thus consisten
with the formulas

v (2) = r]'Iilm f'"(z) n; u (z) = r]'Iilm f "(z+ n)

which can be found in [Eca81, Vol. 2, p. 322] or [Lor06, p. 39].)
As a consequenceif we introduce the f -invariant functions “? and '°% de ned by

X
= a fX
k27

in the two connectedcomponerts of D* \ D (they are rst integrals of the dynamics: oW =

low ¢ up = u f) wegetvt v = * = . Sincethe horn mapsId+ oW
andIld+ “P aredened by vt = (d+ ) v ,writng v =Id+ andv® =I1d+ + we
nally get

up — up (|d+ ) l; low — low (|d+ ) l:

2.3 Alien calculus for simple resurgent fuctions

In Section 2.1, we sav how solving a di erence equation could lead to Borel transforms "( )
or ’\( ) which are holomorphic in R and likely to dewelop singularities at the integer multiples
of 2 i. The purposeof \alien calculus” is to give an e cien t way of encading thesesingularities
and of obtaining information on them. We shall describe the generalformalism of singularities
and give the de nition of alien derivations in Section 3, but we begin here with a class of
resurgent functions for which the de nitions are simpler and which is su cient to deal with
Abel's equation.

Simple resurgent functions

Denition 6 Let! 2 C. We say that a function *, which is holomorphic in an open disc
D C to which ! is adheent, \has a simple singularity at ! " if there exist C 2 C and
T )ireg( ) 2 Cf g suchthat

-A()zﬁJrz_li )log( 1)+reg 1) 27)

for all 2 D with j I'j small enough. We then use the notation

sing "=C +"2C Cf g
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Obviously, a change of branch of the logarithm in (27) only results in the replacemen
of reg( ) by another regular germ; the interesting part of the formula is the singularity encaded
by the \residuum” C and the \v ariation” " which are unambiguously determined. For instance,
the variation (also called \the minor of the singularity of * at ! ") can be written

Ty=me+) ™+ e?h;

where it is understood that considering! + e 2 ' meansfollowing the analytic cortinuation
of "* along the circular path t 2 [0;1] 7! | + e 2t (the analytic cortinuation exists whenj j
is small enough, since  and reg are regular near the origin).

Any analytic function () which dier from *(! + ) by aregular germis called a\ma jor"
of the singularity sing, "*. Any major thus satis es

sing, = sing, " TyYy="() (e?h

(the minor is the variation of any major). In fact, the singularity can be identied with an
equivalenceclassof majors modulo Cf g. This will be usedasa way of generalisingthe previous
de nition to deal with more complicated singularities in Section 3.

For any path issuing from O and lying in Cn2 iZ, and for any * 2 W(R), we denote
by cont ** the branch of * obtained by following the analytic cortinuation of * along , which is
a function holomorphic at leastin any opendisc cortaining the extremity (1) of and avoiding
2 iZ. In particular, if ! 2 2 iZ satis es j! (1)j < , thereis adisc D avoiding 2 iZ which
contains (1) and to which ! is adherert.

De nition 7 A \simple resumgent function" isany *=¢ + ()2 C W(R) suchthat, for
each! 2 2 iZ and for each path  which starts from O, liesin Cn2 iZ and hasits extremity
in the disc of radius centred at ! , the branch cont " has a simple singularity at ! .

One can ched that the corresponding subspaceof C B(R) is stable by corvolution:

Prop osition 5 The subsmce RESS™ consisting of all simple resumgent functions is a sutalge-
bra of the convolution algeba C P?(R).

(This can be done with the help of the symmetrically cortractile paths of Lemma 3; seethe
argumerts given in the proof of Lemma 4 below.)

As a consequencethe Borel transform "* of the solution of equation (8), which belongs
to W(R) according to Theorem 2, must be a simple resuigent function. Indeedpasindicated in
the proof of this theorem, " can be expressedas a uniformly corvergen series |, ; \n, where

the functions A, 2 W(R) are de ned inductiv ely by (23). It is essetially su cient to ched that
eath ", belongsto RES®™P | and this is easilydoneby induction (**1 is meromorphicwith simple
polesbecauseE is; sinced, 2 2Cf gis ertire, onecanwrite & = 1 1 a%with a°%2 RESS™P,
hence”, = E(1 1 A,) with A, 2 RESS™ by the inductive hypothesis; one concludesby
observing that the singularities of 1 1 A, have no residuum and that their variations have
valuation at least 1 at the origin, while E( ) = L, + reg( ).

The Borel transform " of the solution of equation (21) is also a simple resumgent function,
becausethe spaceRES®"™P enjoys stability properties similar to the properties of C B(R)
indicated in Propositions 1 and 2 of Section1.4.
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What we just de ned is the \convolutive model of the algebraof simple resurgen functions”.
The \formal model of the algebra of simple resurgert functions” RES™ is de ned as the
subalgebraof C H obtained by pulling back RESS™P by B. The formal solution v = Id + ~ of
Abel's equation can thus be viewed as a simple resurgernt changeof variable which normalisesf ,
with &= Id+'~2 Id + RESS™P asinversetransformation.

Alien derivations

Let! and beasin De nition 7. Forc +" 2 RESS™ let C and " denotethe residuumand
the minor (variation) of the singularity of cont " at! . It isclearthat " , which is holomorphic
at the origin by assumption, must extend holomorphically to R and possesstself only simple
singularities. The formula

c+n 7 C +" = sing, (cont ")

thus de nes a linear operator of RESS™P to itself.

De niton 8 Foreach! = 2 im, m2 N, wedene alinear operator | from RESS™ to
itself by using 2™ ! particular paths
X “Nag(")!
(e +7) = pCRaCY )mq.( e IR (28)
150 m 12f+:g .
where p(") and g(") = m 1 p(") denote the numbers of signs +' and of signs™ ' in the
sguene ", and the path (") connects O;%! and mTll ;1 , following the segment ]0;! [
but circumventing the intermediary singular points ! to the right if "y = + and to the left
if "r = (see Figure 8). We alsode ne a linear operator | from RESS™P to itself by setting
Fe+m=Cc, +% = (Fn) (29)
Via B, the operators | or | of the convolutive model give rise to operators of the formal
model, which we denote by the same symols:
. v
RE§Y™ ——/ RES™ RE§Y™ ——/ RES™
B B B . B
RES™ —/ RESS™ REs™ —/ RESS™
Prop osition 6 The operator | is a derivation, i.e. the Leibniz rule holdsin the convolutive
model: _
(M M) = (M) M+ M (M), N5 " 2 RESYMP: (30)
Equivalently, we havein the formal model
(12 = (1 =)=+ =1( 1 ~2); ~1; — 2 RES™™: (31)
Moreover, for any + ~1; ~ 2 RESSIMP,
@=@,~ ! (32)
p o~ (d+~) =e ' (1 ~) (d+~) + (@) (d+~) 4~ (33)
In particular , commuteswith ~(z) 7! ~«(z+ 1) foreach! 22 iZ .
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Figure 8: Paths for the de nition of | ~or 7"

Becauseof (30) or (31), the operators | were called \alien derivations" by Ecalle, by
corntrast with the natural derivation @= d% Someformulas get simpler when intro ducing the

\dotted alien derivations" | : ~(z) 7! e '? | ~(z) (where e '? is understood as a symbol
external to RES®™P obeying the usual rules with respectto multiplication and di eren tiation):
the dotted alien derivations commute with @and satisfy

v (d+~) =( 1) (d+=)+ (@q) (d+~) 2 (34)

There is no relation betweenthe operators | : they generatea free Lie_algebra.13 They pro-
vide a way of encaling the whole singular behaviour of a minor * 2 RESS™P: given a sequence
;i 2202, the evaluation of the composition 1, 1,(c + ") is a combination of

singularitiesat ! 1+  + !, for various branchs of "*. Conversely any singularity of any branch

+

Before proving Proposition 6, we turn to the operators . Their de nition is simpler (cf.
formula (29)), but they are not derivations (exceptfor! = 2 i, sincewehavethen | = ).
Here is the way they act on products:

Lemma 4 For! 22 iZ and ~; ~ 2 RESSMP,

X
(M )= (0 ™M) fer (M) (%) M (M) (35)
whete the sum extendsto all (! ;! 2) suchthat! 1+ !>,="1 and!; 2 ]0;! [\ 2 iZ .
3We meanthat, for any N 1 and for any collection of non-zero simple resurgert functions (~, :,) indexed
by nitely many words!;: !, ofanylength r 2 f0;:::;Ng, the operator
XX
LI T A '
r=0 14 Iy
(with the convention ~, , o, 1, = ~ if r = 0) is not identically zeroon RES®™ . We omit the proof.
14 One must not limit oneselfto r = 1. For instance, | ~ = 0 doesnot mean that there is no singularity
at ! for any branch of the minor; consider for example ! = 11+ !, and ~ = " " with " = 1( 1),
=15 t1y)and!;1 6!y ,m= ,"=2i and ~=0,but ,~=2i"and ,~=2 i"imply
1, 1,°= 1, 1,~= 42  which revealsthe presenceof a singularity at ! at least for some branchs of *.
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Proof of Lemma 4. Formula (35) results from a kind of combinatorics of symmetrically con-

tractile paths. We begin with a proof in the simplest case,when! = 2 i (the caseof 2 iis
similar), and then sketch the caseof ! = 2 im (the caseof 2 im would be similar).
Let! = 2 i. By linearity, observingthat | annihilates the multiples of , it is su cien t to

consider simple resurgen functions of the form ~; = "~ and ~, = " (i.e. without any multiple
of ). We must prove

5h D=5 Ten (30

let {“=a +"and ;"=b + 7 andconsiderthe formula

z

~ )= N Dd (36)

0
which holdsfor closeto ! provided liesin the principal sheetof R, i.e. the segmen ~ = [0; ]
avoids2 iand 2 i. Writng =! + , we have
N+ ) = % @+ ")log +reg() ; "+ )= % 240 )log +reg) : (37)
It can be seenthat the residuumof » " at ! is zero: in the path of integration of (36), the
singularity for ! ! stemsfrom the extremities, (becauseof *( 1), which is multiplied by a
function holomorphic for 1 closeto ! ) and 0 (becauseof A( 1), which is multiplied by a

function holomorphic for ; closeto 0); the singularity is thus obtained by integrating simple
polesand logarithmic singularities.®

Hence,to shov that ;(* M =(a +95 "

+" (b + "), wejust needto ched that

"Oy+pr)+n ) (38)

Forj j , the rst term in the Ieft—hange sideis cont- " ’\( ), given by (36) with =1 + |
while the secondterm iscort " ()= (1) A(R F\)d 1, with a symmetrically cortractile
path asshown onFigure 9. The di erence isthus( o) 1) ’\( 1) d 1, wherethe path

reaches , turning onceanticlo ckwisearound! , having started from (or rather from! + e 2 1),

and where 0= . With the change of variable 1 7! 1 Iin the secondintegral, we get
Z z

n Ny N+ e 2= NN Dda+ (o™ Dda

~ ) o N e =al()+ !

R
and the identity (38) will follow if we provethat  "*( 1)"(  1)di1=a”()+" () (with
a symmetric formula for the secondintegral).
With the changeof variable 17! ;= 1 !, this integral can be written
Z
1 a
> =+ 1 2log 1+ reg( 1) " 1)d 1
| 1+ 1
The conclusionfollows, since ; and 1 stay in a neighbourhood of the origin where ", reg

and " are holomorphic: the residuum formula takes care of the simple pole and the Cauchy
theorem cancelsthe cortribution of reg( 1), while the cortribution of the logarithm can be
computed by collapsingthe path ! + onto the segmen [ e 2 ;0] followed by [0; ].

1> This argument can be avoided by arguing asat the end of the casem 2, writing " "= (£)2(1 "~ 1 ")
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Figure 9: Derivation of formula (38).

Yy=e ), p ¢

& '

w (A
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Figure 10: Derivation of formula (39).

Now let m 2and consider! = 2 im. Assume”y = "and 2= "with {"=g +"

and { “=1 +"jfor!j=2ij,j2f1:::;mg Wemust prove
X
din =™ (zmﬁ)<;”m®+“( 2im )
mi+ma=m

This time, to simplify the computations, we beginwith the casewhereall the constarts a; and b
vanish. This meansthat, considering =! + sudithatjj< and =[0;] Cn2iZ,
instead of (38) we now must show
: X
R O N O D I Ok “m Tme v "m(): (39)
mi+ma=m

wherethe rst term ig the left-hand sideis cort- " (), still givenby (36), and the secondterm

is cont " ’\( ) = 1) A( 1) d 1, with a more complicated symmetrically cortractile
path , asshawvn on Figure 10.

The di erence can thus be decomposedas the sum of m + 1 terms, with the sameextreme
terms as in the casem = 1, whichghus yleld “and "™ ", asin the rst part of the
proof, and with intermediary terms - N 1) ( 1)d 1 formq 2 f1;:::;m 1g, with paths

m; = !'m; + o shown on Figure 10. Eadq intermediary term can be written

Z
1 A
|/\ ! +
2 | . ( ma 1)

ma ( 1) log( 1) + reg( 1) di
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with my = My M1 Collapsing the path ¢ asindicated on Figure 10, we seethat this term is
nothing but - Mg+ 1)Am2( 1) d 1, wherethe path ~p is identical to the path ! + of
Figure 9; such an integral wasalready computedin the rst part of the proof: it is ’\ml Amz( ),
which yields formula (39).

We end with the general case,with arbitrary constarts a; and . As alluded to in foot-
note 15, it is su cien t to write * " asthe secondderivative of @a 7™ @@ A) and to obsene

that (1 ")(!j+ )= g+ (@ ")) log +reg( ) ,andsimilarly for (1 ")(!; + ),
by integrating (37) (we call indi erently reg( ) all the regular germsthat appear and that do

not aect the nal result; we used the fact that, in the integration by parts, the primitiv es

of (1 Aj)( )di(log ) are regular). Of course,corvolution is commutative and 1 1=, the
formula for the caseof vanishing residuathus yields
1 X
NN )= >3 am b, +am,  “my()
mi+me=m

AN

+ bm, Aml( )+ my Amz( ) log +reg( ) ;

with a sum extending to (0;m) and (m; 0), with the convertion ag = Iy = 0. The conclusion
follows by di erentiating twice (observing that (1 A)( )= is regular for whatever regular
germ A). O

It remains to prove Proposition 6. For the momert, we cortent ourselves with indicat-
ing a relation between the operators | and | (which will follow from the choice of the

weights W) the idea being that accordingto Lemma 4 the operators +2 im arethe ho-
mogeneouscomponerts of two formal automorphisms of graded algebraand that, accordingto
the next lemma, the operators  , |, are the homogeneouscomponerts of the logarithms of

these automorphims.

Lemma 5 Foreachm2 N and! = 2 im, we have

= (o : : (40)

with the notation ! j = L1

We thus have

Wik
-
-
-

with!'pyw=2imforalm 2lor!y,= 2imforalm 1.

The proof of Lemma5 and the way it implies formula (30) of Proposition 6 are deferred to
the end of the next section. Formula (31) follows by passageto the formal model. The rest of
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Proposition 6 is easy: formula (32) is best seenin the convolutive model; formula (33) follows
from (34), which can be cheded in the corvolutive model, with the help of a Taylor expansion
analogousto (14).

We endthis sectionby mertioning that substitution of a simple resurgert function ~without
constart term into a corvergen seriesC(w) 2 Cfwg givesrise to a simple resurgert function
C 7, the alien derivativesof which are given by

(C H)=¢(C® )~ (41)

2.4 Bridge equation for non-degenerate parab olic germs

We can now state Ecalle's result for tangert-to-identity holomorphic germs, which is at the
origin of the name \Resurgence".

Theorem 3 Letf be anon-deggenesnte paralolic germat in nity with vanishingresiter (= 0),
and let Wz) = z+ 7(z) and &(z) = z + '«(z) be the formal solutions of equations (18) and (19)
with = =2 z 1C[[z 1]]. Then '~ ~2 RESS™ and there exists a sguene@ of complex numbers
fAI g 22 iz suchthat, for each! 22 iZ ,

H= A @=A, 1+ @-2) ; v= Are ' M@ D= pe! @, (42)

Herethe notation wasslightly extendedwith respectto De nition 8: | wristo beunderstood

asbeingequalto '~ (sincew(z) '~(z) = z is corvergert: the dierence o ers no singularity
to be measuredby any alien derivation). In the corvolutive model, this amourts to setting
1 9= 0 (we already had | = 0). Similarly, v= | ~. The translation of (42) in the

convolutive model is thus

yh=A A = A A LR TR A L (43
The existenceof suc relations is the resurgert phenomenon:'~( ) or ’\( ), which are a holo-
morphic germsat the origin, reappear in a disguisedform at the singularities of their analytic
continuation, when singularities are measuredin an appropriate way.

Equation (42) is called the \Bridge equation”, becausehe rst equation may be viewed asa
bridge betweenalien calculus( ) and ordinary calculus (@= dd—z) in the caseof &. Notice that
it is possibleto iterate theseequationsto compute the successie alien derivatives |, ot
or i, 1, ¥, sincewe know how the alien derivations interact with @(seeformula (32)) and
with exponertlatlon (using (41)). The computation is simpler with dotted alien derivations: we
get

I 1, BF= D!l Dy & D, =A!e!z@ (44)

o r r

(beware of the non-commrutation of @and multiplication by e ' Z: the vector elds Dy, do not
commute onewith the other, but they do comnute with the dotted alien derivations, hencethe
reversal of order) and

: L= AL AT+l (Tt 1 e U v (45)

The collection of fA;; ! 2 2 iZ gisthus sucient to describe the whole singular behaviour
of *and "
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Proof of Theorem 3. The fact that * and " are simple resurgert functions wasalready alluded to
in the previoussection (after Proposition 5). With our extensionof , to the spaceld + RESSMP
(which contains f = Id+1 + a and o= Id +'~), equation (33) yields

(o w=e' T (. f) v+ (@ W

But f = 0 becausea is a corvergert power series(its Borel transform has no singularity);
onthe otherhand, (f ®)= ,(w(z+ 1)) =( w)(z+ 1), hence

(1w)(z+1)=(@ w(z) w(2):

The equation Y(z+ 1) = (@ w)(2)Y (z) is nothing but the linearization of the equation
u(z+ 1) = f u(z) around the solution &, and we know a solution of this linear di erence
equation, namely @ (because@is also a derivation which comnutes with ~(z) 7! ~(z + 1));
moreover @ 2 1+ z C[[z ]] admits a multiplicativ e inverse. As a consequencethe formal
seriesA, = é 1 & must be invariant by z 7! z+ 1, henceconstan.

The extension of equation (34) to Id + RES™ yields

NCERE vt (@ W ov

and this expressionmust vanish, sincetr wz) = z, hence

b= A;e!z;

1
@

which implies v= A e '™ O

Ecalle's analytic invariants

The coe cients A, in the Bridge equation are called \ Ecalle’'s analytic invariants”. Obsene
that A, canbede ned asthe coecient of in " (or of ! ’\), which is an averageof the
residua of 2" ! branchs of  (or of ") if I = 2 im. These coe cien ts form a complete
system of analytic invariants in the following sense:

Prop osition 7 Two non-degenemate paratolic germsf i and f, with vanishing resiter are ana-
lytically conjugate if and only if there existsc 2 C suchthat Ag(z) =e !CAg(l) forall! 22 iz .

The proof of oneimplication is easy Supposethat f, = h * f; hwith h2Id+Cfz ig;
we shall prove that A!(Z) =e' CAg(l), wherec is de ned by h(z) = z+ c+ O(z 1). By the same
argumert as in footnote 11, sincewv; h(z) = z+ ¢+ O(z ) is a formal solution of Abel's
equation for f,, Proposition 4 implies the existenceof c°2 C sudh that vy h = w + ¢ we get
®= csincew»(z) = z+ O(z 1). Using the chain rule for alien derivations, sinceh is corvergert,
we nd

Y = Y h = A!(l)e!vlhz A!(l)e!ce!vz

henceA!(Z) = A!(l) e ' ¢ (We could have expoited the relation h t(z) = t1(z + ¢) equally).
The direct veri cation of the other implication requiresan extra work and we shall not give
all the details. Supposethat A!(Z) =e !CAg(l) forall! 22 iZ andconsideri =t (c+ w)2
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Id + RESS™P which establishesa formal conjugacy betweenf; and f,. A computation similar
to the above yields

= APe'c AP e'Y@y (ctw)=0

for all ! , thusfi = B(h 1d) hasno singularity at all, and one can deducefrom Theorem 2 that
this ertire function has at most exponertial growth in the non-vertical directions. Howewer, an
extra argumert is neededto make sure that fi has at most exponertial growth with bounded
type in all directions, including the imaginary axis, which is su cien t to conclude that A is
corvergert. 16

The extra argumert that we have not given is related to the existenceof constraints on
the growth of "* and " along the lines which are parallel to the imaginary axis, which imply
constraints on the growth of the numbersjA , jnjasm! 1 . This canbe obtained by a ne
analysisin the Borel plane. Another approad consistsin relating Ecalle's analytic invariants
and the horn maps: there is a one-to-one correspondence betweenfA,; ! 2 2 iN g and
fBm; m 2 N g on the one hand, and betweenfA,; ! 2 2 iNgandfB n; m2 N gon
the other hand. This will be the subject of the next paragraphs. We shall seethat the growth
cortraint on the jA, j amounts exactly to the corvergenceof the Fourier series(24){(25) with
some o> 0.

Relation with the horn maps

Let us give the recipe beforetrying to justify it: if we work in the graded algebras

kESsimp [[e 2 iZ]] - 22 iNe 'z hESsimp; resp. hESsimp[[eZ iZ]] — s iNe Iz hESSimp
(46)

(soasto give a meaningto the ,'s asinternal operators, which commute with the multiplica-
tion by e '°Z for any ! g and are! -homogeneou¥’) and de ne the \directional alien derivations"

18 Here is another interesting property of the A, 's: sincethe normal form fo(z) = z+ 1is the time-1 map of @@,
we can de ne its t™ power of iteration by f([,t](z) = z+ tforany t 2 C, and by formal conjugacy we retrieve the
\t" power of iteration” of f: 1) = & I w2 1d+ RES™™  which is the unique fi)(z) 2 z+ t + z 2C[[z ']]
such that Y f = f ¥ (in other words, we embed f in a formal one-parameter group ff¥1; t 2 Cg, which is
generated by the formal vector eld @ W(2) £ = &4;7 2). Foragivent 2 C, f1') is always resurgert but usually

; - @ (2) @ e ¢
divergert, unlesst 2 Z, however it may happen that some values of t give rise to a convergert trnasformation

(and this doesnot imply the convergenceof the formal in nitesimal generator @@@). The setof all t 2 C such
that {1 is convergent is the group %Z, where g2 N is determined by the condition ! 22 igZ ) A: = 0, which

is consistert with the relations | 1= A, e'' 1 e '"Z@"! which follow from computations analogous

to the previous ones. This corresponds to the fact that the 1-periodic functions '°"“* encading the horn maps
may admit a period q larger than 1.
17 we simply meanthat, if ! = 2 im with m 1 for instance, there is a unique linear operator

| kESsimp [[e 2 iZ]] 1 kESsimp [[e 2 iZ]]
which extends the operator |, previously de ned in RES®S™ only and which commutes with multiplication
by e '°Z for any ! ¢. This operator is ! -homogeneousin the sensethat it sendsthe spaceof ! ;-homogeneous

elemerts in the set of (! ¢ + ! )-homogeneouselemerts:

e 1oz hESsimp e (' o+!)z hESsimp :
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as the two operators

X X
iRt = L resp. iRt = Hs
122 iN 12 2N
then the Borel-Laplace summation in a direction slightly smallerthan =2 is equivalert to
the composition of the Borel-Laplace summation in a direction °slightly largerthan =2 with

the exponertial of the directional alien derivation assaiated with e ' 2R*:
!

X 1
0 0
L B L B eXp( iR+) =L B ﬁ r iR+
r o’
The symbol  here meansthat It_he operators on both sidesshould coincide when applied to
formal sums(\transseries”) ' = e '?'w (z) and yield
X X 1 X
e'fLn = e'fLN = o L e (47)

r!
r 0 lTotl 1+ +1,=1

whene\er both sidesof the rst equationin (47) have an analytical meaning (with all indices! |
in2 iN,orall!; in 2 iN, with the exceptionof! o and! which may vanish; obsene that
eadh 7 isdened by a nite sum).

In our case,the recipe yields

ut LOB[exp( ir+ ) t]; vt LOB[exp( irt )Y ; =mz< 0;

u =L *Blexp( i )d]; v =L * Blexp( g )¥; =mz> o

with O slightly larger than =2. To interpret and understand this, one can remenber the
computation which was made in Section 1.2 in the caseof the linear di erence equation (5):
we had ‘<z + 1) '<(2) = a(z) B 2 2Cfz g, hence '~= A, had to be constart (indeed,
Ay = 2ia()),thus ge'~= |,, iy Are'Zand [ .'~= 0forr 2, formula(7) (which
was nothing but the residuum formula) can thus be interpreted as

LB~='*"="' +L°B iR+'~=L°Bexp( irr)~ inf=mz< g

In the caseof t or v, we needto takeinto accourt the actionof ... forr 2, but formulas (44)
and (45) allow us to perform the calculation.

Let us beginwith & we have exp( r+)t= exp(D r+)t, with

X 5 d X 5 d
Dir+ = Are *—; D g+ = Are —:
: dz _ dz
122 iN 12 20N
The operator D g+ is a derivation of our graded algebra, i.e. a (formal) vector eld; its expo-

nertial is thus an automorphism, which can be represened as a substitution operator:
exp(D jrr)tt=t P g+ P g+ = exp(D g+)Id:

In fact, P ;g+ is the time-1 nap of D r+. Writing this formal vector eld in the coordinate
w =e?ZasD = 2i A ;inw™ L wegeta tangen-to-identity transformation,
which we can write as

P i
exp@ ): w7lwe 2! Pzimwh
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This relation determinesthe coe cien ts P, in terms of the A, 's, sothat

X |
Pirt(2)=2z+ Pre %
12 20N
The nal result is
u"=u P inf=mz< g u =u"t P g inf=mz> og (48)

The computation with v is more direct: formula (45) shows that

X 1 X e
exp(  jre)V¥= ¥ = Ay Aoag e 0 IS Qe
P12 20N
with the notation ,, =1, ,, , =11l +12) (P1+!2+ +!, 1), and
X , X 1 X
Qirr(d=12z+ Qe’'*s Q= o tyo ALy A (49)
12 2N ro1 "lgpte2 20N
|1+ +1 =1
The upshot is
Vi = Qg+ VvV inf=mz< g Vv =Q g+ V' in f=mz> og (50)

The comparisonof (48) and (50) showvsthat Q g+ = P i; =v" u orv u' (accordingto
the half-plane under consideration); Q g+ canthus be obtained asthe time-1 map of D g+,
and the relation relating the A;'s to the Q;'s in (49) can thus be paralleled by a relation
relating the A, 's to the P, 's. We arrive at

Theorem 4 We have

vl u = Qjg+ Wwithinverse v u' =P in f=mz< (g (51)
vi u =P g+ withinverse v u'=Q jg+ in f=mz> og; (52)
where X X
Q g = Id+ Q e; P g = Id+ P e;
12 2N 12 2N

with the notation & (z) = e 'Z, and the coe cients Q, ;P; degend on the coe cients of the
Bridge Equation according to the formulas

X 1 X
Q = Pl t, 1 AL A
r 1 Tybey2 20N
|1+ +1 =1
X 1 1 X
P = (1) AL A
r!
r 1 Tyly2 20N
|1+ +1 =1
using the notation , =1, ,, ., =14 +12) (1+!2+ +1q).
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The comparison with (24){(25) now shaws that Qg+ = ld+ "% and P g = ld+ UP,

hence
Bm=Q2im; B m=P 2im; m L

The fact that the A, 's constitute a complete set of analytic invariants can be found again this
way.

Obsernethat P g+ or Q g+ wasobtained as a formal Fourier series,beingthe time-1 map
of the formal vector eld D g+ or D ;g+. Howewer, whenidentied with v¥ u orv u*,
these expansionsprove to be corvergert. This is the growth constraint we were alluding to: the
A, 's must be such that Q g+ de ned by (49) be corvergert.

Alien derivations as components of the logarithm of the Stokes automorphism

Let X X
Sipe = Id + e'? [ S g =ld+ e'? |
122 iN 12 2N
Lemma 4 can be rephrased® by saying that S |g- is an automorphism of the graded algebra
RESSMP[[e 2 Z]]. We closethis chapter with two things.

i) We shall indicate the proof of Lemma 5, the cortent of which can be rephrased?® as
identities betweenoperators of RESS™P[[e 2 1Z]]: the directional alien derivations satisfy

irt = l0gSir+; irt = 10gS jg+:

This wasthe only step missingin the proof of Proposition 6 (the fact that the ,'s are
derivations follows).

i) We shall interpret the operators S;g+ and S g+ as\Stok esautomorphisms" (or \passage
automorphisms”, [CNP93]): they correspnd to composing the Laplae transform in a
direction with the inverse Laplae transform in another direction. This will sene as a
justi cation of the recipe which led us to Theorem 4 in the previous section, since the
exponertial of g+ will then appear as the link between Borel-Laplace summationsin
di erent directions.

Let us focus on the singular direction iR* (the caseof iR* is analogous)and introduce

a graded algebra which corresponds to RESS™P[[e 2 1Z]] via formal Borel transform. For eadh
I 2 2 iN, we de ne the translation operator

piC +HM2RESIMP 7+ N ()= L),

BHere, asin footnote 17, we extend these operators from RES®™ to RES®™ [[e 2 '?]] by declaring that they
commute with multiplication by e ‘9% for any ! . The Borel counterparts of the relations (35) are obtained by
projecting the automorphism property

Sirr 12 = S gr~1 S jgr 2 ~1;~ 2 RESS™P e 2 iz]]

onto the spacese '°ZRES®™ 1,2 2 iN.
¥ Formula (40) of Lemma 5 simply expressesthe fact that the ! -homogeneouscomponert of ir+ coincides

with that of
X ( 1)r X e 2 imz + r.
2 im .

logS g+ = ;
r 1 m 1
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where | is a symbol to beidentied with B(e '?) and " isto be thought of asa holomorphic

function basedat ! (well-dened on]! 2 i;! + 2 i[, with multivalued analytic cortinuation

on the rest of the singular direction iR*); the rangeof | will bethe spaceR' of ! -homogeneous
elemerts. We consider

R = R'; R'=, RES™ ;
122 iN
as a graded algebraby de ning the (convolution) product of two homogeneouslemerts to be
M 1% = e, (M M), AN 2 RESS™; 1 451,22 iN:

The operators | extend uniquely from R° = RESS™ to R by declaring that they comnute
with all translations ,. The Borel courterpart of Sir+ is

X
t = R 1! R, with g=I1dand [ =, | for! 60

122 iN '
Each | isthus seenasthe ! -homogeneousomponert of the operator *.
We now introduce elemenary operators -, —, A-and , which will allow us to rewrite the
de nition (29) as
=, tAayy, o L =2 im: (53)

The rst two onesare the lateral continuation operators and act in R = R' , Where R' is
the spaceof all the functions =, which are holomorphic on ]! ;! + 2 i[, can be analytically
continued along any path which avoids 2 iZ and admit at worse simple singularities. The

functions of R' are unambiguously determinedon ]! ;! + 2 i[, but their analytic continuation
givesrise to various branchs. Let 2 ]0; [, and let ., resp. , be the semi-circular path
which starts from ! + 2 i | andendsat! + 2 i+ i , cicumverting ! + 2 i to the right,
resp.to the the left. Wede ne . and — to bethe operators of analytic cortinuation along +
and

5 2R ' 7leomr -, 2R'?
Theseoperators induce 2 i-homogeneousperators of R, the di erence of which sendsR in R:
for any =, 2 R', (- “)-, 2 R'"*2 1 is simply the variation of sing, ,, ;- translated
by 142 i. Denoting by 42 (") the residuum of sing, ., ;" , we set
A5 2R T i i(t) 1w i 2RV2ZL
The whole singularity sing, ,», ;" is thus determined by
1+2 iSING L, = A+ L L Y 2R
We de ne the last new elemenary operator of the list by
tA=c, +N 2R TIN 2R

i.e. we forget the multiple of ,, retaining only *, but forgetting that this function is regular

at ! : the result is consideredas elemen of R' . Formula (53) is now an obvious translation of

De nition 8. We thus have
X
t=d+ A+ ol (54)

m 1
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In this framework, we can also rephrasethe part of De nition 8 concerning ., or rather
the dotted version of the operator (still in the corvolutive model):

X YA

e m F'=2im:

We now give the proof of Lemma 5, which amourts to the fact that the (Borel courterpart of
the) directional alien derivation

X
= |
122 iN
is the logarithm of *. We thus must showthat, for each! 22 iN, , isthe! -homamen®us
component of the operator
X 1y 1 X r
log * = - A+
r 1 r m 0
Using the obvious identity A+, — = _, wecanwrite
Xyt
log " = (A L )T (AL L) (AL L)Y
mqy;ome 0
r 1
X
as (A+ 4 “)Bm 1 ,with 2 ilm 1)-homogeneousperators
m 1
X 1) 1
B 1 I RS .

r
mi+ +mr+r=m
1

may;me 05 r
The result follows from the following identity (which is an identity for polynomials in two non-
commutativ e variables):

X p()laC")!

Bm 1= mi m

1 1

the proof of which is left to the reader.
Formula (30) of Proposition 6 follows, becausethe logarithm of an automorphism is a deriva-
tion, and the homogeneousomponerts of a derivation are also derivations.
As promised, we end this section with the interpretation of * as Stokesautomorphism.
|5et usextendL =L °for 02 5, to the part F?exp of R consisting of the formal sums
(¢ 1+ + ™) in which ead "y hasat most exponertial growth at in nit y, by setting

X X Zg"
L (@ ++"™)= ce'’+ e’*"™()d
122 iN 122 iN !
X Zeiol
= e'?c + e’ ™N(+ )d ;
122 iN 0
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,(H'

Figure 11: lllustration of the formula L =Lt

where the right-hand side is to be consideredas a formal seriesin e 2 'Z with coe cien ts
holomorphic in adomainD . Wedene L* =L for 2 O 5 similarly on ﬁexp. We have
L*¥~A =L "7 A2 R (55)

exp’

P .
at least when the series e 2 M2 2. A s corvergert. Indeed, one can decomposethe
contour of integration for L* as follows:

zg49 Z Z ! x Z
L+/\!:C!e!2+ + + + eZ"\!()d =L N+ ez"\!()d;

! 1 2 m 1 m

where o, =! +2 im+ and isthe path comingfrom € 1 , turning anticlo ckwise around 0
and going bad to € °1 (seeFigure 11), and the contribution of |, is precisely (becauseof the
residuum formula)
e 1
a2 imCT Y A ) e (12 Mz g er(x )yPta()d =

142 im

L A+ L ‘_‘Tl’\!:L 5

Formula (55) may sene asa heuristic explanation of the factthat * =\(L ) ! L*"isan
automorphism, sinceboth L* and L transform cornvolution into multiplication. This formula
is the expressionof an \abstract Stokes phenomenon”, without referenceto any particular
equation, which manifests itself in the Stokes phenomenonwhen specializedto the resurgen
solution of an equation like (18) or (19). It wasusedin the form L* = L  (exp ) in the
previous section.

3 Formalism of singularities, general resurgent functions and
alien deriv ations

Let usreturn to the corvolution algebra PrP(R), consistingof all holomorphic germsat the origin
which extend to the Riemann surfaceR. In Section 2.3 we have focusedon simple singularities
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and this led to the de nition of RESS™P, but what about more complicated singularities than
simple ones?

Evenin the elemenary situation described in Section 1.2 with the Borel transform A( ) of
the solution of the secondlinear equation (6), polesof order higher than 1 appear.

Or, asalluded to in Section2.1 after Proposition 4, in the caseof a nonzeroresiter Abel's
equation has a solution of the form Id + logz + ~(z) with ~2 z C[[z !]]. One can prove
that ~2 H, i.e. the Borel transform " is in W(R), but the singularities one nds in the Borel
plane can be of the form T )+ reg( ) with 2 Cand "( ), reg( ) regular at the origin
(see[Eca8] Vol. 2)).

It may also happen that an equation give rise to formal solutions involving non-integer
powers of z, or monomials of the form z "(logz)™.

All theseissuesare addressedsatisfactorily by the formalism of singularities, as developed
in [Eca81, Vol. 3], [Eca9] or [Eca9] (seealso [CNP93] and [OSS03]).

3.1 General singularities. Ma jors and minors. Integrable singularities

Let C denote the Riemann surfaceof the logarithm, i.e.

C=(Chfog;1)=f =r€ jr>0 2Rg

(cf. footnote 3 in Section 1.3). We denoteby 2 C 7! 2 Cnf0g the canonical projection

(covering map).?° We are interested in analytic functions which are potentially singular at
the origin of C, possibly with multiv alued analytic cortinuation around the origin. We thus
de ne ANA to bethe spaceof the germsof functions analytic in a\spiralling neighbourhood of
the origin®, i.e. analytic in a domain of the form V= fre' jO<r<h(); 2Rg C,with a

continuous function h: R! ]0;+1 [. The spaceCf g of regular germsis obviously a subspace
of ANA.

De nition 9 Let SING = ANA =Cf g. The elementsof this space are called \singularities". 2

The canonical projection is denotal sing, and we use the notation
8
< ANA ! SING
singy : .

[

71 © = singy “() :

Any representative- of a singularity “ is called a \major" of this singularity.
The map induced by the variation map-( ) 7! () “( e 21 is denota

8
< SING ! ANA

var : . .
P=singg - 7T()="() “(e?'y:

The germ “ = var® is called the \minor" of the singularity ©.

2 As a Riemann surface, C is isomorphic to C (with a biholomorphism 2 C 7! log 2 C), but it is more

signi cant for us to considerit as a universal cover with a \m ultiv alued coordinate"

2L A more general de nition is given in [0SS03], with sectorial neighbourhoods of the form V = fré j
0 2 < < g+ ; 0<r < hginstead of spiralling neighbourhoods, giving rise to more general germs
“ 2 ANA ;. and singularities © 2 SING o; = ANA . =Cf g. In practice, this is useful as an intermediary
step to prove that the solution of a nonlinear equation is resurgert, but here we simplify the exposition.
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Obsene that the kernel of var : SING! ANA is isomorphicto the spaceof entire functions
of 1 without constart term. It turns out that the map var is surjective (we omit the proof).
The simplest examplesof singularities are poles

( )"n!

>yt 0 N0

. 1 .
= singy 5= (M = sing,

(obsene that var (™ = 0), and logarithmic singularities with regular variation, for which we
usethe notation

' = sing, %‘A()Iog . “()2ctg (56)

(log is well-de ned sincewe work in C; anyway, another branch of the logarithm would de ne

the samesingularity sincethe di erence of majors would be a multiple of ) ( ) which is regular).
The last exampleis a particular caseof \in tegrable singularity"”.

De nition 10 An \inte grable minor" is a germ “ 2 ANA which is uniformly integrable at the

origin in any sector 1 arg 2, in the sensethat for any ; < ; there exists a Lelesgue
integrable function f :]0;r ]! ]0;+1 [ suchthat

O fG D 2's;
wheeS=f 2Cj ; arg 2; 0] r gandr > 0is small enoughso as to ensure

that S be contained in the domain of analyticity of “. The correspnding subs@ce of ANA is
denotal by ANA M.
An \inte grable singularity" is a singularity © 2 SING which admits a major - such that
“()! Oas ! Ouniformly in any sector 1 arg » and for which var® 2 ANA M.
The correspnding subsce of SING is denotal by SING™.

[

For example, the formulas
1

@ e2i)( )

de ne a family of singularities®® among which the integrable ones correspond to <e > 0.
Another exampleis provided by polynomials of log , which can be viewed asintegrable minors,
and also as majors of integrable singularities.

2 CnN (57)

(¢}
I =singg I ; ()=

o] (o]
22 In view of the poles of the Gamma function, | iswell-dened for = n2 N,and!| , = ("), Besides,
the re ection formula yields

T()=25¢' @ ) .
This family of singularities admits a non-trivial analytic continuation with respect to  at positive integers

([Eca81, Vol. 1, pp. 47{51]): for n 2 N , one may consider another major of Io , Which is analytic at = n, and
de ne . 1 n 1 n 1 Iog

WO =M a2y ()" 27 (n
which yields Iy=t % . The formula for the minors

is thus valid for any 2 Cn( N) (while I n=0if n2 N).
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Figure 12: Caudhy integral for a major assciated with an integrable minor.

Obsene that, when a singularity “is integrable, any of its majors satis es the condition
which is stated in De nition 10 (since the di erence between two majors, being regular, is
o(15 Jj)), and that its minor is by assumption an integrable minor.

Lemma 6 By restriction, the variation map var : SING! ANA inducesa linear isomorphism
SING™ ! ANAM,

Proof. In view of the de nition of SING™, the variation map induces a linear map var™ :
SING™ I ANA'™ The injectivit y of var™ is obvious: sing, - belongsto the kernel of var if
and only if = ( ) is the sum of an entire function of 1= and of a regular germ, and the condition
“( )= o(15 j) leavesroom for the regular germ only.

For the surjectivity, we suppose‘A 2 ANA™ and we only needto exhibit a germ - 2 ANA
with variation * and with the property of being o(15 j) uniformly near the origin. If “is
regular, we can content ourselveswith setting =( ) = %'ﬂ( )log , but for the generalcasewe
resort to a Caudy integral.

Let us x an auxiliary point in the domain of analyticity S C of . The integrability

A
i

of ' allows usto de ne a holomorphic function by the formula

z .
()= i ﬁd 1; arg 2 <arg <arg: (58)
21 9 1
This function admits an analytic cortinuation to Sn [1;+1 [, asis easily seenby deforming
the path of integration (seeFigure 12):
Z .,
21 !

with apath  connectingOand inside S and circumverting to theright ifarg < arg 2
or to the left if arg > arg (turning around the origin as many times asnecessaryto read the
sheetof C where lies beforeturning badk to sheetof ). For arg slightly larger than arg

andj j small enough,the residuum formula yields
z Z - .,

L v 20y — 1
O “(e?h= 5
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(becausethis di erence of paths is just a circle around with clockwise orientation).
For the uniform o(1=5 ) property, it issucientto chekkthat =()! Oas ! O uniformly

in . =f 2Cjarg 2 + arg arg g, with arbitrarily small > 0, since
changing only amounts to adding aregular germto . Wewrite “( )= 5 Ol'A (t )g—dt
and obsenethat, for 2 . ,cosarg- cos hence

t— 1%=t2-%+1 2t - cosarg- F(t]j);

) = t2i 4 ii 2
F(tr)=t"x+1 2t~ cos sin< :

We can conclude by Lebesgue'sdominated corvergencetheorem:

- - Z 1
i . ] ) . 1 . . r . .
— t; dt; tr)= p—— (t ))= ——— (t )};
100N 3 Og(JJ) ot r) WJ()J e ()]
with g(t; r) #] (t )j integrable and g(t;r) ! Oasr ! Oforeatt> 0, hencej “()j
" (j ) with . (r) N !O 0. O

Notation: The inversemap will be denoted
“ 2 ANAT 71 I 2 qING™;

a notation which is consistert with (56). In the spirit of De nition 6, we cande ne the \simple
singularities” (at the origin) as those singularities of the form ¢+ [" withc2Cand' ()2
Cf g; wedenoteby SINGS™ = C [ Cf g the subspaceof SING that they form.

3.2 The convolution algebra SING

Starting with Section1.3, we have dealt with corvolution of regular germs. But the spaceCf g
of regular germsis contained in the spaceANA " of integrable minors, and we can extend the
convolution law:
Z
.1;.22ANA|nt 7!13:11 |22ANAInt; 13(): 0‘1( l)l 2( 1):

Indeed, in any sector ;  arg 2, using integrable functions f1;f> : 10;r 1! ]0;+1 [
such that j";()j  fi( j), we sgethat the formula makes senggfor | | r and de nes a
holomorphic function sud that |' 3( )j f3(j j) with f3(r) = olfl(tr)fz((l Rt)r)rdt; the

Pagzsitive function f3 = f1 f, itself is integrable, by virtue of the Fubini theorem: (; fa(r)dr =

o fa(r)fa(rp)drodro< 1.

N

We havefor instancel , | , =1 ,+ , forall complex 1, 2 with positivereal part, whether
integer or not (by the classicalformula for the Beta function). The extended corvolution is
called \convolution of integrable minors”; it is still commutative and assaiative. We thus get
an algebra ANA ™™ (without unit), with Cf g asa subalgebra.

Transporting this structure of algebra by var™, we can view SING™ as an algebra, with
convolution law

e o=l P, =l 28NG™ 710, P,= 00 Y, 2 SING™: (59)
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It turns out that the corvolution law for integrable singularities can be extendedto the whole
spaceof singularities, soasto make SING an algebra, of which SING™ = [ ANA™ will appear
as a subalgebra(and there will be a unit, namely ).

Convolution  with inte grable singularities

As an introduction to the de nition of the cornvolution of generalsingularities, let us beginwith
a more careful study of 3= ©; “, in the integrable case(59): we shall indicate formulas for
the minor and a major of ’03, which do not make referenceto the minor ' ; but only to a major
of I ;.

Lemma 7 Let ;" ,2 ANAM "o =" 7, andlet“; be any major of [ ;. Then, for
with small enoughmodulus, one has
Z
“a()= a0 pda (60)

where is any path in C which starts at e 2, turns around the origin anticlockwise and

endsat , e.g.thecircular patht 2 [0;1] 7! e 2@ 9 In the atove formula, » = 1
denotesthe lift of 1 which lies in the samesheet of C as ; this point thus starts from and

comeshback to the origin after turning anticlockwisearound (rather than e 2!, or any other
lit of in C).

Let 2 C belongto the domain of analyticity of - ;, with small enoughmodulus sothat €
belongsto the domain of analyticity of ) >. Then the formula
z
Y3 ()= (1) (1€ + )dy  arg <arg <arg + ; | jsmal enough
(61)
de nes by analytic continuation an elementof ANA which is a major of [ 5. In formula (61),

it is understood that », = ;€ + movesalongthe sgment[ € + ;0], whee € +
denotesthe lift in C of + which hasits argumentclosestto arg + (it is well-de ned for

i i< ilse e the top of Figure 13.

Proof. a) Let 2 C with small enoughmodulus. Obserwe that, in formula (60), arg ; takesall

possiblevaluesbeteweenarg 2 andarg at least, for whatever choiceof , while arg( 1)
(with the convertion indicated) can be maintained arbitrarily closeto arg by choosing close
enoughto the segmeis [ e 2 ;0] and [0; ]. Let " denote a positive function on ]0;j j] such
that "(r) 0 !0 0 and

a0 "G o) arg 2 argi1 arg :
Deforming the contour, we rewrite the right-hand side of (60) as
!
z z zZ -

. S )" o 0 d g;
e2| a a

ae 21

ith any auxiliary point a 2 0;% . The two integrals over rectilinear segmers cortribute

o 101" 2 1)d 1, which tendsto “3( ) asa! O by integrability of “; and " ,. The
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Figure 13: Analytic cortinuation of "5, . (Left: three examplesof path . Right: the corre-
sponding paths followed by >,= ;e'+ ).

integral over 4 tendsto O, sinceits modulus is not larger than 2 "(jaj) maxp j'A -, where D
denotesthe closeddisc of radius %j j certred at (inside the samesheetof C as ).

b) Formula (61) de nes a function holomorphic near the origin of C in the sheet(branch cut)

which corresponds to the condition 0 2 [ ; ] and which contains , i.e. in S = farg <
arg < arg + g for small enoughj j; for such , the whole path of integration [; ] lies
inside S , while the corresponding »= 1€ + movealongthe segmen|[ € + ;0] S 4

(here we useagain the integrability of f »). The analytic cortinuation is obtained by deforming
continuously the contour of integration as movesto di erent sheetsof C:

Z .
e ()= () (1€ + )dy;

with a path which connects and without touching the origin and without intersecting
itself, it being understood that the symmetric path followedby ,= € + always starts on
the samesheetof C|see Figure 13.

In particular, following the analytic cortinuation from to e 2! weobtain apath 2
which can be decomposedasthe original path [; ] followed by ~ , where ~ is the sameasthe
above  but with reverseorientation. Moreover, our corvertion for arg » agree$® with that

2 3eeFigure 13 or draw your own picture in the simpler casewhen arg is slightly smaller than arg + . Or
start directly with the limit casearg = arg + , with and . 2 starting at and following [; ] but
circumventing 0 to the right or to the left, while the symmetric path starts at € + and circumvents to the
right or to the left; the point is that the symmetric path thus lies in the samesheetas (rather than e 2 ', or
any other lift of in C), this is the origin of our convention on arg ».
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of formula (60), hence“5. () ‘“3 (e 27)="3().
C) Let

O =fjarg arg ] g: S, = 2\ g i 2 05 :

0 0

We obsene that, if 0 < arg arg <2,("3 "3 0() (which, for arg arg <
arg + ,is given by an integral involving the valuesof  ; closeto [; 9 and thoseof * , close
to[ € + ; % + ]) extendsto a holomorphic function which is regular near = 0. Thus,
to prove that v 3= singy "3 , it only remainsto chek that “3 ()! Oas ! O, uniformly
in any sector ©

Let r 7! "(r) denote a positive function de ned on ]0;j j] sud that "(r) 0 !O 0 and

i " 1( 1) “(j 1j) whenever 1 2 © andj 4 jj. In fact, we shall only use the fact
": we only suppose"(r) (this is related to foot-

that one can take a bounded function ": 1a
note 24). Let r 7! f(r) denote a positive integrable function de ned on O;% such that

i“2(2)i f( 2) whenewrj o 3jjandarg +, arg 2 arg + 3. We canwrite

Z 4.

"3 ()= . “( 2) 2( 2)d 2 28,

Forany 2 S. ,letting u = Je'—J'J we thus have

_ 2y
J "3 () - " f()d:
0

Elemertary geometry shows that
2s. ) ° ag® =ag-¢+1 2 ¢ 0= arg 2d +1 210, [:

Hence

=1+ -2 2_cosarg™  F(:jj); F(;r)=1+ > 2Jcos(9:

r

But g = 1:pf is cortinuousand  1=sin( 9 on [0; %] 10;j jl, with g( ;r) N !0 0 for eadh

> 0, thus
Z 3

its O Ozg<unu>d="?ujx

with 0 () N !0 0 by Lebesgue'sdominated convergencetheorem. O

We now seehow we can de ne the cornvolution product of a generalsingularity '01 with an
integrable onel’ ,: for any major -, 2 ANA andany , formula (61) still de nes an elemen “ 3
of ANA by analytic corntinuation (the integrability of '01 is not required for this), and we can

set

°1 Uy=sing(“ 3 ): (62)

The choice of the major ~; doesnot matter (by linearity, adding to “; a regular germin (61)
will add to 3. afunction which is regular, being a major of the null singularity, in view of the
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Figure 14: Top: integration path for 5. (). Middle: path for 5 ( ). Bottom: dierence.
(Left: paths followed by 1. Right: corresponding paths followed by ».)

above), nor doesthe choiceof because™3; 3. oisregular (as was mertioned in the above

proof). The minor of pl [’ » is still given by formula (60), but one must realize that pl [’ 2
has no reasonto be an integrable singularity when '01 is not.?*

Convolution of general singularities. The convolution algebra SING

We just sav how the corvolution of integrable minors gave rise to a corvolution of inte-
grable singularities SING™ SING™ I SING™ which could be extended to a corvolution
SING SING™ I SING. We proceedwith a further extensionso asto view the spaceSING
as an algebra, of which SING™ will appear as a subalgebra.

To this end, it is sucient to imitate the argumerts leading to Lemma 7 and to express

[

a major “ 5. of the corvolution product of two integrable singularities by a formula similar
to (61), but referring to a major ", rather than to the minor : » of the secondsingularity. The
new formula will then be taken asa de nition of the cornvolution product when the singularities
are no longer assumedto be integrable.

24 Notice however that, with this de nition, [, =", (compare “5. () when",( 1) = 1=2 i 1 and the
R g

major “,( )= z'i(Z( 2’2) d > given by (58): the di erence is regular at the origin). Hence, if 'Ol =c + 1)

©. ", isstill an integrable singularity (namely [(c", + ', ©,)). On the other hand, the minor of "*D [*

is di nt 'Az, but this singularity is usually not integrable; for instance, if 'Az 2 Cf g, one can ched that
i i ° nt 10
12150 M G2O) Ve G+ E
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Lemma 8 Let ‘01;’02 2 SING havemajors “; and “,. Let 2 C belongto the intersection of

the domains of analyticity of “; and “,, with small enoughmodulus sothat € also belongs
to this intersection. Then an elementof ANA can be de ned by analytic continuation from the
formula

Z 4.4

"3 ()= “1( 1) 2( 2)d g 2H ; ] jsmal enough (63)

wheeH =f 2Cjarg <arg <arg + g andwherit isunderstaodthat € + isthe
lift in C of + whichliesin H and , is the lift of 1 whichis alsoin H (and thus

moves backwans along the samesement[; € + ])|se e the top of Figure 14. This germ
givesrise to a singularity
©3:= singy "3 (64)

L.

which dcoes not degend on , nor on the choice of the majors
singularities '01 and '02.

Moreover, when ©, 2 SING™, °, coincides with the singularity ©; °, de ned by for-
mula (62) in the previous section. (In particular, whenboth 'ol and '02 are integrable singulari-
ties, werecover [ | [, = ©5)

1 and “,, but only on the

Proof. Formula (63) de nes an analytic function, sincethe segmen [; € + ]is contained
in the domains of analyticity of “; and “,. This is not the casewhen arg crossesarg or
arg + , but the analytic continuation is then obtained by deforming the path so that the
origin beavoidedby ; and ;. Another way of obtaining the analytic cortinuation is to obsene
that, whenewerjarg °© arg j< ,thedierence (“5 0 ‘3 )( ) (which,for 2H \ H o,is

given by an integral involving the valuesof “; and “, closeto [; 9 and[ € ; % ]) extends
analytically to a full neighbourhood of the origin. Thus “3;. 2 ANA and pg doesnot depend
on

The fact that 5 does not depend on the choice of the major “, follows by linearity from
the last statemert (a regular -, can be viewed asthe major of an integrable singularity, namely
the null singularity, the convolution product of which with any ©; is the null singularity). The
fact that it doesnot depend on the choice of the major = ; then follows from the commutativit y
of formula (63).

[

Consider

Z
T3 ()= 10 )20 2)d g arg <arg <arg + ; | jsmallenough (65)
where the path . starts at , goestowards , follows a circle of small radius around  with
clockwise orientation, and comesbadk to , and where » is the lift of 1 which starts at

€ + andendsat e ' + after having turned clockwise around the origin (seethe middle
of Figure 14). We obsene that, for 2 H with small enoughmodulus,

z
e ()+ 3 ()= “1( ) 2( 2)d g;
where the path . starts at , circumvents both 0 and to the right and ends at e +
while the lift 5 of pstatsat e' + andendsat after having circumverted both 0

and to the right (seethe bottom of Figure 14), and the function de ned by the last integral is
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regular at the origin (because . cankeepo the origin evenif variesin a full neighbourhood

of the origin). Hence
©

singy “3. =singy "3 = "3
Supposenow that ©, 2 SING™ and de ne ©; *©, by formula (62). When letting an auxiliary
point a tend to along[; ] andusingapath . = [;a[ a [ [a ] the alternative

major -5 of °3 appearsto be nothing but the major “5 of ©; *, delivered by (61). This
endsthe proof. O

De nition 11 We de ne the convolution product

of any two singularities ©1;°, 2 SING by formulas (63) and (64).

Prop osition 8 The convolution law just de ned on the space SING is commutative and asso-

ciative; it turns it into a commutative algeba, with unit = sing, ﬁ .

Proof. The commutativit y is obvious. The relation pl = '01 is immediate when using the
alternative major “ 3. of formula (65) with “,( 2) = 1=2 i 2, sincethe residuum formula gives

" 3 = - 1-

For the assaiativit y, the quickest proof consistsin extending it from SING™ (in restriction
to which it is a mere consequencef the assaiativity of the convolution of integrable minors)
to SING by continuity and density. Indeed, we may call a sequence 1 o Of SING convergert

if these singularities admit majors ~,, analytic in the same spiralling neighbourhood of the
origin V and if there exists = analytic in V such that “, =, convergesuniformly towards *

in every compact subsetof V; the singularity sing, © is then unique and is called the limit of
the sequence.lt is easyto ched that

On the other hand, any singularity is the limit of a sequenceof integrable singularities, majors

of which can be chosento be polynomials in log (this essetially amourts to the Weierstrass

(o) (o]
theorem in the variable log ). We thus obtain © °© =" ° by passingto the limit

in the corresponding identity for integrable singularities. O
Obsene that we have two subalgebraswithout unit [ Cf g SING™  SING, and that
simple singularities form a subalgebra SING®™P = C [Cf g SING. Here are a few

properties of the algebra SING:

i) The family of singularities i ,c dened by (57) and

|n=(n); |On+1=[n—n!; n2N
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(0] [¢] (0]
satises!| , | ,=1 4+, forall 1; 22 C, ascanbe chedked from the integrable case
by analytic cortinuation®® in ( 1; »).

i) If ()isaregulargerm,the multiplication of majorsby obviously passego the quotient:
©=singg- 2SING 7! °:=singg - 2 SING:
This turns SING into a Cf g-module.
iii) In particular, we have a linear operator of SING
@°n °:

which turns out to be a derivation (multiply by = 1+ 2 in formula (63)), the kernel
of which is C

iv) Dierentiation of majors passedo the quotient and de nes alinear operator di which coin-

cideswith corvolution by @ = & (dieren tiate the relation “;( )= “1( 1)" o

1) d 1, where" o( ) = 1=2 i ,) and is invertible, with inverse & = (D ® More

generally
gne- M 2 ©23ING; n2z:

Notice that di is not a derivation; its action on a convolution product is given by

d d d no .
a 1 2= g 1 2= 1 g 2

We have for instance & o= nforall 2 Candn2N.

% There is a notion of singularity DS depending analytically on a parameter s 2 S, where S is an open subset
of C: following [Eca81, Vol. 1, p. 48], we assumethat for each so 2 S, there exist r > 0, an open subsetV of S
containing sp and a holomorphic function “(s; )= “s()onV D;,whereD, =f 2C; jj< rg, suc that

'OS = sing, “s for each s 2 V. According to footnote 22, the family IO ,c satises this with s= 2 S=C,

and this example shows that there may be no major “;( ) which satis es the above with V = S.

With this de nition, the uniquenessof the continuation of analytic identities is guaranteed by the following
fact: if S is connectedand Z = fs2 Sj 'OS = 0g has an accumulation point, then Z = S. (Let Z° denote the
interior of Z. We rst obsene that if a non-stationary sequenceof points s, 2 Z convergesto s; 2 S, then
s1 2 Z% Indeed, let V be an open connected neighbourhood of s; in S, r > 0 and “( ) be a major of DS

which is analytic in (s; ) 2V D;. Forn N large enough, the functions “, are regular at the origin; for
any xed 2 D, the analytic identihy “()="s( e 2 holdsfor s= s,,n N, thusfor all s2 V; now each
analytic function s2 V 7! ¢ (s) = k- ()d , wherek 2 N and the integral is taken over a circle certred at

the origin, vanishesfor s = sy, n N, thus for all s 2 V; henceevery "¢, s 2 V, is regular at the origin, i.e.
Ds = 0,ands; 2 Z° The opensubsetZ®of S is thus non-empty and closed, and the conclusion follows from the
connectednessof S.)

Moreover, if we are given two families of singularities DS and OS which depend analytically ons 2 S, formula (63)
with 2 D,-, and its analytic continuation for 2 D; ; show that ps Os also depends analytically ons 2 S.

o o o
One can use these facts to contin ue analytically the identity I , I , 1 ,+ , = 0from <e ;> 0to arbitrary
1 2 Cwith a xed » of positive real part, and then from <e , > 0to arbitrary > 2 C with any xed ;.
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Extensions of the formal Bor el tr ansform

The formal Borel transform that we have used so far was de ned on the spaceof Gevrey-1
formal seriesC[[z 1]];. In the language of singularities, this meansthat we have an algebra
isomorphism

X . . A X "
B:~= Gz "2C[z L 7 “=c +"2SING™; ()= g
n 0 n 1

The eld of fractions of C[[z ]l; is C(z 1)1 = C[lz ]l[z], the spaceof sumsof a polynomial
in z and a Gevrey-1 seriesin z 1 (becausewhen ¢y 6 0, the above '~ admits a multiplicativ e
inversein C[[z 1]]1), and it is natural to extend the formal Borel transform by setting B(z") =
(M) we get an algebraisomorphism

X X A
B:'~= cz "2C(z ). M = ¢ W+ 2 gINGSE™:

n N k=0

with N depending on '~ and the same’ ( ) as above, and where SINGS™2™  SING is the
subalgebraof \simply ramied singularities”, consisting of those singularities which admit a
major of the form P(1=) + %( )log with P polynomial and 'A( ) 2 Cf g (notice that this
subalgebrais smaller than var 1 Cf g, which consists of those singularities which admit a
major of the sameform but with P ertire function).

In C((z 1)1, we have well-de ned di erence operators '<(z) 7! '(z+ 1) '<(z) and '<(z) 7!
'~(z+1) 2~z)+ '~z 1), the courterpart of whichare® 7! e 1 °and® 7! 4sinh? ; °.
The inverseformal Borel transform is not de ned in the spaceof all singularities, but further
extensionsare possiblebeyond SINGS™™:, For instance, setting
(0] m m o @ mO
B(z )=1; B( D"z (logz)" =3 m= g | ; 2C, m2N;
allows one to deal with formal expansionsinvolving non-integer powers of z and integer powers
of log z (cf. footnote 25 for the di erentiation with respectto a parameterin an analytic family
of singularities). In practice, when studying the formal solutions of a problem, one choosesa
suitable subsetof SING accordingto one's needs. This choice can be dictated by the shape of
the formal solutions one nds and of their formal Borel transforms, and also by the nature of
the singularities of the analytic cortinuation of the minors of these Borel transforms.

Laplace transform of majors

A
i

Let us denoteby R , forany 2 R, theray 0;¢ 1 in C. If the minor
o)

of a singularity
= singy - extendsanalytically along R and has at most exponertial growth at in nit y in
this direction, one can de ne the Laplace transform by

Z aei Z ei 1 .

L?°@=  e?-()d+ e?’()d;
agl 2) aé

where a > 0 is chosen small enough and the rst integral is taken over a circle certred at
the origin; the result then doesnot depend on the choice of a nor on the chosenmajor, it is a
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function holomorphic in a half-plane of the form <e(z€' ) > . Obsenethat if “isan integrable
singularity, one can let a tend to 0, which yields the usual formula:
R Z ei 1 .
L I @)= e? "()d:
0
The ideais in fact very similar to the one which was usedto de ne the corvolution of general
singularities: integration of the minor up to the origin, being possibleonly in the integrable case,
must be replaced by an integration of a major around the origin. Thus extended, the Laplace

(0] [¢]

transform is compatible with the corvolution of generalsingularities: L © =L ° L
If the singularity admits a major which has at most exponertial growth alongR and R 5 ,
one can then resort to the Laplace transform of majors:

!

Zg 21 Zae Zg1’
L (2= + + e?“()d
ael  2) ael 2) aé

(with the secondintegral taken over the samecircle as above, i.e. the sum of the three parts
amournts to a Hankel's cortour integral).

Laplace transforms in nearby directions 1 < » can be glued together and yield a func-
tion L] i 2[® analytic in a sectorial neighbourhood of in nit y whenthe minor hasno singularity
in the sector 1 arg o; it is then more conveniert to consider z as elemeri of C, with

2 3z < argz< 1+ 5 and jzj large enough. The dierence with what we sav at the
beginning (Section 1.1) is in the possibleasymptotic expansionsof L °.

In the simply ramied case,when a Laplace transform L1 * 2l can be de ned for © 2
SINGS™@™: one nds B 1° 2 C((z 1)1 asasymptotic expansion. Similarly, if the caseof one of
the extensionsof the formal Borel transform mertioned in the previous section, L1 ©: 2[‘O(z)

B 1°(z), asa consequencef the formula

( D"z (logz)™ =1L 3 m(2); z2C; 5 < argz < + 5!

3.3 General resurgent functions and alien deriv ations

We are now ready to give de nitions which are more generalthan in Sections1.4 and 2.3. We
shall not provide many details; the reader is referred to [Eca8l Vol. 3], [Eca9q, [Eca9]3 or
[CNP93.

We rst de ne the spaceof \resurgent minors", RES, iz, asthe setof all the germsof ANA

which extend to the universal cover (C n2 iz 1) (using the notation of footnote 3, meaning
that the holomorphic function * determined by the germ in a spiralling neighbourhood of the
origin V extendsanalytically along any path of C which starts in V and avoids the lift of 2 iZ

in C). Someresurgert minors are integrable minors, among these someare even regular at the
origin; this givesrise to subspacesRESQ iz \ ANA ™ and PrP(R) = RESQ iz\ Cf g, which are
both stable by convolution (the former for reasonssimilar to what was explainedin Section1.3
for the latter).

Next, we de ne the \convolutive model of resurgen functions" asthe spaceof all the singu-
larities of SING, the minors of which belongto RES, iz:

5
RES, iz .= var ' RES, iz SING:
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5
This spaceis stable by convolution (we omit the proof): RES; iz is a sulalgeba of SING, which
obviously corntains the unit . We may call

5 . . 5
RESI, = [ RES, i\ ANA™  RES; i7

the \minor model"; it is a subalgebraof SING'™ (without unit), the elemens of which are
determined by their minor, sothat there is no lossin information when reasoningon the minors
only. The cornvolution algebra PrP(R) of Section 1.4, beingisomorphicto | RES; iz\ Cf g, can

5 .
now be consideredas a subalgebraof RESJ. .
The algebraRESS™P of Section 2.3

. 5 . 5 .
RESS™ ' RESS"® := f © 2 RES; iz\ SINGS™ jvar © hasonly simple singularitiesg (66)

corresponds to singularities which are determined by a regular minor up to the addition of a
multiple of , sud that the minor extendsto R, and with the further restriction that the analytic
continuation of the minor possesse®nly simple singularities. This restriction made it possible
to de ne the alien derivations | in Section 2.3 as internal operators of RESS™P. Relaxing
the conditions of regularity at the origin and on the shape of the singularities, we are now in
a position to de ne the alien derivations | in a somewhat enlarged framework, as internal

5 5 .
operators of RES; iz and not only of RESJ"5.

Becauseof the possiblerami cation of the minor at the origin, the alien derivations will now
beindexedby all ! 2 C suchthat ! 2 2 iZ . Hereis the generalisation of De nition 8, with

notations similar to those of Section 2.3:

5 .
For °2RES; iz and! =2 mé withm2N and 2 5+ Z,

X mn n
p(")a*) . -
B =sing Ty (67)
170" m 12f +5 9
wheee the path (") connects 0; ! and ™-11:! andcircumvents2 rée = LI
to theright if ", = + and to the left if " = , and where the analytic continuation
of the minor * of © determinesthe major
T ey()=comt " (14 ), arg! 2 <arg <arg!; jj<2:

5
One can ched that the operators | are derivations of RES, jz, which satisfy the rules of
alien calculus that we have indicated in the caseof simple resurgen functions. Notice that if

5 .
| 1 = 1 ,, the restrictions of ,, and , to var  ®(R) , and a fortiori to RES3"P, coincide.

Up to now we have restricted oursehesto minors which extend analytically provided one
avoids always the same xed set of potentially singular points, namely 2 iZ (or its lift in C).

But one can consider other lattices C of singular points and de ne accordingly the space
5

RES of germswhich extend to (Cf\n :1), the algebraRES = var ! RES , and the alien

derivations | with | 2 ( must be an additive semi-group of C to ensure stability by
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corvolution, and a group to ensurestability by alien derivations?®). The subalgebraof simple
resurgen functions with singular support in ~ will be de ned by

5 . 5 . .
RES®™ = f® 2 RES \ SING®™ j8r 1,8 3;:::;1,; 1,” 2 SINGS™ g

r

(which is consistert with (66)| cf. footnote 14). Similarly, replacing SINGS™P by SINGS™™: in

5
the above formula, one can de ne the larger subalgebraRES>"™@™ of simply rami ed resurger
functions with singular support in .

5
Finally, the most generalalgebra we can construct at this level is the spaceRES of all the
singularities, the minors of which are endlessly continuable along broken lines. a singularity ©

5
is saidto belongto RES if, on any brokenline L of nite length drawn on C and starting in the

domain of analyticity of the minor *, there existsa nite set | (dependingon ) sudc that *
admits an analytic cortinuation alongthe paths which follow L but circumvert the points of |
to the right or to the left.

This meansthat we do not impose the location of possibly singular points in advance,
nor any constraint on the shape of the possiblesingularities. The alien derivations | acting

5
in RES are thus indexed by all ! 2 C; they are de ned by the same formula as (67), but

with m 1= card , forasegmen L = [ !;(1 )!I'] with > 0 small enough so that
the points of | = flq;:::;!' n 19 be the only singular points encourtered in the analytic
continuation of the minor along ]0;! [ (instead of %! ;:::;mTl! ), and with () denoting
the 2™ ! corresponding branchs of the minor near! (of course,if none of them is singular at ! ,
then ,° = 0). One can che that the modied formula de nes an operator | which is a

5
derivation of the corvolution algebra RES.

Bridge equation for non-de generate parabolic germs in the case 6 0

As an illustration of this enlarged formalism with more general resurgern functions than sim-
ple ones, let us return to non-degenerateparabolic germswith arbitrary resiter, as de ned in
Section 2.1: the holomorphic germ F at the origin givesrise to a germat in nit y

f(z)=z+1+a(z); a(z= z '+0(z ?2cCfz g

with 2 C. As was mertioned after Proposition 4, Abel's equationv f = v+ 1 admits a
formal solution X
wz) = z+ (2); ~= logz+ chz ";
n 0

which is unique if we imposecy = 0. This \iterator" is formally invertible, with inverse

X
H(z) = z+ '<(2); '(z) = logz+ Chmz "(z tlogz)™:
nm O
n+m 1
5
%i1f1 2  and ° 2 RES , some branchs of the minpr of 2 © will usually be singular at !, which should
thus be included in  (for instance, with the minor ' () = !—!Iog 1 5, which is regular at the origin,

2!02[1+!—).
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The inverseiterator allows oneto describe all the solutions of the di erence equationf u(z) =
u(z+ 1) in the setfz logz+ (2); (2)2C[[z ;z llogz]]g: they are the seriesof the form
t(z + ¢) with arbitrary c2 C.

The spaceC[[z ;z llogz]] is one of those spacesto which the formal Borel transform can
be extended (cf. Section3.2). For the Borel transform of J .,(z) = ( )™z (logz)™, we have
the formula

. A X 1 (k)

Jm=0 0 3 m()= T = () Yog ) ki <e >0 m2N:

k=0

The analogueof Theorem 2 is that the series

\ X - . X :
)= g 10= (D "CaumInemm ()

corvergefor j j small enoughand de ne germsof ANA, which belongto RES; iz, with at most
exponertial growth at in nit y in the non-vertical directions. Thus

A 5 N 5
9= 0 Joi+! 2RES, iz 8= % Jo1+ 0, 2RES; iz

The analogueof Theorem 3 is the existenceof complexnumbersA, , the \analytic invariants"
of f, sudh that, when pulled bad in the z-variable, the action of the alien derivations is given

by

du
= A —; T v= A e!("‘(z) Z)Z
dz
5
Equivalertly, we can say that '~ ~ have formal Borel tansforms 'O; ° 2 RES; iz and satisfy
'~= A 1+d—~; ) = A!z!e!~1:
dz

The successie alien derivativescan also be computed, giving rise to formulas analogousto (44)
and (45). This meansin particular that, near! , any branch of * () is of the form >—2—+ ~(

2 !
'Y+ reg( !), with acomplexnumber B and an integrable singularity singg - ( ; Wi]ich can
be computed from '~ and from the invariants for ead chosenbranch), and any branch of ' ()is
oftheform B I, ( )+ bl w1 ( )+l s2( )+ +reg( !) with computable complex
numbersby;bp;::: When 6 O, neither 'O; ° nor their alien derivatives’ are simple singularities
(and 01 = 1 is a simple singularity, but 01 = %is not).

In the above, ! is any point of C with ! 2 2 iZ , but it turns out that the numbers A,
depend on ! only, since "= 30;1 + 1 Where ' ()2 Cf gand 30;1( ) = 1= carries no
singularity outside the origin.?® This fact can also be deducedfrom the existenceof a resurgeri
U(z) 2 Id+z IC[[z ] such that &(z) = U z+ (z %;z llogz) with (u;v) 2 Cfu;vg (the

alien derivatives U depend on the projections ! only, sinceU( ) 2 Cf g, and the \alien

27Except the onescorresponding to ! such that A, = 0, in casecertain invariants vanish.
log + +i

2Using the formula for T indicated in footnote 22, one nds 30;1 = sing, >

constant.

, where is Euler's
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chain rule" yields &= , O (d+ ) =e' ( 0U) (ld+ )). The seriesU and can
be found by using the operator of \formal monodromy", i.e. the substitution z 7! ze? ! in
the solution #(z) de ned by z "(logz)™ 7! z "(logz + 2 i)™, which leadsto another solution
(ze? Y=z logz 2 i + o(l), whencew(ze? ') = w(z 2 i ) (becauseall the solutions
are known to be of the form w(z + ¢)); onethen obsenesthat the (converger) transformation
z 7Vz=2z + logz, w(z) = U(z ), transforms this monodromy relation into the trivial one
U(z € ') = U(z ) and hasa corvergert inverseof the formz = z+ (z 1;z logz).

The reader is referred to [Eca81, Vol. 2] for the results of this section.

4  Splitting problems

4.1 Second-order dierence equations and complex splitting problems

We now wish to preser the results of the article [GS01], and hint at someof the more general
results to be found in the work in progress[GS0q, in the context of 2-dimensionalholomorphic
transformations with a parabolic xed point.

The aim is to understand a part of the local dynamics for a germ

F: X o Xryriley)

y y+ f(xy) ! (68)

wheref (x;y) 2 Cfx; yg is of the form

fy)= x2  xy+ O3(xy); 2 C:
It is shown in [GS04 that any germ of holomorphic map of (C2; 0) with double eigervalue 1 but
non-idertity di erential at the origin can be reduced, by a local analytic change of coordinates,
to the form (68) with f (x;y) = bpox? + byixy + Oz(x;y); in the non-degeneratecase,i.e. when
po 6 O, it is easyto normalise further the map soasto have byp = 1 (obserwe that one can
always remove the y2-term, but it is not sofor the xy-term: the complex number s in fact a
formal invariant of the non-degenerateparabolic germ under consideration).

The article [GS01] is dewted to the particular map oneobtains whenf (x;y) = x2, which is
an instance of the Henon map (for a special choice of parameters). It is an invertible quadratic
map C2 ! C?, the only xed point of which is the origin, and which is symplectic for the
standard symplectic structure dx ~ dy.

Formal separ atrix

Our main subject of investigation will bethe formal se@ratrix of the map (68), which is a pair of
formal seriesp(z) = x(2);yo(z) satisfyingp(z+ 1) = F p(z) and formally asymptotic to the
origin, and its Borel sumsp* (z) and p (z). A slightly more geometric way of intro ducing p(z)
is to consider rst the formal in nitesimal geneator of F.

Indeed, it turns out that there exists a unique formal vector eld

X = y+ A Y) @@ + BOGY) KOG Y):BOGY) = 0206 y) 2 CI I

@
@1
the formal ow ofwhich ~(t; ; ) = exp, X satis esexp; X = F (the ow of aformal vector eld
like X is determined as the unique ~ 2 CJt][[x; I % such that Tjtzo = Idand @~ = X 7).
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This is the 2-dimensional analogue of the in nitesimal generator mentioned in footnote 16.
Now, for any 2-dimensional vector eld with a singularity at the origin, there exists at least
one \separatrix”, i.e. a solution of the vector eld which is asymptotic to the origin. This is
the celebrated Camado-Sad theorem for analytic vector elds; it is thus not a surprise that
for our formal vector eld there exists a formal solution p(z) which is formally asymptotic to
the origin. In practice, one nds that both componerts of p(z) belongto the spacez 2C[[z 1]]
when = 0, and to the spacez ?C[[z 1;z llogz]] in the generalcase;moreover this solution
is unique (under our non-degeneracyhypothesis) up to a time-shift z 7! z + a.

In somesensethe dominant part in X is y@@ ng, which is the Hamiltonian vector eld
generatedby h(x;y) = %yz + %xe’ for the standard symplectic structure (howewver the whole
vector eld X itself is Hamiltonian only when F is symplectic, i.e. when the function f (x;y)
dependson its rst argumert only). The separatrix for this dominant part is given by the cusp
fh(x;y) = Og (zero energylevel), the time-parametrisation of which is ( 6z 2;12z 3). This is
the leading term of the formal separatrix p(z).

It turns out that the formal separatrix p(z) = x0(2);yo(z) can be found directly from F,

without any referenceto the formal vector eld X, i.e. without solving the formal di erential
equation @p(z) = X p(z) . Onejust needsto considerthe di erence equation

p(z+1)=F p(2) (69)

(in fact the equations p(z + t) = exp, X p(z) with t 6 O are all equivalert). This vector
equation, in turn, is equivalert to the scalar equations

Pxo = f(x0;Dx0);  Yo= Dxo;
with di erence operators P and D de ned by
PP(9="(z+1) 2(9+'(z 1)y D' @A="( "'z I (70)

(thanks to the special form (68) that we gave to the map F). One can thus eliminate yo and
work with the equation Pxp = f (xp; Dx%g) alone, which is nothing but the nonlinear second-
order di erence equation (9) of Section 1.2 (up to a slight change of notation). The equation
which correspondsto the Henon map and is studied in [GS0] is simply Pxo = %3.

When one is given an analytic vector eld, the corresponding separatrix is corvergert: the
seriesxg(z) and yo(z) corvergefor jzj large enough. One should not expect corvergencefor a
generalmap F. The caseof an ertire map, like the Henon map, is of particular interest, asone
can prove divergencein this case.We shall seethat the componerts of the separatrix are always
resurgent and generically divergert.

We speak of \separatrix splitting” becausethe separatrix, which was convergert in the case
of an analytic vector eld, breaks(becomesformal) when one passesto maps and givesrise to
two distinct curves (two Borel sums of p(z), none of which is the analytic cortinuation of the
other).

We shall now proceedand describe the results concerningxo(z) and its resurger structure
which are given in [GS0] for the Henon map. We shall seethat one of the novelties of the
2-dimensional casewith respect to Section 2 is the necessiy of considering a formal solution
more generalthan the formal seriesxp(z), namely the \formal integral" x(z;b) which depends
on a further formal variable and allows oneto write a Bridge equation. The terminology comes
from [Eca8l, Vol. 3], as well as the ideas for the resurgent approac (although the case of
parabolic mapslike (68) is not covered by this reference).
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First resurgence relations

From now on we thus setf (x;y) = x2 and we keepusing the notation (70) for the di erence
operators D and P.

Theorem 5 The nonzewo solutions x(z) 2 C[[z !]] of the equation
Px= x? (71)

are the formal seriesx(z) = xg(z+ a), where a2 C is arbitrary and xo(z) is the unique nonzeio

evenformal solution: 663
15
- 2, 22,4 D993 ¢
x0(2) 6z > z 20 z
They are resumgent and Borel summable: the formal Borel transform Xq = Bxg has positive
radius of convemgene and extendsto R (Xo( ) 2 P?(R) = Cf g\ RES; iz), with at most

expnential growth at in nity along non-vertical directions.

+

Igea of the proof. The formal part of the statemert can be obtained by substitution of x(z) =
n no anZ " with a,, 6 0into (71): one nds that necessarilyno = 2anda; = 6, then az is
free whereasall the successie coe cien ts are uniquely determined. Choosingas = 0 yields the

even solution xo(z), while the generalsolution must coincide with xo(z + £3).

The Borel transforms of the solutions are studied through the equation they satisfy: the
courterpart of P is multiplication by ()= e 2+ e, hence

X= X X ():4gmﬁ? (72)

We know in advance that this equation has a unique formal solution of the form Xo( ) =
6 + v( ) with v( )2 3C[[ ]]. The correspnding equation for v is

v 12 v=6 () * v v

As in the proof of Theorem 2 in Section 2.1, one can devisea method of majorants to prove
that v( ) haspositive radius of corvergenceand extendsanalytically to the setsRE()) which were
de ned there, with at most exponertial growth at in nit y (and, in fact, exponertial decay). The
method can also be adapted to reac the union R® of the half-sheetswhich are cortiguous
to the principal sheet; analyticity is then propagated to the rest of R through the resurgence
relations to be shonvn belon. See[GSO0]] for the details (or [OSSO03]for an analogousproof). O

Obsene that the only sourceof singularities in the Borel plane is the division by ( ) when
solving equation (72), this is why the only possiblesingular points are the points of 2 i Z.

We shall seethat the rst singularities of Xo( ), i.e. the singularities at = 2 i, are not
apparert ones, thus xo(z) is divergert. The coe cien ts of xq(z) are real numbers and Xo( )
is thus real-analytic; therefore, the singularity at 2 i can be deducedby symmetry from the
singularity at 2 i. We now usealien calculusto analysethe singularity at 2 i.

Let Xo = [xo; wethushave %o 2 [ Cf g\ RES, iz , solution of

>O<o= >O<o 901 (73)
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A major of the singularity °= , %o canbede ned by ~( )= %o i+ ), 37 <arg < 5,

j < 2 . We shall shav that ° canbe expressedas the linear combinations of two elemenary
singularities deducedfrom Xo. The key point is the possibility of \alien-di eren tiating" equa-

tion (73): for any ! 2 2 iZ, the singularity © = | Xo must satisfy ©° = 2%g “ (because
| is a derivation which commutes with the multiplication by ).%°
Prop osition 9 The linear di er ence equation
P' = 2% (74)

admits a unique evensolution '~»(z) 2 C[[z !]][z] of the form &z* 1+ O(z 1) . It belongsin
fact to the space C((z 1)1 = C[[z ]J1[z] and has a formal Borel transform of the form

o 1w, 17 o 17

+ [
27 84 840 2240 2

with © -()2 P?(R). Moreover, the solutions of the linear equation
P= 2% °.  ©2SING (75)

are the linear combinations (with constant coe cients) of pl = @ and pz. In particular, there
exist 2 Rand 2 iR suchthat

2i%0= 1+ %y 2i%0= 1+ O (76)
Proof. Let us rst considerequation (74) in the spaceof formal seriesC[[z !]][z]. This equation
being the linearization of equation (71), the ordinary derivative'~; = @ = 12z 2 1+ O(z ?)
is obviously a particular solution (thus its formal Borel transform '01 = @, which we know
belongsto [ Cf g  SING, satis es (75)).

Standard tools of the theory of second-orderlinear di erence equations (see[GL01]) allow

us to nd an independert solution '~: '- = T~ is solution as soon as D ~ = ~, where
~(2) = W = 322% 1+ O(z 1) . The latter equation determines ~(z) up to an additive

constart, sinceit canberewritten @ (@ ~= ~, with aninvertible power series (X) = 1 < <=
1+ O(X). Wejust needto choosea primitiv e @ 1~ and we get the corresponding “= (@@ *~,
with (X) = ﬁ =1+ (X + X2+ . It turns out that the primitiv es of ~(z) belong
to C[[z 1]][z]: there is no logz term becausethe coe cient of z 1 in ~(z) is zero (this is due
to the special form of «(z) = ~1(z)~1(z 1), with ~; = 1=~ odd: usethe Taylor formula
and obsene that ~; ~(1k) is even when Kk is even, and that it is the derivative of an elemert
of C[[z Y][z] whenk is odd). Thesesolutions ~~; are thus elemernts of C[[z 1]][z], of the form
&z* 1+ O(z ') , diering onefrom the other by a multiple of '~1, and it is easyto ched that
exactly oneof them is our even solution '~,. The coe cien ts can be determined inductiv ely from

those of xg; one nds '—»(z) = g;z*+ &5z2  Hr5+ O(z 2).

2We do not presert the arguments in full rigour here. For instance, the method of majorants we alluded
to for the proof of Theorem 5 yields the analyticit y of xo in R® , hence the above -, at this level, is only a
major of \sectorial* singularity: - 2 ANA - for 0< < 5 with the notation of footnote 21. The subsequett
arguments should thus be rephrasedin the corresponding spaceSING _. rather than SING, in order to establish

the relations (76). One would then use these relations to propagate the analyticity of Xo in R® , and argue
similarly to reach farther and farther half-sheets of R, using gradually all the resurgent relations expressedby
the Bridge Equation of Theorem 6 below.
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We have '~ 2 C((z 1)1 and the minor of its formal Borel transform is in W(R), because
the sameis true of the above series~, @ 1~ and ~. Indeed, we can write '~1(2)'~1(z 1) =
144 ©1 w(z) with w(z) 2 z 'C[lz Hand W( ) = 3 & ® (%) (exo) 2 MR):
Proposition 3 then ensuresthat (1 w) !isin C[[z ![l1 (thus «(z) = 75;2° 1 w(2) ! and
its primitiv eslie in C((z 1));) and that the minor of the formal Borel transform of (1 w) !
is in B(R) (thus the minor ~ of ° = B~ lies alsoin M(R), and so does 1" ( ) which is the

minor corresponding to the primitiv es of ~); the conclusionfor ~ and '~ follows easily (the

operator (@ amourts to the multiplication by — in the Borel plane).

We can now easily describe the solutions of equation (75), or eventhose of the inhomogeneous

equation
(o]

P+ 2R %= (77)
with any given ° 2 SING. It issucient to usethe nite-di erence Wronskian

W @ = det DR B 552 0f i

or rather its Borel counterpart
o o o o o o o o
W( 5 2)=( 1) 2o 1 (e 2); 1 22 SING:
One can indeed ched that W ('~1;'~) = 1 and that equation (77) is thus reducedto

e Dx= ° Pn (e &= (78)
by the change of unknown g
< =% Y+ 7, <8 =W(")
Tef=l @)+ %) R=W(E;)

For the homogeneousquation (75) we have ° = 0, thus the only solutions of (78) are (&;;&,) =
(C1 ;Cy ) with arbitrary C,;C, 2 C. Indeed, the equation for ¢, for instance amounts to

8, = sing, éeg—()l with an arbitrary reg( ) 2 Cf g, of which the value at 0 will be %

We already sav that » {Xo was solution of (75), this yields complex numbersC; = and
C,= . SinceXg is real-analytic and odd, it is purely imaginary on the imaginary axis; since
the coe cien ts of '~ and '~ are real, the parity propertiesimply that 2 Rand 2 iR. The
statemert for » iXo is obtained by symmetry. O

The fact that » iXo 2 SINGS™™: meansthat the rst singularities of Xo are of the form
fpolar partg + flogarithmic singularity with regular variationg. More precisely with the nota-
tion X X

~1(2) = @o(2) = haz * Y ~2(2) = dez %;
k 1 k 2

the principal branch of X satis es

N 41 2 1 1 )
Xo(2 1+ ):ﬂ do—z+d 15+ do- +ﬂ o( )+ "1() log +reg(); (79)
. . a1 20 1 1, .

Xo( 2 1+ ):ﬁ do—=+di—5+do— +ﬁ 2( ) 1( ) log +reg(): (80)
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The coe cien ts by and dx can be computed inductiv ely, whereasthe constarts and must
be consideredas transcendert: in the caseof a more general map (68), there would be rela-
tions analogousto (76) in which the corresponding constarts do not depend on nitely many
coe cien ts of f only. In the caseof the Henon map, a positivity argumert leadsto

Prop osition 10 The constant 2 iR determinad in equation (76) of Proposition 9 satis es
=m <O

P
Proof. We rst show that %o(z) = |, ;az 2 with ( 1)¥a > 0. Considerthe auxiliary series
O(t) = %o(it) =, 1( L*at 2 it is the unique nonzeroeven solution of

O(t+i)+200) 0@ i)= oW

This equation can be rewritten @U = ( @)(U?), with a corvergert power series ( X) =

2 . . .
X =1+ X2+ X4+ which has only non-negative coe cien ts (as can be seenfrom
4sin? %

the decomposition of the meromorphic function 1=sin? x7 asa seriesof second-ordermoles). One
can thus write induction formulas for the coe cien ts of O(t) which show that they are positive.

As a consequencethe Borel transform O( ) = ixo(i ) = K 1( 1)"ak(2|ik—ll)! (which is
corvergert at least in the disc of radius 2 ) is positive and increasing on the segmem ]0; 2 [.
But this function satis es

4s,in2E 0()=0 0();

henceit cannot be boundedon ]0; 2 [ (if it were, the left-hand sidewould tend to 0 as r 2,
whereasthe right-hand side is positive increasing).

Now, in view of (79), the fact that Xo( ) is not boundedon]0; 2 i[ shovsthat 6 O (because

“1()=0( ?). Moreaver, 0< O( ) = iXo(i ) Fgg—g5sfor [ 2 impliesi >0. O

Numerically, one nds j j ' 2474 105, 4:909 10° (much better accuracy can be
adhieved thanks to the preciseinformation we have on the form of the singularity|see [GSO01]).

The parabolic curves p*(z) and p (z) and their splitting

We pausehere in the description of the resurgen structure of xq to give a look at the analytic
consequencesve can already deducefrom the above.

Borel-Laplace summation yields two analytic solutions x* (z) and x (z) of equation (71):
X (2)=L Xo(z) x0(2); z2D

(with notations analogousto thoseof Section2). The analysisof the rst singularities of Xo( ) is
su cien t to describe the asymptotic behaviour of the di erence (x* x )(z) whenz2 D*\ D
with =mz > 0 or =mz < 0: when=mz < 0 for instance, one can argue as at the end of

Section 2.4 and write
Z Z

(x* x )2)= eZXxo)d + e? xo()d;

with the samepath i ason Figure 11 (with ! = 0), and with apath  coming from e ‘1, pass-
ing slightly below 4 i and goingto € 1 . The rst integral is exactly e 2 ZL (5 iXo)(z) (cf.
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the section on the Laplace transform of majors), while the secondintegral is O(e ¢ )i=mz)
forany > 0. We thus obtain

€ Z(x* x )2) 2 i%0(2) = () + ~1(2); z2D*\' D ; =mz<0

(and similarly with 2 i¥o(z) for=mz > 0). Since 6 0, the leading term for this exponen-
tially small discrepancyis

x'(2) x (z) gz'e??  z2D'\D; =mz>0

Obsene that both x* and x extend from D to ertire functions, aswould any solution of the
di erence equation (71) analytic in a half-plane boundedby a non-horizortal line (for instance,
the analytic cortinuation of x* isde ned by iterating x* (z 1) = 2x*(z) x*(z+1) x*(2) 2).
But the simple asymptotic behaviour of x described by xy doesnot extend beyond D : this
is the Stokes phenomenonwe have just described.

We nally return to the dynamicsto the Henonmap F and supplemen the solutions xq(z)
and x (z) of the scalar equation (71) with the appropriate y-componens, yo = Dxg andy =
Dx , in order to de ne solutions of equation (69):

Prop osition 11 There exist two holomorphic mapsp* : C! C?andp :C! C? satisfying
equation (69):
p@+1)=Fp(; 222G

and admitting the same asymptotic expnsion in di er ent domains:

p (2) p(2); z2D ;

where p(z) = 6z 2+ O(z %);12z 2+ O(z %) is aformal solution of (69). Moreover,
2 iz At dp . + . — .
e p (z) p (2 N'(z) E(Z)’ z2D"\' D ; =mz< O

with the notations of Proposition 9 and N = ('—;D'—) = &z*+ O(z?); 23+ O(z?) .

Obsernwe that the symplectic 2-form dx ~ dy yields 1 when evaluated on g—;"(z); N'(z) . The
constart  thusdescribesthe normal componert of the splitting, while describesthe tangential

componert.

Becauseof equation (69), the curvesW* = fp"(z); z2 CgandW = fp (z); z2 Cg are
invariant by F with

F'p (2 =p (z+n) n!1! 0

(in view of their common asymptotic series). They may be called \stable and unstable sepa-
ratrices" (by analogy with the stable and unstable manifolds of a hyperbolic xed point), or
\parab olic curves"” (as is more commonin the litterature on 2-dimensionalholomorphic maps).
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Formal inte gral and Bridge equation

We end with the complete description of the resurgen structure of the formal solution xq(z) of
equation (71). Taking for granted the possibility of following the analytic cortinuation of Xo( )
in R, asascertainedby Theorem 5, and consequetly the possibility of de ning the singularities

1 !ﬂ%o forallr 2land!gq;:::;!'y 22 iZ , weseethat the there must exist complex
numbersA; .o, By .o sudi that A 5 jo = ,B 2i0= and
!)O(OZ A!;0'01+ Bg;o’oz; 122107 : (81)

Indeed, the same argumerts as those which led to Proposition 9 apply and eahh | Xo is a
solution of the linearized equation (75). But this is not a closedsystem of resurgencerelations:
in order to compute |, !2)0(0 for instance, we needto know the alien derivatives of '02 (on
the other hand the alien derivatives of ‘01 can be deducedfrom (81) and from the commutation
relation (32) of Proposition 6).

This problem is solved by the notion of \formal integral'. Recalling that '~y = @ 2
z 3C[[z 1]] and setting ¥; = '~ 2 z*C[[z 1]], we can considerxq(z) + bx1(z), wherebis a small
deformation parameter, as a solution of equation (71) up to O(b?). We can also consider this
expressionas the beginning of an exact solution belongingto C[[z ]][z] [[W]]:

Prop osition 12 There exist formal series x»(z);%3(z);::: in C[[z l]][z] such that
X
x(z;b) = b %, (2) (82)
n O

solvesequation (71). The xy's are uniquely determined by the further requirement that they be
evenand do not contain any z*-term. Moreover,

5
%n(2) 2 2%" 2C[lz Yl1;  Rn = Bxyn 2 RES; iz:

Proof. Plugging (82) into (71) and expanding in powers of b, we recover the known equations
Pxg = x% and Px; + 2xp%; = 0 at orders0 and 1, and then a system of inhomogeneoudinear
equationsto be solved inductiv ely:

)¢ 1
Pxn + 2¢0%, = h; ™ *n,%¥n ngs n 2 (83)
ni=1

In the courseof the proof of Proposition 9, we sawv how to solve suc equations(admittedly their
Borel courterparts, but this makes no di erence to the algebraic structure of their solution):
X¥n = €1'~1 + &'~ is solution of (83) assoon as

E'LJ(Z"' 1) ej(z): "'j(z); ~1= = ~ = '~1 !
Cancellations occur sothat the coe cient of z 1 in ~; and ~ vanishes3® hencethe primitiv es
of ~ have no logz term. The end of the proof is just a matter of selectingappropriately the

%0see the proof of Proposition 6 in [GS01] (beware of the misprint in the last formula on p. 551, which
corresponds to an incorrect expansion of the (correct) identit y indicated in the footnote on that page). Besides,
these cancellations are special to the caseof a symplectic map (68), i.e. with f depending on its rst argument
only; the formalism of Section 3 is perfectly capable to handle the general casewith logz terms|see [GSO06).
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primitiv es @ 1~,, settingg = ( Q@ 1~j (with the notations of the proof of Proposition 9)

and counting the valuations|observ e that the Borel tranforms 8,- = —B(@ 1"'j ), whence
the analyticity in R of the minors follows by induction. The readeris referred to [GS01 x5.1]
for the details. O

The seriesx(z;b) = P b"x,(z) is called a formal integral of equation (71). We thus have a
kind of two-parameter family of solutions of (71), namely x(z + a;b), which is consistert with
the fact that we are dealing with a second-orderequation.3> At the level of the map F, this
corresponds to a parametrisation of the \formal invariant foliation" of the formal in nitesimal
generator X. Hereis the implication for the resurger structure of xq:

Theorem 6 For each! 2 2 iZ , there exist formal series

X X
Al (b= A ;nbn; B: (b) = B. ;nkﬁ 2 C[[H]]

n O n O
such that
1 %(z;b) = A (@ + B (@ x(z;b); (84)
this \Bridge equation' being understaod as a compact writing of in nitely many \r esuigene
relations"” X
! )C()n = A ;nl(&nz + (n2+ 1)B, ;nl)c()n2+l ; n O (85)
ni+nz=n

Proof. The point is that @x(z;b) and @x(z;b) are independert solutions of the linearized
equation P'~+ 2%(z;b)'~= 0; what we shall chedk amouns to the fact that their formal Borel
transforms @ and @X, which lie in SINGS™@M[[1]], spanthe spaceof solutions of the equation

Fo)

+ o

=0,  “2SING[H]; (86)

%

P
a particular solution of whichis X= B | X,.

We prove (85) by induction on n and supposethat the coe cien ts of

X 1 X 1
n=0 n=0

were already determined so asto satisfy (85) for n = 0;:::;N 1. The right-hand side of (85)
with n = N can be written as °y + A, W @o + By .\ X1, where °y 2 SINGS™™: is known in
terms of the coe cien ts of X(z;b), A (b) andB (b). Thus, weonly needto ched that | Xn  °n
is a linear corrbination of @o = 1 and %1 = °,.

The singularity Xy °y isthecoecient of N in°= X A (h@+ B (H@ X. On
the one hand, © = O(bN) by our induction hypothesis;on the other hand, © is solution of (86)
(because |, @and @ are derivations of SINGI[b]] that commute with the multiplication by ).
Therefore Xy is solution of (75), henceof the form A, . ©; + By . ©5 according to
Proposition 9. O

SlFor the rst-order dierence equation (8), we had the one-parameter family of solutions '~(z + c).
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Now we can compute all the successie alien derivatives |, | r)?n of all the componerts
of the formal integral. Sincethe 's comnute with @ and satisfy the comnutation rule (32)
with @ we get

1y 1 X= AL(@ Fr )+B,@ A, (@ Yy )+ B, @
AL (@ Fto)+ B, @R

with F; == 1.+ +1;, Fg:= 0. By expandingin powersof b, we have accesdo the resurgen
structure of ea X,. In particular, we seethat all of them are simply ramied resurger
functions:

R 2 RES}'S" [

4.2 Real splitting problems

We now give a brief account of the work by V. Lazutkin and V. Gelfreich on the exponentially
small splitting for area-preservingplanar maps, indicating the connectionwith Section4.1.

Two examples of exponential ly small splitting

Let us considera one-parameterfamily of real 2-dimensionalsymplectic maps

X X +Y + "?g(X)
vt | .
G: v 7! Y+ "2g(X) ;
where" 0,andg:R! R isanalytic with g(X) = X + O(X ?). More speci cally, we have in
mind two examplesin which g is a (possibly trigonometric) polynomial:

g(X) = g(X)= X(1 X) givesriseto G = G, which is a normal formal for non-trivial
quadratic di eomorphisms of the plane which are symplectic and possesswo xed points
(see[GS0], x 1.2] and the referencestherein);

g(X) = g®(X) = sinX givesriseto G = G™, the so-calledstandard map (see[GLO01]
for a survey and referencesto the litterature); in this casewe consider X as an angular
variable, i.e. the phasespaceof G" is (R=2 Z) R.

For " = 0, we have an invariant foliation by horizontal lines, with xed points for Y = 0. In
both examples,we wish to study the behaviour of G with " > 0 small, in a regionjYj = O(")
of the phasespace.

Rescalingthe variablesby x = X,y = "Y , we get

Foo X XPIyriak)
y y+"g(x)
which hasa hyperbolic xed point at the origin. But the hyperbolicity is weakwhen" is small
(the eigervaluesare e " with h = " + O("2)) and this is the sourceof an exponertially small

phenomenon: parts of the stable and unstable manifolds W= and W. of the origin are very

closeoneto the other (see[FS90). Howeer, it turns out that they do not coincideand there is a

homoclinic point h- at which they intersect transversely®? with an exponertially small angle :
qu sm

2 2
W= e 140() ;M= e 1+0(); (87)

32Moreover, in both examplesW. can be deducedfrom W by a linear symmetry and h- lies on the symmetry
line.
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where 9 = %j jand S™ = | Y, with the sameconstart  as the one discussedin
Propositions 9 and 10 in the study of the Henon map of Section 4.1, and with an analogous
constart  ©stemming from the study of another map without parameter.

The proof of the result by Vladimir Lazutkin and his cowvorkersin the caseof the standard
map hasa long story, which starts with his VINITI preprint in 1984and endswith an article by
Vassili Gelfreich in 1999 lling all the remaining gaps. In the quadratic case(and also for other
cases,corresponding to other algebraic or trigonometric polynomials g(X) in the map G), the
result was indicated by V. Gelfreich without a complete proof (which should be, in principle, a
mere adaptation of the proof for the standard map).

The map F as \inner system"

The strategy for proving (87) is to represertt the invariant manifolds W. asparametrisedcurves
P. (t) = x. (t);y- (t) , which arereal-analytic, extend holomorphically to a half-plane <et

0, with x. (t) consted as <et! 1, and satisfy P. (t+ ") = F« P. (t) . The second
componert can be eliminated: y. (t) = x. (t) x.(t "), and the rst is then solution of a
nonlinear second-orderdi erence equation with small step size:

Xo (B4 ") 26 (1) + X (") = "?g X () : (88)

Pictures in [GLO1] or [GSO] show that both curvesare closeto the separatrix solution Pg(t)
of the Hamiltonian vector eld generatedby H(x;y) = 3y?+ G(x), where G°= g. Indeed,
the di erential equation % = ¢g(x), which is the singular limit of (88) when" ! 0, has a
particular solution xg(t) wich tendsto Oboth fort! +1 andt! 1 (with the identi cation
0 2 in the caseof the standard map), corresponding to the upper part of the separatrix of
the pendulum in the secondexample and to a homoclinic loop in the rst one:

3

xMt)y = ————
o () 2cosit

or x3M(t) = 4arctan€" (89)
The exponertially small phenomenonthat we wish to understand can be described as the
splitting of this separatrix: when passingfrom the Hamiltonian ow correspondingto " = 0 to
the map F- with " > 0, the separatrix solution x(t) is replacedby two solutions x+ (t) and x. (t)
of equation (88), the dierence of which is exponertially small but not zero. Proving (87)
amounts essetially to estimating x+ (t)  x. (t).

It is easyto seethat the separatrix must split for an ertire map like F-: sinceg is ertire,
equation (88) a ords analytic cortinuation to the whole t-plane of the functions x+ and x. and
Liouville's theorem prevernts them from coinciding (see[Ush80]for a more generalresult of the
samekind).

The method which was successfullydeveloped by Vladimir Lazutkin and his coworkers can
then be described in the language of complex matching asymptotics. The separatrix solu-
tion Xxp(t) is a good approximation of x. (t) for real valuesof t, but it is no soin the complex
domain, if only becausex® and x. are ertire functions, whereasxo has singularities in the
complex plane. It turns out that the asymptotics that we want to capture is governed by the
singularities of xo which are closestto the real axis,

i
t =i or —; and t = t
2
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(the exponertial in the nal result (87) is nothing but eﬁ). One is thus led to look for a
better approximation of x. (t) whent liesin a domain called \inner domain", closeto t .

In the caseof the quadratic map, one can perform the change of variablesu = "?x 72

V= "3y, which transforms F- into
I
u u+v w2+
F.: 7! w4

v vVout+ o

We recognizehere an "4-perturbation of the Henon map of Section4.1 (i.e. the map (68) with
f(x;y) = x?), andthe second-orderdi erence equation with small step size(88) can be treated
asaperturbation of equation (71) with t = t +"z. The Henonmap, beingobtained by forgetting
the "4-terms in F+ and providing good complex approximations of x (t) and x. (t) through its
parabolic curves,is called the inner systemof the family F-.

The parabolic xed point of the Henon map appears as the organising certre of our per-
turbation problem; the detailed study of the parabolic curves, including Proposition 11, is an
important stepin the proof of the estimate (87) for the splitting in the quadratic case;it is here
that the non-zeroconstart  appears. In the caseof the standard map, the inner systemis the
so-called\semi-standard map"”, which one could also study by resurgert methods, although this
is not exactly what Lazutkin and his cowvorkers did.

Oncethe separatrix splitting for the inner map hasbeenanalysed,an extra work is required
to reac the result for G, which was not yet written in full details for the quadratic family G,
cortrarily to the caseof the standard map G°™.

Towar ds parametric resurgence

One can suggestanother approad to the proof of (87). Equation (88) admits a formal solution

X
% (t) = "2y (1) (90)
n O

where the rst term is the separatrix solution xg of the limit ow, and where the subsequeh
functions can be computed inductively. The formal solution is unigue if one imposesthe con-
dition x,(0) = Ofor eahh n 1. One nds that ead function x,(t) tendsto O whent tends
to+1 orto 1 . The formal solution is thus a candidate to represen the stable solution x: (t)
and the unstable one x. (t) aswell. What happensis that the formal series(90) is divergert for
t 8 0 and only provides an asymptotic expansionboth for x: (t) and x. (t).

The formal series(90) truncated far enoughis usedin the work by Lazutkin et al. as an
approximation of x. (t), but one can envisagea more radical useof this formal solution. Unpub-
lished computations performed in collaboration with Stefano Marmi tend to indicate that it is

resurgeri in z = %, that x& (t) and x. (t) can be recovered from it by Borel-Laplace summation
for" > 0 as
Z .4 . Z .
X4 () = Xo(t) + e " x(;t)yd ift>0; x.(t)=xo(t)+ e ~x(;t)d ift<Q;
0 0
. X 2n 1
wherex( ;t) = mxn(t), and that
n 1
xP) x(t) e' OF e el OF % t> 0

66



where! (t) = 2 i(t t)andt (t) = 2 i(t+ t) arethe singularities of X(:;t) with the
smallest positive real part.

We shall try to explain in the next sectionwhy singularities of the principal branch of x( ;t)
should appear at the points ! 5n(t) = 2 iat (2b+ 1)}t ,a2 Z, b2 Z. This kind of
resurgencewe expect is called parametric resugene, becausethe resurgert variable 1=" appears
asa parameterin equation (88), whereasthe \dynamical" variable ist. This makesthe analysis
more complicated, since, for instance, the singular points of the formal Borel transform with
respect to 1=" are \moving singular points" (they move along with t).

In the above conjectural statemerts, the Borel summability is the most accessible.Ilt amourts
to the fact that, for xed t, the formal Borel transform x( ;t) haspositive radius of corvergence
and extends holomorphically, with at most exponertial growth at in nit y, to the branch cut
obtained by removing from the complex plane the moving singular half-lines ! 1.p(t) [1;+1 [.
See[MSO03 x 5.3] for sudh a statemert concerning a slightly simpler second-orderdi erence
equation with small step size (related to the semi-standard map).

4.3 Parametric resurgence for a cohomological equation

Since we just alluded to a possible phenomenonof parametric resurgence,we end with two
linear exampleswhich are comparableto equations (5) and (6) of Section 1.2 and can help to
understand the origin of this phenomenonin di erence equationswith small step size.

Prop osition 13 Let U be an open connected and simply connected subsetof C and let H(U)

denote the space of all the functions holomorphicin U. Let ; 2 H(U) and consider the two
di er ence equations
) =t ) 2+ =" () (O1)

Then there exist squen@s (' n)n 1 and ( ,)n 1 of elementsof H(U) suchthat the solutions of
the rst equation in H(U)[["]] are the formal series

X
~(t) = e+ "M a(t);
n 0

where co(") 2 C[["]] is arbitrary and ' o is any primitive of in U, and the solutions of the
second equation in H(U)[["]] are the formal series

X
() = a(") (Nt "B ()
n 0

whee c1("); c2(") 2 C[[']] are arbitrary and ¢ is any second primitive of in U (i.e. %= ).
Moreover the formal Borel transforms

X n 1 X 2n 1

NEHE iG o O (:1)=

2n 1) n(t)

n nl(

havepositive radius of convemgene for any xedt 2 U and de ne holomorphicfunctions of ( ;t),
which can be expressé as
, 1 X 1 X
=5 0 =t - ) ; Noot) = ot -
22 iz 22 iz
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and extend holomorphially to
E=f(;t)2C Ujt o qt+ 5 Uag:

When (t) = g(e') with g(z) 2 zCf zg, equation (91a) is a particular caseof the cohomolaical
equation studied in [MS03]. This is the equation

f(@) f(2)=9(2);

with an unknown function f (z) 2 zCfzg depending on the complex parameter g. The arti-
cle [MSO0J] investigatesthe nature of the dependenceof f upon q when g crosseghe unit circle.
Roots of Ligity appear as \resonances", at which the solution f (g; z) has sorts of simple poles:
f(qz) = Lq—(z) with a sum extending to all roots of unity  and explicit \residua" L (z),
except that these singular points are not isolated and the unit circle is to be consideredas a
natural boundary of analyticity. Still, (q ) f(qg;z) tendsto L (z) whengtendsto non-
tangertially with respectto the unit circle (uniformly in z), and there is even a kind of Laurent
seriesat . an asymptotic expansionf~ which is valid near , inside or outside the unit circle,
and which must be divergert due to the presenceof arbitrarily closesingularities.

The asymptotic seriesf~ can be found by setting g = e and' (t) = "f (z) (notice that
9_); this yields the equation

TEE 20T ()= () (92)

where = exp 2 i% . The formal solution corresponding to f~ and its Borel transform are
described in [MS03, Chap. 4], whith a statement which generalizesProposition 13.

If (t) is a meromorphic function, 33 then sois "*( ;t) asa function of for any xed t, and
similarly with ’\( ;1) when (t) is meromorphic. This provides us with elemenary examplesof
parametric resurgence.

Proof of Proposition 13. As previously mentioned, equation (91a) and the more general equa-
tion (92) are dealt with in [MS03], so we corntent ourselhes with the caseof equation (91b)
(which is not very di erent anyway).

The equation can be written 4sinh2@ = "2 . Weset4sinh? 5= 1+>é 2><) and introduce
the Taylor series
(X)= 1+ x> X X 2n+2
= Aeint2 X n
4sinh® 5
P n+
and its Borel transform {1 )= | , nﬁ. With these notations,
(91b) , @ - + ( ||@) , = o+ X N n2n+2 @ﬂ with @ 0=
no

This givesall the formal solutions, with = , 1@(” D forn 1. Now,

X 2n+1

(it):n i nm@n =1 @@*; (93)

33 This is the casewhen (t) = g(e') with a meromorphic function g; this is worth of interest sinceg (z) = 2

is the unit of the Hadamard product, from which the caseof any g(z) 2 zCf zg can be deduced (see [MS03)).
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where @ 1 denotesany primitiv e of . A classicalidentity yields

X X2 X X X
(X)= < 2: 2X2(1 1X) 2 — (n+ 1) n 2Xn+2;
22 iZ ( ) 22 iZ 22iZ n 0

P
whence{ )= 2 e ', Inserting this into (93) and using the Taylor formula in the form
e '@ = (t+ 1) yieldsthe conclusion. O

We can now explain why we expect parametric resurgencefor the formal solution »-(t) of
equation (88), with singularities of the Borel transform located at the points ! 4p(t) = 2 ia t
(2b+ 1)t ,a2 Z,b2 Z. The ideais simply that equation (91b) with (t) = g Xo(t) can
be consideredas a non-trivial approximation of (88); but g xgo = dethQ is meromorphic in the
two caseswe are interested in, in view of (89), with t + 2t Z as set of poles. This yields a
resurgert solution ~(t), with a meromorphic Borel transform “( ;t) for which the set of poles
is2 iZ ( t+t +2t Z). WeexpectX( ;t) to resenble somewhat A( ;1); we do not expectit to
be meromorphic, becauseof the nonlinear character of equation (88), but a majorant method
can be devisedto control at leastits principal branch.
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