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Abstract. Frequency map analysis is a numerical method which provides a clear represen-
tation of the global dynamics of many multi-dimensional systems, and which is particularly
useful for systems of 3 degrees of freedom and more. The frequency map dependence with
time also allows refined estimates of the diffusion of the orbits in the frequency domain.
Here are presented some applications of frequency map analysis to the special case of a
quasi-periodic perturbation, and to the study of the global dynamics of a 4 dimensional
symplectic mapping with definite or indefinite torsion. The convergence of the frequency
analysis algorithm on KAM solutions is demonstrated, and the asymptotic value of the
error is provided.

1. Introduction

According to KAM theorem [11, 1, 22], in the phase space of a sufficiently close to inte-
grable conservative system, many invariant tori will persist. Trajectories starting on one
of these tori remain on it thereafter, executing quasiperiodic motion with fixed frequency
vector depending only on the torus. The family of tori is parameterized over a Cantor
set of frequency vectors, while in the gaps of the Cantor set chaotic behavior can—and
generically does—occur. These slightly deformed tori are fixed structures of the system. It
is possible numerically to find them, to straighten them out, and to interpolate between
them to form an action-angle coordinate system in which regular (quasiperiodic) motion
appears uniformly circular, and weakly chaotic motion stands out as a slight departure.

The search for approximate action-angle variables has been a constant preoccupation
in celestial mechanics, since the early works of Laplace and Lagrange who were looking
for mean elements in the planetary motions. It was then more formally stated through
the works of Jacobi, Hamilton, and Poincaré [25] who set up the modern formulation
for perturbation methods. In more recent years, besides theoretical stability results [6]
inspired by the work of Nekhoroshev [23], the determination of approximate actions has
been performed in the computation of the so-called “proper elements” of the minor planets
[10]), in galactic dynamics [19], and in particle accelerator dynamics [28].

The frequency analysis method [4, 13, 14, 16, 17, 18] also relies on a fixed feature
of the model system, but one which is simpler to compute; namely, the frequency vectors
associated to each of the invariant tori. Although the frequencies are strictly speaking only
defined and fixed on these tori, the frequency analysis algorithm will numerically compute
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over a finite time span a frequency vector for any initial condition. On the KAM tori, this
frequency vector will be a very accurate approximation of the actual frequencies, while in
the chaotic regions, it will provide a natural interpolation between these fixed frequencies.

2. Frequency maps

Let us consider a Hamiltonian system with n degrees of freedom close to integrable in the
form

H(I,8) = Ho(I) +Hy(I,6), (1)

where H is real analytic for (1,0) = (I1,...,1,,601,...,0,) € B" x T", where B” is a
domain of R™ and T” is the usual n-dimensional torus.

For e = 0, the Hamiltonian reduces to Ho(.J) and is integrable. The equations of motion
are then for all j=1,...,n

. . OH(I)
;=0  b="—r= =D, (2)
J

which gives in the complex variables z; = I; exp 8,
z(t) = zjoe™" (3)

where z;o = z;(0). The motion in phase space takes place on tori, products of true circles
with constant radii I; = |z;(0)|, which are described at constant velocity v;([). If the
system is nondegenerate, that is if

det(ag(ll)) :det(%) #0 (4)

the frequency map
F:B" — R" (I — (v) (5)

is a diffeomorphism on its image €2, and the tori are as well described by the action
variables (I) € B™ or in an equivalent manner by the frequency vector (v) € Q.

The system is also called isoenergetically nondegenerate [2] if one of the frequencies
(vn for example) does not vanish and the n — 1 ratios (v;/vn),_;,_, of the remaining
frequencies are functionally independent on the energy level Hy = cte, which corresponds
to the condition

O*Ho(I)  0Ho(I)
or’ oI
det OHo(I) . #0. (6)
ol

For a nondegenerate system (or for an isoenergetically nondegenerate system), when ¢
in nonzero, the KAM theorem [2] still asserts that for sufficiently small values of ¢ , there
exists a Cantor set €. of values of (v), satisfying a diophantine condition of the form

Ke

)] > (7
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for which the perturbed system still possess smooth invariant tori with linear flow (denoted
the KAM tori). Moreover, according to Poschel, [26] there exists a diffeomorphism

U:T"x Q— T" x B"; (g, v) — (6,1) (8)

which is analytical with respect to ¢ and C* in v and on T” x €2, transforms the Hamil-
tonian equations into

For frequency vectors () belonging to €., the solution thus lies on a torus and is given
in complex form by its Fourier series

2j(t) = zjoe™" + 3 aj, (v)e' <>, (10)

where < m,v >= mivy + move + - -+ + m,v,, and where the coefficients azn(l/) depend
smoothly on the frequencies (v). Let us also notice that due to the analyticity of ¥, the
series Y, |m|Pal, (v) are convergent for all p € N. If we fix all values of § € T", to some
arbitrary value # = 6, we obtain a frequency map on B defined as

Fyy : B" — () I — p2(‘1’_1(9071)) ) (11)

where py is the projection on € (p2(¢,v) = v). It should be noted that for sufficiently
small €, the torsion condition (4) ensure that the frequency map Fy, is a diffeomorphism,
and if (6,7)) and (¢',I')) belong to the same KAM torus, we have Fy(I) = Fyp (I').

The frequency map analysis will consist in obtaining directly, in a numerical manner,
a natural frequency map F', defined on a whole domain B™, which will coincide, up to
numerical accuracy, with Fy, (11) on the set of the KAM tori. The frequency map F' is
obtained by searching for quasiperiodic approximations of the solutions, over a finite time
span, in the form of a finite number of terms

N
2j(t) = zjoe™ ' + Y @y, < (12)
k=1

where the coefficients afnk are of decreasing amplitude. Once the quasiperiodic approxima-
tion (12) is obtained, the construction of the frequency map can be made and the practical
study of the global dynamics of the system (1) will then be possible in a very effective
manner by the study of the regularity of this frequency map [4, 13, 14, 16, 17, 18].

Assume that an isoenergetically nondegenerate Hamiltonian system is given in the
form (1). The motion takes place in the 2n — 1 manifold of energy defined by H(/,8) = h.
Usually, one can take a Poincaré surface of section (for example #; = 0) which will restrict
the study to a 2n — 2 dimension space. Although this is very useful for two degrees of
freedom systems, it becomes more difficult to use in higher dimensions. Here we adopt a
much more drastic reduction of the problem, by fixing all the initial values of the angles
to arbitrary values 6;(0) = 8,0 for all j =1,2,...,n.

For any initial values of the n — 1 action-like variables (I),—1 = (1, Iz, ..., I,—1) in
a domain B"~!  and for sufficiently small values of ¢, as the initial angle variables (o)
are fixed, and as the system is non-degenerated, the last action I is determined by the
condition H((I)n-1,1},60) = h. We can then carry out a numerical integration of the
differential equations over a finite time [r,7 4+ T'], where T" is fixed, and 7 an arbitrary
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value of the time. Then, we perform a quasiperiodic approximation of this numerical
solution over the time interval of length 7', [r,7 4+ T]. We thus obtain quasiperiodic
approximations of the form (10). Out of these approximations, we just retain the frequency
vector (vy,vs,...,V,) and construct the frequency map

Fr:B"'xR — R"!

vy g Vp—1 13
(D7) — (22,220 (13)

Vp Vp Up

Let A be the subset of B"~! of the values of (I),_1 such that ((1),—1, I}, 60) belongs
to a KAM torus of dimension n. In this case, we can assume that, up to the numerical
accuracy of our numerical procedure, the rotation vector (v) is the true rotation vector of
the considered torus. We thus assume that on A, Fr is a very good approximation of the
frequency map Fy, defined in (11) and the restriction of the frequency map Fr to A will
have thus the following properties :

— a) If (I),—1 € A, then Fr((I),-1,-) is constant on R
— b) For any given 7, the map

Fr: A — R

(14)
(Dn-1 — Fr((I)n-1,7)

is regular in some sense, as it coincides on A with the restriction to A of a smooth
diffeomorphism.

The criterion (b) ensures that when the frequency map is not regular, the corresponding
KAM tori are destroyed. In the case of a two degrees of freedom Hamiltonian, we can even
obtain a more precise criterion. Indeed, in this case, and under some condition of non-
degeneracy, the frequency map Fr : R — R should be monotonic. As soon as this is
not verified for two values of the action like variables I and I],, we can conclude to
the destruction of invariant KAM tori in all the corresponding interval of frequencies

[Fr(Lo), Fr(1ip)] [16, 14].

3. Numerical analysis of the fundamental frequency (NAFF)

The frequency map analysis relies heavily on the observation that when a quasiperiodic
function f(¢) in the complex domain C is given numerically, it is possible to recover a
quasiperiodic approximation of f(#) in a very precise way over a finite time span [-7',T],
several orders of magnitude more precisely than what simple Fourier series will provide.
Indeed, when one computes the Fourier series of f(¢) over the finite interval [—7',T], one
assumes that f(¢) is periodic of period 27", which is obviously not true. In the following
algorithm, we make a different hypothesis, which is dictated by the knowledge of the
regular dynamics of our system, and we search for quasiperiodic approximations. In this
section, we will describe the numerical algorithm (NAFF), which is effectively used for

the determination of these quasiperiodic approximations required by the frequency map
analysis [12, 13, 16]. Let

ft) ="t + Z a1 a4 e C (15)
keZn—(1,0,...,0)
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be a KAM quasiperiodic solution of an Hamiltonian system in B” x T", where the fre-
quency vector (v) satisfies a Diophantine condition (7). The frequency analysis algorithm
NAFF will provide an approximation f/(t) = SN aﬂcei‘“it of f(t) from its numerical
knowledge over a finite time span [-T,7] . The frequencies w) and complex amplitudes
aj, are found with an iterative scheme. To determine the first frequency w{, one searches
for the maximum amplitude of

(o) = (f(t),€"), (16)
where the scalar product (f(t), ¢(¢)) is defined by

1 T
F0.90) = 57 [ TaOx/1) (1)

and where x(f) is a weight function, that is, a positive and even function with

1/2 /1 X(Bdt=1. (18)

In all our computations, we used the Hanning window filter, that is x(f) = x1(t) =
1+cos(wt) . Once the first periodic term e“itis found, its complex amplitude a} is obtained
by orthogonal projection, and the process is started again on the remaining part of the
function fy(t) = f(t) — a}e™it. Tt is also necessary to orthogonalize the set of functions
(eiwl’«t)k, when projecting f iteratively on these e“i!. For a KAM solution, the frequency
analysis algorithm allows a very accurate determination of the frequencies over the time
span [T, T], several orders of magnitude better than with simple FFTs. This is rigorously
established by the general theorem given in the Annex, which can be stated as following
for a KAM solution (15) and a weight function of the form

2P (p!)?2
Xp(t) = (éi))'

Proposition 1 For a KAM solution f(t) of the form (15), and using the weight function
X(t) = xp(t), the application of the frequency analysis algorithm over the time span [-T,T],
as described above, provides a determination vl of the frequency vy with a precision vy —vl
having the asymptotic expression for T — 400

(1+ cosmt)?. (19)

p o C)PHE ) R i
vy — v = e Z o cos(uT) + o Tt ) (20)
4 k k
2 (72 &1
with Q= (k,v) — vy Ap=—— (— - Z —2) . (21)
T 6 k=1 k

In particular, the use of a Hanning data window (p = 1) ensures that for a KAM solution,
the accuracy of determining the main frequencies will be proportional to 1/74, instead
of 1/T? without the Hanning window (p = 0), while for an ordinary FFT method, this
accuracy will only be proportional to 1/7. The frequency analysis will then easily allow to
recover the frequency vector (vq,vs,...,v,). It should also be stressed that a lot of under-
standing can already be gained from the examination of the quasiperiodic approximation
of the solutions, expressed as (10) [13, 24]. It is also clear that one can investigate the
improvements which could result from using larger values of p or other weight functions.
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4. Destruction of KAM tori in 2-DOF systems
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Figure 1. Determination of the critical value of the parameter a of the standard map (I' =7 —asin#,
' = 6 + I' (2n)) for the destruction of the KAM tori of rotation number the golden number
vo = (v/5 — 1)/2 (horizontal line) by analyzing the regularity of the frequency map over a time span
T = 4056000 iterations. It appears clearly that for ¢ = 0.97163, all motions in the vicinity of the golden
tori still behave in a very regular manner, while for a = 0.97164, the non regularity of the frequency map
attests that all rotational KAM tori are destroyed. It should be noted that the frequency and action scales
are very small, and the possibility of making such refined studies relies heavily on the very high accuracy
of the determination of the frequencies obtained over a limited time span using the NAFF algorithm. The
regularity of the plot (a) also suggest that the frequencies are determined with very high precision, even
in a very distorted region.

In the case of a 2-DOF (degrees of freedom) nondegenerate Hamiltonian system, or for a
two dimensional twist map, the analysis of the frequency map provides a simple criterion
for the disappearance of irrational KAM curves [16, 15] which results from Birkhoff’s
theory for KAM curves (curves of irrational rotation number) (see [8]). Indeed, consider
such a map with action like variable I, and angle variable 8 with a positive twist condition.
For each initial condition (7, ) on the vertical line 8 = 6y, we call v7 the orbit obtained by
iterating the mapping and vy the frequency given by the frequency analysis of this orbit
during a given time span. If we make the assumption that (up to numerical accuracy)
v(I) > v for any invariant KAM curve 7 of rotation number vy which is below 77, and
that v(/) < v, for any KAM curve =, of rotation number v, which is above v, we obtain
the following criterion for the non-existence of KAM curves:

If there exist two values I < I' on the vertical line § = 6y for which v = v(I) >
v' =v(I'), then there are no invariant KAM curves of irrational rotation number v" with
V< v <.
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Figure 2. Diffusion of the orbits in the frequency space. The black dots represent KAM tori, and the
dotted line, the possible evolution with time of the frequencies for a non-regular orbit. (a) In a 2 degrees
of freedom system, the KAM tori divide the frequency space, while in higher dimensions (b), they do not
bound the excursion of non-regular orbits, although places containing a large amount of KAM tori can act
as practical barriers for the diffusion.

This criterion provides a simple way of knowing whether a KAM curve has disappeared
by looking at the graph of the frequency map v([), obtained on a given time span [0, 7.
Moreover, according to (14), the nonregularity of the frequency map also shows the de-
struction of KAM tori on a whole interval of rotation numbers. The figure 1, obtained
with T'= 4056000, shows the disappearance of the golden curve for the value ¢ = 0.97164
of the parameter, which is very close to and compatible with the value a. = 0.971635 de-
rived by Greene [7],while the motion appears very regular for ¢ = 0.97163. In case of the
present twist map, the additional monotonicity criterion provides an easy way to measure
the extent of the chaotic region.

5. Diffusion in the frequency space

The frequency map (13) can also be used to analyze in a very precise way the diffusion of
the orbits in the frequency space [13, 14, 4]. In this case, the initial condition in action (I)
is also fixed, and the frequency vector (v) is evaluated over the time interval [r, 7+ T] for
different values of 7. The time evolution of the numerically determined frequency v can be
used to measure the diffusion of the orbit. Indeed, for a KAM tori, the frequency vector
is fixed, up to numerical accuracy, while for a non regular orbit, the frequency vector (v)
will evolve with time, revealing the chaotic diffusion of the orbit (figure 2). In a 2-DOF
Hamiltonian system, for a fixed level of energy, the frequency space will be a line, so the
regular KAM solutions are fixed dots which separates the space, and the chaotic zones are
confined by the existing KAM tori. On the contrary, in higher dimension, the KAM tori
are still represented as dots in the frequency space, but they do not prevent any longer
the chaotic trajectories to wander in the frequency space. Nevertheless, the diffusion is
supposed to be extremely small in their vicinity [23, 21]. Thus, for practical view, over
finite time, they can be thought to have some width, and regions which are densely filled
with such tori will act as effective barriers for limiting the diffusion [14].

6. Quasiperiodic perturbation of a 1 degree of freedom system

The non-regular behavior of the frequency map of higher dimensions can be used in general
n-degrees of freedom systems [14, 4], but there is a special case of practical importance
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Figure 8. Stability of the spin axis of the Earth. The averaged precession frequency p is measured by
means of frequency analysis over a time span 7' of about 18 million years, for a wide range of values of the
initial obliquity ep. In presence of the Moon (a), there exists a strong chaotic zone, but which is confined
in the region from about 60 to 90 degrees. In absence of the Moon (b), the chaotic zone extends from 0
degrees to about 80 degrees, and the tilt of the Earth can suffer extremely large variations [17, 18].

which study is as simple as in the case of two degrees of freedom. This is the case of a 14+ n
DOF system, i.e. a 1-DOF system perturbed externally by a system with n-DOF. Here we
will even consider only the case of a quasiperiodic forcing, although the general case can
also be studied. An interesting example of such a system is given by the precession of the
axis of the Earth (or any other planet) which can be describe in a very good approximation
by the Hamiltonian

1 N
H=Hps+ Hp with Hps= §aX2, Hp=+V1-X2Y ogsin(vet + ), (22)
k=1

where X = cos(e), and ¢ is the obliquity, that is the angle between the spin axis of
the Earth and the normal to its orbital plane; 9 is the precession angle, «a, o} are real
constants, while v, are combinations of the fundamental secular frequencies of the whole
solar system. The first term of the Hamiltonian Hy g describes the action of the Lunar and
Solar torques exerted on the equatorial bulge of the Earth, while the complementary part
Hp represents the driving perturbations due to the action of the Solar System [17, 18].
In this case, it is difficult extract interesting information from a surface of section, but
the frequency map analysis can be made in a very simple way, exactly as in the case of a
2-DOF system. Indeed, the forcing frequencies are fixed, so, after fixing the starting time
T to an arbitrary value (7 = 0 for example), the frequency map analysis reduces to the
study of a simple one dimensional map (fig.3).

Fr:R —R

23
X —p, ( )

where p denotes the precession frequency related to the precession angle . From this
frequency analysis, it thus appear that in the present configuration of the Earth-Moon
system, there exists a large chaotic zone for the obliquity of the Earth, from 60 to 90
degrees, while the present tilt of the Earth (at about 23.5 degrees is extremely stable
(fig.3a). In absence of the Moon, the precession constant « is roughly divided by 3, and
the chaotic zone increases largely, and extends from 0 degrees to about 80 degrees (fig.3a).
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Figure 4. Diffusion of orbits in the 4D standard map with a; = —1.21;a2 = —1.01;6 = 0.01. The
background is obtained by plotting the image by the frequency map of a mesh of regularly spaced action
lines, obtained over 516 iterations. Very high order resonant lines appear as distortion of the frequency
map. Three individual orbits (O1, Oz, O3) are followed over 107 iterations . This plot reveals in detail the
precise path followed by these orbits in the frequency plane. In particular, it appears that large diffusion
results from the crossing of many very high order resonance lines. The passage from one resonant line to
the next one probably results from some heteroclinic intersection mechanism. It should be also noted that
the regular zones acts as practical barriers for the diffusion ([14]).

In such a configuration, the orientation of the Earth would no longer be stable and would
suffer extremely large variations. A similar analysis can be conducted with all planets
[17, 18].

It should be noted that in the present case of a quasiperiodic external forcing, as with
the 2-DOF case, the quasiperiodic solutions will separate the space of motion, and the
chaotic zones are strictly limited by the regular orbits. The frequency maps of figures 3
can thus give a very precise account of the possible variations of the obliquity over infinite
time. In fact, the real motion of the solar system is not quasi periodic, and a diffusion of
the orbital forcing also takes place [13]. This will induce also a possible diffusion for the
obliquity, even in the regular regions which appear in figure 3, but this diffusion will be
extremely slow.

7. Diffusion in 4 dimensional symplectic maps with indefinite torsion

In a previous work [14], the method of frequency map analysis was used to describe the
global dynamics and diffusion in the following 4D symplectic map which is the coupling
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of two standard maps by a small parameter b [5]:

I =L +aysin( + L) + bsin(%(el + 6L +0;+ 1)),
T=0+1 mod(27) , (24)
I3 = Iy +azsin(fy + Iy) + bsin(%(el + 146+ 1)),
b =10+ I mod(27) .
For such a dynamical system, the frequency map will have the form
Fr:R*xR  — R? (25)

((]1,]2),7') — (1/171/2) s

and for a given value of 7, the frequency map is a map of R? which regularity can be
visualized by looking to the image in the frequency plane of a mesh of regularly spaced
initial conditions of (I1, I3) (fig.4). This analysis gives a picture of the global dynamics of
the mapping, revealing the actual web of resonant and chaotic zones, with their strength.
It is also possible to study the diffusion of individual orbits and see how they evolve with
time in the frequency space by looking to the restriction of the frequency map for a given
initial condition ([y, I3)

T — (v1,12) .

A striking example of diffusion of orbits is given in figure 4. The background of this
figure is obtained by mapping a regular mesh of initial action like variables onto the fre-
quency plane, by means of frequency analysis over only 516 iterations. The 1 : 1 resonance
can be clearly seen, as well as the vertical f; = 1/6 resonance zone. Many other resonant
lines of the form af; + 8fs +v =0 («a, 5,7 € Z) resulting from the coupling are clearly
visible and appear as distortions of the frequency map. They can be easily identified, and
many of them are of very high order, higher than 20 [14]. On the other hand, on both
sides of figure 4, exist some very regular regions, where resonant lines do not appear, as
they are surely too week to affect very much the dynamics.

Once this background is obtained, three distinct orbits are followed over an extended
time (107 iterations). On each interval of 516 iteration, the rotation numbers are deter-
mined, so their path can be followed in the frequency plane. It is remarkable that the
diffusion is quite rapid, and occurs across the resonance lines. The passage from one reso-
nance line to the next one probably occurring in a quite random way, by some mechanism
of heteroclinic intersection. One can also note that the diffusion of these orbits appears to
be limited by the regular regions which act as practical fences for the diffusion.

Through the precise analysis of the diffusion of single orbits of figure 4, it thus appears
that with the simple analysis of the frequency map over a very limited time (516 iteration)
which provides the background of figure 4, one can deduce what can possibly happen over
very extended times as 107 iterations. It is quite clear, for example, that practically no
diffusion will occur in the regions which appear as regular for the frequency map. In
particular, in these regions, most probably, they will not be any possibility for finding a
path which will allow an orbit to escape in a given finite (and reasonable) time. On the
contrary, in the non regular zones of the frequency map, fast diffusion can exist, and seems
to occur perpendicularly to the resonant lines, which can be of very high order.
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It is indeed possible to obtain a heuristic explanation for the striking behavior of the
three orbits (O1, 02, 03) of figure 4. For this, following [3, 29], it is interesting to consider
the mapping (24) as obtained as the return map for the surface of section ¢ = 0 for the
Hamiltonian

1
HT (I, 13,0,,05,t) = 5(112—1—122)—|—(a1 cos 1 + agcos by + 2bcos((01 + 62)/2)) 61y(t) , (27)

where 5(1)(t) is the periodic delta-function of period 1. If we average over the periodic
terms, we obtain (I# + 1%)/2 ~ h, where h is a constant value. We will thus have also for
the frequencies (vq,vy), (V¥ + v3)/2 ~ h which gives trajectories following circles in the
frequency plane (figure 5a).

We are here in the presence of a system which is a perturbation of H{ (1, [3) =
(I + 12)/2 which torsion is definite positive. It is thus interesting to investigate the case
of non-definite torsion [9]. Such a system can be easily obtained as the return map at t = 0
of the flow of the system of Hamiltonian

1
H™(I1,13,01,0,,t) = 5(112 — I3) + (a1 cos By + ag cos By + 2b cos((61 + 62)/2)) 51y(t) (28)

which leads to

1
I{ = Il + ay sin(01 + Il) + bsm(§(01 + Il + 02 — 12)) s
6, =6+ 14 mod (27) , (29)
1
Ié = ]2 + a sin(Hg — 12) + bsm(§(01 + 11 + 02 — IQ)) s

0, =6, — I mod(27) ,

which is the coupling of two standard maps, “turning” in opposite directions. In this case,
we will expect to see the frequencies following approximately paths given by (v¥ —v3)/2 ~
h, which are thus hyperbolas (figure 5b). We also expect to find some isotropic directions
where the diffusion will be extremely fast [9, 20].

The frequency map analysis of the system (29) for very similar conditions as in figure 4
is given in figure 6. The results are very striking, As in figure 4, three different trajectories
(07,05 ,03) were followed over 107 iterations. The diffusion trajectories in the frequency
space seem to follows in a quite evident way branches of hyperbolas, and the direction
V1 + v3 = 0 seems to be actually an isotropic direction with very rapid diffusion. Indeed,
the orbit O) escapes rapidly following this direction, after having spend about 3 million
iterations in the vicinity of the resonances vy = 1/6 and vy + v = 0. For clearer viewing,
the last dots of the escaping orbit are connected.

This numerical analysis thus provides an intuitive understanding of the difference be-
tween systems with definite and indefinite torsion, and shows how the latter case should
be much more unstable due to the presence of isotropic directions. It should nevertheless
be stressed that although the orbits which reach the vicinity of the isotropic directions
escape rapidly as O5 , other orbits as O] and O3 can be chaotic with rapid diffusion (and
probably also large Lyapunov exponents), but still practically confined by regular regions
in a small area over finite but long time.
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Figure 6. Global dynamics and diffusion for a systefr%l with indefinite torsion. The background is obtained
by using frequency map with 7' = 516 iterations, while the three orbits O], 05, O; are followed over 107
iterations.

It should also be noted that for large perturbations, the torsion signature can change,
but its numerical computation by means of frequency map analysis can still be performed,
and should thus be a very effective tool for detecting rapid direction of escape and insta-
bilities in systems of practical interest.

Acknowledgements

It is a pleasure to thank P. Lochak, R. MacKay, and J. Meiss for suggestions on diffu-
sion with indefinite torsion. The evaluation of error in frequency analysis benefited from
preliminary studies by F. Joutel and from discussions with A. Albouy, A. Chenciner, D.
Sauzin and E. Tabacman. This work was supported by EC contract ERBCHRXCT940460.



143

Annex. Convergence of the Frequency Map Analysis

This annex provides a rigorous basis for the frequency map analysis by computing analytic
estimates of the precision of the frequencies determined by this method in the case of
regular and quasiperiodic solutions.

Definition 1 A weight function is a positive, even C'* function x on [—1,1] such that
%f_ll x(t)dt = 1. We will call the transform of x, the C* function on R, ¢, defined as

ele) = (LF e (F@,000F = g [ TOIONG/T) . (30)

Lemma 1 If x is a weight function, we have ¢, (0) = 1; ¢, (0) = 0; ¢ (0) < 0. For all
n € N, | (z)| < 1, and there exists M,, > 0 such that |z (z)] < M,, on R.

Proof. As x(t) is even, so is (), which implies ¢! (0) = 0. We have «,9 (0) < 0 asitis
the integral of a strictly negative function. We have also |¢(") (z)| < 3 Lt Y ( )dt <
§f_1 x(t)dt = 1. On the other hand, using integration by parts, we obtain |z (:C)| <
(x(1) + x(=1))/2+ 1 [1, X' (t)dt + n. Let us also notice that for all n, (" (z) € R.
Definition 2 Let v = (v1,v4,...,v,), and

ft) ="t 4+ Z are’®Mt ap e C (31)
keZn—(1,0,...,0)
a quasi periodic function on R. In the frequency map analysis, the approzimation v! of vy
is obtained as the value of o for which ¢(o) = | Wt>§| is mazimum in a neighborhood
of 1.
Theorem 1 Let x be a weight function, and ¢ = ¢, its transform with the asymptotic
expressions when © — 0o

co1 =200 () =2 () =2 () e

where n > 1, and where go(z), g1(z) and gz2(z) are bounded on R. Let f(t) be a quasi
periodic function on the form (31), and for all k, Qi = (k,v) — v1; and assume that

Sk |%| is convergent for p= 0,1, and n. Then for T — 400, v] — vy, and
k

1
v — V1T T”‘H Z Qn 91 (%T) +o (W) . (33)
Proof. With z = (v; — U)T, vl will be obtained for the maximum value of the modulus of
b@ =@+ Y ag(a ) (34)

k€Z—(1,0,...,0)
or, in an equivalent way, the maximum of its square ¥(z)%(z). This maximum thus fulfills
the condition ¥'(z)¥(z) + ¥ (z)¥'(z) = 0, that is
F(z,T) = p(2)¢'(z) + Y Rlarar) o(z + UT)¢' (x +UT)

35
£ 3" Ran) (o) e+ UT) + S )ple 4+ uT) =0
k
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Lemma 2 Let x be a weight function, and ¢ = @, its transform. Let us also assume that

the series 37y |ag| and 3=, |G| are convergent with sum So and Sy. Then for all A > 0,
li G QT)=0 36
T—1>Toozk: arp(z + T) (36)

uniformly with respect to x € [—A, A].
Proof. Let F(z,T) = Y1 are(z + QT) and € > 0. With a Taylor expansion of ¢ at order

n, we have

$n+1

n :Cp
T)=3 2 e UT) + = D (G)  where & R (37)
p:Op' z (n—l—l) z

We have from lemma 1

$n+1

(n+1) vZ arp"* (€)| <

14n+1

. (38)

and this expression can be made arbitrarily small for sufficiently large values of n. On the
other hand, with the notations of lemma 1

1

Z o (QUT) o) (T | < %sl. (39)

Z akg,o QkT ‘

For any € > 0, there exists thus ng € N such that for all n > ng, and all z € [—A, A],
n_ AP
7 Z M, + e (40)
and for T sufficiently large, the sum will be arbitrarily small, which ends the demonstration.

Corollary 1 With the hypothesis of lemma 2, we have

Jim P T) = ()¢ (@) (41)

uniformly for x € [—A,+A]. The function F(z,T) can thus be continuously extended in a
function F*(z,T) : [-A, A]x]0,+00] = R.

We have also for the derivative

D — )o@ +¢7w)

+Y R(ar) {20 (2) ¢ (2 + BT + o(2)¢" (@ + BT) + " (2)p(a + T }
k

+_ Rlara) {o(e + UT)e" (@ + UT) + ¢ (z + BT (v + AT)}
k,l

With the hypothesis of lemma 2, we will have

OF(x,T) _ o(2)¢"(z) + ¢ (z) (43)
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uniformly for z € [— A, +A]. The extension [™*(z,T) thus has a continuous first derivative
on [—A, A]x]0, 4+00]. From Lemma 1 and (43), we have dF*/0z (0,400) = ¢"(0) < 0, we
can apply the implicit function theorem (see [27], p.176) to F™*(z,T) at the point (0, 400).
Thus, there exists a neighboroud U of 400, and a unique continuous map z(7) = = such
that
li ¢ (T) = 0; Fz(T),T)= for all T . 44
T—1>r+r-loo$() 0; (z(T),T)=0 foral T €U (44)
Once the existence of Z(T') verifying (44) is known, we can obtain a generalized equivalent
for Z(T') when T — +oo0.

Lemma 3 Let ¢(z) be a function on R, and n € N,n > 0, and assume that for all
0 < p < n there exists M,, > 0 such that |zPo(z)| < M, for all z € R. Then, for all A > 0,
and all 0 < p < n, there exists N, > 0 such that

IXPp(z + X)| <N, Ve, X)€ [-A,+A] XK. (45)

Proof. We have XPp(z 4+ X) = (X + 2)Pp(z + X) — Y02} CEXFaP=Fp(z 4+ X) and the

proof is obtained by recurrence on p.

Lemma 4 Let p(z) be a C™ function on R, and assume that

go(z) 1 : g1(z) 1
o(z) = - o (z) = - 46
plr) == +0<$n)7 pla)==—"+ol |, (46)
where go(x) and gi(z) are bounded on R, and that the series )", |G| is convergent. Then
k
for T — 400,
S (o (T) 4+ UT) = Y 2 go(UT) 40 [ = (47)
- kP k - - QZTTLQO k T |
Proof. Let
a
Fir)=1" (Z p(a(T) + T) - Y Qn—ﬂgow))) (49)
k kR
Thus
a
F(T) =32 () (49)
v Sk

with Fi(T) = (UT)"¢(2(T) + QT) — go(2%T). From lemma 3, |Fi(7T')| is bounded, and

the series (49) is uniformly convergent with respect to 7. We thus have

. ap .,
| T) = — 1 T).
T—1>r—|r—loo f( ) Ek: Qy T—1>I-}r-loo fk( ) (50)

But o(z(T) + QUT) — o(uT) = 2(T)¢' (& (T)) with |&e(T) — QT| < |2(T)|. Thus, as

2"¢'(z) is bounded on R, we have for all &

lim Fi(T)= lim z(7) (5 T)"

Pim Aim &) )" (& (T)) + (UT) " o(UT) — go(UT) =0, (51)
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which ends the proof of the lemma.
We have also ¢(z) = 14 o(z), and ¢’'(z) = ¢”(0)z + o(z). Then applying lemma 4 to ¢
and ¢, and from (Eq. 44), we obtain

(P//(()).;C(T)—l—O(x(T))—l—Zié—aTﬁ)Lgl(QkT) +o0 (%) =0, (52)
k

from which the proof of the theorem ends easily. We can now apply this theorem to specific
examples of weight functions. By direct computation, we obtain

%g—;!ﬁ(l + coswt)?. Then for all p € N, x,(t) is a weight function
with associated transform

Lemma 5 Let x,(t) =

(—1)Px*(p!)?sinz

1 -
o) =5 [ () di = P b (53)

We have also easily the asymptotic expansions for z — oo

N (=1)?x?P (p!)? sin™ 2 1
Ay = S o () (54)
and the expansion at the origin
" 2 p
@, (0) . 2 (= 1
pp(z) =14 pT:UQ +o(z?) with ©f/(0)= =l > 2] (55)
k=1

Thus, if f(¢) is a quasi periodic function of the form (31), for which 3>~ |;2L—];1| is convergent
k
for m = 0,1, and 2p + 1, then, for T" — +o0,

r (DR - R(ar) 1
- = QT — | - 56
i gog(O)T2p+2 p szH COS( k ) to T20+2 ( )

Remark 1. If f(¢) is a KAM solution, where v fulfills a diophantine condition, the series

>k |£—£n| are convergent for all m. So using the weight x,, we can obtain an accuracy for

the frequency analysis of order 1/T?P*2 on these solutions, which gives in particular 1/7*
when using the Hanning window (x1).

Remark 2. We can consider the class of weight functions, for which (") (=1) = x(")(1) =
0 for all n, as for example x*(z) = cexp(—1/(1 — z?)) . In this case, we have for all

values of n, m, lim,_, 4 ac”cpxm)(.r) = 0. Thus, for a KAM solution, we will have for all m,
My yoo T™ (1 — v]) = 0.

Remark 3. The asymptotic convergence of (v; — 1/?) when T — 400 provides a good
indication of the possibilities of the method, but in practice, this asymptotic behaviour
will be also limited largely by the value of the involved constant, and probably also by
numerical accuracy.

Remark 4. The theorem is also valid with the same hypothesis for a more general almost-
periodic function of the form f(t) = e*1* + 3", ., are'*! with Qp = wy, — wy.
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