LIMIT AT RESONANCES OF LINEARIZATIONS

OF SOME COMPLEX ANALYTIC DYNAMICAL SYSTEMS
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ABSTRACT. We consider the behaviour near resonances of linearizations
of germs of holomorphic diffeomorphisms of (C;0) and of the semi-
standard map.

We prove that for each resonance there exists a suitable blow-up of
the Taylor series of the linearization under which it converges uniformly
to an analytic function as the multiplier, or rotation number, tends non-
tangentially to the resonance. This limit function is explicitely computed
and related to questions of formal classification, both for the case of

germs and for the case of the semi-standard map.
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1. INTRODUCTION

It is well known since Poincar§'s work on normal forms and celestial me-
chanics, that resonancesare responsible for the divergenceof the seriesex-
pansionsof quasi-periodic motions in the theory of dynamical systems. In
the simplest non-trivial caseof one-dimensionalholomorphic systems,this
dix culty already appearswhen one tries to conjugate a given systemto its
linear part z — , z in a neighborhood of a xed point z = 0.

For a xed value of the multiplier the linearization (when it exists)
has a complicated analytic structure with respect to its argumert. Almost
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nothing is known, exceptfor somenumerical studies(e.g. [1], gures 6 and 7
of [2] and referencesquoted therein, [3], [4]).

If one considersthe dependenceof the linearization on , , resonancesap-
pear asformal polesof the Taylor seriesof the conjugation: it is the famous
phenomenonof \small denominators'. In some sense(seesect. 2.2), the
unit circle T! is a natural boundary of analyticity for the conjugation with
respect to the multiplier , . Neverthelessthe serieshasnon-tangertial limits
at almost all points of T! (seesect. 2.1 for more information and [5], [6]
for a detailed study in the caseof analytic di®omorphismsof the circle).
The relation betweenthe formal poles (assaiated to the resonances)f the
linearization and its natural boundary of analyticity calls for someenlight-
enmen, especially if one placesthe problem in the perspective of Borel's
theory of uniform monogenicfunctions [7].

In this paper we prove some results concerning the behaviour at reso-
nancesof the linearizations of local di®omorphismsof C (seee.g. [8]) and
of the so-called\semi-standard map" [10], [1]. Thesetwo modelsare actually
tightly related (compare sect. 2.6 and 3.1).

In particular, for eat of the systemswe take into accoun, we prove that
the linearizations have well-de ned limits asthe multiplier (or the rotation
number) tends non-tangertially to a root of unity (or a rational value p=9g
provided the Taylor series is suitably blown-up, and we compute theselimits.
In the caseof germs, this generalizesa result of Yoccoz[8, sect. 3.3 and 3.4,
p. 73-78] as he computesthis limit only for the quadratic family P,(z) =
(z2-2%).

Theselimit functions have a nite radius of corvergenceand rami cation
points. By reversal of the blow-up, they provide an approximation of the
linearization when the multiplier is very closeto a resonance.
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Of courseit would be quite interesting to generalizetheseresults to gen-
eral analytic small divisor problems (Hamiltonian systems, real analytic
area{preserving twist maps, etc.). [2] studies the standard map case: by
a suitable blow-up the Lindstedt serieshasan explicitly computable limit at
the resonance®0=1 and 1=2. The sameis true for all resonanceg=q asre-
cently provedin [9]. We alsohopeto be able to apply the method presened
in sect. 3 in order to improve these studies.

2. GERMS OF HOLOMORPHIC DIFFEOMORPHISMS OF (C;0)

2.1. The linearization of a germ. Let G denote the group of germs of
holomorphic di®eomorphismsof (C;0). An important problem in complex
dynamicsis to describe the conjugacy classeof this group. Sincethe origin
isa xed point, onehassomenatural conjugacyinvariants like the multiplier
. = f’(0) of the germf at 0 and the r}olomorphic index:
. 1 dz
i(f;0)= A z——f(z);
where we integrate on a small loop in the positive direction around 0. If
. # 1, the origin is a simple xed point and one clearly has:
, 1
i(f;0)= r
Let G, denotethe setof f € G such that f’(0) = ,. Such agermf is
said to be linearizable if it belongsto the conjugacy classof the rotation
.| # 1: by the Poincar§{K 8nigs
linearization theorem [11], [12], one knows that there existsa germh; € G,
sud that:

R.(z) = , z. This is always the caseif

f Ohfz thR)\: (21)

The condition hy € G; ensuresthe unicity of the solution of this conjugacy
equation. From now on, when speaking of conjugacy classesof G without
other speci cation, we shall always referto the adjoint action of the subgroup
G: | not the whole group G.

The function hy is called the linearization of f: attracting (|, | < 1)
and repelling (|, | > 1) xed points of holomorphic di®eomorphismsare
linearizable. If one keepsf — R, xed as, varies, or more generally if
f depends analytically on parameters, then by uniform corvergencethe

B
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dependenceof the linearization hy is alsoanalytic. If f is an ertire function
and

> 1then hy is an ertire function.

B

When |, | = 1 the xed point at the origin is indifferent and one must

distinguish three di®eren kinds of multiplier: .

1. parabolic Or resonant point: , = & = exp 21[1%7 , Wherep € N, g € N*,
(plo) = 1,
2. Brjuno point: , = B = exp(2¥!),! € R\Qand! isa Brjuno number

[13], [14: 2, logq% < + 00, Where {p;=q;} denotesthe sequenceof
partial fractions of the continued fraction expansionof ! ;

3. Cremer point: | = exp(2¥a!),! € R\Qand! is not aBrjuno number.

Actually, Cremer proved [15] that G, is not a conjugacy classif:

sup l0g Q11 = co:
G

n

however we think that it is quite fair to give his nameto the complemern of
the Brjuno set.

In case(1) Ecalle[16], [17] and Voronin [18] gave a complete classication
of the conjugacy classesof G contained in G,; amongthem the classof the
rotation R, consistsof all elemernis of order g belongingto G,, but there
are other conjugacy classesn G,.

In case(2) above, G, is a conjugacy classof G [13] (as in the hyperbolic
casel, | # 1): for all f in G, there exists a unique analytic linearization
h;. In 1987 Yoccoz[8] proved that in case(3) G, is not a conjugacy class
and there exists at least one non-linearizable germf € G,. A remarkable
exampleis given by the quadratic polynomial:

P\(z) = €™ (z — Z2?)

which is linearizable if and only if ! is a Brjuno number.

Our main motivation in this study is to understand how the formal poles
due to resonancesgive rise to the complicated analytic structure of the
linearization. For that reasonwe shall let | vary in a non-tangertial coné
with vertex at any root of unity @, and we shall treat it as a bifurcation
parameter. Consequetly, the germ f itself will vary | we thus denote it
by f henceforth|, and its linearization hy, will be studied as a function
of ,, singular at the resonancea. We shall provide all the details for the
situation where the nonlinear part f, — R, is kept xed as, varies (this

!By “non-tangential” we mean: non-tangential to the unit circle; a non-tangential cone

with vertex at A is any set V = C(A;®) with the notation of formula (2.10) on page 11.
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assumption is quite natural: see[5], [6] and [19, chap. IlI] for the related
problem of the dependenceof the linearization in one-parameterfamilies of
analytic circle di®eomorphisms),but we shall also give (at the end of the
next section) the corresponding statemerts for a more general dependence
of f, on the parameter , .

Note that if, instead of a sectorial neighbourhood of a resonance,one
considersa non-tangertial coneV with vertex at a Brjuno point B = e*™,
an easy but interesting property of the linearization is its corntinuity with
respectto , (i.e. hy, tendsto hy, as, tendsto B inside V).

More generally if one assumesthat f,, is linearizable for a certain |
satisfying |, o| = 1, when ;| tends to , ( non-tangertially the linearizing
maps h, are univalent on a small uniform disk® (they thus form a compact
family) and any limit of thesemapswhen, tendsto . is a linearizing map
for f,. Theselimits clearly coincideif | ¢ is not resonart, otherwise this is
a consequencef Theorem 2.1 below.

In what follows, putting the vertex of V at a resonancea, we shall prove
the existenceof a suitable scalingunder which h s, hasa non-tangertial limit.
Thesescalingsare a slight generalizationof the notion of blow-up of a formal
power serieswhich is standard in algebraic geometry and which has already
been applied to the study of complex analytic di®erenial equations [20,
section | 11]. We shall also compute theselimits and study their relationship
to the classication of formal conjugacy classesof G, .

2Let us consider the intersection V, of V with a disk of center B and of small ra-
dius %2 i.e. V = C(B;®;%) with the notation of formula (2.10). It is immediate to
check from the relation (2.1) which defines the linearization, that hy, =z +  hg(, )z",
where each coefficient h,, (n > 2) is a finite sum of rational functions of the form
(=)t 91— ) Y with 2 <150 sjag 1 €. Clearly h,, is analytic in V, and
continuous on its closure V,; the uniform convergence follows from the standard Brjuno’s
argument, since there exists a positive constant C such thatV, € V,;Vj >2; |,/ —, [ 1 <
C|B’ — B|' ! (because there exists ¢ > 0 such that any point of V, can be writ-
ten €™ with Vq € N°, dist(qu;Z) > c dist(q! ;Z), and there exist ¢%c® > 0 such
that ¥x € C; [€™® — 1| > °dist(x; Z) and ¥x € R; |€™® — 1| < c®@dist(x; Z), thus
VaeN®Y, eV, |, 9 —1|> $¢BY - 1]).

3This is very easy to see, as an anonymous referee pointed out to us. Denote by h Ao @
linearizing map for f »,. Then gx(z) = (h;\(} ofyohy,)(z) satisfies g, (0) = 0, g3(0) = , ,
05 (2) =, 0z. Thus 2" *ga(2) —, 0 = (, —, 0)(14+2S(,; 2)) (for some analytic function S),
and for any non-tangential neighborhood V, of | ¢ there exists ro > 0 such that for any
> 1= |g:(2)] > Jz] and

€ V,\ {, 0} and for any z, |z| < ro, one has <1l=

B 5 B

0r(2)| < |z|. One deduces from this that, as , varies in V,, the radius of injectivity of hy

is uniformly bounded from below by a strictly positive constant (independent of | ).



6 ALBERTO BERRETTI, STEFANO MARMI, AND DAVID SAUZIN

2.2. Existence of non-tangential limits. Let us considerthe one-paa-
meter family of germsof G:

X

n=2
wherewe keep xed the coetcients {f,}°°,, i.e. the nonlinear part f y — R
is constart. We denote simply by hy the corresponding linearization. We

have the following theorem (compare with sections3.3 and 3.4 of [8]):

Theorem 2.1. Let us fix a resonance & = exp(2¥ip=0Q where p € N,
ge N*, (p|a) = 1. There are two possibilities, according to the g-th iter-
ate f 7 of fp:

o Iff 7 is the identity, the formulas
3

T(@)= ik 'f;q(z)(tM:A; U(z) = z exp ROZ(ﬁ - Ldz, (22
define a germ U € Gi whose reciprocal hy linearizes f 5 and has the
following property: for all non-tangential cone V of C with vertex @
(non-tangential to the unit circle), the linearization hy tends uniformly
on some small open disk around 0 to hy as , tends to © inside V.

o If fxq is the not the identity, there exist a positive integer K and a

nonzero complexr number A such that:
f/C\’lJ(Z) = z+ Aqu+1 + O(qu+2);

and for any non-tangential cone V of C with vertex o, the rescaled

linearization:
i = # i — 1/kq ¢
D= g™ (9 (2:3)
tends uniformly on some small open disk around O to the function:
M A T —1/kq
M(z)=z 1— Wqu (2.4)

as, tendsto® insideV . (One can choose any of the KQ determinations

of (, —o)/ka.)

Remark 2.1. Note that in the casef ;? = Id the linearization of f 5 is not
unique. What Theorem 2.1 assertsis that, among all the linearizations of
f A, one of them is the limit of hy as, tendsto & non-tangertially. The
formulas (2.2) make senseand dene U € G; as claimed in the theorem,
since T(z) = z(1 + O(z)); in fact U is the unique solution in G; of the
ordinary di®eretial equation i/’ = U=T.
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Remark 2.2. In the next section, we give some details about the numbers
k and A which appear in the theorem. They are classically intro duced as
formal invariants of f 5: given two germsf , and g, in Gy, the existenceof
a formal series' (z) = z+ O(z?) sud that:

gr ="' "lofpo}

implies:
k(fa) = k(ga) and A(fa) = A(gr);
but the corverseis not true: athird formal invariant is necessaryin order to

describe all the formal conjugacy classes.Thus, the limit A, dependsonly
on the formal conjugacy classof f , but doesnot determine it completely.

Remark 2.3. Note that:
M T o

As ;
hA: z 1—721“1 q;

1_
ﬁ/‘\lzzu1+ AD kg ;
q
and these maps commute with R,.

If we now conjugate iy, with the inverse scaling we nd that, when ,
approades & non-tangertially and z approadesthe origin in such a way
that the quantity z(, — @) ~'/%¢ remains constart, then:

H -2

Ao zka kq
h)\(Z) ~z 1-— F . .

—n
Therefore, for , very closeto a resonance,the linearization behaves as an
analytic function with respectto z with kq ramification points that collapse
at the origin when , tends to 8. We note that this hasalsobeennumerically
obsened (comparewith gures 4 and 5 of [4]), with a very good quartitativ e
agreemem (comparewith the discussionin the last sectionof [2] for a related

problem concerningthe standard map).

Remark 2.4. Note that one may useany scalingz — s(, )*/¥z instead of
z — (, —n)1/k1z, provided s is analytic, s(®) = 0 and s'(s) # 0. In this
casethe limit is:
M 1_
_ As'(8) kg
A=z 1-— qM_lz

Zl-

Remark 2.5. Let us ervisagebrie®y a more generaldependenceof the germ
f on the parameter, and indicate the corresponding statemernts. Changing
the notations, we considernow a family f ., of local analytic di®eomorphisms
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which dependsanalytically on a complex parameter % The multiplier of f,,
will be denoted by , (3). The linearization of f,, if it exists as an analytic
germ of Gy, will be denoted by h,.

Let ¥ be a point of the parameter-spacesuch that:
1. the multiplier , (%) is not a Cremer point;

2. its derivative , ’(34) is nonzero.

5

If |, (%4)] # 1, the linearization h, is analytic at % (i.e. h,(z) is analytic
for ¥acloseenoughto % and z closeenoughto the origin).
If |, (¥a)| = 1, we call \non-tangential" a conein the parameter-spaceof

the form:

(%)
. (%)
for some® €]0; ¥#2[. So,when ¥\tends to ¥ non-tangertially ", this means
that the multiplier , (%3 tendsto , (%) transversally to the unit circle. There

are only two possibilities for the asymptotic behaviour of h,:

© i ¢ a
Ya| arg £ (¥a— %) €] —® @[

o f,, islinearizable; , (%) is a Brjuno point, or a resonart point of order
q but then f52 = Id (where by Id, here and elsewhere,we denote the
identit y in whatever category we are dealing with): then the lineariza-
tion h, tends to someh,, € G; uniformly on somesmall open disk
around 0 as ¥tends to % non-tangertially, and the limit germ h,, is
a linearization of f,, (which is thus uniquely determined by f,, in the
Brjuno case,but which is determined by é%(f §‘1)|(,:Uu in the resonan
casé).

e . (%) is resonar of order g and f,Z # Id: then there exist a positive
integer k and a nonzerocomplex number A such that:

foU(z) = z+ AZMT + O(ZM2);
and the rescaledlinearization:
i ¢
My (2) = (%— %) *ih,' (Yo Ya)tiz

tends uniformly on somesmall open disk around 0 to the function:
n = " 1 A ’“fﬂ &
S N AT
as ¥tends to ¥ non-tangertially .

*In the resonant case, any linearization of f,, can be reached at the limit: one checks
that, if a germ F of order  is given with a particular linearization H € G1, the formula
TF°

fA=F+( —N)—

with T=H"':(H%H')

defines a family f 5 for which the linearization hy tends to H.
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All this is proved by adapting the proof of Theorem 2.1, to which the next
two sectionsare devoted. The easiercasewheref [ is the identit y is exam-
ined at the end of sect. 2.4 only.

Formalizing a little more, we could say that we are studying the regularity
properties of the \linearization " mapping L:

L:feG—hyeGy
with a particular attention to the singular set:
G={f G| [f'(0)|= 1};

through its restrictions to some analytic paths. We call path a map from
someopen connectedsubsetU of C in G:

5740—>f0;

and we call it analytic if for all 3% € U, there existsr > 0 such that the
path inducesan analytic function (%z) — f,(z) on the polydisk {(%2z) €
CxC| [¥a—%|<rand|z|<r}.

If an analytic path satis es 8%f(’,(O) Z 0 for someparameter ¥, we can
change(at leastlocally) the parametrization in order to obtain a straightened
path: an analytic path ;| — f sud that f{(0) = ,.

When the imageof an analytic path lies outside G, the composition with £
is well de ned and yields an analytic path in G;. But if the path is straight-
ened and de ned in a neighbourhood U of ,, € T!, we get an analytic
path hy, on ead side of the unit circle and generally no \ analytic cortin ua-
tion" to a neighbourhood of | .. It follows indeed from the corollary stated
in sect. 2.5that in the casewhere the germsf , or their inversesextend to
ertire functions of z, the resonar points® of U are true singularities of hy,,
unlike the Brjuno points, where cortin uous extensionin non-tangertial sec-
tors is always possible.

This situation is quite reminiscert of a monogenicuniform function ac-
cording to Borel's de nition [7], even if we cannot go much farther than a
simple analogy for the momert. This work is indeeda rst step in the un-
derstanding of the behaviour of the linearizations at these singular points,
the idea being that the interesting information is localized there.

® At least those A = exp (2¥ip=q) such that fo is not of order q
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2.3. Germs with almost resonant linear part. We now beginthe proof
of Theorem 2.1 and consider the one-parameterfamily of germsf, € G,,
with , closeto a xed resonancea = exp(2¥ip=g. We denote by f}? the
composition of f , with itself q times, and we supposethat f 7 is not the
identit y.

Let us rst focuson the germ at the resonance.

Lemma 2.1. There exists a positive integer K and a nonzero complex num-

ber A such that:

f9(z) = z+ AzMT1 + O(ZFi+?): (2.5)

Proof. This is quite easily proved by comparing the Taylor expansionsof
both sidesin the equationf, of (7 = f 7o f,. O

Remark 2.6. If fo = :::=1f, =0, then kg+ 1> n. But if f isapolynomial
of degreed, then 1 < k < d—1 (see[21, Prop. 6, p. 9)).

Remark 2.7. The numbers k and A are invariant under formal conjugacy
of f ,. But there also exists a unique B € C sud that f ;7 belongsto the
analytic conjugacy classof a germ g of the form:

g(Z) =7+ Aqu—‘rl + AQBZ2kq+1 + o(Zqu+2);

the coetcient B = i(f 1%, 0) is invariant under formal conjugacy of f 5, and
f 39 is formally and topologically conjugate to the polynomial z + Azke+1 +
A2Bz?katl Conversely if two germsof G, have the sameformal invariants
(k; A; B), they must belong to the sameformal conjugacy class[16], [17],

[18].
We now let ;| vary in a disk around the resonance:
L —o[<%

where Y2is somesmall positive constart, but we always impose|, | # 1. The
power seriesexpansion:

xe .
hy(z) = z+ h;(,)z’ (2.6)

j=2
for the linearization h) of f y canberecursively determined by meansof (2.1).
However the equation

fi7ohy = hyoR}’ 2.7
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can be usedinstead, and one then gets:
8
shi(,) = 1

1 X
2 h;(,)

X
ja— q £10) hj,(,)---h;(,);, forj >2
’ T2 it etdi=i

(2.8)
denoting {f //(, )} the Taylor coetcients of f }*:
xe .
fY(2) =72+ £79(,)z"
j=2
Let uschoosea positive constart r (independen of , ) suc that the Taylor
coetcients of f 17 satisfy:
Wo>2 [0 <t

(in order to do this, we usethe Caudhy inequalities and then chooser small
enough). Each coetcient f;q(,) is a polynomial in
2 <j <Kkq, thusthere exists c; > 0 such that for all

., with a zeroat o if
, —al< %

Forj = 2::iikg  [f90) <cl, —afr!: (2.9)

Let ® €]0; ¥=2[. We introduce notations for a coneof vertex =& and aper-
ture 2® and for its intersection with a disk around =

© i —aot a
C(r;® = |arg + €]l-® ¢ ;
a

o]

é (2.10)
C®;®%=C(a;®n |, —a|< ¥%:

Lemma 2.2. For all ® €]0;Y#2[ and for all sufficiently small %2> 0, there
exists a positive constant Cy < C; such that:

Jjq q

5 5

Vi>2 v, eC(r;®%:

>¢f, —nl  (211)

5

Proof. For all , € C(a;®;%) andj > 2 we can write:

J9 — 4
= A)B();

5

where A(,) = , 7. 2=4" is bounded from below, and B;(,) = A(];qliqfl.

There exist po; ¢ > 0 sud that, for all , in C(,; ®%4, , ¢ canbe written €™
with 0< |y < pp and Vt € R, |u—t| > c|t|; in particular,

. ¢ ; ¢
Vi >2 dist' (j —DwZ >min'( - luic
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But there also exist ¢’;¢” > 0 suc that for all pin C:
8

S <= e =1 <y < Cho;

. » i ¢

LY > 2 @m0 ) > dist' (j — D Z
Therefore,V, € C(a,;®,%4, V] > 2

/

B0 2 S ming — 3% > ¢
where c” > 0 doesnot dependonj. O
Now let: 8
3% =1,
X/ X
2y = Y, 111, forj >2

=2 j1+...+j;=j
We have the following lemmas:

Lemma 2.3. If ¥2> 0 is sufficiently small, ® €]0;YF2[ and | € N*, then,

Y, € C(r;®,%, we have:
ik
3 uclﬂj_lu 1 T .
lh;i(,) <% of o ; (2.12)

where |X| denotes the integer part of X.

Proof. We proceedby induction: (2.12) is clearly true if j = 1, assumethat
it holds at ranks 1;:::;j — 1 for somej > 2. Let , € C(&;®;%); thanks to
the subadditivity of the integer part we get:

X X
lh;() < Hi () Y, - Y5,
1=2 Jit.+ii=j
with: — — ik
Hii(,)= u&ﬂjiizf;q(ﬂ Eu 1 T .
PR r JJ1— 4 ¢, —a]

From the inequality (2.9) and Lemma 2.2, it follows that:

— : 1i %

oq < _r'-
=fi () = " axa
>J'q_,q -

fori=2::15j;
g—;rlfi if moreover i < kaq;
On the other hand:

S e I fori=2:::5];

'k_q —1 if moreoveri > kq+ 1:
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Therefore, using the inequality ¢, < c;, we get in all cases:
ik
H T, ) T

C1 1 kg
H; .() < — _ :
l,](>) — 02r C2|’ —D|
O
Lemma 2.4. There exists a positive constant C3 such that:
Vi > 1 % <c(3-2v2)l: (2.13)

o0

. . P C :
Proof. The generatingseries¥{z) = =, %z’ satis esthe functional equa-
tion:

¥z)®
Yz) =z + :
@)=2+ 150
so that:
1+z—+v1—-6z+ 22
Wz) = 4
is analytic in the disk |z| < 3 — 2y/2 and bounded and continuous on its
closure; (2.13) then follows by Caucdhy's estimate. O

As Lemma 2.3 clearly shows, the radius of corvergenceof hy cannot tend
to zerofasterthan |, —a|'/¥ as tendsto & non-tangertially. We shall now
perform the rescaling (2.3) which will compensatethis possibledivergence.

2.4. Rescaling the linearization. Let us x %> 0 sutciently small and
® €]0; ¥#2[. The j-th coetcient of the Taylor seriesof h) is:

M) = (- Hh(,):

According to 1(2.8)lghe coetcients h; arerational functions of , , with a pole
at o of order Jk;ql at most accordingto (2.12). Thus ead coetcient I;(, )

tends to a limit ;(=) and the chosendetermination of (, — @) = doesnot
matter: h, corvergesformally as, tendsto @ in C(o;®;%). Moreover, using
(2.12) and (2.13), we seethat:

(VR | P H T as

mOl<y L0 - 2"
Cor Co

k

<R,

5

_Q‘

5

whereR = (3—2\/5)%::;/’“1 and ¢, is somepositive constart. Thus, the for-
mal limit i, hasnonzeroradius of corvergenceand fi corvergesuniformly
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on any disk around 0 of radius lessthan R, by a standard compactness
argumert for setsof holomorphic functions ©.
To compute the limit function h,, we intro duce the germ:

_1 1
2Mz) = (0 —0) mfy((, —B)*2);
whoselinearization is just hy, and we note that:
¥eq

2 =%+  1790)( —9) 2+ Fra () —=)zH

j=2
+O((, —m) /.
Becauseof the iréequality (2.9) and by de nition of A, we have:
SfM(,) =0( —n) forj=2:: kg
Tl () = A+ O(, —n);
hence:
z2) = z+ (. =) 'z+ AZMH + O((, —») ENE (2.14)
But the linearization by of 3, is the one of f“;’q aswell:
(M\(2)) = M(, 72); (2.15)
and by Taylor formula:
M, 72) = M\(2) = (. =) 'zM}\(2) + O((, —=)?);

which yields after substitution of (2.14) into (2.15):
A
gaa-1
Taking the uniform limit as, tendsto =, we obtain the equation

2My(2) = M(2) + —— < (MA@)**! + O((, — =) 77):

zy (2) = Ma(2) + (Ma(2) "+, (2.16)

gaa—1
which can be rewritten as a regular ordinary di®eretial equation

H@ = 2 M@ H@) = 2 (H @)

q—1
®Indeed, if R° €]0, R[ and € > 0, we have for any | > 3:

X1 o - X RO .
7 (A) = hi(M)] + 2 (),

Jj=2 J. !

|z| < R°= |ha(2) — ha (2)] <

and we can fix [ big enough so to make the second sum in the right-hand side smaller than

€/2; then, for X close enough to A, we can ensure that:
|z2] < R®= |ha(2) — ha (2)| <,

which is the property of uniform convergence.
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whose unigue solution with initial condition H(0) = 1 givesrise to the
formula (2.4).

Lastly, we considerthe casewheref {7 is the identity. The Taylor expan-

sion of f {7 may be written as:
X A
Y@ =.%2+( -9 )z
j>2
wherethe ¢; are someanalytic functions (in fact polynomials). Let us choose
r > 0 small enoughso that

Vi 22 [g() <t
The induction formulas (2.8) become:

8
3hi(l) = 1
g X X
——  u() hj.(,)---h;(,) forj =2
> > 4=2 Jit..+ji=j

This allows to prove inductiv ely the existenceof a non-tangertial limit for
eat coet cient. We obtain that, for ead j > 1, the coet ciert h;(, ) con-
vergesto anumber h;(a) as, tendsnon-tangertially to @, with the following
rec%rsion formulas:

3 hy(v)
a X X

2 hi(®) = — (0 h, (@) ---h. (a): forj>2:
3 h;() (J_l)qiﬂa()jﬁ'“m:j 51(9) 4:(8) j

3 h;(,)

1

(2.17)

Using (2.11) and the samenumbers % asin sect. 2.3, we nd:
()] < %(reo) 7,

and we concludelike beforethat the formal limit h, of the linearization h)
is analytic and that hy corvergesuniformly to it on a disk around 0 with
small enoughradius. Moreover, taking the uniform limit of the conjugacy
equation for f ,, we obtain fy ohy = hy o Ry.

Finally, we introduce

1 o _ A . j
T(z) = AT TN fY9(2) A=A = z+ g ]226]‘(0)2]

and we obsene that the equation

zhiy(2) = T(ha(2))
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holds (either directly from the formulas (2.17) or by a chain of reasoning
analogousto the one that led to the equation (2.16)). One then easily
identi es its unique solution in Gj.

2.5. Materialization of resonances. Using the notations of Theorem 2.1
and considering the secondsituation which it describes, we can prove the
following corollary on the radius of injectivity r(, ) of hy (i.e. the supremum
of the radii of the closeddisks on which this function is univalen):
Corollary 2.1. For any non-tangential cone C(2;®) and for all R > O:

— . —1

—0 %4 . . @y 1A- =.
R > A = F%>0: V, eC@;®&Y; r(,)<R|, —a|t: (2.18)

Proof. Let ) be the radius of injectivit y of hy:
H.)=r()

, i.e. R exceedsthe radius of corvergenceof iiy. We

1
, _ork_q:

SupposeR > _%_l/kq
must ched that ~, ) < R for , closeenoughto @ inside C(a;®).
Supposethat this is not true. We could then nd a sequence{, ,,} in
C(=;®) converging to =& and sud that ~,,) > R. But I, cornverges
towards h, uniformly in a small disk around 0 and the set of the functions
of G; univalent in {|z| < R} is a compact normal family: i, should belong

to it, which is not the case. O

Obviously, the asymptotic inequality (2.18) holds for the radius of in-
jectivity of hi(_l) too (since these functions, properly rescaled, converge
uniformly to hi(_l) on somesmall disk).

When |, | < 1 and f, is an ertire function (resp. when |, | > 1 and the

inversefunction f °(=1) is ertire), the linearization hy is univalert in its disk

5

of corvergence,as is easily cheked by means of the functional equation
f ohy = hy o Ry (resp. the functional equation f°(=Y) o h; = hy o Ry-1)
which is then satis ed in this whole disk, and not only in a neighbourhood
of the origin. Thus under these more restrictive assumptionsthe previous
corollary givesan information on the decreaseof the radius of convergence
of hy.

Arnol'd [22] raisedthe question of the origin of the divergenceof the series
of classicalperturbation theory:

L'id e de la mat@rialisation des r§sonancesest de trouver des
obstaclestopologiquesp la convergencedes sfiries de la th§orie
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des perturbations dans le comportement des orbites du systgme
perturb§ dans l'espacedes phasescomplexe.

We shall now give an elemenary illustration of such a manifestation of
the resonancesdn the singular behaviour of the linearizations. According
to Remark 2.2, we may think of the function

asa rst-order approximation of hi(_l) for , tendingto & in anon-tangertial
cone. This function has rami cation points at the boundary of its disk of
injectivit y (which coincideswith its disk of convergence),and we can write
them
g?mim/kq g/ m € Z=kqZ;

where ¥2denotessomedetermination of £%(1 - %)nl/kq.

Now, sincef, = hyoRy o hi(*l), we may expect that something occurs
nearthesepoints in the dynamic of f 5, explaining the result of Corollary 2.1.

ul/kq. There

exists positive constants " and Y2such that, for 0 < |, —&| < % the local

£
Lemma 2.5. Let us denote by ¥aa determination of %(1— %)

diffeomorphism f 5 admits exactly K orbits of period q inside the pointed disk
D= {zeC|0< |z| < "}. Moreover, the Kq fized points of f{? in D* are
analytic functions of Yawhich can be written

Zn(,) = €™M Y1+ O(%));  m e Z=kqZ
(with T x\(Zm(,)) = Zm+ip(, ) ); we thus get the following upper bound for the
radius of injectivity r'(,) of hi(_l):

r'(,) < sup{|zm(,)

“1/kq.

. m ez}~ A, —9)

Note that here the multiplier , is not required to lie in a non-tangertial
conewith vertex at o.

Proof. The relation betweenthe periodic orbits of f , and the radius of in-
jectivity of hi(_l) is due to the fact that a whole periodic orbit cannot be
included in the disk of injectivit y of hi(_l), for in that disk the dynamic is
conjugate to Ry and |, | # 1. More precisely: whenewer z ¥ 0 belongsto
the disk of convergenceof fiq and both z and fiq(z) belong to the disk of

(=1)

injectivit y of h{'™/, we have:

hV(E2z)) =, (@) # bV (2);
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thusf/(z) 7 z.
We now begin the proof of the rst statemert by writing the g-th iterate
of f, as

fY(2) =, 2+ AZMM(1+ 2B(2) + (, —®)2°C(,; 2)

where B and C are analytic for | closeto @ and z closeto the origin. On
the other hand, 1 —, 7 = g9 (o — , )'1+ (e —,)D(,) with D analytic
at @. Thus, the equation of the non-zero xed points of f }* is equivalert to
the equation
kq — ﬂ _ 2 .
Z A(l o) )E(>7 Z)

' ¢ ¢_
where E(,; z) = "1+ (r —,)D(,) + Z%C(,: z) "1+ zB(z) ' is analytic
at (=;0) and E(=;0) = 1. This function can be written E = F*? where F
has the sameproperties, and our equation amounts to
i A¥fa ¢
Im € Z=kgZ| z= ¥F =l — T‘{c);z g?mim/ka
which is equivalent, by the implicit function theorem, to saying that z is the
value of one of kq functions z,,(, ) analytic in % with z,, = e*™™m/ka3/] +
O(%)). Finally, sincef\(z(,)) = 8z,(,) + O(3%) is also xed by f;’q, we
must identify it with z,,,4,(, ). O]

2.6. Two-variable version of Theorem 2.1. In this sectionwe consider,
asavariable| justlikez| rather than a parameter, sowe pretend we are
dealing with mappings of C x C*:

©(z;,) = (A\(2).)

analytic on subsetsof C x C* and acting trivially on the secondargumert.
Our purposenow is simply to rephrasethe results of sect. 2.2 in this two-
variable corntext, in view of extending them to one casewhere the second
variable is not inert any longer (seethe next section).

We start with a family of germsf ) € G, like before,exceptthat we do not
assumethe nonlinear part f, — Id to be independen of , , and we translate
the results of the end of sect. 2.2 (with , = %) for the map

F(z;,)= (fA(2):,)

which is assumedto be analytic on D, x U, wherer > 0 and U is someopen
subsetof C*.
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The rotations R, becomethe map:
R(z;,) = (.z;.); (2.19)

and the linearizations h), available at least at the points , of U which do
not lie on the unit circle S', becomethe map:

H(z;,) = (hx(2):.);
solution of the conjugacy equation:
FoH=HoR;

with the normalizing condition H — Id = (O(z?); 0).

As a function of two variables, H is analytic at all the points of the form
(0;, .), where , , liesin U but not on S'.

For ,, € UNS!, calling V the intersection of U with any non-tangertial
cone with vertex at (0;, .), we can state the following facts about the be-
haviour of H in D, x V:

1. If , . = B is aBrjuno point, there exists ¥2> 0 suc that H admits a

cortinuous extensionto D, x V.

2. If ,, = & isresonan of order g and if F°I(z;0) = (z;9), the same

conclusionholds.

3. If ,, = o isresonant of order g but not all the points (z;2) are ¢-

periodic, we can attach to @ a positive integer k and a nonzerocomplex
number A de ned by:

Foi(z;m) = (z+ Az"T! + O(zF12); n)
and sudh that the sameconclusionholds for the rescaledmapping:
H=S"1oHosS;
with S(z;,) = i(, — 1) k%zz; , ¢ and with:

H(z;0) = Iz'l—iqu Tkaio o
qQ
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3. THE SEMI-STANDARD MAP

3.1. Introduction to the semi-standard map. We now extend the re-
sults of the previous section to the biholomorphic symplectic mapping F of

C=2vZ x C de ned by: g

< X1 X+y+ ei:v;
F(X y) = (Xi;y1); . . (3.1)
. y1 — y+ eZ(E

This is the so-called semi-standard map, which has been studied by many
authors [23], [24], [25], [26], [27] asa model-problem of symplectic twist map.

In particular it provides a simple model for the study of invariant circles
of symplectic twist maps, with power seriesinvolved instead of trigonometric
series[23, §32, p.173} indeed, for Im(x) large, we may seeF as a perturba-
tion of the rotation R(X;y) = (x+ y;y) and askwhether the invariant curves
y = constant of R have any counterpart for F; i.e. we x ! € C and we look
for an invariant curve parargetrized by w

Sx = p+ (@)

21} + Ae?);

"y
in such a way that F(x;y) correspondsto u+ 2% , with ' and A analytic
and vanishing at the origin. If | € R, the above problem admits a solution
(; A) = (" 2xu;Aory) if and only if ! is a Brjuno number [24], [25).

We shall seethat for ! € C\ R, there exists always a solution, which we
still denoteby (' 2r0; Asrw), and we shall study its behaviour as! tends to
a resonance, i.e. a rational number. For the very samereasonas the one
mertioned in the note 2, the solution will depend cortinuously on! in any
cone non-tangertial with respect to the real axis with vertex at a Brjuno
number.

Since we considernow ! as a variable rather than a parameter, we can
istate the problem as a %onjugacy problem: nd H of the form H(x;y) =

X+ ' ,(e");y+ Ay(e”) sudhthat FoH= HoR.

The relationship with the previous sectionis best seenusing the following

variables:

7= eiac. — QY-

5 )
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which give to F the form”: o

Sz =, z€%

F(z;,) = (z1;,1); ,
L1= L, e
The points (0;, ) are xed by F, and our problem consistsin nding a map
H "xing thesepoints and satisfying the conjugacy equation:

FoH=HOoR; (3.2)

whereR correspondsto R and coincideswith the previously de ned rotation
(2.19). Thanks to the relation z; = | 1z, it is easyto ched that H can be
written as:
)= sy @)
ST TR )
We choosethe normalization:

h(z;,) = ize”®); A,(0) = O;
sothat ' , = ¥#2 —iA,,. This leadsus to the equation:
An(,z) = 2A\(2) + A\(, '2) = —zeM () (3.3)
and to the formula:
H(z ) = iz e eitor@-o02) " (3.9)

The existenceand the analyticity of H for , € C*\S! and |z| small enough
is guaranteed by the stable manifold theorem applied in the intermediate set
of variables (z;y). Indeed, in these variables the semi-standard map takes

the form: 8
<z, = zeWt?)

"Y1 =Yyt zZ;

the points (0;y) in thesevariablesare xed, and the jacobian at such points
haseigenvaluesl and , = €. Wethus get, for ead y of positive imaginary
part (0< |, | < 1), alocal stable manifold, and for ead y of negative imag-
inary part (|, | > 1), a local unstable manifold; theseare analytic imbedded
disks tangert to the eigervectors(, — 1; 1), which we can parametrize by z,
sothat the dynamic on them is conjugateto the rotation z — , z. By glueing
theseparametrizations and using the appropriate set of variables, we get the
mapsH or H. Note that wheny = 24 , where! isBrjuno number (i.e. when

"Instead of the semi-standard map F itself, we are thus considering the quotient map

from C/27Z x C/27Z in itself, but this does not change anything for the kind of invariant

circles which we are interested in; observe that ¢, and 1, must be 2m-periodic in y.
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P - ¢
_isaBrjuno point), we may considerthe imageof z — ' ze#v():y+ A,(2)
as a certer manifold [23], [28].

3.2. Existence of non-tangential limits. The functions under study are
the unique solution A of (3.3) sudh that Ay(0) = 0 and the normalized
solution H of (3.2) which is determined by A through (3.4). With reference
to sect. 2.6, we (improp erly) call them linearizations.

Theorem 3.1. Let us fir a resonance @ = exp(2¥ip=qg) where p € N,
g€ N*, (pla) = 1, and let us define the maps:

sx(2) = (, —9) %92, S(z;,) = (sA(2);,)

(how we choose the determination of (, — &) 2/4 does not matter), and the

rescaled linearizations:
ﬁ)\: A)\OS/\; H = S_loH oS: (35)

For any non-tangential cone V. with vertex ©, the function Ay converges to
some analytic function Ay, uniformly on some small open disk D, around 0,
as , tends to & in V; and for ¥2> 0 small enough, if we denote by U the
disk around © of radius Y2 the function W (z;,) extends continuously in
D, x (V NU) by:

H(z;0) = (ize™);m):

Proof. Expanding A, into powers of z:

A= A()Z
j=1
and substituting into (3.3) one nds:
8
3A() = #()\);A
x1 1 X
K!

1
—

;Aj(’) Dj(\) ALY AL forj >2;
k=1 jit..+ix=i—1
whereD;(,) = —(, /2 —, 79/%)2.

Since, tendsto = in V,8there exists a positive constart c¢; < 1 such that:
<cs ifj #0 (mod q);

>,
“cs), —e|?> ifj=0 (modQq):

D;(.)

5

We now ched by induction that, for all j > 1,

ooy T

A <clyg ——
AT = 679 5|, —af?

; (3.6)
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where the numbers %3 are de ned accordingto the formulas
X1 X
=1L %= Y, %%, (1 =2)
k=1 j1+...4jr=7—1
Indeed, the inequality (3.6) is satised for j = 1 (whether q= 1 or q> 2).
Let us supposethat it holds at ranks 1;:::;j — 1 for somej > 2: thanks to
the subadditivity of the integer part we get

1 1 Mo e
A —i+ Wi = !
But we have always [+ | < | 1], and also |2+ ] <[] —1in the casewhere
g dividesj, thus
3 1 1 1Z]
A <c! ’
T o, -

in all caseswhich proves(3.6) at rank j.

The generatingseriesfor the numbers¥ is easily computed: P j>1 3/§*zj =
1[1— (1 —42)"/?], it de nesa holomorphic function which extends continu-
ously to the closure of the disk of radius 1=4 with certer at the origin, thus
¥i < const4’ and the “rst statemert of the theorem clearly follows by the
argumerts already usedin sect. 2.4. We note that A, is in fact a function
of z4, and this givesthe secondstatemert relative to H. O

Remark 3.1. If | tends to 1 non-tangertially, one can easily compute the
limit A;. Note that A, is the solution of;

A 2) - 28(2) + A7) = —(, - 1)°2en ),

since:
A2) =A@+ (- D@+ (1R +

1- 1(1-,)°

A(, 7'2) = A\(2) + > zR,\(2) + > 3 22R{(2) + ::;

5

5

one nds at the limit:
2R, (2) + 2°R)(2) = —2e"); (3.7)
with the initial condition A;(0) = 0. Thus:
3

Ai(z) = —2log 1+ g : (3.8)
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Remark 3.2. If the term € in (3.1) is replaced by ° (&%) where ° is any
analytic function vanishing at the origin (even with nite radius of corver-
gence),the conjugacy equation (3.3) becomes:

A, 2) — 2A\(2) + A\(, T12) = i°(ize™ )

and Theorem 3.1 can be proved in this more general casetoo. But the
di®erertial equation for the non-tangertial limit at @ = 1 is then:

2R (2) + 22R!(2) = i° (ize"?);

the solution with initial condition A;(0) = 0 might be very di®eren, and its
analytic continuation much more savagein that case.

3.3. Explicit formulas for $he limits at resonances. We now compute
the limits A, for all & = exp 2742 with (plg) = 1.
We attach to such a resonancea the q— 1 positive numbers:

Dr(”)=2—°T—°T24Sin2(%)l/‘); r=1::;9-1
whoseproduct is g* (note that D,_,(®) = D,(r)).

Theorem 3.2. The limit at the resonance @ is given by the formulas:

U

i 2 a2C(r)
Ar(z)= —=log 1+ z?
A q 2q |
fe) = 2 e SO s
’ - 2q ’ ’
where the number C(1) is obtained from auziliary coefficients Cy, :::, Cy_q
according to the formulas:
1
C1 = Di(a)’
C — 1 %1 1 X C C — 2. PEECEC 1.
T_DT(C) m ry "ty forr— 1'--1q_ ’
n=1 r1+...+rpn=r—1
X1 1 X
Cm) = - Cn--Cp:

n=1 n: rit..Arn=q—1
The constart C(=) is always an algebraic positive number. Obviously
C(e—1) = C(r) (since D.(e—1) = D,(a)); here are the st few values
of C(m):
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C(e*™P/q)
1

14

1=6

5=24

63—11/5
120(3—+/5)
63+11V5
120(3+/5)

99=80

B N R R R R O|T

o 01 o b~ W N PO

1 in the previous
2. We shall usea

This result agreeswith the one computed for o
section, and in the proof belowv we shall suppose g

Y

slightly di®eren scalingand new variabless and " :
'(s7) = Apen(" €,

so that:
lim " (s:7) =" a(s) = Av(a e
n——0

where the notation ~ =% 0 meansthat the limit exists for * tending to
zeroin any non-tangertial coneof the half-plane {Re” < 0} with vertex 0,
uniformly in somehalf-plane {Res < sy}.

It is sutcient to show that:
C(a)
2q

" Als) = —%Iog 1+ e’

and, just like at the end of the proof of Theorem 2.1, this formula will derive
from a di®erettial equation; we needonly to show that:

"A(s) = —C(a) eraen () (3.9)
We shall also prove the following.

Theorem 3.3. The following expansion holds for' (S;”):

X . Qk/qckeks
+

o() (3.10)
%{?)eqs)mﬂ

Y(si7) =" A(s) +
1<k<i (1+

where the Cy are the ones defined in Theorem 35.2.

Webelievethat eq. (3.10) providesthe beginning of anin nite asymptotic
expansionin powers of “ 2/¢; moreover the method that we useleadsto a
system of equations involving the same operators as in [29], where these
operators are shown to produce resurgence in the variable .
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3.4. Proof of Theorems 3.2 and 3.3. In this section we shall prove the
two theoremsstated above. We shall prove them through a seriesof lemmas.

Proof of theorem 3.2. In the variables (s;” ), the conjugacy equation (3.3
becomes:

C(sH - +7) =2 (s)+ (s—- =7 7) = — 2agstelsa); (3111)
where - = 2¥%ip=q We introduce the following linear combinations of the
- -translations of ' :

X_l n_kT
Y(s;”) = "(s+k-;7); forr=0;1;:::;9- 1L
k=0

We also intro duce the Kronecker s%/mbol on Z=dz:

< H .

1 ifa=b (modaq);

Va,beZ; X, = ( 9
- 0 otherwise

The following identit y:

%1 (0 afb)r
Va,be Z; %, = (3.12)
r=0 q
allows us to write the inverseformulas:
1
"(s+ k-:7)= akry,(s;”) fork=0;1;:::;9— 1;

r=0
and by combining the - -translations of equation (3.11), we obtain the system
of equations:

(¢ ,%)(s;") = — Yestoolsmg forr=0;L:::;9—1; (3.13)
where the operator ¢ ,. is acting on a function A(s;”) according to:

(¢, A)(s; )= n"A(s+ ;") —2A(s;" )+ o "A(s — ;")

and:
X1g—kr-1) Xt
S,=  ———exp( 2M%(s)):
k=0 r’'=0
Developing the exponertials and using again the identity (3.12), we nd:
X 1 X
S, =% 10+ — Bt 1%, Y, (3.14)

|
n>1 " 1<ry,...,rn<g—1

We know that the functions % and S, tend to someanalytic 2¥i-periodic
functions of sas” 2 0. We may add, thanks to the uniformnessstatement
and becausetheseare analytic functions of z = €°, that the sameis true for
the partial derivativeswith respect to s of the functions ¥, this allows usto
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give the following approximation for the operator appearingin the left-hand
side of equation (3.813):
© sy = (@S0 =0 (3.15)
- =D,(®)¥%(s;")+O(") ifr=121::1;9-1

thanks to the Taylor formula. This was indeed the purposeof using these
functions %.: to getrid of the di®erenceoperator in the approximation of our
equation, replacing it by a di®erenial operator (one might considerthat the
operator ¢ ,. is a\di ®eretial operator of in nite order"; someseriesto which
the inversion of a closely related operator givesrise are studied in [29)).

This implies immediately that % = O(" 2/9) forr = 1;::::q— 1. But we
shall seebetter estimatesin the following lemma.

Lemma 3.1.
Y%(s;") = O(C#/9) forr=0;1:::;q— 1
Before proving Lemma 3.1, we introduce a notation for the intervals of
integers:
fora;be Z such that a<b, [a;b]j={reZ|a<r <b};

and we state an easycombinatorial lemma:
Lemma 3.2. a) IfneN*andr;rq;::0;r, €[1,9-—1],
Eitotrar1 Z0=r+ i+, >r =1
b) Suppose that Q> 3 and rg € [1;9— 2]. Define N, forr € [1,9— 1] as
N, = min(r;rg). Then, ifn e N*, r € [ro+ L,g—1] andry;:::;r, €
[1a-1].
Fototrar—1 7 0= Ny + 100+ N, >0
Proof of Lemma 3.2. @) Supposethat %.,. 4, ,—1 7 0. There exists
m € Z sud that r; + :::+r, = r —1+ mg. The positivenessof
all r; impliesthat mg>n+1—-r> —qg,som > —1, thusm > 0.
b) Supposethat we are givenq, ro, r and ry;::: ;r, like in the second

part of the lemma. Sincer — 1 > ry and becauseof a), it is sutcient
to prove that:

ri+:i+r,>rg=N, +:::+ N, >rq:

But if we supposeN,, + :::+ N, < rg— 1, the positivenessof all
N, implies that eat one satis es N,, <ro—1,andthusN,, = r; by
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de nition of N. Thereforer;+ :::+r, = N, +:::+ N, <rp—21and
we are done.
]

Proof of Lemma 3.1. The property to be proved was already cheded for
r = 0andr = 1; this settlesthe caseof q= 2. We shall supposeq > 3 and
prove by induction that for all ry in [1;q— 1],

Wr e [Lg—1]; % = O( «™nro)y;

This property at rank ro = g — 1 is nothing but the desired estimate. It
was already cheded for ro = 1, so let us supposeit to be true for some
ro € [1;9— 2]: in order to establishit at order rop + 1 we only needto shown
that:
vrelro+ Lg—11; % = O( 2rotD/e):
Now, if ro+ 1 <r < qg-— 1, the property at rank ro and Lemma 3.2 imply
that:

Vet €La—1 Fovogrn 1%, %, = O 20/9);

thus S, = O( 279/9); becauseof the equation (3.13), ¢ ,% = O( 2(ro+t1)/q)
and the estimate (3.15) implies that ¥ = O( min(12(r0+1)/9))  hence the
result in the casewhere 2(ro + 1)=q< 1.

If 2(ro + 1)=q> 1, we have %% = O(") and this allows for a re nement of
the approximation (3.15):

¢ 7‘3/4’ = _Dr?/4“ + O(, 2);
thus % = O(" 2(0+1)/4) in that casetoo. O

We shall now study the behaviour of ~ ~2/9%(s;") as”~ % 0, again by
induction onr. As for ¥(s;” ), its non-tangertial limit is nothing but ' 5(s)

since' = ‘;’;(1] ¥% and % tendsto zerofor 1 <r < g-—1. (We alsoseein
this way that all the - -translations of ' coincide at the limit: ' 5 must be
%-periodic, and A, must be function of z%.)
Lemma 3.3. For allr in[1,9— 1],
' ¢
Y(s;”) =" 27”/qlC,4e7"(s+”°(s”7)) +0() : (3.16)

For allr an [1;q],
S = 2(T71)/qi Ere(rfl)(eroo(SJ?)) + O( )¢; (3.17)
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with Sq = Sy and:

Ei=1,
X 1 X

E’r = m Crl . Cr
n>1 4 4rp=r—1

. for2<r <q
Proof. If 1 <r < q—1the estimatefor % in (3.16) follows from the estimate
of S, in (3.17), by virtue of equation (3.13) which yields:

¢, %= = IE, e+ 0()
and of the re nement of the approximation (3.15):
¢, % = —D,% + O( *2r/1);

which is made possibleby the fact that % = O(” 2"/9). Indeed, C, = E,=D,.
If 1 <r < q, the estimate of S, in (3.17) will be deduced from the

estimates(3.16) at ranks 1;::: ;r — 1, i.e. we proceedby induction onr.
For r = 1, we apply the rst part of Lemma 3.2 inside equation (3.14)

and get:

X 1 X
S5 =1+ ] Y, 0%,
n>1 " ri+..trn=mg
m>0

But in ead term of the sum, sincethe r; must be positive, the integer m
must be positive too and the corresponding product %, --- %, which is
O( 2(t-+m)/9) is also O(" 2). Therefore S; = 1+ O( 2).

For 2 <r < g, supposing(3.16) to betrue at ranks 1;::: ;r —1, werewrite
(3.14) taking into accourt the rst part of Lemma 3.2
X 1 X X 1 X
S, = ~ 1%},1 Y+ = ?/4,1 Y
n>1 n: ri4..+rp=r—1 nm>1 n: r14...+rn=r—1+mgq

The secondsum is O(" 2t2("—1)/4) becauseof Lemma 3.1. The induction
hypothesis applies to ead term of the rst one, for this sum involves only
valuesof the indicesrq;::: ;r, ranging from 1to r — 1. Thus:

X 1 X

S, = “2r-1)/q |

n!
n>1 r1+...+rp=r—1

. Cpy -+ C,, = H00)(1 4+ O(7)) + O(” 22— D/ay.
hencethe desired estimate. O

We can now nish the proof of the theorem. On one hand the esti-
mate (3.17), when specializedto the caser = q, introducesthe coet ciert
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C(m) = Eg

S,=So=" Aa=1/1(C(m) ela—N(st0) 4+ O(")):
On the other hand the equation (3.13), together with the estimate (3.15),

yields:
(@%+ O(%) =~ Pertsy:

Therefore:
@%(s;") = —C(r) €T + O('); (3.18)
and the uniform limit ' 5 of ¥ must satisfy the limit equation (3.9), which

characterizesit sinceall our functions are 2%i-periodic and tend to zero as
Re(s) tendsto —oo. O

Proof of theorem 3.3. A kind of analytic Gronwall lemma may be applied
to the estimate (3.18) in order to prove that:

Yo(s;") =" a(s) + O('): (3.19)

This provides estimates of %; %;:::; %—1 (with the help of (3.16)) which
prove (3.10). More precisely let us explain how (3.19) may be derived from
(3.18.
Let A(s;") = ¥%(s;” ) —" a(s). We canwrite the di®erencebetween(3.18)
and (3.9):
@A= —C(r) "9 (e — 1)+ O(")

as:
@A=f(s;)A+g(s;);

wheref = —C(n) C-tetstavs () = O(1) (becauseA is known to be o(1))

andg= O(").

Coming bad to the variable z = e°, we get three functions A*(z;") = A,
f*(z;”) = f andg*(z;") = g, which are analytic for z in some xed discD,
certered at the origin and ~ in somenon-tangertial coneV, with vertex O.

The three of them vanish when z = 0, sothat their Taylor expansionsare:
X X ] X )
A= AC)ZY = ()2 gt= g()Z
n>1 n>1 n>1
Becauseof the uniformity og)our estimatesand Cauchy inequalities, there
exist a corvergert series®= -, ®,z" with constart positive coetcients

and a positive constart "y such that:

VeV vnz1l [[<To=[fa() <® and |g.(")| < | [®x:
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When expanding into powers of z the di®eretial equation:
(Z@)2A* - g* + f *A*;

we seethat the coetcients of A* can be bounded by |A,| < | |, provided

that: 8
37, >®;
_ i X _ ¢
1 .
gnZEZ®n+ ®n1n2-
’ ni+nz=n p
Sudch a requiremert may be ful Tled by a corvergert series = ., 2",
e.g. = ®(1— ®), which is sutcient to conclude. O

3.5. Invariance of the limits under formal conjugacy. We have asso-
ciated to the semi-standard map a set of numbers {C(=) } which determine
the non-tangertial limit of the rescaledlinearization at any resonancea, and
we mertioned at the end of sect. 3.2 the existenceof non-tangertial limits

for the more general caseof the map:

’

< z; =, ZeiW(Z)

F\(z,) = (z15,1); A
=, eZ’Y(z)

5 1 ’
for any function ° analytic and vanishing at the origin. We shall denote
by H, and H, = S™1oH., oS the corresponding linearization and its rescal-
ing.

We now prove the invariance of these limits under a suitable notion of
formal conjugacy All the mappings from C x C* in itself that we consider
leave the points (0;,) xed: thesepoints are the null section of the bundle
Cx C*+— C*.

Let us x aresonancea. The formal conjugating di®eomorphismsthat

we shall use are of the form: q

X X
))(Z; 5 ) = ®TL(, )Zn; 5 + TL(, )Zn ;
n>1 n>1
wherethe coet cients ®, and ,, are contin uousfunctions de nedin a neigh-
bourhood of . We may think of such a » as a local di®omorphism of
l((32; (0;m) , formal in z, continuousin , , leaving the null section “xed.
Let F* be some analytic local di®eomorphismof |(CQ; (0; @) leaving the
null section xed, dened in D, x U, wherer is a positive number and U is

someopen subsetof C*. If we assumeF * to be formally conjugateto F., by
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somex», we nd immediately the relation betweenits linearization and the
oneof F.:

F*oH"=H"oR; with H* = »0oH,:
Thus, applying the samerescalingS to the linearizations of F, and F*, we
obtain:

H*= S loH*0S= S_lo»oSoH',Y:
But (S~'o»0S)(z;,) tendsto (z;=) as, tends non-tangertially to @, thus
we have proved that for any non-tangential cone V with vertex @, and for
%2> 0 small enough, the rescaled linearization H* extends continuously in

D, x (V NU) with the same value as H., at the points (z;1) .
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