
          

LIMIT AT RESONANCES OF LINEARIZATIONS

OF SOME COMPLEX ANALYTIC DYNAMICAL SYSTEMS

ALBERTO BERRETTI, STEFANO MARMI, AND DAVID SAUZIN

Abstract. We consider the behaviour near resonances of linearizations

of germs of holomorphic diffeomorphisms of (C; 0) and of the semi-

standard map.

We prove that for each resonance there exists a suitable blow-up of

the Taylor series of the linearization under which it converges uniformly

to an analytic function as the multiplier, or rotation number, tends non-

tangentially to the resonance. This limit function is explicitely computed

and related to questions of formal classification, both for the case of

germs and for the case of the semi-standard map.
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1. Introduction

It is well known sincePoincar¶e's work on normal forms and celestial me-

chanics, that resonancesare responsible for the divergenceof the seriesex-

pansionsof quasi-periodic motions in the theory of dynamical systems. In

the simplest non-trivial caseof one-dimensionalholomorphic systems, this

di± culty already appearswhen one tries to conjugate a given system to its

linear part z 7→ ¸ z in a neighborhood of a ¯xed point z = 0.

For a ¯xed value of the multiplier ¸ , the linearization (when it exists)

has a complicated analytic structure with respect to its argument. Almost

nothing is known, except for somenumerical studies(e.g. [1], ¯gures 6 and 7

of [2] and referencesquoted therein, [3], [4]).

If one considersthe dependenceof the linearization on ¸ , resonancesap-

pear as formal polesof the Taylor seriesof the conjugation: it is the famous

phenomenonof \small denominators". In some sense(see sect. 2.2), the

unit circle T1 is a natural boundary of analyticit y for the conjugation with

respect to the multiplier ¸ . Neverthelessthe serieshasnon-tangential limits

at almost all points of T1 (see sect. 2.1 for more information and [5], [6]

for a detailed study in the caseof analytic di®eomorphismsof the circle).

The relation betweenthe formal poles(associated to the resonances)of the

linearization and its natural boundary of analyticit y calls for someenlight-

enment, especially if one places the problem in the perspective of Borel's

theory of uniform monogenicfunctions [7].

In this paper we prove some results concerning the behaviour at reso-

nancesof the linearizations of local di®eomorphismsof C (seee.g. [8]) and

of the so-called\semi-standard map" [10], [1]. Thesetwo modelsareactually

tightly related (compare sect. 2.6 and 3.1).

In particular, for each of the systemswe take into account, we prove that

the linearizations have well-dē ned limits as the multiplier (or the rotation

number) tends non-tangentially to a root of unit y (or a rational value p=q)

provided the Taylor series is suitably blown-up, and we compute theselimits.

In the caseof germs,this generalizesa result of Yoccoz[8, sect. 3.3 and 3.4,

p. 73-78], as he computes this limit only for the quadratic family Pλ(z) =

¸ (z− z2).

Theselimit functions have a ¯nite radius of convergenceand rami¯cation

points. By reversal of the blow-up, they provide an approximation of the

linearization when the multiplier is very closeto a resonance.
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Of courseit would be quite interesting to generalizetheseresults to gen-

eral analytic small divisor problems (Hamiltonian systems, real analytic

area{preserving twist maps, etc.). [2] studies the standard map case: by

a suitable blow-up the Lindstedt serieshasan explicitly computable limit at

the resonances0=1 and 1=2. The sameis true for all resonancesp=q, as re-

cently proved in [9]. We alsohope to be able to apply the method presented

in sect. 3 in order to improve thesestudies.

2. Germs of holomorphic diffeomorphisms of (C; 0)

2.1. The linearization of a germ. Let G denote the group of germs of

holomorphic di®eomorphismsof (C; 0). An important problem in complex

dynamics is to describe the conjugacyclassesof this group. Sincethe origin

is a ¯xed point, onehassomenatural conjugacyinvariants like the multiplier

¸ = f ′(0) of the germ f at 0 and the holomorphic index:

i (f ; 0) =
1

2¼i

I
dz

z− f (z)
;

where we integrate on a small loop in the positive direction around 0. If

¸ 6= 1, the origin is a simple ¯xed point and one clearly has:

i (f ; 0) =
1

1− ¸
:

Let Gλ denote the set of f ∈ G such that f ′(0) = ¸ . Such a germ f is

said to be linearizable if it belongs to the conjugacy class of the rotation

Rλ(z) = ¸ z. This is always the caseif |¸ | 6= 1: by the Poincar¶e{K Äonigs

linearization theorem [11], [12], one knows that there exists a germ hf ∈ G1

such that:

f ◦ hf = hf ◦ Rλ: (2.1)

The condition hf ∈ G1 ensuresthe unicit y of the solution of this conjugacy

equation. From now on, when speaking of conjugacy classesof G without

other specī cation, weshall always refer to the adjoint action of the subgroup

G1 | not the whole group G.

The function hf is called the linearization of f : attracting (|¸ | < 1)

and repelling (|¸ | > 1) ¯xed points of holomorphic di®eomorphismsare

linearizable. If one keeps f − Rλ ¯xed as ¸ varies, or more generally if

f depends analytically on parameters, then by uniform convergencethe
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dependenceof the linearization hf is also analytic. If f is an entire function

and |¸ | > 1 then hf is an entire function.

When |¸ | = 1 the ¯xed point at the origin is indifferent and one must

distinguish three di®erent kinds of multiplier:

1. parabolic or resonant point : ¸ = ¤ = exp
³

2¼i pq

´
, wherep ∈ N, q ∈ N∗,

(p|q) = 1;

2. Brjuno point : ¸ = B = exp(2¼i ! ), ! ∈ R\Q and ! is a Brjuno number

[13], [14]:
P ∞

k=0
log qk+1
qk

< +∞, where{pk=qk} denotesthe sequenceof

partial fractions of the continued fraction expansionof ! ;

3. Cremer point : ¸ = exp(2¼i ! ), ! ∈ R\Q and ! is not a Brjuno number.

Actually , Cremer proved [15] that Gλ is not a conjugacy classif:

sup
n

logqn+1

qn
= ∞;

however we think that it is quite fair to give his name to the complement of

the Brjuno set.

In case(1) ¶Ecalle [16], [17] and Voronin [18] gave a completeclassī cation

of the conjugacy classesof G contained in GΛ; among them the classof the

rotation RΛ consistsof all elements of order q belonging to GΛ, but there

are other conjugacy classesin GΛ.

In case(2) above, Gλ is a conjugacy classof G [13] (as in the hyperbolic

case |¸ | 6= 1): for all f in Gλ there exists a unique analytic linearization

hf . In 1987 Yoccoz [8] proved that in case(3) Gλ is not a conjugacy class

and there exists at least one non-linearizable germ f ∈ Gλ. A remarkable

example is given by the quadratic polynomial:

Pλ(z) = e2πiω(z− z2)

which is linearizable if and only if ! is a Brjuno number.

Our main motivation in this study is to understand how the formal poles

due to resonancesgive rise to the complicated analytic structure of the

linearization. For that reasonwe shall let ¸ vary in a non-tangential cone1

with vertex at any root of unit y ¤ , and we shall treat it as a bifurcation

parameter. Consequently , the germ f itself will vary | we thus denote it

by f λ henceforth |, and its linearization hfλ will be studied as a function

of ¸ , singular at the resonance¤ . We shall provide all the details for the

situation where the nonlinear part f λ − Rλ is kept ¯xed as ¸ varies (this

1By “non-tangential” we mean: non-tangential to the unit circle; a non-tangential cone

with vertex at Λ is any set V = C(Λ; ®) with the notation of formula (2.10) on page 11.
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assumption is quite natural: see[5], [6] and [19, chap. I I I] for the related

problem of the dependenceof the linearization in one-parameterfamilies of

analytic circle di®eomorphisms),but we shall also give (at the end of the

next section) the corresponding statements for a more general dependence

of f λ on the parameter ¸ .

Note that if, instead of a sectorial neighbourhood of a resonance,one

considersa non-tangential coneV with vertex at a Brjuno point B = e2πiω,

an easy2 but interesting property of the linearization is its continuit y with

respect to ¸ (i.e. hfλ tends to hfB as ¸ tends to B inside V ).

More generally if one assumesthat f λ0 is linearizable for a certain ¸ 0

satisfying |¸ 0| = 1, when ¸ tends to ¸ 0 non-tangentially the linearizing

maps hλ are univalent on a small uniform disk3 (they thus form a compact

family) and any limit of thesemaps when ¸ tends to ¸ 0 is a linearizing map

for f λ0 . These limits clearly coincide if ¸ 0 is not resonant, otherwise this is

a consequenceof Theorem 2.1 below.

In what follows, putting the vertex of V at a resonance¤ , we shall prove

the existenceof a suitable scalingunder which hfλ hasa non-tangential limit.

Thesescalingsare a slight generalizationof the notion of blow-up of a formal

power serieswhich is standard in algebraic geometry and which has already

been applied to the study of complex analytic di®erential equations [20,

section I I I]. We shall also compute theselimits and study their relationship

to the classī cation of formal conjugacy classesof GΛ.

2Let us consider the intersection Vρ of V with a disk of center B and of small ra-

dius ½, i.e. V = C(B ; ®; ½) with the notation of formula (2.10). It is immediate to

check from the relation (2.1) which defines the linearization, that hfλ = z +
P

hn(¸ )zn,

where each coefficient hn (n ≥ 2) is a finite sum of rational functions of the form

(¸ j1 − ¸ )¡ 1 : : : (¸ jn−1 − ¸ )¡ 1 with 2 ≤ j 1 ; : : : ; j n¡ 1 ≤ n. Clearly hn is analytic in Vρ and

continuous on its closure V̄ρ; the uniform convergence follows from the standard Brjuno’s

argument, since there exists a positive constant C such that ∀¸ ∈ V̄ρ; ∀j ≥ 2; |¸ j− ¸ |¡ 1 ≤
C|B j − B |¡ 1 (because there exists c > 0 such that any point of V̄ρ can be writ-

ten e2πiθ with ∀q ∈ N¤ , dist(qµ;Z) ≥ c dist(q! ;Z), and there exist c0; c00 > 0 such

that ∀x ∈ C; |e2πix − 1| ≥ c0dist(x; Z) and ∀x ∈ R; |e2πix − 1| ≤ c00dist(x; Z), thus

∀q ∈ N¤ ; ∀¸ ∈ V̄ρ; |¸ q − 1| ≥ c′c
c′′ |B q − 1|).

3This is very easy to see, as an anonymous referee pointed out to us. Denote by hλ0 a

linearizing map for f λ0 . Then gλ(z) = (h¡ 1
λ0
◦ f λ ◦ hλ0)(z) satisfies gλ(0) = 0, g0

λ(0) = ¸ ,

gλ0(z) = ¸ 0z. Thus z¡ 1gλ(z)− ¸ 0 = (¸ − ¸ 0)(1+zS(¸; z)) (for some analytic function S),

and for any non-tangential neighborhood Vρ of ¸ 0 there exists r 0 > 0 such that for any

¸ ∈ Vρ \ {¸ 0} and for any z, |z| < r 0 , one has |¸ | > 1 ⇒ |gλ(z)| > |z| and |¸ | < 1 ⇒
|gλ(z)| < |z|. One deduces from this that, as ¸ varies in Vρ, the radius of injectivity of hλ

is uniformly bounded from below by a strictly positive constant (independent of ¸ ).



             

6 ALBERTO BERRETTI, STEFANO MARMI, AND DAVID SAUZIN

2.2. Existence of non-tangential limits. Let us consider the one-para-

meter family of germsof Gλ:

f λ(z) = ¸ z +
∞X

n=2

f nzn;

wherewe keep¯xed the coe±cients {f n}∞n=2, i.e. the nonlinear part f λ−Rλ

is constant. We denote simply by hλ the corresponding linearization. We

have the following theorem (compare with sections3.3 and 3.4 of [8]):

Theorem 2.1. Let us fix a resonance ¤ = exp(2¼ip=q) where p ∈ N,

q ∈ N∗, (p|q) = 1. There are two possibilities, according to the q-th iter-

ate f ◦qΛ of f Λ:

• If f ◦qΛ is the identity, the formulas

T(z) = 1
qΛq¡ 1

∂
∂λ

¡
f ◦qλ (z)

¢
|λ=Λ

; U (z) = z exp
³ Rz

0 ( 1
T (z1) − 1

z1
)dz1

´
(2.2)

define a germ U ∈ G1 whose reciprocal hΛ linearizes f Λ and has the

following property: for all non-tangential cone V of C with vertex ¤

(non-tangential to the unit circle), the linearization hλ tends uniformly

on some small open disk around 0 to hΛ as ¸ tends to ¤ inside V .

• If f ◦qΛ is the not the identity, there exist a positive integer k and a

nonzero complex number A such that:

f ◦qΛ (z) = z + Azkq+1 + O(zkq+2);

and for any non-tangential cone V of C with vertex ¤ , the rescaled

linearization:

~hλ(z) =
1

(¸ − ¤) 1/kq
hλ

¡
(¸ − ¤) 1/kqz

¢
(2.3)

tends uniformly on some small open disk around 0 to the function:

~hΛ(z) = z
µ

1− A
q¤ q−1

zkq
¶ −1/kq

(2.4)

as ¸ tends to ¤ inside V . (One can choose any of the kq determinations

of (¸ − ¤) 1/kq.)

Remark 2.1. Note that in the casef ◦qΛ = Id the linearization of f Λ is not

unique. What Theorem 2.1 assertsis that, among all the linearizations of

f Λ, one of them is the limit of hλ as ¸ tends to ¤ non-tangentially . The

formulas (2.2) make senseand dē ne U ∈ G1 as claimed in the theorem,

since T(z) = z(1 + O(z)) ; in fact U is the unique solution in G1 of the

ordinary di®erential equation U ′ = U=T.
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Remark 2.2. In the next section, we give somedetails about the numbers

k and A which appear in the theorem. They are classically intro duced as

formal invariants of f Λ: given two germsf Λ and gΛ in GΛ, the existenceof

a formal series' (z) = z + O(z2) such that:

gΛ = ' −1 ◦ f Λ ◦ ';

implies:

k(f Λ) = k(gΛ) and A(f Λ) = A(gΛ);

but the converseis not true: a third formal invariant is necessaryin order to

describe all the formal conjugacy classes.Thus, the limit ~hΛ depends only

on the formal conjugacy classof f Λ but doesnot determine it completely.

Remark 2.3. Note that:

~hΛ = z
µ

1− A¤
q

zkq
¶ − 1

kq

;

~h−1
Λ = z

µ
1 +

A¤
q

zkq
¶ − 1

kq

;

and thesemaps commute with RΛ.

If we now conjugate ~hΛ with the inverse scaling we ¯nd that, when ¸

approaches ¤ non-tangentially and z approaches the origin in such a way

that the quantit y z(¸ − ¤) −1/kq remains constant, then:

hλ(z) ≈ z
µ

1− A¤
q
· zkq

¸ − ¤

¶ − 1
kq

:

Therefore, for ¸ very closeto a resonance,the linearization behaves as an

analytic function with respect to z with kq ramification points that collapse

at the origin when ¸ tends to ¤. We note that this hasalsobeennumerically

observed (comparewith ¯gures 4 and 5 of [4]), with a very good quantitativ e

agreement (comparewith the discussionin the last sectionof [2] for a related

problem concerningthe standard map).

Remark 2.4. Note that one may use any scaling z → s(¸ )1/kqz instead of

z → (¸ − ¤) 1/kqz, provided s is analytic, s(¤) = 0 and s′(¤) 6= 0. In this

casethe limit is:

~hΛ = z
µ

1− As′(¤)
q¤ q−1

zkq
¶ − 1

kq

:

Remark 2.5. Let us envisagebrie° y a more generaldependenceof the germ

f on the parameter, and indicate the corresponding statements. Changing

the notations, we considernow a family f σ of local analytic di®eomorphisms
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which dependsanalytically on a complex parameter ¾. The multiplier of f σ
will be denoted by ¸ (¾). The linearization of f σ, if it exists as an analytic

germ of G1, will be denoted by hσ.

Let ¾∗ be a point of the parameter-spacesuch that:

1. the multiplier ¸ (¾∗) is not a Cremer point;

2. its derivative ¸ ′(¾∗) is nonzero.

If |¸ (¾∗)| 6= 1, the linearization hσ is analytic at ¾∗ (i.e. hσ(z) is analytic

for ¾closeenoughto ¾∗ and z closeenoughto the origin).

If |¸ (¾∗)| = 1, we call \non-tangential " a cone in the parameter-spaceof

the form:
©

¾| arg
¡
± ¸ ′(¾∗)

¸ (¾∗)
(¾−¾∗)

¢
∈]− ®; ®[

ª

for some®∈]0; ¼=2[. So,when ¾\tends to ¾∗ non-tangentially ", this means

that the multiplier ¸ (¾) tends to ¸ (¾∗) transversally to the unit circle. There

are only two possibilities for the asymptotic behaviour of hσ:

• f σ¤ is linearizable; ¸ (¾∗) is a Brjuno point, or a resonant point of order

q but then f ◦qσ¤ = Id (where by Id, here and elsewhere,we denote the

identit y in whatever category we are dealing with): then the lineariza-

tion hσ tends to some hσ¤ ∈ G1 uniformly on some small open disk

around 0 as ¾tends to ¾∗ non-tangentially , and the limit germ hσ¤ is

a linearization of f σ¤ (which is thus uniquely determined by f σ¤ in the

Brjuno case,but which is determined by ∂
∂σ (f ◦qσ )|σ=σ¤ in the resonant

case4).

• ¸ (¾∗) is resonant of order q and f ◦qσ¤ 6= Id: then there exist a positive

integer k and a nonzerocomplex number A such that:

f ◦qσ¤
(z) = z + Azkq+1 + O(zkq+2);

and the rescaledlinearization:

~hσ(z) = (¾−¾∗)
− 1
kq hσ

¡
(¾−¾∗)

1
kq z

¢

tends uniformly on somesmall open disk around 0 to the function:

~hσ¤ (z) = z
µ

1− A
q¸ ′(¾∗)¤ q−1

zkq
¶ − 1

kq

as ¾tends to ¾∗ non-tangentially .

4In the resonant case, any linearization of f σ∗ can be reached at the limit: one checks

that, if a germ F of order q is given with a particular linearization H ∈ G1 , the formula

f λ = F + (¸ − Λ)
TF 0

Λ
with T = H ¡ 1 :(H 0 ◦ H ¡ 1)

defines a family f λ for which the linearization hλ tends to H .



            

LINEARIZATIONS OF COMPLEX DYNAMICAL SYSTEMS 9

All this is proved by adapting the proof of Theorem 2.1, to which the next

two sectionsare devoted. The easiercasewhere f ◦qΛ is the identit y is exam-

ined at the end of sect. 2.4 only.

Formalizing a little more, we could say that we are studying the regularity

properties of the \linearization " mapping L:

L : f ∈ G 7→ hf ∈ G1;

with a particular attention to the singular set:

Ĝ = {f ∈ G | |f ′(0)| = 1};

through its restrictions to some analytic paths. We call path a map from

someopen connectedsubsetU of C in G:

¾ 7→ f σ;

and we call it analytic if for all ¾∗ ∈ U, there exists r > 0 such that the

path induces an analytic function (¾; z) 7→ f σ(z) on the polydisk { (¾; z) ∈
C× C | |¾−¾∗| < r and |z| < r }.

If an analytic path satis̄ es ∂
∂σ f ′σ(0) 6= 0 for someparameter ¾∗, we can

change(at least locally) the parametrization in order to obtain a straightened

path: an analytic path ¸ 7→ f λ such that f ′λ(0) = ¸ .

When the imageof an analytic path liesoutsideĜ, the composition with L
is well dē ned and yields an analytic path in G1. But if the path is straight-

ened and dē ned in a neighbourhood U of ¸ ∗ ∈ T1, we get an analytic

path hfλ on each side of the unit circle and generally no \ analytic continua-

tion" to a neighbourhood of ¸ ∗. It follows indeed from the corollary stated

in sect. 2.5 that in the casewhere the germs f λ or their inversesextend to

entire functions of z, the resonant points5 of U are true singularities of hfλ ,

unlike the Brjuno points, where continuous extension in non-tangential sec-

tors is always possible.

This situation is quite reminiscent of a monogenicuniform function ac-

cording to Borel's dē nition [7], even if we cannot go much farther than a

simple analogy for the moment. This work is indeed a ¯rst step in the un-

derstanding of the behaviour of the linearizations at these singular points,

the idea being that the interesting information is localized there.

5At least those Λ = exp (2¼ip=q) such that f ¤ is not of order q
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2.3. Germs with almost resonant linear part. We now begin the proof

of Theorem 2.1 and consider the one-parameter family of germs f λ ∈ Gλ,

with ¸ closeto a ¯xed resonance¤ = exp(2¼ip=q). We denote by f ◦qλ the

composition of f λ with itself q times, and we suppose that f ◦qΛ is not the

identit y.

Let us ¯rst focus on the germ at the resonance.

Lemma 2.1. There exists a positive integer k and a nonzero complex num-

ber A such that:

f ◦qΛ (z) = z + Azkq+1 + O(zkq+2): (2.5)

Proof. This is quite easily proved by comparing the Taylor expansionsof

both sidesin the equation f Λ ◦ f ◦qΛ = f ◦qΛ ◦ f Λ.

Remark 2.6. If f 2 = : : : = f n = 0, then kq+ 1≥ n. But if f λ is a polynomial

of degreed, then 1≤ k ≤ d− 1 (see[21, Prop. 6, p. 9]).

Remark 2.7. The numbers k and A are invariant under formal conjugacy

of f Λ. But there also exists a unique B ∈ C such that f ◦qΛ belongsto the

analytic conjugacy classof a germ g of the form:

g(z) = z + Azkq+1 + A2B z2kq+1 + O(z2kq+2);

the coe±cient B = i (f ◦qΛ ; 0) is invariant under formal conjugacy of f Λ, and

f ◦qΛ is formally and topologically conjugate to the polynomial z + Azkq+1 +

A2B z2kq+1. Conversely, if two germsof GΛ have the sameformal invariants

(k; A; B ), they must belong to the same formal conjugacy class [16], [17],

[18].

We now let ¸ vary in a disk around the resonance:

|¸ − ¤ | < ½

where ½is somesmall positive constant, but we always impose|¸ | 6= 1. The

power seriesexpansion:

hλ(z) = z +
∞X

j=2

hj(¸ )zj (2.6)

for the linearization hλ of f λ canberecursively determinedby meansof (2.1).

However the equation

f ◦qλ ◦ hλ = hλ ◦ R◦qλ (2.7)
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can be usedinstead, and one then gets:
8
>><

>>:

h1(¸ ) = 1;

hj(¸ ) =
1

¸ jq − ¸ q

jX

i=2

f ◦qi (¸ )
X

j1+...+ji=j

hj1 (¸ ) · · · hji(¸ ); for j ≥ 2;

(2.8)

denoting {f ◦qj (¸ )} the Taylor coe±cients of f ◦qλ :

f ◦qλ (z) = ¸ qz +
∞X

j=2

f ◦qj (¸ )zj :

Let uschoosea positiveconstant r (independent of ¸ ) such that the Taylor

coe±cients of f ◦qλ satisfy:

∀j ≥ 2; |f ◦qj (¸ )| ≤ r 1−j

(in order to do this, we usethe Cauchy inequalities and then chooser small

enough). Each coe±cient f ◦qj (¸ ) is a polynomial in ¸ , with a zero at ¤ if

2≤ j ≤ kq, thus there exists c1 > 0 such that for all |¸ − ¤ | < ½:

For j = 2; : : : ; kq; |f ◦qj (¸ )| ≤ c1|¸ − ¤ |r 1−j : (2.9)

Let ®∈]0; ¼=2[. We intro duce notations for a coneof vertex ¤ and aper-

ture 2® and for its intersection with a disk around ¤ :

C(¤ ; ®) =
©
| arg

¡
± ¸ − ¤

¤

¢
∈]− ®; ®[

ª
;

C(¤ ; ®; ½) = C(¤ ; ®) ∩
©
|¸ − ¤ | < ½

ª
:

(2.10)

Lemma 2.2. For all ® ∈]0; ¼=2[ and for all sufficiently small ½> 0, there

exists a positive constant c2 < c1 such that:

∀j ≥ 2; ∀¸ ∈ C(¤ ; ®; ½) : |¸ jq − ¸ q| ≥ c2|¸ − ¤ |: (2.11)

Proof. For all ¸ ∈ C(¤ ; ®; ½) and j ≥ 2 we can write:

¸ jq − ¸ q

¸ − ¤
= A(¸ )Bj(¸ );

where A(¸ ) = ¸ q · λq−Λq

λ−Λ is bounded from below, and Bj(¸ ) = λ(j¡ 1) q−1
λq−1 .

There exist µ0; c > 0 such that, for all ¸ in C(¸; ®; ½), ¸ q can be written e2πiθ

with 0 < |µ| < µ0 and ∀t ∈ R, |µ− t| ≥ c|t|; in particular,

∀j ≥ 2; dist
¡
(j − 1)µ;Z

¢
≥ min

¡
(j − 1)|µ|; c

¢
:
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But there also exist c′; c′′ > 0 such that for all µ in C:
8
<

:

|µ| ≤ µ0 ⇒ |e2πiθ − 1| ≤ c′|µ| ≤ c′µ0;

∀j ≥ 2; |e2πi(j−1)θ − 1| ≥ c′′ dist
¡
(j − 1)µ;Z

¢
:

Therefore, ∀¸ ∈ C(¤ ; ®; ½), ∀j ≥ 2:

|Bj(¸ )| ≥ c′′

c′
min(j − 1;

c
µ0

) ≥ c′′′;

where c′′′ > 0 doesnot depend on j .

Now let: 8
>><

>>:

¾1 = 1;

¾j =
jX

i=2

X

j1+...+ji=j

¾j1 : : : ¾ji ; for j ≥ 2:

We have the following lemmas:

Lemma 2.3. If ½> 0 is sufficiently small, ® ∈]0; ¼=2[ and j ∈ N∗, then,

∀¸ ∈ C(¤ ; ®; ½), we have:

|hj(¸ )| ≤ ¾j

µ
c1

c2r

¶ j−1 µ
1

c2|¸ − ¤ |

¶ j
j¡ 1
kq

k

; (2.12)

where bxc denotes the integer part of x.

Proof. We proceedby induction: (2.12) is clearly true if j = 1; assumethat

it holds at ranks 1; : : : ; j − 1 for somej ≥ 2. Let ¸ ∈ C(¤ ; ®; ½); thanks to

the subadditivit y of the integer part we get:

|hj(¸ )| ≤
jX

i=2

H i,j(¸ )
X

j1+...+ji=j

¾j1 · · ·¾ji ;

with:

H i,j(¸ ) =
µ

c1

c2r

¶ j−i ¯
¯
¯
¯

f ◦qi (¸ )
¸ jq − ¸ q

¯
¯
¯
¯

µ
1

c2|¸ − ¤ |

¶ j
j¡ i
kq

k

:

From the inequality (2.9) and Lemma 2.2, it follows that:

¯
¯
¯
¯

f ◦qi (¸ )
¸ jq − ¸ q

¯
¯
¯
¯ ≤

8
<

:

r1¡ i

c2 |λ−Λ| for i = 2; : : : ; j ;

c1
c2

r 1−i if moreover i ≤ kq:

On the other hand:

¹
j − i
kq

º
≤

8
><

>:

j
j−1
kq

k
for i = 2; : : : ; j ;

j
j−1
kq

k
− 1 if moreover i ≥ kq + 1:



             

LINEARIZATIONS OF COMPLEX DYNAMICAL SYSTEMS 13

Therefore, using the inequality c2 < c1, we get in all cases:

H i,j(¸ ) ≤
µ

c1

c2r

¶ j−1 µ
1

c2|¸ − ¤ |

¶ j
j¡ 1
kq

k

:

Lemma 2.4. There exists a positive constant c3 such that:

∀j ≥ 1; ¾j ≤ c3(3− 2
√

2)1−j : (2.13)

Proof. The generating series¾(z) =
P ∞

i=1 ¾izi satis̄ esthe functional equa-

tion:

¾(z) = z +
¾(z)2

1−¾(z)
;

so that:

¾(z) =
1 + z−

√
1− 6z + z2

4
is analytic in the disk |z| < 3− 2

√
2 and bounded and continuous on its

closure; (2.13) then follows by Cauchy's estimate.

As Lemma 2.3 clearly shows, the radius of convergenceof hλ cannot tend

to zerofaster than |¸ −¤ |1/kq as¸ tends to ¤ non-tangentially . We shall now

perform the rescaling (2.3) which will compensatethis possibledivergence.

2.4. Rescaling the linearization. Let us ¯x ½> 0 su±ciently small and

®∈]0; ¼=2[. The j -th coe±cient of the Taylor seriesof ~hλ is:

~hj(¸ ) = (¸ − ¤)
j¡ 1
kq hj(¸ ):

According to (2.8) the coe±cients hj are rational functions of ¸ , with a pole

at ¤ of order
j
j−1
kq

k
at most according to (2.12). Thus each coe±cient ~hj(¸ )

tends to a limit ~hj(¤) and the chosendetermination of (¸ − ¤)
1
kq doesnot

matter: ~hλ convergesformally as¸ tends to ¤ in C(¤ ; ®; ½). Moreover, using

(2.12) and (2.13), we seethat:

|~hj(¸ )| ≤ ¾j

µ
c1

c2r

¶ j−1

|¸ − ¤ |
j¡ 1
kq

µ
1

c2|¸ − ¤ |

¶ j
j¡ 1
kq

k

≤ c4R−j ;

whereR = (3−2
√

2) c2r
c1

c1/kq
2 and c4 is somepositive constant. Thus, the for-

mal limit ~hΛ has nonzeroradius of convergenceand ~hλ convergesuniformly
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on any disk around 0 of radius less than R, by a standard compactness

argument for setsof holomorphic functions 6.

To compute the limit function ~hΛ, we intro duce the germ:

~f λ(z) = (¸ − ¤) −
1
kq f λ(( ¸ − ¤)

1
kq z);

whoselinearization is just ~hλ, and we note that:

~f ◦qλ (z) = ¸ qz +
kqX

j=2

f ◦qj (¸ )( ¸ − ¤)
j¡ 1
kq zj + f ◦qkq+1(¸ )( ¸ − ¤) zkq+1

+ O((¸ − ¤) 1+1/kq):

Becauseof the inequality (2.9) and by dē nition of A, we have:
8
<

:

f ◦qj (¸ ) = O(¸ − ¤) for j = 2; : : : ; kq;

f ◦qkq+1(¸ ) = A + O(¸ − ¤) ;

hence:

~f ◦qλ (z) = z + (¸ − ¤)( q¤ q−1z + Azkq+1 + O((¸ − ¤)
1
kq )) : (2.14)

But the linearization ~hλ of ~f λ is the one of ~f ◦qλ as well:

~f ◦qλ (~hλ(z)) = ~hλ(¸ qz); (2.15)

and by Taylor formula:

~hλ(¸ qz) − ~hλ(z) = (¸ − ¤) q¤ q−1z~h′λ(z) + O(( ¸ − ¤) 2);

which yields after substitution of (2.14) into (2.15):

z~h′λ(z) = ~hλ(z) +
A

q¤ q−1
(~hλ(z))kq+1 + O((¸ − ¤)

1
kq ):

Taking the uniform limit as ¸ tends to ¤ , we obtain the equation

z~h′Λ(z) = ~hΛ(z) +
A

q¤ q−1
(~hΛ(z))kq+1; (2.16)

which can be rewritten as a regular ordinary di®erential equation

H (z) = z−1~hΛ(z); H ′(z) =
A

q¤ q−1
zkq−1(H (z))kq+1

6Indeed, if R0 ∈]0, R[ and ε > 0, we have for any l ≥ 3:

|z| ≤ R0⇒ |h̃λ(z)− h̃¤ (z)| ≤
l¡ 1X

j=2

|h̃j(λ)− h̃j(Λ)|+ 2c4

X

j¸ l

(
R0

R
)j ,

and we can fix l big enough so to make the second sum in the right-hand side smaller than

ε/2; then, for λ close enough to Λ, we can ensure that:

|z| ≤ R0⇒ |h̃λ(z)− h̃¤ (z)| ≤ ε,

which is the property of uniform convergence.
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whose unique solution with initial condition H (0) = 1 gives rise to the

formula (2.4).

Lastly, we consider the casewhere f ◦qΛ is the identit y. The Taylor expan-

sion of f ◦qλ may be written as:

f ◦qλ (z) = ¸ qz + (¸ − ¤)
X

j≥2

¿j(¸ )zj ;

wherethe ¿j aresomeanalytic functions (in fact polynomials). Let us choose

r > 0 small enoughso that

∀j ≥ 2; |¿j(¸ )| ≤ r 1−j :

The induction formulas (2.8) become:
8
>><

>>:

h1(¸ ) = 1;

hj(¸ ) =
¸ − ¤

¸ jq − ¸ q

jX

i=2

¿i(¸ )
X

j1+...+ji=j

hj1 (¸ ) · · · hji(¸ ) for j ≥ 2:

This allows to prove inductiv ely the existenceof a non-tangential limit for

each coe± cient. We obtain that, for each j ≥ 1, the coe± cient hj(¸ ) con-

vergesto a number hj(¤) as¸ tendsnon-tangentially to ¤ , with the following

recursion formulas:
8
>><

>>:

h1(¤) = 1;

hj(¤) =
¤

(j − 1)q

jX

i=2

¿i(¤)
X

j1+...+ji=j

hj1 (¤) · · · hji(¤) ; for j ≥ 2:

(2.17)

Using (2.11) and the samenumbers ¾j as in sect. 2.3, we ¯nd:

|hj(¸ )| ≤ ¾j(r c2)1−j ;

and we concludelike before that the formal limit hΛ of the linearization hλ
is analytic and that hλ convergesuniformly to it on a disk around 0 with

small enough radius. Moreover, taking the uniform limit of the conjugacy

equation for f λ, we obtain f Λ ◦ hΛ = hΛ ◦ RΛ.

Finally, we intro duce

T(z) = 1
qΛq¡ 1

∂
∂λ

¡
f ◦qλ (z)

¢
|λ=Λ

= z + Λ
q

P
j≥2

¿j(¤) zj

and we observe that the equation

zh′Λ(z) = T(hΛ(z))
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holds (either directly from the formulas (2.17) or by a chain of reasoning

analogous to the one that led to the equation (2.16)). One then easily

identi ¯es its unique solution in G1.

2.5. Materialization of resonances. Using the notations of Theorem 2.1

and considering the secondsituation which it describes, we can prove the

following corollary on the radius of injectivity r (¸ ) of hλ (i.e. the supremum

of the radii of the closeddisks on which this function is univalent):

Corollary 2.1. For any non-tangential cone C(¤ ; ®) and for all R > 0:

R >
¯
¯
¯

q
A

¯
¯
¯

1
kq ⇒ ∃½> 0 : ∀¸ ∈ C(¤ ; ®; ½); r (¸ ) < R|¸ − ¤ |

1
kq : (2.18)

Proof. Let ~r (¸ ) be the radius of injectivit y of ~hλ:

~r (¸ ) = r (¸ )|¸ − ¤ |−
1
kq :

SupposeR >
¯
¯ q
A

¯
¯1/kq, i.e. R exceedsthe radius of convergenceof ~hΛ. We

must check that ~r (¸ ) < R for ¸ closeenoughto ¤ inside C(¤ ; ®).

Suppose that this is not true. We could then ¯nd a sequence{¸ n} in

C(¤ ; ®) converging to ¤ and such that ~r (¸ n) ≥ R. But ~hλn converges

towards ~hΛ uniformly in a small disk around 0 and the set of the functions

of G1 univalent in {|z| < R} is a compact normal family: ~hΛ should belong

to it, which is not the case.

Obviously, the asymptotic inequality (2.18) holds for the radius of in-

jectivit y of h◦(−1)
λ too (since these functions, properly rescaled, converge

uniformly to ~h◦(−1)
Λ on somesmall disk).

When |¸ | < 1 and f λ is an entire function (resp. when |¸ | > 1 and the

inversefunction f ◦(−1) is entire), the linearization hλ is univalent in its disk

of convergence,as is easily checked by means of the functional equation

f ◦ hf = hf ◦ Rλ (resp. the functional equation f ◦(−1) ◦ hf = hf ◦ Rλ−1 )

which is then satis̄ ed in this whole disk, and not only in a neighbourhood

of the origin. Thus under these more restrictiv e assumptions the previous

corollary givesan information on the decreaseof the radius of convergence

of hλ.

Arnol'd [22] raisedthe questionof the origin of the divergenceof the series

of classicalperturbation theory:

L'id ¶ee de la mat¶erialisation des r¶esonancesest de trouver des

obstaclestopologiquesµa la convergencedes s¶eries de la th¶eorie
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des perturbations dans le comportement des orbites du systµeme

perturb¶e dans l'espacedesphasescomplexe.

We shall now give an elementary illustration of such a manifestation of

the resonancesin the singular behaviour of the linearizations. According

to Remark 2.2, we may think of the function

z
¡
1− A¤

q
:

zkq

¤ − ¸

¢−1/kq

asa ¯rst-order approximation of h◦(−1)
λ for ¸ tending to ¤ in a non-tangential

cone. This function has rami¯cation points at the boundary of its disk of

injectivit y (which coincideswith its disk of convergence),and we can write

them

e2πim/kq ¾; m ∈ Z=kqZ;

where ¾denotessomedetermination of
£q
A (1− λ

Λ )
¤1/kq.

Now, since f λ = hλ ◦ RΛ ◦ h◦(−1)
λ , we may expect that something occurs

near thesepoints in the dynamic of f λ, explaining the result of Corollary 2.1.

Lemma 2.5. Let us denote by ¾a determination of
£q
A (1− λ

Λ )
¤1/kq

. There

exists positive constants " and ½such that, for 0 < |¸ − ¤ | < ½, the local

diffeomorphism f λ admits exactly k orbits of period q inside the pointed disk

D ∗ε = {z ∈ C | 0 < |z| < "}. Moreover, the kq fixed points of f ◦qλ in D ∗ε are

analytic functions of ¾which can be written

zm(¸ ) = e2πim/kq ¾(1 + O(¾)) ; m ∈ Z=kqZ

(with f λ(zm(¸ )) = zm+kp(¸ )); we thus get the following upper bound for the

radius of injectivity r ′(¸ ) of h◦(−1)
λ :

r ′(¸ ) ≤ sup{ |zm(¸ )|; m ∈ Z=kqZ } ∼
¯
¯ q
A

(¸ − ¤)
¯
¯1/kq:

Note that here the multiplier ¸ is not required to lie in a non-tangential

conewith vertex at ¤ .

Proof. The relation between the periodic orbits of f λ and the radius of in-

jectivit y of h◦(−1)
λ is due to the fact that a whole periodic orbit cannot be

included in the disk of injectivit y of h◦(−1)
λ , for in that disk the dynamic is

conjugate to Rλ and |¸ | 6= 1. More precisely: whenever z 6= 0 belongs to

the disk of convergenceof f ◦qλ and both z and f ◦qλ (z) belong to the disk of

injectivit y of h◦(−1)
λ , we have:

h◦(−1)
λ (f ◦qλ (z)) = ¸ qh◦(−1)

λ (z) 6= h◦(−1)
λ (z);



         

18 ALBERTO BERRETTI, STEFANO MARMI, AND DAVID SAUZIN

thus f ◦qλ (z) 6= z.

We now begin the proof of the ¯rst statement by writing the q-th iterate

of f λ as

f ◦qλ (z) = ¸ qz + Azkq+1(1 + zB (z)) + (¸ − ¤) z2C(¸; z)

where B and C are analytic for ¸ closeto ¤ and z closeto the origin. On

the other hand, 1− ¸ q = q¤ q−1(¤ − ¸ )
¡
1 + (¤ − ¸ )D (¸ )

¢
with D analytic

at ¤ . Thus, the equation of the non-zero¯xed points of f ◦qλ is equivalent to

the equation

zkq =
q
A

(1− ¸
¤

)E(¸; z)

where E(¸; z) =
¡
1 + (¤ − ¸ )D (¸ ) + zΛ

q C(¸; z)
¢¡

1 + zB (z)
¢−1 is analytic

at (¤ ; 0) and E(¤ ; 0) = 1. This function can be written E = F kq where F

has the sameproperties, and our equation amounts to

∃m ∈ Z=kqZ | z = ¾F
¡
¤(1 − A¾kq

q
); z

¢
e2πim/kq

which is equivalent, by the implicit function theorem, to saying that z is the

value of one of kq functions zm(¸ ) analytic in ¾, with zm = e2πim/kq ¾(1 +

O(¾)) . Finally, since f λ(zm(¸ )) = ¤zm(¸ ) + O(¾2) is also ¯xed by f ◦qλ , we

must identify it with zm+kp(¸ ).

2.6. Two-variable version of Theorem 2.1. In this sectionweconsider¸

asa variable | just like z | rather than a parameter, sowe pretend we are

dealing with mappings of C× C∗:

©(z; ¸ ) = (Áλ(z); ¸ )

analytic on subsetsof C× C∗ and acting trivially on the secondargument.

Our purposenow is simply to rephrasethe results of sect. 2.2 in this two-

variable context, in view of extending them to one casewhere the second

variable is not inert any longer (seethe next section).

We start with a family of germsf λ ∈ Gλ like before,except that we do not

assumethe nonlinear part f λ − Id to be independent of ¸ , and we translate

the results of the end of sect. 2.2 (with ¸ = ¾) for the map

F (z; ¸ ) = (f λ(z); ¸ )

which is assumedto be analytic on D r×U, wherer > 0 and U is someopen

subsetof C∗.
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The rotations Rλ becomethe map:

R(z; ¸ ) = (¸z ; ¸ ); (2.19)

and the linearizations hλ, available at least at the points ¸ of U which do

not lie on the unit circle S1, becomethe map:

H (z; ¸ ) = (hλ(z); ¸ );

solution of the conjugacy equation:

F ◦ H = H ◦ R;

with the normalizing condition H − Id = (O(z2); 0).

As a function of two variables, H is analytic at all the points of the form

(0; ¸ ∗), where ¸ ∗ lies in U but not on S1.

For ¸ ∗ ∈ U ∩ S1, calling V the intersection of U with any non-tangential

cone with vertex at (0; ¸ ∗), we can state the following facts about the be-

haviour of H in D r × V:

1. If ¸ ∗ = B is a Brjuno point, there exists ½> 0 such that H admits a

continuous extension to Dρ × V.

2. If ¸ ∗ = ¤ is resonant of order q and if F ◦q(z; ¤) = (z; ¤) , the same

conclusionholds.

3. If ¸ ∗ = ¤ is resonant of order q but not all the points (z; ¤) are q-

periodic, we can attach to ¤ a positive integer k and a nonzerocomplex

number A dē ned by:

F ◦q(z; ¤) = (z + Azkq+1 + O(zkq+2); ¤)

and such that the sameconclusionholds for the rescaledmapping:

~H = S−1 ◦ H ◦ S;

with S(z; ¸ ) =
¡
(¸ − ¤)

1
kq z; ¸

¢
and with:

~H (z; ¤) =
¡
z
¡
1− A

q¤ q−1
zkq

¢− 1
kq ; ¤

¢
:
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3. The semi-standard map

3.1. Introduction to the semi-standard map. We now extend the re-

sults of the previous section to the biholomorphic symplectic mapping F of

C=2¼Z× C dē ned by:

F(x; y) = (x1; y1);

8
<

:

x1 = x + y + eix;

y1 = y + eix:
(3.1)

This is the so-calledsemi-standard map, which has been studied by many

authors [23], [24], [25], [26], [27] asa model-problem of symplectic twist map.

In particular it provides a simple model for the study of invariant circles

of symplectic twist maps,with power seriesinvolved instead of trigonometric

series[23, §32, p.173]: indeed, for Im(x) large, we may seeF as a perturba-

tion of the rotation R(x; y) = (x + y; y) and ask whether the invariant curves

y = constant of R have any counterpart for F; i.e. we ¯x ! ∈ C and we look

for an invariant curve parametrized by µ:
8
<

:

x = µ + ' (eiθ);

y = 2¼! + Ã(eiθ);

in such a way that F(x; y) corresponds to µ + 2¼! , with ' and Ã analytic

and vanishing at the origin. If ! ∈ R, the above problem admits a solution

('; Ã) = (' 2πω; Ã2πω) if and only if ! is a Brjuno number [24], [25].

We shall seethat for ! ∈ C \ R, there exists always a solution, which we

still denote by (' 2πω; Ã2πω), and we shall study its behaviour as ! tends to

a resonance, i.e. a rational number. For the very samereasonas the one

mentioned in the note 2, the solution will depend continuously on ! in any

cone non-tangential with respect to the real axis with vertex at a Brjuno

number.

Since we consider now ! as a variable rather than a parameter, we can

state the problem as a conjugacy problem: ¯nd H of the form H(x; y) =
¡
x + ' y(eix); y + Ãy(eix)

¢
such that F ◦ H = H ◦ R.

The relationship with the previous section is best seenusing the following

variables:

z = eix; ¸ = eiy;
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which give to F the form7:

F (z; ¸ ) = (z1; ¸ 1);

8
<

:

z1 = ¸ zeiz;

¸ 1 = ¸ eiz:

The points (0; ¸ ) are ¯xed by F , and our problem consistsin ¯nding a map

H ¯xing thesepoints and satisfying the conjugacy equation:

F ◦ H = H ◦ R; (3.2)

whereR correspondsto R and coincideswith the previously dē ned rotation

(2.19). Thanks to the relation z1 = ¸ 1z, it is easy to check that H can be

written as:

H (z; ¸ ) =
µ

h(z; ¸ );
h(z; ¸ )

h(¸ −1z; ¸ )

¶
:

We choosethe normalization:

h(z; ¸ ) = izeφλ(z); Áλ(0) = 0;

so that ' y = ¼=2− iÁeiy . This leadsus to the equation:

Áλ(¸z ) − 2Áλ(z) + Áλ(¸ −1z) = −zeφλ(z); (3.3)

and to the formula:

H (z; ¸ ) =
¡
iz eφλ(z); ¸e i(φλ(z)−φλ(λ−1z))

¢
: (3.4)

The existenceand the analyticit y of H for ¸ ∈ C∗\S1 and |z| small enough

is guaranteed by the stable manifold theorem applied in the intermediate set

of variables (z; y). Indeed, in these variables the semi-standard map takes

the form: 8
<

:

z1 = zei(y+z);

y1 = y + z;

the points (0; y) in thesevariablesare ¯xed, and the jacobian at such points

has eigenvalues1 and ¸ = eiy. We thus get, for each y of positive imaginary

part (0 < |¸ | < 1), a local stable manifold, and for each y of negative imag-

inary part (|¸ | > 1), a local unstable manifold; theseare analytic imbedded

disks tangent to the eigenvectors (¸ − 1; 1), which we can parametrize by z,

sothat the dynamic on them is conjugateto the rotation z 7→ ¸ z. By glueing

theseparametrizations and using the appropriate set of variables,we get the

mapsH or H . Note that wheny = 2¼! , where! is Brjuno number (i.e. when

7Instead of the semi-standard map F itself, we are thus considering the quotient map

from C/2πZ×C/2πZ in itself, but this does not change anything for the kind of invariant

circles which we are interested in; observe that ϕy and ψy must be 2π-periodic in y.
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¸ is a Brjuno point), we may considerthe imageof z 7→
¡
z eiϕy(z); y + Ãy(z)

¢

as a center manifold [23], [28].

3.2. Existence of non-tangential limits. The functions under study are

the unique solution Á of (3.3) such that Áλ(0) = 0 and the normalized

solution H of (3.2) which is determined by Á through (3.4). With reference

to sect. 2.6, we (improp erly) call them linearizations.

Theorem 3.1. Let us fix a resonance ¤ = exp(2¼ip=q) where p ∈ N,

q ∈ N∗, (p|q) = 1, and let us define the maps:

sλ(z) = (¸ − ¤) 2/qz; S(z; ¸ ) = (sλ(z); ¸ )

(how we choose the determination of (¸ − ¤) 2/q does not matter), and the

rescaled linearizations:

~Áλ = Áλ ◦ sλ; ~H = S−1 ◦ H ◦ S: (3.5)

For any non-tangential cone V with vertex ¤ , the function ~Áλ converges to

some analytic function ~ÁΛ, uniformly on some small open disk D r around 0,

as ¸ tends to ¤ in V ; and for ½> 0 small enough, if we denote by U the

disk around ¤ of radius ½, the function ~H (z; ¸ ) extends continuously in

D r × ( ¹V ∩ U) by:

~H (z; ¤) = (iz eφ̃¤ (z); ¤) :

Proof. Expanding Áλ into powers of z:

Áλ(z) =
∞X

j=1

Áj(¸ )zj

and substituting into (3.3) one ¯nds:
8
>><

>>:

Á1(¸ ) = 1
D1(λ) ;

Áj(¸ ) = 1
Dj(λ)

j−1X

k=1

1
k!

X

j1+...+jk=j−1

Áj1 (¸ ) · · ·Ájk (¸ ) for j ≥ 2;

where D j(¸ ) = −(¸ j/2 − ¸ −j/2)2.

Since¸ tends to ¤ in V , there exists a positive constant c5 < 1 such that:

|D j(¸ )| ≥

8
<

:

c5 if j 6= 0 (mod q);

c5|¸ − ¤ |2 if j = 0 (mod q):

We now check by induction that, for all j ≥ 1,

|Áj(¸ )| ≤ c−j5 ¾∗j

µ
1

c5|¸ − ¤ |2
¶ b j

q
c

; (3.6)
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where the numbers ¾∗j are dē ned according to the formulas

¾∗1 = 1; ¾∗j =
j−1X

k=1

X

j1+...+jk=j−1

¾∗j1 · · ·¾∗jk (j ≥ 2):

Indeed, the inequality (3.6) is satis̄ ed for j = 1 (whether q = 1 or q ≥ 2).

Let us supposethat it holds at ranks 1; : : : ; j − 1 for somej ≥ 2: thanks to

the subadditivit y of the integer part we get

|Áj(¸ )| ≤ c−j+1
5 ¾∗jAj ; with Aj = | 1

D j(¸ )
|
µ

1
c5|¸ − ¤ |2

¶ b j−1
q
c

:

But we have always b j−1
q c ≤ b

j
q c, and alsob j−1

q c ≤ b
j
q c−1 in the casewhere

q divides j , thus

Aj ≤ c−1
5

µ
1

c5|¸ − ¤ |2
¶ b j

q
c

in all cases,which proves(3.6) at rank j .

The generatingseriesfor the numbers¾∗j is easilycomputed:
P

j≥1 ¾∗j z
j =

1
2 [1− (1− 4z)1/2], it dē nesa holomorphic function which extendscontinu-

ously to the closureof the disk of radius 1=4 with center at the origin, thus

¾∗j ≤ const4j and the ¯rst statement of the theorem clearly follows by the

arguments already used in sect. 2.4. We note that ~ÁΛ is in fact a function

of zq, and this gives the secondstatement relative to ~H .

Remark 3.1. If ¸ tends to 1 non-tangentially , one can easily compute the

limit ~Á1. Note that ~Áλ is the solution of:

~Áλ(¸ z) − 2~Áλ(z) + ~Áλ(¸ −1z) = −(¸ − 1)2zeφ̃λ(z);

since:

~Áλ(¸z ) = ~Áλ(z) + (¸ − 1)z ~Á′λ(z) +
1
2

(¸ − 1)2z2 ~Á′′λ(z) + : : : ;

~Áλ(¸ −1z) = ~Áλ(z) +
1− ¸

¸
z ~Á′λ(z) +

1
2

(1− ¸ )2

¸ 2
z2 ~Á′′λ(z) + : : : ;

one ¯nds at the limit:

z ~Á′1(z) + z2 ~Á′′1(z) = −zeφ̃1(z); (3.7)

with the initial condition ~Á1(0) = 0. Thus:

~Á1(z) = −2log
³

1 +
z
2

´
: (3.8)
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Remark 3.2. If the term eix in (3.1) is replaced by ° (eix) where ° is any

analytic function vanishing at the origin (even with ¯ nite radius of conver-

gence),the conjugacy equation (3.3) becomes:

Áλ(¸ z) − 2Áλ(z) + Áλ(¸ −1z) = i ° (i zeφλ(z))

and Theorem 3.1 can be proved in this more general case too. But the

di®erential equation for the non-tangential limit at ¤ = 1 is then:

z ~Á′1(z) + z2 ~Á′′1(z) = i ° (i zeφ̃1(z));

the solution with initial condition ~Á1(0) = 0 might be very di®erent, and its

analytic continuation much more savagein that case.

3.3. Explicit formulas for the limits at resonances. We now compute

the limits ~ÁΛ for all ¤ = exp
³

2¼i pq

´
with (p|q) = 1.

We attach to such a resonance¤ the q− 1 positive numbers:

D r(¤) = 2− ¤ r − ¤−r = 4sin2(
r p
q

¼); r = 1; : : : ; q− 1

whoseproduct is q2 (note that D q−r(¤) = D r(¤) ).

Theorem 3.2. The limit at the resonance ¤ is given by the formulas:

~ÁΛ(z) = −2
q

log
µ

1 +
¤ 2C(¤)

2q
zq

¶
;

~H (z; ¤) =

Ã

iz
µ

1 +
¤ 2C(¤)

2q
zq

¶ − 2
q

; ¤

!

;

where the number C(¤) is obtained from auxiliary coefficients C1, : : : , Cq−1

according to the formulas:

C1 =
1

D1(¤)
;

Cr =
1

D r(¤)

r−1X

n=1

1
n!

X

r1+...+rn=r−1

Cr1 · · ·Crn for r = 2; : : : ; q− 1;

C(¤) =
q−1X

n=1

1
n!

X

r1+...+rn=q−1

Cr1 · · ·Crn :

The constant C(¤) is always an algebraic positive number. Obviously

C(¤−1) = C(¤) (since D r(¤−1) = D r(¤) ); here are the ¯rst few values

of C(¤) :
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p q C(e2πip/q)

0 1 1

1 2 1=4

1 3 1=6

1 4 5=24

1 5 63−11
√

5
120(3−

√
5)

2 5 63+11
√

5
120(3+

√
5)

1 6 99=80

This result agreeswith the one computed for ¤ = 1 in the previous

section, and in the proof below we shall suppose q ≥ 2. We shall use a

slightly di®erent scaling and new variables s and ´ :

' (s; ´ ) = ÁΛeη (´ 2/qes);

so that:

lim
η

n.t.−−→0

' (s; ´ ) = ' Λ(s) = ~ÁΛ(¤−2/qes);

where the notation ´ n.t.−−→ 0 means that the limit exists for ´ tending to

zero in any non-tangential coneof the half-plane {Re´ < 0} with vertex 0,

uniformly in somehalf-plane {Res ≤ s0}.
It is su±cient to show that:

' Λ(s) = −2
q

log
µ

1 +
C(¤)

2q
eqs

¶
;

and, just like at the end of the proof of Theorem 2.1, this formula will derive

from a di®erential equation; we needonly to show that:

' ′′Λ(s) = −C(¤) eqs+qϕ¤ (s): (3.9)

We shall also prove the following.

Theorem 3.3. The following expansion holds for ' (s; ´ ):

' (s; ´ ) = ' Λ(s) +
X

1≤k< q
2

´ 2k/qCkeks

(1 + C(Λ)
2q eqs)2k

+ O(´ ) (3.10)

where the Ck are the ones defined in Theorem 3.2.

Webelieve that eq. (3.10) providesthe beginningof an in¯nite asymptotic

expansion in powers of ´ 2/q; moreover the method that we use leads to a

system of equations involving the same operators as in [29], where these

operators are shown to produce resurgence in the variable ´ .
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3.4. Proof of Theorems 3.2 and 3.3. In this section we shall prove the

two theoremsstated above. We shall prove them through a seriesof lemmas.

Proof of theorem 3.2. In the variables (s; ´ ), the conjugacy equation (3.3)

becomes:

' (s + ­ + ´ ; ´ ) − 2' (s; ´ ) + ' (s− ­ − ´ ; ´ ) = −´ 2/qes+ϕ(s,η); (3.11)

where ­ = 2¼ip=q. We intro duce the following linear combinations of the

­ -translations of ' :

¾r(s; ´ ) =
q−1X

k=0

¤−kr

q
' (s + k­ ; ´ ); for r = 0; 1; : : : ; q− 1:

We also intro duce the Kronecker symbol on Z=qZ:

∀a; b∈ Z; ~±a,b =

8
<

:

1 if a = b (mod q);

0 otherwise:

The following identit y:

∀a; b∈ Z; ~±a,b =
q−1X

r=0

(¤ a−b)r

q
(3.12)

allows us to write the inverseformulas:

' (s + k­ ; ´ ) =
q−1X

r=0

¤ kr¾r(s; ´ ) for k = 0; 1; : : : ; q− 1;

and by combining the ­ -translations of equation (3.11), weobtain the system

of equations:

(¢ r¾r)(s; ´ ) = −´ 2/qes+σ0(s,η)Sr for r = 0; 1; : : : ; q− 1; (3.13)

where the operator ¢ r is acting on a function Ã(s; ´ ) according to:

(¢ rÃ)(s; ´ ) = ¤ rÃ(s + ´ ; ´ ) − 2Ã(s; ´ ) + ¤−rÃ(s− ´ ; ´ )

and:

Sr =
q−1X

k=0

¤−k(r−1)

q
exp(

q−1X

r′=0

¤ kr
′
¾r′(s; ´ )) :

Developing the exponentials and using again the identit y (3.12), we ¯nd:

Sr = ~±r−1,0 +
X

n≥1

1
n!

X

1≤r1 ,... ,rn≤q−1

~±r1+...+rn,r−1¾r1 · · ·¾rn : (3.14)

We know that the functions ¾r and Sr tend to someanalytic 2¼i -periodic

functions of s as´ n.t.−−→ 0. We may add, thanks to the uniformnessstatement

and becausetheseare analytic functions of z = es, that the sameis true for

the partial derivativeswith respect to s of the functions ¾r; this allows us to
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give the following approximation for the operator appearing in the left-hand

side of equation (3.13):

(¢ r¾r)(s; ´ ) =

8
<

:

´ 2(@2
s¾0(s; ´ ) + O(´ 2)) if r = 0;

−D r(¤) ¾r(s; ´ ) + O(´ ) if r = 1; : : : ; q− 1;
(3.15)

thanks to the Taylor formula. This was indeed the purposeof using these

functions ¾r: to get rid of the di®erenceoperator in the approximation of our

equation, replacing it by a di®erential operator (one might considerthat the

operator ¢ r is a \di ®erential operator of in¯nite order"; someseriesto which

the inversion of a closely related operator givesrise are studied in [29]).

This implies immediately that ¾r = O(´ 2/q) for r = 1; : : : ; q− 1. But we

shall seebetter estimates in the following lemma.

Lemma 3.1.

¾r(s; ´ ) = O(´ 2r/q) for r = 0; 1; : : : ; q− 1:

Before proving Lemma 3.1, we intro duce a notation for the intervals of

integers:

for a; b∈ Z such that a ≤ b, [[a; b]] = {r ∈ Z | a ≤ r ≤ b} ;

and we state an easycombinatorial lemma:

Lemma 3.2. a) If n ∈ N∗ and r; r 1; : : : ; rn ∈ [[1; q− 1]],

~±r1+...+rn,r−1 6= 0⇒ r 1 + : : : + rn ≥ r − 1:

b) Suppose that q≥ 3 and r 0 ∈ [[1; q− 2]]. Define Nr for r ∈ [[1; q− 1]] as

Nr = min(r; r 0). Then, if n ∈ N∗, r ∈ [[r 0 + 1; q− 1]] and r 1; : : : ; rn ∈
[[1; q− 1]],

~±r1+...+rn,r−1 6= 0⇒ Nr1 + : : : + Nrn ≥ r 0:

Proof of Lemma 3.2. a) Suppose that ~±r1+...+rn,r−1 6= 0. There exists

m ∈ Z such that r 1 + : : : + rn = r − 1 + mq. The positivenessof

all r j implies that mq ≥ n + 1− r > −q, so m > −1, thus m ≥ 0.

b) Suppose that we are given q, r 0, r and r 1; : : : ; rn like in the second

part of the lemma. Since r − 1 ≥ r 0 and becauseof a), it is su±cient

to prove that:

r 1 + : : : + rn ≥ r 0 ⇒ Nr1 + : : : + Nrn ≥ r 0:

But if we suppose Nr1 + : : : + Nrn ≤ r 0 − 1, the positivenessof all

Nrj implies that each one satis̄ es Nrj ≤ r 0 − 1, and thus Nrj = r j by
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dē nition of N . Therefore r 1 + : : : + rn = Nr1 + : : : + Nrn ≤ r 0−1 and

we are done.

Proof of Lemma 3.1. The property to be proved was already checked for

r = 0 and r = 1; this settles the caseof q = 2. We shall supposeq≥ 3 and

prove by induction that for all r 0 in [[1; q− 1]],

∀r ∈ [[1; q− 1]]; ¾r = O(´
2
q

min(r,r0)):

This property at rank r 0 = q− 1 is nothing but the desired estimate. It

was already checked for r 0 = 1, so let us suppose it to be true for some

r 0 ∈ [[1; q− 2]]: in order to establish it at order r 0 + 1 we only needto show

that:

∀r ∈ [[r 0 + 1; q− 1]]; ¾r = O(´ 2(r0+1)/q):

Now, if r 0 + 1≤ r ≤ q− 1, the property at rank r 0 and Lemma 3.2 imply

that:

∀r 1; : : : ; rn ∈ [[1; q− 1]]; ~±r1+...+rn,r−1¾r1 · · ·¾rn = O(´ 2r0/q);

thus Sr = O(´ 2r0/q); becauseof the equation (3.13), ¢ r¾r = O(´ 2(r0+1)/q)

and the estimate (3.15) implies that ¾r = O(´ min(1,2(r0+1)/q)), hence the

result in the casewhere 2(r 0 + 1)=q≤ 1.

If 2(r 0 + 1)=q> 1, we have ¾r = O(´ ) and this allows for a re¯nement of

the approximation (3.15):

¢ r¾r = −D r¾r + O(´ 2);

thus ¾r = O(´ 2(r0+1)/q) in that casetoo.

We shall now study the behaviour of ´ −2r/q¾r(s; ´ ) as ´ n.t.−−→ 0, again by

induction on r . As for ¾0(s; ´ ), its non-tangential limit is nothing but ' Λ(s)

since ' =
P q−1

r=0 ¾r and ¾r tends to zero for 1 ≤ r ≤ q− 1. (We also seein

this way that all the ­ -translations of ' coincide at the limit: ' Λ must be
2πi
q -periodic, and ~ÁΛ must be function of zq.)

Lemma 3.3. For all r in [[1; q− 1]],

¾r(s; ´ ) = ´ 2r/q
¡
Crer(s+σ0(s,η)) + O(´ )

¢
: (3.16)

For all r in [[1; q]],

Sr = ´ 2(r−1)/q
¡
Ere(r−1)(s+σ0(s,η)) + O(´ )

¢
; (3.17)
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with Sq = S0 and:

E1 = 1;

Er =
X

n≥1

1
n!

X

r1+...+rn=r−1

Cr1 · · ·Crn for 2≤ r ≤ q:

Proof. If 1≤ r ≤ q−1 the estimate for ¾r in (3.16) follows from the estimate

of Sr in (3.17), by virtue of equation (3.13) which yields:

¢ r¾r = −´ 2r/q(Erer(s+σ0) + O(´ ))

and of the re¯nement of the approximation (3.15):

¢ r¾r = −D r¾r + O(´ 1+2r/q);

which is madepossibleby the fact that ¾r = O(´ 2r/q). Indeed, Cr = Er=Dr.

If 1 ≤ r ≤ q, the estimate of Sr in (3.17) will be deduced from the

estimates(3.16) at ranks 1; : : : ; r − 1, i.e. we proceedby induction on r .

For r = 1, we apply the ¯rst part of Lemma 3.2 inside equation (3.14)

and get:

S1 = 1 +
X

n≥1
m≥0

1
n!

X

r1+...+rn=mq

¾r1 : : : ¾rn :

But in each term of the sum, since the r j must be positive, the integer m

must be positive too and the corresponding product ¾r1 · · ·¾rn which is

O(´ 2(r1+...+rn)/q), is also O(´ 2). Therefore S1 = 1 + O(´ 2).

For 2≤ r ≤ q, supposing(3.16) to be true at ranks 1; : : : ; r−1, we rewrite

(3.14) taking into account the ¯rst part of Lemma 3.2:

Sr =
X

n≥1

1
n!

X

r1+...+rn=r−1

¾r1 · · ·¾rn +
X

n,m≥1

1
n!

X

r1+...+rn=r−1+mq

¾r1 · · ·¾rn :

The secondsum is O(´ 2+2(r−1)/q) becauseof Lemma 3.1. The induction

hypothesis applies to each term of the ¯rst one, for this sum involves only

valuesof the indices r 1; : : : ; rn ranging from 1 to r − 1. Thus:

Sr =
X

n≥1

1
n!

X

r1+...+rn=r−1

´ 2(r−1)/q ·

· Cr1 · · ·Crne(r−1)(s+σ0)(1 + O(´ )) + O(´ 2+2(r−1)/q);

hencethe desiredestimate.

We can now ¯ nish the proof of the theorem. On one hand the esti-

mate (3.17), when specialized to the caser = q, intro ducesthe coe± cient
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C(¤) = Eq:

Sq = S0 = ´ 2(q−1)/q(C(¤) e(q−1)(s+σ0) + O(´ )) :

On the other hand the equation (3.13), together with the estimate (3.15),

yields:

´ 2(@2
s¾0 + O(´ 2)) = −´ 2/qes+σ0 S0:

Therefore:

@2
s¾0(s; ´ ) = −C(¤) eqs+qσ0(s,η) + O(´ ); (3.18)

and the uniform limit ' Λ of ¾0 must satisfy the limit equation (3.9), which

characterizesit since all our functions are 2¼i -periodic and tend to zero as

Re(s) tends to −∞.

Proof of theorem 3.3. A kind of analytic Gronwall lemma may be applied

to the estimate (3.18) in order to prove that:

¾0(s; ´ ) = ' Λ(s) + O(´ ): (3.19)

This provides estimates of ¾0; ¾1; : : : ; ¾q−1 (with the help of (3.16)) which

prove (3.10). More precisely, let us explain how (3.19) may be derived from

(3.18).

Let Â(s; ´ ) = ¾0(s; ´ )− ' Λ(s). We can write the di®erencebetween(3.18)

and (3.9):

@2
sÂ = −C(¤) eqs+qϕ¤ (eqχ − 1) + O(´ )

as:

@2
sÂ = f (s; ´ )Â + g(s; ´ );

where f = −C(¤) e
qχ−1
χ eqs+qϕ¤ (s) = O(1) (becauseÂ is known to be o(1))

and g = O(´ ).

Coming back to the variable z = es, we get three functions Â∗(z; ´ ) = Â,

f ∗(z; ´ ) = f and g∗(z; ´ ) = g, which are analytic for z in some¯xed disc Dρ

centered at the origin and ´ in somenon-tangential coneV0 with vertex 0.

The three of them vanish when z = 0, so that their Taylor expansionsare:

Â∗ =
X

n≥1

Ân(´ )zn; f ∗ =
X

n≥1

f n(´ )zn; g∗ =
X

n≥1

gn(´ )zn:

Becauseof the uniformit y of our estimatesand Cauchy inequalities, there

exist a convergent series® =
P

n≥1 ®nzn with constant positive coe±cients

and a positive constant ´ 0 such that:

∀´ ∈ V0; ∀n ≥ 1; |´ | ≤ ´ 0 ⇒ |f n(´ )| ≤ ®n and |gn(´ )| ≤ |´ |®n:



           

LINEARIZATIONS OF COMPLEX DYNAMICAL SYSTEMS 31

When expanding into powers of z the di®erential equation:

(z@z)2Â∗ = g∗ + f ∗Â∗;

we seethat the coe±cients of Â∗ can be bounded by |Ân| ≤ |´ |¯ n provided

that: 8
>><

>>:

¯ 1 ≥ ®1;

¯ n ≥ 1
n2

¡
®n +

X

n1+n2=n

®n1 ¯ n2

¢
:

Such a requirement may be ful¯lled by a convergent series¯ =
P

n≥1 ¯ nzn,

e.g. ¯ = ®=(1− ®), which is su±cient to conclude.

3.5. Invariance of the limits under formal conjugacy. We have asso-

ciated to the semi-standardmap a set of numbers {C(¤) } which determine

the non-tangential limit of the rescaledlinearization at any resonance¤ , and

we mentioned at the end of sect. 3.2 the existenceof non-tangential limits

for the more generalcaseof the map:

Fγ(z; ¸ ) = (z1; ¸ 1);

8
<

:

z1 = ¸ zeiγ(z);

¸ 1 = ¸ eiγ(z);

for any function ° analytic and vanishing at the origin. We shall denote

by Hγ and ~Hγ = S−1 ◦Hγ ◦S the corresponding linearization and its rescal-

ing.

We now prove the invariance of these limits under a suitable notion of

formal conjugacy. All the mappings from C × C∗ in itself that we consider

leave the points (0; ¸ ) ¯xed: thesepoints are the null section of the bundle

C× C∗ 7→ C∗.
Let us ¯x a resonance¤ . The formal conjugating di®eomorphismsthat

we shall useare of the form:

»(z; ¸ ) =
µ X

n≥1

®n(¸ )zn; ¸ +
X

n≥1

¯ n(¸ )zn
¶

;

wherethe coe± cients ®n and ¯ n are continuousfunctions dē ned in a neigh-

bourhood of ¤ . We may think of such a » as a local di®eomorphism of
¡
C2; (0; ¤)

¢
, formal in z, continuous in ¸ , leaving the null section ¯xed.

Let F ∗ be someanalytic local di®eomorphismof
¡
C2; (0; ¤)

¢
leaving the

null section ¯xed, dē ned in D r ×U, where r is a positive number and U is

someopen subsetof C∗. If we assumeF ∗ to be formally conjugate to Fγ by
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some», we ¯nd immediately the relation between its linearization and the

one of Fγ :

F ∗ ◦ H ∗ = H ∗ ◦ R; with H ∗ = »◦ Hγ :

Thus, applying the samerescalingS to the linearizations of Fγ and F ∗, we

obtain:
~H ∗ = S−1 ◦ H ∗ ◦ S = S−1 ◦ »◦ S ◦ ~Hγ :

But (S−1 ◦»◦S)(z; ¸ ) tends to (z; ¤) as ¸ tends non-tangentially to ¤ , thus

we have proved that for any non-tangential cone V with vertex ¤ , and for

½> 0 small enough, the rescaled linearization ~H ∗ extends continuously in

Dρ × ( ¹V ∩ U) with the same value as ~Hγ at the points (z; ¤) .
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tions Mathématiques d’Orsay 81-05, 81-06, 1981

[18] Voronin, S. M., Analytical Classi¯cation of Germs of Conformal Mappings (C, 0) 7→
(C, 0) with Identity Linear Part , Funct. Anal. and its Appl. 15 1-17, 1981

[19] Risler, E., Dynamique desperturbations holomorphesdesrotations, Thèse École Poly-
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rence à l’École Polytechnique, Paris, 10 mai 1994

[23] Herman, M. R., Recent Results and Some Open Questions on Siegel's Linearization

Theorem of Germs of Complex Analytic Di®eomorphisms of Cn near a Fixed Point ,

Proc. VIII Int. Conf. Math. Phys., Mebkhout and Seneor Eds., World Scientific, 1986

[24] Marmi, S., Critic al Functions for Complex Analytic Maps, Journ. of Physics A: Math.

and Gen. 23 3447-3474, 1990

[25] Davie, A. M., Critic al Functions for the Semi-standard and Standard Maps, Nonlin-

earity 7 219-229, 1994

[26] Lazutkin, V. F., Analytical integrals of the semi-standard map and the splitting of

separatric es, Algebra and Analysis 1 116-131, 1989

[27] Gelfreich, V. G., Lazutkin, V. F., Simó, C., Tabanov, M. B., Fern-like structur es
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