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å/ø è ðRÜ�ï�ÝAë�ã�ä�ÜXë�Ü�ì,í�Ú�ä�ÚRÜgÝ{ê�ä�Þ�èJÝ{ê�ä�Þ
å(å è ðRÜ�ï�ÝAë�ã�ä�ÜXë�Ü�ì,í�Ú�ä�ÚRÜgÝ{ê�ä�Þ
å î è ðRÜ�ï�ÝAë�ã�ä�ÜWÚRò4ãÂá�ë�ê�ä�ï]á�à�ÜgÝ{ê�ä�Þ
å/ç è ðRÜ�ï�ÝAë�ã�ä�ÜWÚRò4ãÂá�ë�ê�ä�ï]á�à�Ü
å�ñ è ðRÜ�ï�ÝAë�ã�ä�ÜWÚRò4ãÂá�ë�ê�ä�ï]á�à�Ü ß�ã{Þ
å ó è ðRÜ�ï�ÝAë�ã�ä�ÜXë�Ü�ì,í�Ú�ä�ÚRÜ ß�ã{Þ
å ô è ðRÜ�ï�ÝAë�ã�ä�ÜXë�Ü�ì,í�Ú�ä�ÚRÜ ß�ã{Þ�è;ß�ã{Þ
å�õ è ä�Ú�Û(ï�ê�Ý
í�ê�à]á�ï�ä�Ü ß�ã{Þ
ù�ú�û è ù äcá�Ý{Þ�Ü úNü ð�ý{Ü û ê�ã�Û*Ü
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�1�k�����&�&�1�k�|���	�����&�=�4�v�a�j�����v�v���"�����"�j���r���1�v���*�����1�|�������&�����,�[� ��¡
¢�£�¤o¥e¦/§"¨H©1ª&«�¬­¨/® ¯ °&±?²	³�°&±	³�²	³�´ ±5km3s−2 1.00020707MJupiterµ ª ¯ ¶?·?¶?·=´¸³ ±.5km3s−2 4.705 10−5 MJupiter¹8º�» ª�¼�¨ ¯ ½?±?¾?±=´¸³�± ±.05km3s−2 2.527 10−5 MJupiter¿HÀ�®1£�§"¦nÁ�¨ ¯ ·?Â?Â	³�´ÃÂ?² ±.05km3s−2 7.804 10−5 MJupiterÄ:À�Å7Å7¬­¤o¥eª ¯ ³�°4³�·=´Ã±?¶ ±.05km3s−2 5.668 10−5 MJupiter�
�1�"�	���1ÆÇ�1�v�����&�kÈ������É�����vÊ����1��Ë	�����*���Ì�&�a���,�
©1± ¯ ¾=´Ã¾=°/Í�³�½?¶?¾ ±4.10−7
©1½ ¯ ¾=´Ã¾?¾?¾?¾?¾?¾?±
©?Í ¯ ÎÏ¾=´Ã¾?¾?¾?¶?Â?Â?Â ±5.10−7
©1² ¯ ¾=´Ã¾?¾?¾?¾?±	³�Â ±2.5.10−7

�
�1�(�	���a�6�j�a�j��Ð1�1�ÑÐ�Ê����=�&�a���v�*�v�1�;�j�Ò�
Óa�v�k���|�����j��Ô����Õ���&�1�3Ö,�Ï×7Ð1����Ê�����Ô�Ø*ÙaÙ|ÙÉÚ_Û6Ü3Ý0Þàß
�&�����0�

á ¤eân¨/®*¤e¬­ª�®�Á » ª�¬7¥e¨
αPNJ

¯
268.0573 deg ±0.0005 degãlä â/Å7¬7®|À�¬­¤åª�®

δPNJ

¯
64.4958 deg ±0.0005 deg

æ�ç_è é0ê8ëíì�îcî;ê8ì�ï3ð

ñóòvô:õ °?´Ã¶=ö�÷�¨n¤àÀ�®�®*¨&À º=ø Á�¨H© º ¼�¬7¥e¨ » « º ¤[¼|À » ÅùÀ"¤eª�®*Á�¨3¿HÀ�Å7¬7Å­¨nª�´

÷�¨n¤:À�®�®*¨&À º=ø Á�¨l© º ¼�¬7¥e¨ » ®�úûª�®1¥ ä ¥ ä Á ä ânª º «	¨ » ¥e¤[ü º ¨àÅ­¨àÍg§kÀ » ¤H°&·	³�·=ý�¼|À » ÅùÀ;¤eª�®*Á�¨lþ�ª&£1À�ÿ	¨ » Î
°?´ µ Å­¤�®�úÃÀn«?À�¬­¨/®1¥q¼ º�� ¥ » ¨�ª��*¤e¨ » « ä ¤qÀ º ¼|À » Àn«?À�®1¥0â&À » Å­¨ º�» Á�¨/®*¤o¬7¥ ä ¨n¤o¥k¨/®1«�¬ » ª�® º ®�§�¬7Å7Å7¬ùÀ » Á�Á�¨
� ª�¬­¤3¼�Å º ¤���À�¬���Å­¨ ü º ¨ ân¨ º=ø Á�¨,¢=À�¥ º�» ®*¨?´ ã ¨k¼�Å º ¤&ý�¼�ª?¤å¤ ä Á*À�®1¥ º ®���À�¬���Å­¨0À�Å�� ä Á�ª	�r¨/®1«�¬ » ª�®�¾=ýÃ¾?¶�

¨/¥ ä ¥åÀ�®1¥0¥ » ¦n¤k¼ » ª�â
�*¨n¤0Á º Á=¬­¤eü º ¨�� » ¬7Å7ÅùÀ�®�¥0Á�¨�ÅùÀÉ¼�ÅùÀ�®*¦/¥e¨?ýó¬7Å­¤q¤eª�®1¥0Á=¬��kâ/¬7Å­¨/§"¨/®1¥�Á ä ¥e¨nâ/¥åÀ���Å­¨n¤
¼Qª º�»àº ®2ª��*¤e¨ » «?À�¥e¨ º�» ¥e¨ »o» ¨n¤o¥ » ¨?´���ª º ¥e¨�� ª�¬­¤&ý�Å­¨�·"§kÀ » ¤g°&·	³�·=ýQÁ�¨n¤Ñª��*¤e¨ » «�À�¥o¬­ª�®*¤Ñ¥e¨ »o» ¨n¤e¥ » ¨n¤HÁ*À�®*¤
Å�ú ¬7®�� » À » ª º ÿ	¨�� ±=´Ã±(§�¬­â » ª�§"¦/¥ » ¨n¤&ý�Å­ª�®�ÿ º ¨ º�» Á�úûª�®*Á�¨lª��kÅùÀ(Å º §�¬­¦ » ¨à¤eª�ÅùÀ�¬ » ¨à¨n¤o¥�� ª » ¥e¨/§"¨/®1¥�À��*¤eª » � ä ¨
¼|À » ÅùÀ��|À º ¥e¨2À�¥o§"ª?¤o¼��*¦ » ¨2Á�¨x© º ¼�¬7¥e¨ »q» ¬­â��*¨x¨/® § ä ¥��|À�®*¨�
>ý:ª�®1¥0ânª�®�� » § ä Å�úû¨ ø ¬­¤o¥e¨/®*ân¨ Á�¨ ân¨n¤
À�®�®*¨&À º=ø ´

µ ÅB¤&úÃÀ�ÿ?¬7¥0Á�¨�¥ » ª�¬­¤0À�®�®*¨&À º=ø ânª�®*ân¨/®�¥ » ¬­ü º ¨n¤0¥eª º�» ®|À�®�¥,À º ¥eª º�» Á�¨�© º ¼�¬7¥e¨ »�� Á�¨n¤ Á=¬­¤e¥åÀ�®*ân¨n¤
ânª�§�¼ » ¬­¤e¨n¤[¨/®�¥ » ¨3·?¾?¾?¾?¾� �§O¨/¥B±?¶?¾?¾?¾?¾� �§�´=÷�úÃÀ�®�®*¨&À º ¼ » ¬7®*â/¬7¼|À�Å�ý*Á�ú º ®*¨ÑÅùÀ » ÿ	¨ º�» Á�úû¨/®1«�¬ » ª�®�²?¾?¾?¾
 �§�ý=¼�ª?¤å¤e¦nÁ�¨ º ®���ª » Á�¨ ø ¥ ä/» ¬­¨ º�» Á�¨;Â?¾?¾� �§b¥ » ¦n¤!� » ¬7Å7ÅùÀ�®1¥&´

¹ ¥åÀ�®1¥c¥ » ¦n¤3¼ » ª�â
�*¨n¤cÁ�¨"ÅùÀ�¼�ÅùÀ�®*¦/¥e¨?ý�Å­¨n¤cÀ�®�®*¨&À º=ø ¤eª�®1¥g¤eª º §�¬­¤;À º=øÉ»eä ¤e¬­¤o¥åÀ�®*ân¨n¤cÀ�¥o§"ª?¤e¼�� ä Î
» ¬­ü º ¨n¤[¨/¥[§kÀ�ÿ?® ä ¥o¬­ü º ¨n¤#"_ª4«�¬­¨/®�®*¨n¤4´*÷�¨ º�» ¼Q¨ » ¤o¬­¤o¥åÀ�®*ân¨(¤ º ÿ?ÿ	¦ » ¨HÁ�ª�®*â º ®,§ ä â&À�®�¬­¤o§"¨(Á�úÃÀ�Å7¬7§"¨/®1¥åÀ6Î
¥o¬­ª�®�´�÷�À,§�¬­¤e¤o¬­ª�®�¿HÀ�Å7¬7Å­¨nª�À$� ª º�» ®�¬
Á�¨n¤(¬7®�� ª » §kÀ�¥o¬­ª�®*¤cü º À�®�¥ � Å­¨ º�» ânª�§�¼Qª?¤o¬7¥o¬­ª�®�´ µ Å­¤(¤4úÃÀ�ÿ?¬ » À�¬7¥
¼ » ¬7®*â/¬7¼|À�Å­¨/§"¨/®�¥àÁ�¨Ñ¼Qª º ¤e¤o¬­¦ » ¨n¤�¨/¥�Á�¨Ñ¼|À » ¥o¬­â º Å­¨n¤BÀ »o» À�â�� ä ¨n¤B¼|À » Á�¨n¤�§ ä ¥ ä ª » ¬7¥e¨n¤ � ÅùÀg¤ º�» ��À�ân¨HÁ�¨n¤
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∂Ri

∂xi
= − µ0 a2

e

16 r9
i

( − 120 J2 xi r4
i sin2 θs + 48 J2 r5

i cos δn cos αn sin θs

+ 24 J2 xi r4
i − 630 J4 a2

e xi r2
i sin4 qu′ilθs

+ 420 J4 a2
e xi r2

i sin2 θs − 120 J4 a2
e r3

i cos δn cos αn sin θs

− 30 J4 a2
e xi r2

i + 280 J4 a2
e r3

i cos δn cos αn sin3 θs

− 3003 J6 a4
e xi sin6 θs + 1386 J6 a4

e ri cos δn cosαn sin5 θs

+ 3465 J6 a4
e xi sin4 θs − 1260 J6 a4

e ri cos δn cosαn sin3 θs

− 945 J6 a4
e xi sin2 θs + 35 J6 a4

e xi

+ 210 J6 a4
e ri cos δn cos αn sin θs)

∂Ri

∂yi
= − µ0 a2

e

16 r9
i

( − 120 J2 yi r4
i sin2 θs + 48 J2 r5

i cos δn sinαn sin θs

+ 24 J2 yi r4
i − 630 J4 a2

e yi r2
i sin4 θs

+ 420 J4 a2
e yi r2

i sin2 θs + 280 J4 a2
e r3

i cos δn sinαn sin3 θs

− 30 J4 a2
e yi r2

i − 120 J4 a2
e r3

i cos δn sinαn sin θs

− 945 J6 a4
e yi sin2 θs + 1386 J6 a4

e ri cos δn sinαn sin5 θs

+ 3465 J6 a4
e yi sin4 θs − 1260 J6 a4

e ri cos δn sinαn sin3 θs

− 3003 J6 a4
e yi sin6 θs + 35 J6 a4

e yi

+ 210 J6 a4
e ri cos δn sinαn sin θs)

∂Ri

∂zi
= − µ0 a2

e

16 r9
i

( − 120 J2 zi r4
i sin2 θs + 48 J2 r5

i sin δn sin θs

+ 24 J2 zi r4
i − 630 J4 a2

e zi r2
i sin4 θs

+ 420 J4 a2
e zi r2

i sin2 θs − 120 J4 a2
e r3

i sin δn sin θs

− 30 J4 a2
e zi r2

i + 280 J4 a2
e r3

i sin δn sin3 θs

− 3003 J6 a4
e zi sin6 θs + 1386 J6 a4

e ri sin δn sin5 θs

+ 3465 J6 a4
e zi sin4 θs − 1260 J6 a4

e ri sin δn sin3 θs

− 945 J6 a4
e zi sin2 θs + 35 J6 a4

e zi

+ 210 J6 a4
e ri sin δn sin θs) ¬T­
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∂2Ri

∂xi
2

= − µ0 a2
e

16 r11
i

( − 120 J2 r6
i sin2 θs

+ 24 J2 r6
i

− 120 J2 x2
i r4

i

+ 840 J2 x2
i r4

i sin2 θs

+ 48qu′il J2 r6
i cos2 δn cos2 αn

− 480 J2 xi r5
i cos δn cos αn sin θs

+ 210 J4 a2
e x2

i r2
i

− 630 J4 a2
e r4

i sin4 θs

+ 420 J4 a2
e r4

i sin2 θs

− 30 J4 a2
e r4

i

+ 6930 J4 a2
e x2

i r2
i sin4 θs

− 3780 J4 a2
e x2

i r2
i sin2 θs

− 120 J4 a2
e r4

i cos2 δn cos2 αn

+ 840 J4 a2
e r4

i cos2 δn cos2 αn sin2 θs

− 5040 J4 a2
e xi r3

i cos δn cos αn sin3 θs

+ 1680 J4 a2
e xi r3

i cos δn cos αn sin θs

+ 10395 J6 a4
e x2

i sin2 θs

− 3003 J6 a4
e r2

i sin6 θs

+ 3465 J6 a4
e r2

i sin4 θs

− 945 J6 a4
e r2

i sin2 θs

− 315 J6 a4
e x2

i

+ 35 J6 a4
e r2

i

+ 45045 J6 a4
e x2

i sin6 θs

− 45045 J6 a4
e x2

i sin4 θs

+ 210 J6 a4
e r2

i cos2 δn cos2 αn

− 36036 J6 a4
e xi cos δn cos αnri sin5 θs

+ 27720 J6 a4
e xi cos δn cos αnri sin3 θs

+ 6930 J6 a4
e r2

i cos2 δn cos2 αn sin4 θs

− 3780 J6 a4
e r2

i cos2 δn cos2 αn sin2 θs

− 3780 J6 a4
e xi ri cos δn cos αn sin θs)
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∂2Ri

∂yi
2

= − µ0 a2
e

16 r1
i 1

( − 120 y2
i J2 r4

i

+ 24 r6
i J2

+ 840 y2
i J2 r4

i sin2 θs

− 120 r6
i J2 sin2 θs

+ 48 r6
i J2 cos2 δn sin2 αn

− 480 yi J2 r5
i cos δn sinαn sin θs

+ 210 y2
i J4 a2

e r2
i

− 30 r4
i J4 a2

e

+ 6930 y2
i J4 a2

e r2
i sin4 θs

− 3780 y2
i J4 a2

e r2
i sin2 θs

− 630 r4
i J4 a2

e sin4 θs

+ 420 r4
i J4 a2

e sin2 θs

− 120 r4
i J4 a2

e cos2 δn sin2 αn

+ 1680 yi J4 a2
e r3

i cos δn sinαn sin θs

− 5040 yi J4 a2
e r3

i cos δn sinαn sin3 θs

− 315 y2
i J6 a4

e

+ 35 r2
i J6 a4

e

+ 45045 y2
i J6 a4

e sin6 θs

− 45045 y2
i J6 a4

e sin4 θs

+ 10395 y2
i J6 a4

e sin2 θs

− 3003 r2
i J6 a4

e sin6 θs

+ 3465 r2
i J6 a4

e sin4 θs

− 945 r2
i J6 a4

e sin2 θs

+ 210 r2
i J6 a4

e cos2 δn sin2 αn

− 3780 yi J6 a4
e cos δn sinαnri sin θs

+ 840 r4
i J4 a2

e cos2 δn sin2 αn sin2 θs

− 3780 r2
i J6 a4

e cos2 δn sin2 αn sin2 θs

+ 6930 r2
i J6 a4

e cos2 δn sin2 αn sin4 θs

− 36036 yi J6 a4
e ri cos δn sinαn sin5 θs

+ 27720 yi J6 a4
e ri cos δn sinαn sin3 θs)
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∂2Ri

∂zi
2

= − µ0 a2
e

16 r1
i 1

( −480 zi J2 r5
i sin δn sin θs

+840 z2
i J2 r4

i sin2 θs

+48 r6
i J2 sin2 δn

+24 r6
i J2

−120 r6
i J2 sin2 θs

−120 z2
i J2 r4

i

+6930 z2
i J4 a2

e r2
i sin4 θs

−5040 zi J4 a2
e r3

i sin δn sin3 θs

−3780 z2
i J4 a2

e r2
i sin2 θs

+840 r4
i J4 a2

e sin2 δn sin2 θs

+1680 zi J4 a2
e r3

i sin δn sin θs

+420 r4
i J4 a2

e sin2 θs

−630 r4
i J4 a2

e sin4 θs

−30 r4
i J4 a2

e

+210 z2
i J4 a2

e r2
i

−120 r4
i J4 a2

e sin2 δn

+27720 zi J6 a4
e ri sin δn sin3 θs

+10395 z2
i J6 a4

e sin2 θs

−3780 zi J6 a4
e ri sin δn sin θs

−3003 r2
i J6 a4

e sin6 θs

+3465 r2
i J6 a4

e sin4 θs

−945 r2
i J6 a4

e sin2 θs

+35 r2
i J6 a4

e

−315 z2
i J6 a4

e

−3780 r2
i J6 a4

e sin2 δn sin2 θs

+210 r2
i J6 a4

e sin2 δn

+6930 r2
i J6 a4

e sin2 δn sin4 θs

+45045 z2
i J6 a4

e sin6 θs

−36036 zi J6 a4
e ri sin δn sin5 θs

−45045 z2
i J6 a4

e sin4 θs)
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∂2Ri

∂xi∂yi
= −3 µ0 a2

e

16 r11
i

( −40 J2 yi xi r4
i

−105 J6 yi xi a4
e

+280 J2 yi xi r4
i sin2 θs

+2310 J4 yi xi a2
e r2

i sin4 θs

−1260 J4 yi xi a2
e r2

i sin2 θs

+70 J4 yi xi a2
e r2

i

+15015 J6 yi xi a4
e sin6 θs

−15015 J6 yi xi a4
e sin4 θs

+3465 J6 yi xi a4
e sin2 θs

−840 J4 yi r3
i a2

e cos δn cos αn sin3 θs

−6006 J6 yi ri a4
e cos δn cos αn sin5 θs

+4620 J6 yi ri a4
e cos δn cos αn sin3 θs

−80 J2 yi r5
i cos δn cos αn sin θs

+280 J4 yi r3
i a2

e cos δn cos αn sin θs

−630 J6 yi ri a4
e cos δn cos αn sin θs

−80 J2 r5
i xi cos δn sinαn sin θs

−840 J4 xi a2
e r3

i cos δn sinαn sin3 θs

+280 J4 xi a2
e r3

i cos δn sinαn sin θs

−6006 J6 xi a4
e cos δn sinαnri sin5 θs

+4620 J6 xi a4
e cos δn sinαnri sin3 θs

−630 J6 xi a4
e cos δn sinαnri sin θs

+16 J2 r6
i cos2 δn cos αn sinαn

+280 J4 r4
i a2

e cos2 δn cos αn sinαn sin2 θs

−40 J4 r4
i a2

e sinαn cos2 δn cos αn

+2310 J6 r2
i a4

e cos2 δn cosαn sinαn sin4 θs

−1260 J6 r2
i a4

e sinαn cos2 δn cosαn sin2 θs

+70 J6 r2
i a4

e sinαn cos2 δn cos αn)
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∂2Ri

∂xi∂zi
=

3 µ0 a2
e

16 r11
i

( − 280 J4 a2
e r4

i cos δn cos αn sin δn sin2 θs

− 70 J4 zi xi a2
e r2

i

+ 105 J6 zi xi a4
e

− 280 J4 zi a2
e r3

i cos δn cos αn sin θs

+ 40 J4 r4
i a2

e cos δn cos αn sin δn

+ 6006 J6 ri a4
e cos δn cos αnzi sin

5 θs

− 2310 J6 r2
i a4

e cos δn cos αn sin δn sin4 θs

− 4620 J6 ri a4
e zi cos δn cosαn sin3 θs

+ 1260 J6 r2
i a4

e cos δn cos αn sin δn sin2 θs

+ 630 J6 ri a4
e zi cos δn cos αn sin θs

− 70 J6 r2
i a4

e cos δn cos αn sin δn

− 280 J2 xi r4
i zi sin2 θs

+ 80 J2 xi r5
i sin δn sin θs

− 2310 J4 xi a2
e r2

i zi sin4 θs

+ 840 J4 xi a2
e r3

i sin δn sin3 θs

+ 1260 J4 xi a2
e r2

i zi sin2 θs

− 280 J4 xi a2
e r3

i sin δn sin θs

− 15015 J6 xi a4
e zi sin6 θs

+ 6006 J6 xi a4
e ri sin δn sin5 θs

+ 15015 J6 xi a4
e zi sin4 θs

− 4620 J6 xi a4
e sin δnri sin

3 θs

− 3465 J6 xi a4
e zi sin2 θs

+ 630 J6 xi a4
e sin δnri sin θs

+ 80 J2 r5
i zi cos δn cos αn sin θs

− 16 J2 r6
i cos δn cos αn sin δn

+ 840 J4 zi a2
e r3

i cos δn cos αn sin3 θs

+ 40 J2 zi xi r4
i )
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∂2Ri

∂yi∂zi
= −3 µ0 a2

e

16 r11
i

( − 40 J2 zi yi r4
i

− 80 J2 r5
i zi cos δn sinαn sin θs

+ 16 J2 r6
i sin δn cos δn sinαn

+ 280 J2 yi r4
i zi sin

2 θs

− 80 J2 yi r5
i sin δn sin θs

− 1260 J4 a2
e yi r2

i zi sin2 θs

+ 280 J4 a2
e yi r3

i sin δn sin θs

− 840 J4 a2
e r3

i zi cos δn sinαn sin3 θs

+ 280 J4 a2
e r4

i cos δn sinαn sin δn sin2 θs

+ 280 J4 a2
e r3

i zi cos δn sinαn sin θs

− 40 J4 a2
e r4

i cos δn sinαn sin δn

+ 2310 J4 a2
e yi r2

i zi sin4 θs

− 840 J4 a2
e yi r3

i sin δn sin3 θs

+ 70 J4 a2
e zi yi r2

i

+ 15015 J6 a4
e yi zi sin6 θs

− 6006 J6 a4
e yi sin δnri sin

5 θs

− 15015 J6 a4
e yi zi sin4 θs

+ 4620 J6 a4
e yi sin δnri sin

3 θs

+ 3465 J6 a4
e yi zi sin2 θs

− 630 J6 a4
e yi sin δnri sin θs

− 6006 J6 a4
e ri zi cos δn sinαn sin5 θs

+ 2310 J6 a4
e r2

i cos δn sinαn sin4 sin δnθs

+ 4620 J6 a4
e ri zi cos δn sinαn sin3 θs

− 1260 J6 a4
e r2

i cos δn sinαn sin δn sin2 θs

− 630 J6 a4
e ri zi cos δn sinαn sin θs

+ 70 J6 a4
e r2

i cos δn sinαn sin δn

− 105 J6 a4
e zi yi)
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y′ = f(x, y)
y(x0) = y0

�e� [ � � �
¥ k�HMYT9O1U;I@*9:5�783<@*a�Hzn�1*YG7>H

y(x)
V�@*a�E�=z¡)a�3:769O1xk*149<HG5�A�E�H

S(x, h)
?
14A

¦b§z¨ ©«ª«¬2­2­2¬¯®b°4±�²v³�´�¬2­2®zª«µ·¶e¸�³d±h³d°T¹\¨ ºz»,¼�®b½v¸h¶�³¾¸e¸�³d±�¶e¸�³�¿-®z½�¸�À$Á4ÂdÃ-Â
Ä �



Etape1 : η0 = y0

η1 = η0 + hf(x0, η0)
x1 = x0 + h

pourj = 1, .., n − 1 : ηj+1 = ηj−1 + 2hf(xj , ηj)
xj+1 = xj + h
S(x, h) = 1

2 [ηn + ηn−1 + hf(xn, ηn)]

ÅeÆfÇ È-ÈFÉ

Ê�Ë)Ì8Í�Î:Ï>ÐxÎ:Ñ�Ë)Ò*Í)ÌTÓ�Ô4Í�Ï_Í�Ë)ÐUÌ>ÕMÖ+Í)ÐGË)×MÐUØ�ÐxË)Ò*ÙyÚ�Û>ÐMÌ`Ü$Ò*Í�Û_Ñ�ÝKÕGÞ*Ô4Ñ:Í
Ô4Ï8Î<Ò*ËßØfÍ�Ü
Ô*Ì_Ø&Ý Î:Ë+Ï>ÕGà-ÛIÔ4Ï8Î<Ò*Ë Ç
á ÐGÏ8Ï>Ð�ÌIÕMÖ+Í)ÐGË)×MÐ�ÐMÌ>Ïh×>â)Ò*Î<Ì8Î<Ð�×MÒ*ÙUÙDÐ�ÕGÏIÔ4Ë+Ï,Í�Ë)Ð�Ì8Í�Î:Ï>Ð�Ø�Ð�Ë)Ò*ÙyÚ�Û>ÐMÌhË
Ô4Ï8Í�Û>ÐGÑ<Ì�Ì8Ï8Û8Î<×GÏ>ÐGÙDÐGË+Ï�×GÛ>Ò*Î<Ì>ÌIÔ4ËFÏ>Ð
â
Ô4Ú�Î:Ï8Í)ÐGÑ:Ñ<ÐGÙDÐGËFÏ�Ø�ÐjÑOÔ`ÓeÒ*Û8ÙDÐ

F = {2, 4, 6, 8, 12, 16, ...} ã ni = 2ni−2
Ü�Ò*Í�Û

i ≤ 1
ÇRä Ë)Ð6ÓeÒ*Î<Ì�×MÐGÏ8Ï>Ð

Ì>ÕMÖFÍ)ÐGË)×MÐ�×Iâ)Ò*Î<Ì8Î<ÐsË)Ò*Í)ÌCÜ$Ò*Í�Þ�Ò*Ë)ÌNØ�Õzå)Ë�Î:ÛNÍ�Ë)ÐsÌ8Í)×M×MÐMÌ>Ì8Î<Ò*ËæØ�Ð�Ü
Ô*ÌNÏ>ÐGÑwÖ+Í)Ð�ç
hi = H/ni

Ô\Þ�ÐM×
h0 = H

Ç Ê�Ëfå)Ë ã^è ×>â
Ô*ÖFÍ)Ð_Ü
Ô*Ì hi
Ò*Ë�Ø�Õzå)Ë�Î:Ï6Ñ<ÐMÌ«Ë)Ò*ÙyÚ�Û>ÐMÌ

Tik

Ï>ÐGÑ�ÖFÍ)ÐUç
Ti,0 = S(x, hi)

Ti,k = Ti,k−1 +
Ti,k−1−Ti−1,k−1

[
hi−k

hi
]2−1

, 1 ≤ k ≤ i
ÅeÆfÇ È+é�É

ê·Ñ<ÌëÙDÒ*Ë+Ï8Û>ÐGËFÏwÐGËfå)Ë ã Ö+Í)ÐTÜ$Ò*Í�Û�Í�Ë k
Ø�Ò*Ë�Ë)Õ_ÑOÔxÌ>ÕGÛ8Î<Ð

Ti,k

×MÒ*Ë+Þ�ÐGÛ8à�ÐJç

lim
i→+∞

Ti,k = y(x)
ÅeÆfÇ È+ì�É

Ê�Ï�Ñ�ÝKÐGÛ8Û>ÐGÍ�Û
Ti,k − y(x)

Ü$ÐGÍ�ÏXíGÏ8Û>ÐwÐMÌ8Ï8Î:ÙDÕMÐwÜ
Ô4ÛXÑ<Ðj×\Ô4Ñ<×GÍ�Ñ&Ø�ÐMÌ
Ti,k

ÇRî Î:Ë)Ì>Î ã ÖFÍ
Ô4Ï8Û>ÐjÜ
Ô4ÛIÔ4ÙDïGÏ8Û>ÐMÌÌ>ÐGÛ>Ò*ËFÏëÎ:ÙUÜ�Ò*Û8ÏIÔ4ËFÏ>ÌëÑ<Ò*Û>ÌXØ�ÐjÑ�Ý Î:Ë+Ï>ÕGà-ÛIÔ4Ï8Î<Ò*Ë�Ü
Ô4ÛX×MÐGÏ8Ï>ÐwÙDÕGÏ8â)ÒRØ�Ð ÇRð ÐjÜ�Û>ÐGÙUÎ<ÐGÛ«ÐMÌ8ÏXÑ<Ðw×>â)Ò*ÎqñNØ�ÐwòóÖFÍ�Î
ÐMÌ8ÏjÑ�Ý Î:Ë+Ï>ÐGÛ8Þ-Ô4Ñ:Ñ<ÐUØ�ÐyØ�ÕGÜ
Ô4Û8Ï Çhô Î�Ò*ËsÑ<Ð�×>â)Ò*Î<Ì>Î:ÏjÏ8Û>Ò*ÜPà-ÛIÔ4Ë)Ø ã ÑOÔDÏIÔ4Ú�Ñ<ÐxØ�ÐMÌwË)Ò*ÙiÚ�Û>ÐMÌ_×\Ô4Ñ<×GÍ�Ñ<ÕMÌwÛ8Î<Ì>ÖFÍ)ÐØ�ÐUØ�ÕGÜ
Ô*Ì>ÌIÐGÛ_Ñ�ÝKÐMÌ8Ü
Ô*×MÐDØ�ÐxÑOÔNÙDÕGÙDÒ*Î:Û>ÐUÜ�âFõRÌ8Î<ÖFÍ)ÐUØ�ÐUÑ�ÝKÒ*Û>ØfÎ:Ë
Ô4Ï>ÐGÍ�Û Ç á ÐUØ�ÐGÍfñRÎ<ïGÙDÐUÜ
Ô4ÛIÔ4ÙDïGÏ8Û>ÐJÐMÌ8Ï
Ñ�ÝKÐMÌ8Ü
Ô*×MÐ`ÙDÕGÙDÒ*Î:Û>ÐiÔ4Ñ:Ñ<Ò*Í)ÕiÔ4Í�×\Ô4Ñ<×GÍ�Ñ�Ø�Ði×MÐGÏ8Ï>Ð_ÏIÔ4Ú�Ñ<Ð Çð Ð�Ï8Û>Ò*Î<Ì>Î<ïGÙDÐëÜ
Ô4ÛIÔ4ÙDïGÏ8Û>Ð

ε
ÐMÌ>Ï�Ñ�ÝKÐGÛ8Û>ÐGÍ�Û�Ü$ÐGÛ8ÙUÎ<Ì>ÐXÜ
Ô4Û�Ñ�Ý2Ô4Ñ:à�Ò*Û8Î:Ï8â�ÙDÐ Ç ê·ÑFÞ-ÔwØ�Õzå)Ë�Î:Û è ÖFÍ)ÐGÑfÜ
Ô*Ì�Ò*ËÜ$ÐGÍ�Ï«Ú�Ò*Û8Ë)ÐGÛ6ÑOÔUÌ>ÕGÛ8Î<Ð

Ti,k − y(x) ≤ ε
Ç Ê�Ëfå)Ë ã Ñ<Ð`Ø�ÐGÛ8Ë�Î<ÐGÛ6Ü
Ô4ÛIÔ4ÙDïGÏ8Û>Ð ã ÐMÌ8Ï«Ñ:Î<ÕyÔ4ÍfñNÏ8Û>Ò*Î<Ì6Ü�Û>ÐGÙUÎ<ÐGÛ>ÌÜ�Í�Î<Ì>ÖFÍhÝ Î:Ñ&Ø�Õzå)Ë�Î:ÏëÑ<ÐjÜ
Ô*ÌëÙUÎ:Ë�Î:ÙyÍ�ÙöÔ4Í�Ï>Ò*Û8Î<Ì>Õ Ç ê·Ñ
ÓeÒ*Í�Û8Ë�Î:Ï«Ñ<Ð6Ë)Ò*ÙyÚ�Û>Ð_ÙJÔvñfÎ:ÙJÔ4Ñ$Ø�ÐwÑOÔ�Ì>ÕMÖFÍ)ÐGË)×MÐTØ�ÐMÌ
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_3´:OU�w\rcHM3O.XLcv^V^VTVXLcHcvXx[JcEML\JGJGJIZTVadcvI�³�XLRU\JIz[Jc�IL¹U^kcE\JWrc�y¸RUIL_NcEG<RU\JIxcvWu�vQ+O.^V\rcvIx^fegciºlcvXzcvWdadcNMZ\JI3O.WYX
^jO�[6T�ºl�vILcvWr_Nc�ONQScN_s^kc�GJILRUmJ^kKvadcP_NRUabGJ^kcvX}|���RU\JId_3´:OU�w\rc�y{RUIL_Nc�^jO�Q+O.^kcv\JIbcih�XZI3O.TVXLcscNMZX@^fe�O.abGJ^VT�»
XZ\r[Jc`auO�h�TVauO.^kc1[Jc>^feg�N_}O.IZX8[JcNM8[Jcv\6hsadR�[JKv^kcNMHcih6GJIZTVad��cvW½¼YTV^kRUadKvXZILcNM8GJ\JTkMHcvW�GtRU\JIL_NcvWwX3O.�Sc@cvW
_NRUabG:O.I3O.TkM3RUW�ONQScN_`^jO1y¸RUIL_Nc>GtcvIZXZ\JIZm:O.XZIZTk_Nc`GJIZTVWr_vTVG:O.^kc+n:^kc>�w¾b[Jc`�S\JGJTVXLcvI}|

Diff =
√

(x − xref )2 + (y − yref )2 + (z − zref )2 ¿ÁÀ |VÂoÃ

M’

MM’’
Max

Diff

Ä�ÅÁÆ�Ç À |VÂ+Èt~Bc@G<RUTVWYX M
[J�i�rWJTVXq^jO�GtR+MZTVXZTkRUW�[Jc@IL�iy{�vILcvWr_Nc�[6\�M3O.XLcv^V^VTVXLcbO}QScN_�^kc�adR�[JKv^kc�_NRUabGJ^kcvX}|

~�cHGtRUTVWwX
M ′

cNMZX�^jO`GtR+MZTVXZTkRUWs[6\�M3O.XLcv^V^VTVXLcqcvWsMZ\JGJGJIZTVauO.WwX�\JWrcHy{RUIL_Nc8[6\�adRY[JKv^kc+|
Diff

cih6GJIZTVadc
^jOs[6T�ºl�vILcvWr_NcbcvW'GtR+MZTVXZTkRUW�[J�i�rWJTkcd[rO.WrM>^feg�N�Y\:O.XZTkRUW À |VÂ+|�É�cvIZX3O.TVWrcNMqy{RUIL_NcNM`_NRUabadcb^fegciºlcvX`[6\��w¾RU\�[6\�� À MLRUWYXHMZTtTVW6Êr\rcvWwXLcNM��w\Be�O.GJILKNMH\JW�_NcvIZX3O.TVW½XLcvabGrM�^kc`G<RUTVWYX M ′

cNMZXEcvW
M ′′

|

~Bc�IL�NML\J^VX3O.XH^kc1GJ^V\rMHTVWYXL�vILcNMLM3O.WwX>cNMZX��w\rc1_NcNM8MµO.XLcv^V^VTVXLcNM�M3RUWwXHGtcvIZXZ\JIZmt�NM8cvW�GJILcvabTkcvI8^VTkcv\�G:O.I
^kc�_3´:O.abG"[Jc��+I3O}QYTVX3O.XZTkRUW%[Jc�^jO�GJ^jO.WrKvXLc�GtRU\JIs^kcNMs´:O.IZadRUWJTk�w\rcNM��Y¾�cvXP� À |���WrML\JTVXLc'[6\ËyfO.TVX

Ì+Í



ÎpÏ�Ð�Ñ:ÒrÓVÔ+ÕDÖp×jØUÙ3ÙZÚ�Û:Ü}Ø.ÝZÚkÞUß�àJáNÙ�âtávãZÝZäJãZå:Ø.ÝZÚkÞUßrÙEâtÞUäJãHæ8çuØ.×VÝLèNá�Ø.ßrà�é�êrèvåtè+Ó
Ø6ÓJë�ávãZÝZäJãZå:Ø.ÝZÚkÞUßrÙqàlìgæHçuØ.×VÝZêrèNá åBÓJë�ávãZÝZäJãZå:Ø.ÝZÚkÞUßrÙqàJá`é�êrèvå<è

í îlávÝLÙ ï­àJá>ðwñ òqç
ðwñ Ô}ó+ó ô�Ø�õ
ð+Ò Ô+ÓVÔ ô�Ø�õ
ö�Þ ó6Ó�ñ+ó ó6ÓVÔ+ÔNáo÷qó+ø
í�äJãLÞUâtá ó6Ó�ù+úUáiûüó6Ô ó6Ó�ñ+ñUáo÷qó+ý
þ Ø.ßYÿYç��NàJá ó6ÓVÔvÒSáiûüó6Ô ó6Ó��+ùUáo÷qó.Ò
ðwø ó6ÓVÔ}ñUáiûüó6Ô ó6Ó�ø+úUáo÷qó.Ò
Ö�Ø.×V×VÚkÙZÝLÞ ó6Ó�ù+øUáiûüó+ñ ó6Ó�ñ6ÔNáo÷qó.Ò
� ÞU×kávÚV× ó6Ó����.áiûüó+ù ó6Ó�ý+óUáo÷qó+ù
é�êrèvåtè ó6Ó��+øUáiûüó.Ò ó6Ó Ò��.áo÷qó+ñ
�Háv×jØ.ÝZÚ
	�ÚVÝLè ó6Ó�ú+øUáiûüó+ø ó6Ó�ý.ÒSáo÷qó+ó
� Ø.ÝZäJãZßrá ó6Ó�ý6ÔNáiûüó+ø ó6Ó�ñ+úUáo÷qó+ó

í îlávÝLÙ ï¢àJá`ðwñ òqç
ðwñ Ô}ó+ó ô�Ø�õ
ð+Ò ó6Ó��+ù ó6Ó�ñ+ýUáo÷qó+ø
öüÞ ó6Ó�ñ6Ô ó6Ó�ø+ýUáo÷qó+ý
í�äJãLÞUâtá ó6Ó��.ÒSáiûüó6Ô ó6Ó�ñ+ýUáo÷qó+ý
þ Ø.ßwÿ�ç��NàJá ó6ÓVÔ��Uáiûüó6Ô ó6Ó�ý+øUáo÷qó.Ò
Ö�Ø.×V×VÚkÙZÝLÞ ó6ÓVÔ}óUáiûüó6Ô ó6Ó�ù+ñUáo÷qó.Ò
ðwø ó6Ó�ø+ùUáiûüó+ñ ó6ÓVÔ}úUáo÷qó.Ò
� ÞU×kávÚV× ó6Ó�ñ+óUáiûüó+ñ ó6Ó�ø+ñUáo÷qó+ù
æHçuØ.×VÝZêrèNá ó6ÓVÔ}ñUáiûüó+ñ ó6Ó�ù��Uáo÷qó+ù
� Ø.ÝZäJãZßrá ó6ÓVÔ}øUáiûüó+ý ó6Ó Ò
�Uáo÷qó+ó
�Háv×jØ.ÝZÚ
	�ÚVÝLè ó6ÓVÔ}ýUáiûüó+ø ó6Ó ÒwýUáiûüó6Ô

àJá�Ù3ØPâJãLÞ}õ�ÚVçbÚVÝLè���×káuÙµØ.ÝLáv×V×VÚVÝLá�ö�Þ½áNÙZÝ1×kádâJãLávçbÚkávã�ÜNÞUãZârÙ@â<ávãZÝZäJãZå:Ø.ÝLáväJã}Ó ë�ÞUäJã1×káNÙ@áiîtávÝLÙ1×káNÙ1âJ×VärÙ
� Ø.ÚVåJ×káNÙ��:ÞUß�â<áväJÝ�ÙLá`âtÞ+ÙLávã8×jØ��YäráNÙZÝZÚkÞUß�àJá�×fì äJÝZÚV×VÚVÝLè�àJá�ÜNÞUßrÙZÚkàJèvãLávã�×káNÙHâtávãZÝZäJãZå:Ø.ÝZÚkÞUßrÙ>àJáNÙqØ.äJÝZãLáNÙ
âJ×jØ.ß��vÝLáNÙEÙLÚBÞUß � Ø.ÚVÝ�×jØ�ÜNÞUçbâ:Ø.ã3Ø.ÚkÙ3ÞUß�Ø�	SáNÜ`×jØ@âJãLèNÜvÚkÙZÚkÞUß��YäráqßrÞUärÙHàJÞUßJßrá>×fì�Ø.×
�SÞUãZÚVÝZêJçdá1àJá>Ü}Ø.×kÜväJ×fÓ
öü×�áNÙLÝ@ÚVßYÝLèvãLáNÙLÙ3Ø.ßYÝuàJá�ßrÞUÝLávã��wärá�×jØ�çuØUÙLÙLá�àJáNÙbÙ3Ø.ÝLáv×V×VÚVÝLáNÙbâJãLÞ�ÜLêráNÙ�âtáväJÝ�ÚVßwÝLávã�	SávßJÚVã�Ø�	UØ.ßYÝdäJßrá
ÜNÞUãZãLáNÜvÝZÚkÞUß�àJá�×jØ�ãLáv×jØ.ÝZÚ
	YÚVÝLè+ÓJô�Ø.ÚkÙ�×fì ÚVßrÜvÚkàJávßrÜNá>ÙZäJã�×káNÙpãLèNÙLÚkà6ärÙ�ÙLávã3Ø�áiõ6ÝZã��vçdávçdávßwÝ � Ø.ÚVåJ×ká�âJäJÚkÙ��Yärá
Ô���ÚV×kÞUç��vÝZãLá���Ò'äJßJÚVÝLèNÙ�ØUÙZÝZãLÞUßrÞUçbÚ��YäráNÙ�����×fìgÞUâJâtÞ+ÙZÚVÝZÚkÞUß��xàrØ.ßrÙd×kásçdávÚV×V×káväJãuàJáNÙdÜ}ØUÙ! � Ø.ÚVÝbäJßrá
à6Ú�îlèvãLávßrÜNá`àJá`ó6Ó�ù+ý@çuØUÙ}Ó�"�áNÙ�ãLèNÙZÚkà6ärÙ�çdÞoÿSávßrÙHÙZäJã�×káNÙEÞUårÙ3ávã�	UØ.ÝZÚkÞUßrÙEÙ3ÞUßwÝHàJáq×fìgÞUãLà6ãLá`àJá1ñ+ó+ó@çuØUÙ
ÚV×DßBìgáNÙZÝ�àJÞUßrÜ�â:ØUÙ�ßrèNÜNáNÙLÙ3Ø.ÚVãLá�àJá8âJãLávßrà6ãLá�ávßsÜNÞUçbâJÝLá�×káNÙ�â<ávãZÝZäJãZå:Ø.ÝZÚkÞUßrÙ�ç1äJÝZäráv×V×káNÙ�àJáNÙ�ÙµØ.ÝLáv×V×VÚVÝLáNÙ
æ8çuØ.×VÝZêrèNá`ávÝEé�êrèvåtè��:Ø.ÚVßrÙZÚ#�Yäráq×fì ÚVß%$rärávßrÜNá�àJá � Ø.ÝZäJãZßrá1ávÝ�×jØbÜNÞUãZãLáNÜvÝZÚkÞUß½ãLáv×jØ.ÝZÚ
	�ÚkÙZÝLá+Ó

&('*) +-,/.1032�452�68794;:9<14>=8?�@868,A2CBAD9EF<14

GIHKJLHNM O1PRQ�SUTVTWS-XISZY\[�]^YR_�`�a�P�Q�bdceS
ë�ÞUäJã�ÜNÞUçbâ:Ø.ãLávãp×káNÙ�à6Ú�îtèvãLávßYÝLáNÙ�çdèvÝZêrÞYàJáNÙ�àlì ÚVßwÝLèf�+ã3Ø.ÝZÚkÞUß��JÞUßuÛJõ6á8ÜNÞUçbçdáEãLè � èvãLávßrÜNáH×ká8Ü}Ø.×kÜväJ×

ávß àJÞUäJåJ×kásâJãLèNÜvÚkÙZÚkÞUß ávÝ�âtÞUäJã@äJßrág	+Ø.×káväJãdàJá
ε = 10−14 ×jØh	UØ.ãZÚjØ.åJ×kái�YäJÚ�àJèiÛrßJÚVÝb×jØ½âJãLèNÜvÚkÙLÚkÞUß

àJá>Ü}Ø.×kÜväJ×BâtÞUäJãEÜLê:ØV�Yärá>â:ØUÙEàlì ÚVßYÝLèf�+ã3Ø.ÝZÚkÞUßBÓDíxßrÙZäJÚVÝLá��VjZá>Ü}Ø.×kÜväJ×ká>×jØ�à6Ú�îtèvãLávßrÜNá1ávßi�YÚV×kÞUç��vÝZãLáNÙHâ:Ø.ã
ã3Ø.âJâtÞUãZÝ�Ø.ä6õ¶Ø.äJÝZãLáNÙ1çdèvÝZêrÞ�àJáNÙ�àJásÜ}Ø.×kÜväJ×�ávÝ@â<ÞUäJã�à6Ú�îlèvãLávßwÝLáNÙk	+Ø.×káväJãLÙ@àJá

ε
Ól"�Ø½ãLáNÜLêrávãLÜLêrá½àJá

×jØ�âJãLèNÜvÚkÙLÚkÞUß�àJáNÙ�Ü}Ø.×kÜväJ×kÙHÚVçbâJ×VÚ��Yärá1äJß½ÝLávçbârÙ�àJá�Ü}Ø.×kÜväJ×�âJ×VärÙ8×kÞUßm�sávÝ8ÞUß½âtáväJÝ8	SÞUÚVãqÙZäJãE×jØdÝ3Ø.åJ×ká
ÒrÓ�ñn�wäBìgávß'àJÞUäJåJ×ká@âJãLèNÜvÚkÙZÚkÞUß�×ká9�wØ.ÚVß�áNÙLÝ8ãLáv×jØ.ÝZÚ
	SávçdávßYÝ � Ø.ÚVåJ×ká@â:Ø.ã�ã3Ø.âJâ<ÞUãZÝ`Ø.ä�ÝLávçbârÙ>àJá@Ü}Ø.×kÜväJ×R�
×kÞUãLÙ��YäBìgÞUß�àJèvâ:ØUÙLÙLá@àJáNÙo	+Ø.×káväJãLÙ>àJá

ε = 10−16 Ó<öüÜvÚR�<ÙLáväJ×kávçdávßYÝ>×káNÙ�à6Ú�îlèvãLávßrÜNáNÙ>ávß�â<Þ+ÙZÚVÝZÚkÞUß�ÙLÞUßYÝãLávâJãLèNÙLávßYÝLèNáNÙuávÝb×jØ�âtèvãZÚkÞYàJáPàJá'Ô}ó�ãLèf	SÞU×VäJÝZÚkÞUßrÙ�àJáPé�êrèvå<è½áNÙZÝ�ãLáv×jØ.ÝZÚ
	SávçdávßwÝsÜNÞUäJãZÝLá+Ó1p@ì�Ø.äJÝZãLáNÙ
	+Ø.ãZÚjØ.åJ×káNÙsÜNÞUçbçdá�×káNÙsàJèvãZÚ
	SèNáNÙ�â:Ø.ãZÝZÚkáv×V×káNÙPávß � ÞUßrÜvÝZÚkÞUß]àJáNÙsÜNÞUßrà6ÚVÝZÚkÞUßrÙsÚVßJÚVÝZÚjØ.×káNÙsßBìgÞUßwÝsâ:ØUÙ�×ká
ç��vçdá�ÜNÞUçbâtÞUãZÝLávçdávßwÝ(�Yärá@×jØuâtÞ+ÙZÚVÝZÚkÞUß'à6ä�ÜNÞUãZârÙ>ávÝ�×káNÙ>Ü}Ø.×kÜväJ×kÙ>Ù3ÞUßwÝqåJÚkávß'âJ×VärÙ�ßrÞUç�åJãLávä6õlÓ�Ö�á
�YäJÚpÚVçbâJ×VÚ��YärásäJßrásàJèf	YÚjØ.ÝZÚkÞUß åtá}Ø.ärÜNÞUäJâ¶âJ×VärÙ�ÚVçbâ<ÞUãZÝ3Ø.ßYÝLá+Óxô�Ø.ÚkÙ1×fì äJÝZÚV×VÚkÙµØ.ÝZÚkÞUß àJá�×fì�Ø.×
�SÞUãZÚVÝZêJçdá
âtáväJÝq�vÝZãLá�à6Ú�îlèvãLávßwÝLábÙZÚ ÞUßr	SáväJÝ � ÞUäJãZßJÚVã�äJßrá�èvâJêrèvçdèvãZÚkàJádÞUä�ÙLÚ�ÞUßr	SáväJÝ`ØWj�ärÙLÝLávã8äJßrá9	+Ø.ãZÚjØ.åJ×ká��
ávÝq×jØ�â<èvãZÚkÞ�àJábàJá�Ü}Ø.×kÜväJ×xáNÙZÝqÝLÞUäJÝLádØ.ärÙLÙZÚ ÚVçbâtÞUãZÝ3Ø.ßwÝLá+ÓIstë�ÞUäJã`×fì�ØWj�ärÙLÝLávçdávßwÝ�à6ä�çdÞUäm	SávçdávßwÝ@àJá
é�êrèvåtèHÙZäJãpäJßráHâtèvãZÚkÞ�àJáHàJáqù+ó�Ø.ßJßrèNáNÙ�Ø�	SáNÜ8äJß�Ü}Ø.×kÜväJ×távß��wä:ØUà6ãZäJâJ×ká8âJãLèNÜvÚkÙZÚkÞUßsávÝzäJßráo	UØ.×káväJã�àJá
ε = 10−16 �+×káEÜ}Ø.×kÜväJ×tØ.äJã3Ø>çbÚkÙHÔvÒwó>êráväJãLáNÙzâ:Ø.ãxÚVÝLèvã3Ø.ÝZÚkÞUß�ÙZäJãxäJßráHçuØUÜLêJÚVßrá�ö*t�ôu�EÚkÙLÜEø+ó+ó+ó�voÓ w/"Bá
Ü}Ø.×kÜväJ×làJáNÙ�ãLèNÙZÚkà6ärÙ�àJáqé�êrèvåtè8âtÞUäJã�×jØ1ç��vçdá�â<èvãZÚkÞ�àJáqàlìgÞUårÙLávã�	UØ.ÝZÚkÞUßrÙ8Ø�	SáNÜqäJßPÜ}Ø.×kÜväJ×BávßPàJÞUäJåJ×ká
xRy#z�{�|I}�~�~!~������W�C���1���\~8�l�V�!���Rz����W�R�q�
yl�W}\���%���/�*�3�����A�������q�����#�� l��yl¡l�£¢

�+ø
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×
ØÒÙl×�ÚÜÛ�Ý
ÚmÞ\ßkà�á�Ý�â
ÚãÞ�ä�åçæ!Û\èêé*èêá�ß

ε ë Þ\ìÄä
éÑí�é*Þ!Û!î à�èðï%æ\åçÞ\ß
Û\Þ�Þ\ß à�èðï%æ\åçÞ\ß�Û�Þ�Þ\ß
àmñ èãß ë æ!ò�åC× ë èãáWß ä�á�éNè ë èêá�ß�í�óVìÃî ôVè ë Þ!éçé*ÞÄí�óVìÃõ�éçîö Ø ÷^ø ö�ù ú Ø û�ü ù Ø ý�þ�ÿ�÷^ø ù ý ù Ø öWö þ�÷^ø ù
öö Ø ÷^ø öWö ü�Ø���ü ù Ø ý�þ�ÿ�÷^ø ù ý ù Ø öWö þ�÷^ø ù
öö Ø ÷^ø ö ý ÿ
Ø���ü ù Ø ö!ú ü�÷^ø ù�� ù Ø ü���ü�÷^ø ù��ö Ø ÷^ø ö�� ��Ø ûWû ù Ø ����ù ÷^ø ù�ú ù Ø ö!ú ü�÷^ø ù��ö Ø ÷^ø ö!ú ö�ù Ø þ�ÿ ù Ø ùWù�ù ÷^ø ùWù ù Ø ùWù�ù ÷^ø ùWùö Ø ÷^ø ö ü ý�û�Ø�ý�ü ù Ø ú�ù ��÷^ø ù�ú ù Ø ö ÿWý�÷^ø ù��

â�ØÒÙl×�ÚêÛ\Ý�ÚmÞ\ß���Ý
×�à�å*Ý�ä
ÚãÞ ä�åçæ!Û�èÜé*èãáWß

ε ë Þ\ìÄä
éÑí�é*Þ!Û!î à�èðï%æ\åçÞ\ß
Û\Þ�Þ\ß à�èðï%æ\åçÞ\ß�Û�Þ�Þ\ß
àmñ èãß ë æ!ò�åC× ë èãáWß ä�á�éNè ë èêá�ß�í�óVìÃî ôVè ë Þ!éçé*ÞÄí�óVìÃõ�éçîö Ø ÷^ø ö�ù ü�Ø���ü ù Ø ÿ ��� ÷^ø ù
ö ù Ø ýWü ú ÷^ø ùWùö Ø ÷^ø öWö ÿ
Ø û ö ù Ø ý�û�þ�÷^ø ù ý ù Ø öWö ÿ�÷^ø ù
öö Ø ÷^ø ö ý ��Ø þWþ ù Ø ö���� ÷^ø ù�� ù Ø ü ��� ÷^ø ù��ö Ø ÷^ø ö�� þ
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Y   8bits
Z   8bits 
VX  8bits 
VY  8bits
VZ  8bits 
X  16bits
Y  16bits
Z  16bits
VX 16bits 
VY 16bits
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° ������~�~�}'��}��T�kv��H¡#}��!~�}ZuZv��(�(��xzw�}���{���{���{Z�H��xz��}���}��T�k{��#�(��}'���(v���v���{��#w#x��b�(}���}Z~!v��(~�}�w#�����#x�v��(~%¢
° }�w������^v�w#����}�±(�H�²�(v��(~���v����(}G��}�w������^v�w#����}G~#��wE¤T��uZ} �.}����(v��(~�}��³��{Z�H��x�~�v��(~���}�w��Z�|v��=��}
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xz�(~#xT��v���v����#x�}��������(} ����~�~�} ��}�¯ ¢`® ¸�¹ºuZ}��z��} ��}������z�zx�v��^} ¢

·
��w��Z~'��¡E�(~#��}���}�������}G�T�kv�w#��xz��}»~#��w���}Z~'v��(~�}�w#� ���#x�v��(~'���kv¼u���v���w�}�}��'�(v��|}��*��w�}½¬ ® ®H¯ �C�(v��(~
{��#x�v��(~�}��¾��}Z~#��w�}¦���`�Z�|v�xzw���}Z~'uZv��(�Hxz�#x�v��(~�xz��xz�#x�����}Z~�}��¾�^v ~#xz�#x�v��=}����¼xz��}Z~�~�}��H�=~�����}��z�zxz��} ¢ ° }Z~
w�{Z~#x��H�(~8~#��w��T�k}��(~�}��B����}���}Z~8v��(~�}�w#�����#x�v��(~8��w�{Z~�}�����}��b�o��}Z~�� ����}���w�~��#w�v���xz���^v�w#�����b��}Z~%¢b¿d��w§uZv����#w�}
�^v���w���}Z~*�Hx�À�{�w�}��b��}Z~!�^{�w#x�v���}Z~B���kv��(~�}�w#� ���#x�v��(~��	�(v��(~*�(v��(~!���^}�w�uZ}��|v��(~B���(}���v��(~*��}Z~*�^v�xz�b��~B~�}
~#xz�#�(}�����~#��wr��} �#w���uZ{*��}­�T�kv�w#��xz��} ¢�Á§}����¥�(v��(~r����x�~�~�} « �^}��(~�}�wª�b�(}­��������~�~�} }Z~#�r�����Y��{���}�w#��xz�({Z} ¢
Á§}!�<��w��������#w�}���y xz� ~�}���v������'�#w�v�x�~#x�����}¥��v�x.��}!� }�����}�w ~#��w­���'�^{�w#x�v���} ¢	Á§}¥�b��x.��}��¼w���xz� uZv�w#w#xzy|}�w
uZ}Z~ {Zu���w#��~�}��½��v���y xz�#�(��}�~#��w �T�kv�w#��xz��}��H�Â~�����}��z�zxz��} ¢	Ã���x�~­��}�~#�H~#������}!y w��Z�¼xz�����#x�v����(}��8{������b�*�#w��Z~
~�}��(~�xz����} « ����u��<����y|}���}��b�o��}o����~�~�} ��xz�����`��{���{oxz����v ~�~�xz����}r���`��¡V�(~#��}�w.��� ����~�~�}o}���uZv�������{���}��b�
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Ö v��(~����|v��(~ª���Gw�}�����w����(}�w
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Æ�Ç2ÈIÆ<É,ÈKÊ » Ë É,ÈIÊIÊIÊZÊKÊIÊ ÆIÊIÊ(É�Ì�ÊZÍ�ÌIÆKÎ�ÊZÆbÏ Ç�ÈOÏ Ð Ë<» ÊIÊZÊ Ê » É,ÍIÐ�Ñ Ò:Ê » ÈKÐ Ë Ñ Ê » É,ÐZÆIÈ Ê » ÊZÎIÐZÆ
Æ�Ç2ÈIÆ<É,ÈIÆ » Ë Ê Ë ÊIÊIÊZÊKÊIÊ ÆIÊIÊ(É�Ì�ÊZÍ�ÌKÐ<É�ÊZÆbÏ ÐZÆOÏ ÐZÍ » ÇZÊZÊ Ò:Ê » ÉIÉ,ÊIÎ Ê » Ë Ê Ë È Ò:Ê » ÊZÈKÇ(É Ò:Ê » ÊZÈ<É,È
Æ�Ç2ÈIÆ<ÉyÍ Ë(» ÊIÇZÎZÐZÆIÆIÎ�É�Ñ ÆIÊIÊ(É�Ì2É,Ê�ÌKÊIÐBÉyÐOÏ±ÉIÉBÏ Ê(É » ÈKÊZÊ Ê » É,Ê Ë È Ê » ÐIÎ2ÑKÆ Ò:Ê » ÊKÇ�Í<É Ê » Ê Ë Ç(É
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Æ�Ç2ÈIÆIÐ ËIË(» Ë Ñ�ÐZÊIÎ Ë Ê Ë Ç ÆIÊIÊ�ÆZÌ�ÊIÇ2ÌKÊZÆ)ÊKÇ�Ï ÊIÎ�Ï°É�È » ÈKÊZÊ Ê » É Ë ÑKÈ Ò:Ê » Ð<É,ÆIÊ Ê » Ê�È Ë Ñ Ò:Ê » ÉIÉyÇZÊ
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Observations Veiga C., Vieira-Martins R., 1995-2001, LNA Itajuba, Brasil. [UAI=874]
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Observations Veiga C., Vieira-Martins R., 1995-2001, LNA Itajuba, Brasil. [UAI=874]
Satellite Thébé - JPL Ephemeris
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Observations Mission Pic du Midi Décembre 2001,F.Colas,F.Vachier [UAI:586]

Satellite Thébé
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Observations Mission Pic du Midi Décembre 2001,F.Colas,F.Vachier [UAI:586]
Satellite Thébé - JPL Ephemeris
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Observations Colas 1991, Pic du Midi, France. [UAI:586]

Satellite Thébé
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Observations Colas 1991, Pic du Midi, France. [UAI:586]
Satellite Thébé - JPL Ephemeris
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Observations Pascu 1985, 20 juin, Flagstaff, USNO, USA. [UAI=689]
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Observations Pascu 1985, 20 juin, Flagstaff, USNO, USA. [UAI=689]
Satellite Thébé - JPL Ephemeris
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Observations Pascu 1996 et 1997, Flagstaff, USNO, USA. [UAI=689]
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Observations Pascu 1996 et 1997, Flagstaff, USNO, USA. [UAI=689]
Satellite Thébé - JPL Ephemeris
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Observations Mission Flagstaff, 2000-2001, USNO-USA. [UAI=689]
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Observations Mission Flagstaff, 2000-2001, USNO-USA. [UAI=689]
Satellite Thébé - JPL Ephemeris
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Observations Kulyk-Ledovskaya, 1998-1999, Pik Terskol, Ukraine. [UAI=B18]
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Observations Kulyk-Ledovskaya, 1998-1999, Pik Terskol, Ukraine. [UAI=B18]
Satellite Thébé - JPL Ephemeris
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Observations Veiga C., Vieira-Martins R., 1995-2001, LNA Itajuba, Brasil.[UAI:874]

Satellite Amalthée
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Observations Veiga C., Vieira-Martins R., 1995-2001, LNA Itajuba, Brasil.[UAI:874]
Satellite Amalthée - JPL Ephemeris

-1 -0.5 0 0.5 1
0

9

18

27

36

2449816.10 2450185.27 2450554.44 2450923.61 2451292.78 2451661.95 2452031.13
-1

-0.5

0

0.5

1

D
D

el
ta

 (a
rc

se
c)

-1 -0.5 0 0.5 1
0

9

18

27

36

-0
.5

0.
5

-0.5

0.5

i"j$k"l�m�
n�o�p-q�r0

s�t�u4v�w�x8y�z�{�|�t~}=u4z���x@
��
n���}0

z�u4z�vBx��E�F
x8v�y�z�|�t=��

n���o��������K�����-o������0
�R
�EyBx��U�Vs�x�

m&v���t�z��Yn�r0
�[
�

t��Vv\��u�t�
{�s�t�u4v�w�x8y�z�{�|�t�

�_�`�0
�a
x8��y�����u@

��x8���4�V����t0
x�w(u��@

�Y�`�4�V���4�e
�4v�z��VuH

�-��
�(�=�

o4���



2447498.70 2447498.72 2447498.75 2447498.77 2447498.80 2447498.82 2447498.85 2447498.87 2447498.90
-1

-0.5

0

0.5

1

D
A

lp
ha

.C
os

(D
el

ta
) (

ar
cs

ec
)

Observations Nicholson, 1991, Mt Palomar [UAI=675]

Satellite Amalthée
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Observations Nicholson, 1991, Mt Palomar [UAI=675]
Satellite Amalthée - JPL Ephemeris

-1 -0.5 0 0.5 1
0

1

2

3

4

5

2447498.70 2447498.72 2447498.75 2447498.77 2447498.80 2447498.82 2447498.85 2447498.87 2447498.90
-1

-0.5

0

0.5

1

D
D

el
ta

 (a
rc

se
c)

-1 -0.5 0 0.5 1
0

1

2

3

4

-0
.5

0.
5

-0.5

0.5

Î"Ï$Ð"Ñ&Ò�
Ó�Ô�Õ-Ö\×0

Ø�Ù�Ú4Û�Ü�Ý8Þ�ß�à�á�ÙÄ
â�
ß�ãBä�à�å�Ù�à�á�æ0

Ô�ç�ç-Ô�æ&è�
Þ[
éêÝ8å�à�ëa

Ý8Ûí
ì�
î�ïð

Óñ×0
ë[
òó
Ù�ôVÛ[

å�Ú�Ù»
à�Ø�Ù�Ú4Û�Ü�Ý8Þ�ß�à�á�Ù

õ_öï0
ëa
Ý8å�Þ�ä�÷�Ú@

ã�Ý8å�ã4ôVå�÷�Ù�
Ý�Ü(Ú�ã@

å ö÷4øVä�÷4ëe
÷4Û�ß õÚ

õô

ù(é=ú

Ô4ûgü



0.00 385291.96 770583.93 1155875.89 1541167.86 1926459.82 2311751.79
-1

-0.5

0

0.5

1

D
A

lp
ha

.C
os

(D
el

ta
) (

ar
cs

ec
)

Observations Flagstaff Novembre 2000, USNO-USA.  [UAI=689]

Satellite Amalthée
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Observations Flagstaff Novembre 2000, USNO-USA.  [UAI=689]
Satellite Amalthée - JPL Ephemeris
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Observations Pascu 1985, 1985, Flagstaff, USNO-USA. [UAI=689]

Satellite Amalthée
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Observations Pascu 1985, 1985, Flagstaff, USNO-USA. [UAI=689]
Satellite Amalthée - JPL Ephemeris
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Observations Ianna P. A., 1979,  Leander McCormick, Charlottesville [UAI=780]

Satellite Amalthée
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Observations Ianna P. A., 1979,  Leander McCormick, Charlottesville [UAI=780]
Satellite Amalthée - JPL Ephemeris
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Observations Sudbury P.V., 1969, Kottomia [UAI=88]

Satellite Amalthée
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Observations Sudbury P.V., 1969, Kottomia [UAI=88]
Satellite Amalthée - JPL Ephemeris

-1 -0.5 0 0.5 1
0

1

2

3

4

5

2439503.26 2439507.65 2439512.04 2439516.44 2439520.83 2439525.23 2439529.62
-1

-0.5

0

0.5

1

D
D

el
ta

 (a
rc

se
c)

-1 -0.5 0 0.5 1
0

2

4

6

-0
.5

0.
5

-0.5

0.5

¸E
¹GºE
»8¼+

½M¾�¿�À�Á-
Â8Ã�Ä�Å�Æ�Ç	È�É�Ê�Ë8Ãu

Ì�Í8Î�Â�Í�Å�Ï$
Ða½Ñ1

½�ÒÔÓ�Õ�¿�Õ�Ò�Á-
Â8Ã�½8Ö-

Ê�È�È�Ê�×�
É¢Ç�Ò�Ø!Ù�Ï,Ú�È�Ä�½�Á-

×.
Û§
Ã�Í�Å 

Ü�Ä9Ã«
Ê�Â8Ã�Ä�Å^Ý

Æ�Ç	È�É�Ê�Ë8Ã«
Î4Þ�ß-

×5
Ç	Ü�È�à8á9Ä±

â�Ç	Ü�â�Í�Ü�á9Ãu
Ç9Æ�Ä9â²

Ü³Þ�á�Ú�à8á�×<
á�Å�É�Î�Ä>

Î�Íx
ã�Ðzä

Ó�å�å



2443048.13 2443121.49 2443194.85 2443268.21 2443341.57 2443414.93 2443488.28
-1

-0.5

0

0.5

1

D
A

lp
ha

.C
os

(D
el

ta
) (

ar
cs

ec
)

Observations Mulholand, 1977, McDonald Observatory, Fort Davis [UAI=711]

Satellite Amalthée
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Observations Mulholand, 1977, McDonald Observatory, Fort Davis [UAI=711]
Satellite Amalthée - JPL Ephemeris
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Observations Kulyk-Ledovskaya, 1998-2000, Pik Terskol, Ukraine. [UAI=B18]

Satellite Amalthée
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Observations Kulyk-Ledovskaya, 1998-2000, Pik Terskol, Ukraine. [UAI=B18]
Satellite Amalthée - JPL Ephemeris
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